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PREFACR TO TKB THIRD EDITION 

I X Ihc pri‘|)ai‘ation of this now edition of Volume i the text of the 
<*orn\spou(lin^ volume published in 1921 has been subjected to careful 
revisuui. \^arious sections have been rewritten; among these may be 
uuMitioiuHl tlu^ siM'tions on the Riemann-Stieltjes integral, A considerable 
amount of n(‘W matter has been added; and thus the volume has been 
lenirtluuuul by upwards of sixty pages. The additions have been made 
without changing the numeration of the sections, so that the references 
in \h>lume n (n)2<i) to s(‘cti()ns in Volume T are applicable to this new 
edition 

'riu* parts ot t !u‘ Miliject whieh were dealt w itli in the first live chapters 
nf tin* lir.^t (‘dition, published in 1907, are represented m the eight chapters 
ot tlH‘ first volunu' of this new (‘dition With a view to greater unity of 
iM'atnuait of th(‘ Tlu‘orv of Integration, some theorems which appeared 
in (Miaptcu vi, of th(‘ first edition, have however been included in tbe 
pn‘.s(‘nt \olum(‘ A considcu’able part of tlie Theory of fiitegration, in 
lolation to s(*n(*s <iud s(‘(|ui*n(*es, is dealt watli in Volume ii, published 
m I92(> 

On conlioversial matters connec.ted with the fundamentals of tho 
'riu'orN of Agu,r(‘gat(‘s, account has been taken ot the considerable diversity 
ot opinion amongst. Mathematicians, wdiich slill,,<!fXists, but m general no 
at ttunpt has Ihhui made to give dogmatic decisions between opposed views. 
In \i‘wv of th(‘ (hdieate (juestions which arise as to the legitimacy and 
iiuNiiung of (hi‘ axiom known as the Multiplicative Axiom, or as the 
Principle of Zi'i'iiudo, tiu* polic\ has Ix'en adopted of so framing the proofs 
ot iheorem^ as to axoid an appeal to the axiom, whenever that course 
app(x'»rt‘(l to lx* possihh*. in otlier (^ases, the necessity for the employment 
4if the axiom has Ixxai iiointcxl out. 

Ampli‘ n‘f(*r(‘nc(‘s to sounxss of information are given throughout, but 
such n*fer<mc(‘s do not pn^vide the means for compiling a complete list of 
writings on the subject. No att.(mipt has been made to settle questions 
of pnDrit> of dis(*o\(‘ry, but in this luwv edition the dates of publication 
of waitings roft'rnxl to have bei'ix inserted. 

(‘ornxdions and additions given at tho end of Volume n, pub¬ 
lished in H)20, have been embodied in this new edition of Volume i. The 
opportunity has h(xm tak(‘u of giving at tho end of the volume some 
corrections and additions to Volume ii. 

E. W. HOBSON 

im. 
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reduce these fundamental notions to a miniminn of in<U‘iina hlos from w hirh 
the whole theory might be deduced by means of ba-tual Io^ie. A slitrht 
perusal of the extremely extensive literature of tlu‘ Phihtsopiiy (»f Arith¬ 
metic will shew that any such attempt could only havc^ been nmd<* }»y 
entering upon a prolonged discussion of a philosophical eharaettu', u fioily 
unsuited to a treatise of ])rofessedIy maihe!ualic‘al coitiplexiotu anti that 
any views expressed would have but litl-Ie prospiH't of giving general sati.s 
faction to logicians and ]ihiIoso])hers. The inodtu-n th(‘ory t>f ileal XuinbtU'^ 
has been the subject of nnu'h (Titiedsin by ]>lulosoplu'rs and otlnu^. It has 
been represented lliat the modern extension of the notion oi mnnher to 
the case of irrational numbers is a sophistical attempt to ol>iiteratt‘ tin* 
fundamental distinction between the diser(d<‘ and lh<‘ eontimuni.s I \<'n- 
3 ure to think that such objections consist, in large part at I(‘ast, ot ei it lei^ms 
if the current terminology of the mathe!na.ti(‘a.I t.h(‘on<‘,s, (‘.spccdall\ in 
*espect of the extensions of the use of the wor<I ''uumbei-/' and I tliinlv it 
irobable that many of these criticisms would not survive a. lair e\auiina^ 
ion of the theories themselves apart from the languagt^ in whieh they an* 
xpressed. An appropriate terminology, altliough a matt<*r of eonventitm, 
3 no doubt a very important matter in relation U> sueh fundamt*ntal 
aatters, as it is conducive to clearness of thought; but th<* sulistamu* of 
he theories is of incomparably greater importance tluin th(‘ forms in \n hich 
hey are expressed, and those theories may be found on (‘\amina1ion to 
e essentially sound, even if their terminology lx* n^gardixl as in some 
aspects defective. 

Chapter ii contains an exposition of the th(*orv of s(‘ts of poinfs, and 
icludes an account of transtinite cardinal and onliiuil Arithmetic, of a 
imewhat simpler and less general character than will lx*- nwi with in the 
■eatment of the general theory of aggregates, in (Jhapter in. StudiMits 
ho do not care to embark upon the discussions in Chapicu* in will lind a 
udy of Chapter ii amply sufficient to enable them to apply tlu* idt'UK 
lere developed in the general theory of fun(»tions. A slight account only 
IS been given of the properties of plane sots of })oiutK. An ac^count of tin* 
iportant recent investigations which had their origin in Jordan’s 1h(*orcm, 
at a closed curve divides plane space into two regions, would havii 
icupied more space than was at my disposal. This omission will less 
It than might have been the case, were not an excellent account of this 
bject to be found in Dr W. H. Young’s treatise on the theory of sets of 
lints, which has appeared since this portion of the present work was 
inted. 

In Chapter iv, there will be found a discussion of the main properties 
functions, in relation to continuity, discontinuity, &c., and investiga- 
ms of the properties of important classes of functions. Althougli the 
iatise is mainly one of functions of a single variable, a considerable 
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Preface to the First Edition 

amount, of s}>a(te has l)cou devoted to the consideration of functions of two 
variables, not only on account of the intrinsic importance of that subject, 
but tK‘(*aus(‘ no ade({uate consideration of the properties of functions of a 
sinult^ A anabl(^ is ])ossibl(‘ without the use of functions of two variables, 
as is s('(*n, for exampks from the consideration that a function defined by 
m(‘ans of a stapuMua' of functions of a single variable is virtually defined 
as a limit of a function of two variables. 

foundations of tlic Integral (Calculus, as based upon Riemann’s 
d(^tiintion of a dclinitc integral, and its extensions, are discussed in 
(’ha})tt‘r V, w luu'e an ac(‘oimt. of the development of the subject from the 
point of vit'w of L<‘])esgue’s new definition of the definite Integral is also 
giv(‘n In lattu* })arts of tlie })ook I liave lutrodiK'ed extensions of Lebesguc’s 
dt‘finitiou, to th<‘ (‘as(‘s of improper integra-ls, taken over finite or infinite 
domains, r<'gar(l(‘(l as thc^ limits of secpiences of Lobesgue integrals. 

(‘hapt(‘r \i IS conc(‘rn(‘d with functions defined as the limits of sc- 
(jiKMua's of functions, and contains an accoimt of the principal properties 
of functions rt‘prcsenti‘d by scries, and a discussion of important matters 
connect('d w ith th(‘ moih^s of convcigcncc of senes through whole intervals, 
or in the iu‘iii,hhourh()od of particular points Various matters relating to 
th<‘ proci‘ss(‘s of the Integral (Wculiis, wlucli had not been considered in 
(-hapti'r V, arc Ikuh' dealt wath, because their adoipiatc treatment pre- 
siipposi's a kno\\U‘dgc of the theorems relating to the convergence of 
s(Mnu‘ne<»s of functions An account of fhc very general results recently 
obtam(*<l by Bain', rc'laling to the represent ability of functions by moans 
of si'ries, will be found in t his Chapter. 

Ciiaptc'r vri is dcvotcil to the tlieory of Fourier’s series. No apology 
nce<l<'d for the selection of this particailar mode of represcutatioii of 
l‘un<-ti(ms foi full disciissioii m a tn'atiseoii the theory of functions of a real 
variabl(‘, in \ i(‘w of lh(‘ liistoncal relation of Fourier’s series to the do- 
V(‘lopnu‘nt of tlu' g(*n(‘ral tln'ory. The history of the theory of Fourier’s 
stu’ies is <*\c(*<‘(lmgly insiru<*tiv(', not nun-ely from the point of view of the 
matlumiat u‘ian, }>ut also from that of the epistomologist. I have therefore 
t'udeavourt'd, in my tri'atment of tlio subject, to jireservc as much of the 
histtn-ieal t'hmu'ut as was possible in an account whicdi should contain, in 
a nuxleratc eom})ass, nut only indications of the various stages of develop- 
uu'iit of tiu' subject, but also the most recent results that have been 
obtaim'd. 1 have nuuh' full us(' of the greater generality which can be 
introdu(‘(Hl into many of the known results by moans of the employment 
of tlu' theory of inti'gration developed by Lebosguo. 

In the preparation of the work, the treatises from which I have most 
largely drawn information are the Gorman edition of Dim’s treatise on 
the subject, Stok/’s (irumhugc <ler Differential- und Integral-Rech/mmg, 
Bchoenffies^ BerkJit (entitled Die Entwickelung der Lehre von den Punkt- 
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mannigfaWhglceiteyi, and the variouri treatist^s on <hty(‘i'ont parts oi tit** 
subject by Borel and Lebesguo. J liavc' e<)nsulte<l a \ or\ lar’LTo mnubfi* ot 
memoirs, articles, notes, and books, far too nunun'ous to Im‘ lu re paiti 
cularized. In respect to the references given throiighont the b(M»k, I w Mi 
it to be understood that T Iiave made no attempt to si‘ttli* qnr-^tnni' ui 
priority of discovery TIu^ I'eferenees givtm ai’t* to Ik^ ri'gartb'd vi)lr{\ 
indicating sources of inforniation from w }nt*h 1 liavi* drawn, or wla o- 
more detailed information on the various topies is to l)t‘ found. 

I owe a debt of gratitude' to my fru'iid ^Ir \\\ Sharpt*. in!’nM*r!\ 
Fellow of Gonville and (\iius GoIU'ge, who has riMd with tin' LiM‘at»‘--l raio 
the pi*oofs of about two-thirds of tiu' book Many p<ants of ddjit nil \ I 
have fully discussed with him: many obseunlies of t*\pres-iou h.i\r lu t o 
removed, and many improvc'ment-s m sid)stanet' ha\i‘ lu'on madt*. owiiej 
to the care he has bestowed in n'ading tiu' pi'oofs. I ielf it as a uM-.it 1***^'- 
when, owing to a temporary failure of Jiealt li, lu' was unabh* to <*ont inu<‘ In- 
laborious work. To l-)r K. F. Jhiker, K.R. vS , Fc'llow^ of St .lolin's ( 
and Cayley Lecturer in Mathematics, who luvs kindly rt'ad somt' of tin* 
earlier proofs, I owe several valuable suggestions, (hi s<'\<‘ral point*, rtin 
nected with the treatment of Number in (‘hapt(‘r i, I havt' li.id the ad 
vantage of consulting Dr dames Ward, F.ICA , lA'IIow of Tnnif \ ('tdlfin . 
and Professor of Mental Philosophy and Jjogie in tlu' I’mvt'rsity. 

My thanks are due to the officials of th(' rni\('rsit\ Prt's.s for ih#' 
readiness with which they have met my views, and for tlu' <‘art* win* h 
they have bestowed upon the work coniu‘<‘t.<‘<l with tlu' printing. I de-io 
especially to express my sense of the value' of tlu' exai'IIont woik dom* b\ 
the readers of the Jh'ess, to their van' is diu' tlii' ('Innination oi man\ 
typographical and other blemishes which would otiu'rwisc' havi' n inainctl 
undetected. 


Chbjst’s College, Cambridge. 
May 15, 1907. 


K. W. HOBSON 
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CHAPTER I 

NUMBER 

1. '^Pho operation of counting, in which the integral numbers are em- 
]>loy(Hl, (*an be carried out by a mind to which discrete objects, which may 
be (‘ith(‘i* p]iysi(‘al or ideal*, arc presented, and which possesses certain 
fundamental notions which we proceed to specify. 

(1) "I'lie notion of utiity, a form .under which an object is conceived 
wlu^n it< is regardc'd as a single one. An object so regarded may bo either 
of a mati^rial or of a purely abstract or ideal nature, and may be recognized, 
for nil oib<^r purpos(\s tlian tliat of counting, as possessing any degree 
of eomple.\it;v • It sunicicut, in order that the object may be regarded 
und(‘r tiu* form of unity, that it be so far distinct from other objects, as 
to b(' !‘('<*ognized at- the time when it is counted, as discrete and identifiable. 
What t^vternal marks arc necessary that an object may be so recognized 
as discrete', is a matter for tlie judgment of the mind at the time when the 
object is counted. The unity umh'r which the object is apprehended is a 
formal or logical, rather than a natural unity, it is more or less arbitrarily 
attribute'd to the oliject by the mind. 

(2) The notion of a collection or agyregata of objects, which is conceived 
of as (‘ontaining more or fewer objects, or as possessing a greater or less 
degrcH' of plurality, A group of objects regarded as an aggregate is con- 
c.<‘ived of, not merely as a plurality of objects to each of wdiich unity is 
iiscribed as in (1), but also as itself an object to which unity is ascribed 
when it is regarded as a single whole. The single objects of which the 
aggregate is composed may be spoken of as the elements of the aggregate; 
siujU elements lu'ed not possess any parity as regards size or any other 
special quality, but may be of the most diverse characters, a certain 
logical l)arity is however ascribed to them in the process of counting, in 
virtue of the fact that each of them is regarded as a single object. A 
sensibly continuous presentation cannot be regarded as an aggregate 
containing a plurality of elements, until the mind has recognized in it 
sufficiently distinct lines of division to serve the purpose of marking off 
distinct objects within it, the totality of which makes up the whole 
presentation; for instance, the history of a country could bo regarded as 

* It IB hald by sonio authors that the operation of counting is pnmarily applicable to physical 
obieete only. Thus, J. B, Mill writes:—“The fact asserted in the definition of a number is a 
physioal foot. Bach of the numbers, two, three, four, etc., denotes physical phenomena, and con¬ 
notes a i^ysioal property of these phenomena.'* See Logic, dth edition, voL ii, p. 150. That 
ob^ots whldh axe.not physical, can be counted, was msintained^y Leibnitz and by Locke. See 
also AHthneUk, Breslau, 1884, where an account £s given of various views 

as to the 
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an aggregate of distinct periods, only when sufficient salient features ha.d 
been recognized in that history to warrant a judgment that peiiods wei’c 
to be found in it, each of which had a sufficient degree of discreteness to 
be subsumed under the form of unity. In actual counting, the aggregate 
is not necessarily determinate before the counting is Goinnieiic*ed, but- 
becomes so when the process is completed; the notion of an aggregate is 
thus still necessary to the process of counting, if the process is evet‘ to 
come to an end, or to be conceived of as having come to an end. 

It has been held* that, when an aggregate is counted, the elenuMits 
must remain distinct from one another, not disappearing or combining 
with each other during the process. That this condition is uniuK^cssaiy 
may be seen, for example, by considering the case of counting brea,k(n*s 
on the sea-shore, or that of counting the vibrations of a peiKlulum, thus 
no physical permanence, but only an ideal one, is necessary." 

A discussion of the characteristics which an aggregate (not necessarily 
finite) must possess, in order that it may be an gbject of mathematical 
thought, will be given in Chapter iv. 

(3) The notion of order^ in virtue of which relative rank is given to 
each object in a collection, so that the collection becomes an ordered 
aggregate. In actual counting, the order is assigned to the objects dui'ing 
the process itself, as an order in time, and this may be done in an arbiti-ai-y 
manner; the order of the elements in an aggregate may, iiowevor, bt» 
assigned in a manner dependent upon their sizes, weights, or other qualities, 
or in accordance with their positions in space Order may, however, bc^ 
regarded as an abstract conception, independent of a particular mode of 
ordering; for an aggregate to be an ordered one, it is necessary that in 
some manner or other, each element be recognized as possessing a certain 
rank, in virtue of which it is known as regards any two elements which 
may be chosen, which of them has the lower, and which the higher rank. 
An element is said to precede any other element of higher rank than itself. 

(4) The notion of correspondence, which underlies the process of tallying 
The elements of one aggregate may be made to stand in some logical 
relation with those of another one, so that a definite element of on<^ 

is regarded as correspondent to a definite element of another 

aggregate. 

The correspondence may be complete, in the sense that, to every 
element of either aggregate there corresponds one element, and one only, 
of the other aggregate; or the correspondence may be incomplete, in which 
case one of the aggregates has one or more elements to which no elements 
in the other aggregate correspond. In the latter case we say that the 
aggregate with the superfluous element or elements contains more elements 

* See Helmholtz’s ZaUen U7id Mesaen, Leipzig, 1887; Wtssefis. Abhandl vol in, p 372, 
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than the other aggregate, and that the latter contains fewer elements than 
the former. 

A correspondence between two aggregates is defined when specifications 
or rules are laid down which suffice to decide which element of one aggregate 
corresponds to each element of the other; so that, in the case of complete 
correspondence, no element of either aggregate is without a corresponding 
one in the other 

Whether, or how far, these fundamental notions of unity, aggregate, 
order, and correspondence should be regarded as derived empirically from 
experience, by a process of abstraction, or whether it must be held that 
they are original forms which the mind possesses prior to, and as the 
necessary conditions of the possibility of such experience, are questions 
into which it is beyond our province to enter It is certain that civilized 
man possesses these fundamental notions, and it is highly probable that 
primitive man possessed them long before the notion of abstract number 
had appeared in an explicit and developed form. The investigation of the 
origin of these notions, and their further analysis, are matters for the 
I^sychologist and for the Philosopher Mathematical Science, as any other 
special science, must take its fundamental notions as data; it is concerned 
with the analysis of them, only so far as suffices to establish that they 
possess the degree of definiteness which such data must have, if they are 
to lie at the base of a logically ordered system. 


OBDI]SrAL NUMBERS 

2. If some of the elements are removed from an ordered aggregate, 
the aggregate which remains is said to be a part of the original aggregate. 
It will bo observed that the relative order of any two elements in the part 
is the same as the relative order of those elements in the original aggregate. 

An ordered aggregate is said to be finite when it satisfies the following 
conditions; 

(1) There is one element which has lower rank than any of the others. 

(2) There is one element which has higher rank than any of the others. 

(3) Every part of the aggregate which contains more than one element 
has an element which has higher rank than every other element in the 
part, and also it has an element which has lower rank than any other 
element in the part. 

These conditions are equivalent to the statement that a finite aggregate, 
and also each part of it, has a first and a last element. 

Every part of a finite ordered aggregate is also a finite ordered aggregate. 

If M be the aggregate, and Jfi a part of it cdhtaining more than one 
element, then Afi has a highest and a lowest element; also every part of 
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Jfi, being also a part of M, has a lowest and a highest element in case it. 
contains more than one element; therefore is itself finite. 

3. Two finite ordered aggregates are said to be swdlar when they can 
be made completely to correspond, so that to each element of either ol 
them there corresponds a single element of the other, and so tliat to an\' 
two elements P, Q of the one there correspond two elements Q/ of tlu^ 
other, which have the same relation as regards rank; viz. that/, if P is ot 
lower rank than Q, then P' is of lower rank than Q', and if P is of iiigluM* 
rank than Q, then P' is of higher rank than Q'. 

Two finite ordered aggregates which are similar arc said to liave th(‘ 
same ordinal number. 

If each of two ordered aggregates is similar to a third, they are sirnitu 
to one another. Tor if an element P of the first corresponds to an ('I(‘inenl 
R of the third, and the element Q of the second corresponds to H, it. is 
clear that, if we make P correspond to Q, the first two aggregates arc^ inadc^ 
to correspond m such a way that the relative order is preserved 

It thus appears that an ordinal number is characteristic of a> class of 
similar ordered aggregates 

An aggregate which consists of a single element A is said to have t h(‘ 
ordinal number one, denoted by the symbol 1. The ordinal number I is 
characteristic of every aggregate which consists of a single clement. 

If, to the aggregate which consists of an element wc adjoin a now' 
element P, and assign to P a higher rank than A , we obtain an aggri^gtiti^ 
(A, P) which has an ordmal number 2, characteristic of all aggregates whicdi 
are formed in this manner; A is said to be the first element, P the second. 
If, to an ordered aggregate (A, P), of which the ordinal number is 2, we 
adjoin another element C, and regard this as having higher rank than A 
and P, we obtain an ordered aggregate {A, P, C7), of which the ordinal 
number is called 3, and is characteristic of all ordered aggregates formed 
in this manner. Proceeding in this way, if we have formed an ordered 
aggregate [A, P, (7, ... P), of which the ordinal number is n, and adjoin 
to this aggregate a new element K, we obtain a new aggregate 

(A,P, A), 

of which the ordinal number W is different from n. 

Any ordered aggregate which is formed in the manner described is finite. 

This can be proved by induction. Let us assume that ilf is a finite 
ordered aggregate; it will then be proved that (M^ e), the ordered aggregate 
obtained by adjoining an element e of higher rank than the elements of Jf, 
is also finite. Since M has a lowest element, e) has the same lowest 
elem^t, also (M, e) hsfs a highest element e. Again, if ilfi is a part of 
(Jf, e) which does not contain e, then is a part of M, and therefore has 
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a highest and a lowest element. If M.^ is a part of (ilf, e) which contains e, 
let it be {M 2 , e), where M 2 is a part of M, and therefore contains a lowest 
element which is also the lowest element of {M 2 , e); also {M 2 , e) contains 
a highest element e. It has thus been shewn that {M, e) satisfies the re¬ 
quisite conditions that it should be finite, provided M does so. The 
aggregates A, {A, B) are clearly finite: hence the method of induction 
proves that every ordered aggregate which can be formed by continually 
adjoining new elements to an aggregate which originally contained one 
element is a finite one. 

Conversely, it can be shewn that every finite ordered aggregate can be 
Jormed in the manner above described. 

Let Jf be a finite ordered aggregate, and let e' be its highest element, 
thus M ^ (-Ml, e'). Now Mj, being a part of M, has a highest element e", 
thus Mj {M,, e"), or M = {M 2 , e", e'). Proceeding in this manner, if we 
do not reach an aggregate M^ which contains a single element only, there 

must exist a part (. e'", e'\ e\ e) of M which has no element of lowest 

rank. But this is impossible, since M is by hypothesis finite, and therefore 
contains no part without a lowest element It has thus been shewn that 
M can be reduced, in the manner indicated, to an aggregate with a single 
element. and conversely, starting with this latter aggregate, M is obtained 
by adjoining to it successively new elements. 

A finite ordered aggregate is not similar to any part of itself. 

This theorem may also be proved by induction. For if we assume that 
the finite ordered aggregate M is not similar to any part of itseH, it can 
be shewn that the same holds for {M, e). If possible let M^ be a part of 
{M, e) which is similar to (M, e ); then if M^ contains e, it must be of the 
form {M 2 , e), and if (Mg, e) is similar to {M, e). Mg must be similar to M, 
which is contrary to the hypothesis that M contains no part similar to 
itself. If Ml does not contain e, it must be of the form (Mg,/), where 
/ is the element which corresponds to e in (M, e); in this case agam Mg is 
similar to M, and is a part of it; thus we have again a contradiction. The 
theorem holds for {A, B), and therefore generally. 

It follows from this theorem that the ordinal numbers 1, 2, 3, ... which 
have been defined as the ordinal numbers of aggregates 

{A), {A,B),{A,B, G),... 

are all different from one another, for each of these aggregates being a part 
of each of those which follow it, cannot be similar to any of the aggregates 
which foUow it. 

Each of the ordinal numbers is to be regarded as a unique ideal object 
in that it is a permanent object for thought. The relation of an ordinal 
number to an ordered aggregate of objects which is characterized by that 
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number, may be illustrated by the analogy of the relation between lite 
colour red and a particular red object. 

4. A simply infinite ascending aggregate, or simple sequence, is an 
ordered aggregate which has no element of higher rank than all the others, 
and is such that every part which has an element of higher rank than all 
the other elements in that part is a finite ordered aggregate. 

The fundamental assumption must be made that such an aggregat.c* 
may be regarded as a definite object which possesses certain propcn’t.icv*^ 
that can be formulated. The justification for the assumption is to be found 
m the fact that no contradiction arises in the theory based on it. 

It follows from this definition that, in a simple sequence there is onr 
element of lower rank than all the others; and further, that every x^ai’t of 
the simple sequence has an element of lower rank than all the ot-lun' 
elements in that part 

A simply infinite ascending aggregate differs from a hnito ordered I 
aggregate in having no element which is of higher rank tlian all the othe** 
elements. 

The totality of ordinal numbers forms a simply infinite ascicnding 
aggregate; these objects may be represented by a set of signs 

p, y, 8, ... 

or 1, 2, 3, 4, ... 

where it is assumed that some adequate scheme of such signs has been 
devised. 

The order of the elements is assigned by the successive formation, as 
above, of aggregates having the various elements for their ordinal numbers, 
and it has been shewn that, if an aggregate has the ordinal number n, 
another aggregate having a different ordinal number n', taken to be of 
next higher rank than n, can be formed. There exists therefore no highest 
ordinal number. 

Instead of using the expressions “ of higher rank ” and “ of lower rank,’" 
it is usual to say that amumber m is less than a number n, when 7 rb is of 
lower rank than n in the ordered aggregate of ordinal numbers, and tha,t 
n is greater than m. The terms ‘'greater''" and “less” are borrowed from 
the language primarily applicable to the description of magnitudes: but 
in pure arithmetic and pure analysis generally, they are used only in the 
sense in which they indicate higher or lower rank, and this rank has no 
necessary reference to relations of magnitude or of measurable quantity. 

The operation of counting a finite aggregate of objects of any kind may 
be conceived of as the process of putting the objects into correspondence 
with the elements of the aggregate of ordinal numbers, in such a way that, 
wh^ any ordinal number has an element of the aggregate which corre- 
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spends to it, each of the preceding ordinal numbers also has an element 
which corresponds to it. The finite aggregate is usually ordered by the 
process itself, the ranks of the various elements being successively assigned 
to them as the counting proceeds. Those ordinal numbers which are em¬ 
ployed in counting such an aggregate may be regarded as forming an 
aggregate which is similar to the given aggregate, as ordered by the process 
of counting. The last of the ordmal numbers employed in counting a finite 
aggregate is the ordinal number^ or simply the number (Anzahl) of the ordered 
aggregate. 

The theorem that an ordered aggregate is not similar to any of its parts 
holds only as regards finite aggregates. It will appear in the course of the 
discussion in Chapter iv that every aggregate which is not finite has parts 
which arc similar to the whole, and this property is sometimes taken as the 
basis of tlie definition of an infinite, or transfinite, aggregate. For example, 
the aggregate of ordinal numbers 1, 2, 3, ... is similar to the part 2, 4, 6. ... 
which contains the even numbers only 

MATHEMATICAL INDUCTION 

5. The proofs of theorems in § 3 have been referred to as proofs by 
induction In its general form the principle of Mathematical Induction 
may bo stated as follows : 

If, %n respect of a given simply infinite ordered aggregate, it be known 
(1), that, in case any element of the aggregate possesses a ceidain property P, 
the element of next higher I'ank also possesses the properly P, (2), that the 
element of lowest rank possesses the property P; it then follows that every 
element of the aggregate possesses the property P. 

The truth of the principle follows as a consequence of the properties 
assigned to the aggregate by means of the definition in § 4 

For, let it be assumed, if possible, that there exists a part of the given 
aggregate A, such that the elements belonging to that part do not possess 
the property P. This part contains one or more elements; let M be such an 
element. Let us consider the finite aggregate which consists of all those 
elements of A which are of rank not higher than that of M. Of this finite 
aggregate there exists a part B, such that no element of B possesses the 
property P. The aggregate B contams the element M, and possibly other 
elements. Since B, being part of a finite aggregate, is itself a finite aggre¬ 
gate, it contains an element m of lower rank than aU the others. By 
hypothesis, m cannot be the element of lowest rank in A, since the latter 
possesses the property P. Therefore there is in A an element m' of next 
lower rank than m; and m' possesses the property P. But by hypothesis, 
if m' possesses that property, so also does m. The assumption that A con¬ 
tains a part such that the elements of the part do not possess the property 
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P has thus been shewn to lead to a contradiction. The truth of the princnpio 
has therefore been established. 

It has been maintained by Poincare* that the principle of Matlieniaticial 
Induction is a special characteristic of mathematical reasoning as distinei- 
from that of general Logic, not being reducible to the principle^ oi con¬ 
tradiction, as it essentially involves the employment of an niiending (*ha,in 
of syllogisms. That this is the case is suggested by tlio form in which i.h(^ 
principle is frequently applied in elementary mathematical ti’ea-tises, vit. 
that since the property P holds good for the first clemcul-, it therefoi'c 
holds good for the second, and therefore for the third, etc.; and c*ons(^- 
quently, by the employment of an unending set of such syllogivsins, ii. is 
inferred that the property P holds good for all the elements of the inlinitc^ 
aggregate. It has however been shewn above that it is not lU‘C(^ssary to 
state the principle in this form, but that the truth of the princ*i])l(' follows 
by applying the ordinary Logie to deduce the consequences of the j)<)ss(\s- 
sion by the infinite ordered aggregate of certain properties, in accordanci^ 
with the principle of contradiction. 

CARDINAL NUMBERS 

6, If any fimte ordered aggregate be re-ordered in any manner, the new 
ordered aggregate is finite, and has the same ordinal number as the original 
one. 

In order to prove this theorem, the following particular case will be 
first established:—^If Q is a finite ordered aggregate, the aggregate {Q, c), 
obtained by adjoining to Q a new element e of higher rank tlian all the 
elements of Q, is similar to (e, Q), in which c has a lower rank than all 
the elements of Q. For let Q = (Qi, /), and let us assume that the tlieorom 
holds for Qi, i.e. that (Q^, e) is similar to (c, Qf ); it follows, since a complete 
correspondence can be established between the elements of (Q^, e) and 
(e, Qi)r that the same is true of the two aggregates {Q^, e, f) and (e, , /). 

Now (Qi, e,/) is similar to (Qi,/, e), since can be made to correspond 
to itself, c to /, and / to e, therefore (Qi, /, e) is similar to (e, Qi,f) or, 
{Q, e) to (c, Q), and thus the theorem holds for Q = (Q^,f), provided it 
holds for Qi. Now it clearly holds if consists of a single element; hence 
by induction it holds for any finite ordered aggregate Q. To prove the 
theorem in the general case, let us assume that it is true for an aggregate 
M ; it wiU then be shewn to he true for (M, e ). For let an aggregate obtained 
by re-ordering {M, e) be (P, e, 8), where either R ov 8 may be absent; 
(P, e, 8) is similar to (P, 8, e), for P corresponds with itself, and it has 

* See Hs work La science et Vhypomse, Paris (1902), p. 19; also an article in the Mevue de 
M^taphysique, voL u (1894), p. 871. For a onticisxn of Poincare’s view, see an article by A. Padoa, 
Proc. of fifth a-Tmued Congress of Mathematicians, vol. n, p. 471. 
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been shewn above that (e, 8) is similar to {8^ e). Since (7?, 8) is by hypothesis 
similar to it follows that (12, 8, e) is similar to e), and therefore 
(12, e, 8) IS similar to (JH, e). The theorem clearly holds for an aggregate 
(Ay £) which contains two elements, hence by induction it holds for every 
finite ordered aggregate. 

It follows from the theorem which has been established above, that. 
for any aggregate which can be ordered as a finite ordered aggregate, the 
ordinal number is independent of the mode in which the aggregate is ordered. 

It will be found, when the generalization of ordinal numbers for non- 
finite aggregates is considered in Chapter iv, that this property, that the 
ordinal number of an aggregate is independent of the mode of ordering, 
is peculiar to finite aggregates. 

7. Two aggregates are said to be equivalent, when their elements can 
be placed into correspondence so that to each element of either aggregate 
there corresponds one and only one element of the other aggref>'ate. 

It will be observed that the relation of equivalence differs 
similarity, in that it contains no reference to order. It is c>* 
aggregates which are each equivalent to a third are equivv 
another. 

An unordered aggregate is said to he finite when it can lot ^ v* 

that the ordered aggregate is finite in accordance with the detuiition given 
in § 2. 

Two (finite) aggregates which are equivalent are said to have the same 
cardinal number. 

It thus appears that a cardinal number is characteristic of a class of 
equivalent aggregates. 

Bach of the cardinal numbers is to be regarded as a unique ideal 
object; the relation of a cardmal number to a member of the class of 
equivalent aggregates of objects, of which it is characteristic, may be 
illustrated in the same manner as in § 3, in the case of the ordinal numbers 

Since all similar aggregates are also equivalent, and since, in the case 
of a finite aggregate, the ordinal number is independent of the mode in 
which the aggregate is ordered, it follows that for every finite ordinal 
number there is a corresponding cardinal number. 

The cardinal numbers of finite aggregates are denoted by the same 
symbols 1, 2, 3, ... as the corresponding ordinal numbers. The two kinds 
of numbers are not symbolically distinguished from each other, although 
logically they are not identical. 

It will be seen in Chapter iv that this practical identity of ordinal and 
cardinal numbers is confined to the case of the numbers corresponding to 
finite aggregates, and therefore called finite numbers. The finite cardinal 
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numbers form a simple seq[uence 1, 2, 3, ... similar to the seq[ucuco of finite 
ordinal numbers; the expressions “greater” and “less ’ arc used in relation 
to two cardinal numbers in the same purely ordinal sense, denoting higher 
and lower rank, as in the case of ordinal numbers. 

It is impossible, in a purely mathematical work, to enter int-o a. full 
discussion of the nature and proper definition of iiumbor from a ])liiIos()- 
phical point of view. One view of number, which is widely held, is embodied 
in the definition by abstraction, in which the cardinal numbei-*^ is regarded 
as the concept of an aggregate which remains when wo make absti'actiion 
of the nature of the objects forming the aggregate, and of the ordiu* m 
which they are given; the ordinal number is then regarded as f-he (‘onec^pt 
obtained by making abstraction of tbe nature of the objects only, vcdaining 
the ordert in which they are given in the aggregate. The view has a-lso 
been maintainedJ that a cardinal number is simply the class of all eijuiva¬ 
lent aggregates. A tendency has been exhibited amongst mathemalictuinsij 
I’-o mmlvrs, at Jeast for the purposes of analysis, as identical u ilh 

tV V >Jch represent them. In accordance with this vie^\^ absti'act- 

k oat en'hiily adrift from the fundamental notions relaUnl to 
in wii/ca A had its origin, and it is thus reduced to a spc‘c'i(‘s 
of r, ^,rune played in accordance with a set of rules wliich, when 

* 'IVad view Ui„l J Cantor; sec Math AnnaUn, vol xJjVI (1805), p. *481, \vlicr(‘ l.!n‘ 
following definition is given:—“‘Maohtigkeit,’ oder ‘Cardmahalil’ von J/ nonnon wir (Umi 
A llgemeinbegriff welciier mit HulXe unseres activcn Denkvormogciis aus cler McMigc Jf luM'vorgc'lU, 
dass von der Beschaffenheit ihrer verschiedenen Elcmente w, und von dcM Orduimg iIik'h 
bensems abstrahirt wird,” See also Pcano, Fmnutlaites de Mnfhemaln/tir.'i, 1001, .‘{J, 0 

I Ordinal numbers are frequently regarded as logically puor to (mkIiiuiI nunibt'th, but- tlu.s 
order of procedure is not a necessary one. In Dedekind’s tract ‘"Was siiid und was sollt^n da- 
Zablen,” Brunswick, 1887 and 1893, which has been translated into EngUah by Oioi \\ \\\ 
Beman, under the title “Essays on the Theory of Numbers,” 1901, a detailed troatiiKMil oi tin* 
subject IS given, in which the notion of order is regarded as fundamental. 

% See B. Bussell, The, Principles of Maihernatics, vol I (1903), chap xi 

§ For example see Heme, GrelUs Journal, vol Lxxiv (1872), p. 173, where tlu* mattei* is utaU'd 
m the followmg plain form: “Ich neune gewisse greifbare Zeichen Zahleu, sodans du* 
dieser Zahlen also nicht m Prage steht.” Again, Helmholtz appears to hold a- vunv closolv 
approaching the notion that Arithmetic is the art of manipulating certain signs ac.cording to 
certain rules of operation, he writes m Ges Abh. vol m, p 359, “Ich be.tratihto di{\ AriUitui‘tik 
Oder die Lehre von den remen Zahlen als eine auf rem psychologische Thatsachon aufg<d>au<(‘ 
Methode, durch die die folgenchtige Anwendung ernes Zeichensystoms (naniUch dor Zahlen) von 
unbegrenzter Ausdehnung und unbegrenzter Moglichkeit der Verfemerung gelohit wird.” 
ence may be made to an essay by A Prmgsheim in the J ah esbencUe der d math VereXniifunn^ 
vol. VI (1899), p. 73, “Ueber den Zahl- und Grenzbegriff xm Untornoht ” In an artiolo (mUtled 
“Die Du Bois-Beymond’sche Convergenz-Grenze,” Sitzungsberichte d layer, Akad. vol. xxvii 
(1897), Prmgsheim speaks of numbers as “Zeichen, denen ledighch eme bestimmto SuccesHion 
zukommt.” See p. 326. This article contams vanous remarks on arithmetization, and ospooially 
a criticism of the views of P. Du Bois-Beymond. A searching cnticism of the tendency to rtKiuco 
Arithmetic to the formal manipulation of symbols is given m L Couturat’s work Da Vinfini 
maOi^matique, Paris (1896), which contains a valuable account and discussion of thoones of bho 
philosophy of arithmetic. 
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divorced from their origin, have the appearance of being perfectly arbitrary; 
though it may, of course, be said that it is possible at the end of any 
arithmetical process to reconnect the symbols employed with the ideas 
which originally suggested them, and thus to interpret the results of the 
purely symbolical processes. Whatever view* be adopted as to the real 
nature of number and its place in a general scheme of thought, the as¬ 
sumption of the right to hypostatize numbers would appear to be an 
essential condition of the possibility of developing gin abstract arithmetic, 
and consequently of the establishment of mathematical analysis in general 


THE OPERATIONS ON INTEGRAL NUMBERS 

8 If two iinite ordered aggregates A and B, of which the ordinal 
numbers are a and b respectively, are combined into a smgle ordered 
aggregate in which the elements of A have all lower rank than those of 
jB, and in which any two elements of A^ and any two elements of J5, have 
the same relative orders as m the original aggregates, then the ordinal 
number of the combined aggregate is said to be the sum of the ordinal numbers 
a and' b, and is denoted by a -f 6 

It can bo shewn that the new aggregate is a finite one, and that its 
ordinal number is unaltered if for A and B there be substituted aggregates 
winch are similar to them; it thus appears that the sum a + i is a finite 
number which depends only upon a and b. 

The aggregate {A, B) has as lowest element the lowest element of ^4, 
and as highest element the highest element of B, moreover any part of 
{A, B) is of the form {A\B'), where J.' is a part of A, and B' is a part of 
B\ or else it has one of the forms A\ B'. Since A\ B' have each a lowest 
and a highest element, any such part of {A, B) has a lowest and a highest 
element. Thus {A, B) is finite. 

Again, if -dj, j8i are aggregates which are similar to A and £ respectively, 
the elements of A may be placed in correspondence with those of A ^, and 
the elements of B with those of B^l we have then a (1, 1) correspondence 

* References to the literature relating to the Philosophy of Number will be found in the 
article I A 1, “Grundlagen der Anthmetik,” by H. Schubert, in the ^ncychpadie der mathe- 
matischen Wissenschaften, vol. i, also m E. G Husserl’s Phihsophie der AritJimetihj vol. i, chaps 
5 and 6, Halle (1891) Frege’s treatises, the Grundlagen der Anthmetik, Breslau (1884), and the 
Orundgesetze der Anthmetik, Jena (1893 and 1903), also Whitehead and Russell’s work, Pnncipia 
Maihemahca, Cambridge (1910 and later), may be here specially referred to, in connection with 
the relation of the foundations of Arithmetic to general Logic. The view that Number is 
fundamentally dependent on the notion of Time was developed by Sir W. R. Hamilton; see the 
Dublin Transactions, xvii (II) (1835), “Theory of Conjugate Functions or Algebraic Couples 
with a Prehminary and Elementary Essay on Algebra as the Science of Pure Time”, see also 
Helmholtz’s essay Zahlen und Messen (1887), where the view is adopted that the axioms of 
Arithmetic have a relation to the intuitional form of time, similar to that which the axioms of 
Geometry have to the intmtional form of space. 
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between the elements of {A, B) and those of (Aj., Bi); thus the ordinal 
number of (A, B) is the same as that of (-^i, B-^). 

Since {A,B) has the same ordinal number as {B, A) it follows that 
(I ^ ^ I, ^ a, which is known as the commutative law of addiiion. 

If a, b are the cardinal numbers of two finite aggregates A , B, tlu^n ttu^ 
cardinal number of the aggregate formed by combining the two aggregate's 
into one is said to be the sum of a and 6, and is denoted by a -I" h, ^riial 
a + 6 is a definite finite number, dependent only on a and follows at 
once from the corresponding theorem which lias boon proved for ordinal 
numbers. 

The operation of finding the sum of two numbers a and h is knoun as 
the operation of addition, and it has been shewn that this o})eralion is 
commutative. It should be observed that the sum of two numbers a and 
b cannot be determined merely by contemplating those nurnbefs them¬ 
selves as abstract concepts, but can only be defined as above, by relei*ring 
to aggregates of which a and b are the numbers, and then comliining thost' 
aggregates. The number of the combined aggregate is then coiiec'ivcd of 
as the result of a symbolical operation upon the numbers a and b. l^kir 
example, the equation 5 -h 3 = 8 does not imply that the coiujojit S is 
obtainable by placing the concepts 5, 3 as it were in juxtaposition, but 
can only be regarded as a symbolical expression of the fact that an 
aggregate of 5 objects together with one of 3 objects makes up an aggfcgatc' 
of 8 objects. Bearing this observation in mind, the numbers J, 2, 3, ... 
are represented symbolically as the results of successive operations of 
addition, 1 + 1 = 2, 2+1 = 3, 3 + 1 = 4, etc.; but those equations do 
not express definitions of the numbers 2, 3, 4, ..., since, from the concept 
unity taken by itself, no other concept is directly derivable. 

The operation of addition can be extended by continued repetition. 
Thus the sum of a, 6, c, ... is a jfinite number represented by 

a + 6 + c + ... + Z;, 

and, in particular, any number is represented by rt = 1 + 1 + 1 + ... -| ]. 
An immediate induction shews that the result of the operation of addition 
repeated any definite number of times is a finite number dependent only 
on the constituents of the summation. 

The associative law of addition, a + (6 + c) = (a + 6) + c, follows from 
the irrelevancy of the order in which the operations are performed. This 
is seen from the contemplation of aggregates of which a, b,c are either the 
ordinal or the cardinal numbers. 


9. If in a finite aggregate of which the number is b, each element be 
replaced by a finite aggregate of which the number is a, the number of the 
new ag^egate so formed is said to be the product of b by a, and is denoted 
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by ah. This operation is said to be that of multiplying 6 by a. By taking 
the aggregates to be ordered, it is seen at once that the new aggregate 
satisfies the conditions that it is finite, and that its number is unaltered 
by the substitution of similar aggregates of other objects for those originally 
employed Thus ah is a definite number dependent only on a and 6. 

It is clear that ah may be regarded as the sum a + a -f a + ..., where 
a occurs h times in the operation. 

If the ordered aggregate of which the number is ah be re-ordered in 
the following manner:—take the first element of each of the aggregates 
of which a is the number, then the second elements of these aggregates, 
and so on, with lastly the ath elements of these aggregates, then we have 
as the result of the process an aggregate of which the number is a, and 
each element of which consists of an aggregate of which the number is 6. 
the re-ordcred aggregate has the number ba. It has thus been shewn that 
ah = ba, which is expressed by saying that the operation of multiplication 
of finite integers is commutative. 

The distributive law for multiplication, a (b H- c) = -f ac, follov’S 
from the definition of the operation, by considering the aggregates of 
which a, b,c are the numbers. 

An immediate induction shews that the repetition of the operation of 
multiplication any definite number of times gives a finite number dependent 
only on the numbers multiplied, and independent of the order in w^hich the 
operations are performed 

The result of the operation of multiplying the number a by itself is 
denoted by a”, where n is the number of times a occurs in the product 
a.a a,., a. From this definition the law is directly deducible. 

10. If the sum of two numbers a, b be denoted by c, the number a is 
uniquely determined when b, c are fixed, and it is then regarded as the 
result of the operation of subtracting b from c. The operation of sub¬ 
traction is thus defined as inverse to that of addition. If c = a + 6, a is 
obtained as the result of the operation denoted by c — 6, which is such 
that (c — 6) -H 6 = c. It is obvious that the operation of subtraction of 
b from c is only possible in case oh. 

If the product of two numbers a, b be the number c, then the number 
a is uniquely determined when b and c are given; and a is regarded as the 
result of the operation of division of c by 6. The operation of division so 
defined is inverse to that of multiplication; it is clear that the operation is 
only possible in case c is one of the class of numbers 6, 26, 36,. 
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ITBAOTIONAL NTTMBEBS 

11. The operation of multiplying two intcgcivs a, b logollu^i- is one 
which is always a possible operation, in accordance witii tlu' cb^liiiirioii of 
the operation of multiplication which has been given above; iin c»rs(' 
operation of division is however, as wo have seen, noi. iil\va\'s a |)ossi))U‘ 
one. This restriction upon the possibility of the opera-tion of division 
suggests the introduction into Arithmetic of a new (;Iass of Jiiinilxa-s, tbo 
rational fractions, which, when denned, shall be siieli lhat. liie opei-alion 
of division, within the whole aggregate of integers and fi-actio!is, inny Ix^ 
a possible one without restriction. Stated in algcbraujal foi-m, llu‘ demand 
arises for tx scheme of numbers such that the equation n:v b sliali alway s 
have a solution in x, where a, h are anj^^ two numbers wliieli l)eIo!ig to tin' 
contemplated aggregate of numbers. 

The actual use of fractional numbers arose hjsloriea.!ly fi-om 
necessities of the process of measurement of extensive niaguitiidt^, and i Iw 
conception of a fraction which arises in this connection is the oik' winch 
is used in ordinary life, and is made the basis of the treatment of Ibe 1 lK‘oi y 
of fractions, even in recent scientific text-books. In accordant^' with (his 
view, a unit of magnitude of some kind is divided into b etpial ])ai(s, and 
a of these parts are taken; the resulting magnitude is then d(MU)tc‘d by 
the fraction ajb. 

This notion of the essential nature of a fraction. de])end(mt as it is upon 
the notions of a and of the divisibility of such unit into rfjutfl is 

incompatible with the modern view that Mathematical Analysis shoidd be 
developed upon the basis of a Pure Arithmetic, cpiite ind(‘pen(Ic‘nlly ol all 
notions connected ^vith. the measurement of extensive magnilmU' Th(‘ 
modern tendency known as Arithmetization manifests itself in (h(‘ con¬ 
struction of theories of Number and of the operations involving numlxa-s, 
which depend entirely upon the conceptions connected with tlu‘ proc(‘ss 
of counting; measurement being regarded as a process foreign to Pure* 
Arithmetic. The process of counting is an exact one ■ wherc^as rn(*asiii*('ment 
can in practice only be carried out mth a greater or loss degnx' of approxi 
mation, and can only ideally be made an exact process. Pure Ai-it.lmu't ic 
is made the basis of Analysis, not only in accordance with Ihe gen(*ra.l 
principle that the fundamental conceptions of a branch of sejixux^ should 
be irreduoible to simpler conceptions, but also because ilie tlieory of idcvdly 
exact measurement has peculiar difficulties of its own. Our (ssscjitiairy 
inexact intuitions of spatial, temporal, or other magnitudes, ^U!^^essi(.ate 
a process of idealization in which the objects of perception arc rcipljwixl 
by ideal objects subject to an exact scheme of definitions and postulatcss, 
in order that an exact science of measurement may be possible. Tlio vi(^w 
is at present held by the majority of mathematicians that the natiu-c-. of 
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the abstract continuum, and that of a limit, are capable of exact formula¬ 
tion only in the language of a Pure Arithmetic; and that this science must 
therefore be developed upon an independent basis before it can be applied 
to the elucidation of the conceptions requisite for an abstract theory of 
continuous magnitude. The theory of measurement is, in accordance vlth 
this view, regarded as an application, and not as part of the basis, of 
Mathematical Analysis. 

12. By those writers who are under the influence of the modern 
arithnietizing tendency, the traditional non-arithmetical definition of a 
fraction has been abandoned, and in its place a formal definition has been 
substituted, in whicli the fraction is regarded as an association of a pair 
of integers. The associated integers are regarded as making a single object, 
and laws of combination of these objects are then postulated. 

If a, h are two integers, a new number {a, b)^ or in ordinary notation 
^, is formed hy the association of a and b, the new number being defined 
to be sucJi as to satisfy the following conditions: 

(1) (a, b) is regarded as ordinally greater, equal to, or less than (c, d), 
according as ad is greater, equal to, or less than be. The expressions greater, 
equal to, or less than, are here used, not in their primitive sense as referring 
to magnitude, but in the sense in which Ave have used them in the case of 
integers, as assigning relative order to the numbers. 

(2) (a, 1) is defined as equal to a; thus if 6 = 1. the ahsociation is 
regarded as equivalent to the integer a. Taking (1) in conjunction AAuth 
this postulate, the new numbers have their orders assigned, not onl^^ 
relatively to one another, but relatively also to the integral numbers; so 
that the Avholo aggregate of integers and fractions is ordered, in the sense 
that, of two given numbers, it can always be said Avhich has the higher ranlc. 

(3) The addition of two fractional numbers is defined by 

(a, b) -f (c, d) = {ad -f be, bd). 

(4) The multiplication of fractional numbers is defined by 

{a, b) X (c, d) = {ac, bd). 

(5) The use of a fraction as an index is defined by the postulate 

6) ^ (Z) = jiyCflr* Z»)+{c» 

where x is any number, either integral or fractional. The symbol x^^* is 
to be interpreted subject to this postulate, in case such interpretation is 
possible. 

It will be observed that, in the case b = I, d = I, the above definitions 
are consistent with those Avhich have been adopted in the case of integral 
numbers; and thus the new numbers, together with the integers, form an 
aggregate Avith uniform laws of operations. It is easily seen that the opera- 
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tions with the new numbers satisfy the commutative, associative^, aiul 
distributive laws. The inverse operation of division is now one wJiioIi is 
always possible within the domain of the numbers; thus 

(a, b) -f- (c, d) = (ad, be). 

The inverse operation of subtraction, (a, b) ■— (c, d) = (ad ~~ be. bd). is only 
possible if (a, b) > (c, d). 

The association of a pair of integers is a ^"number” in Cjiiiie a- dill (‘read 
sense from that in which the cardinal and ordinal numbei-s, hitla^i-lo <!is- 
cussed, are numbers. The justification of the extension of t(‘rni 
‘'number” to the fractions lies in the fact that a consisU‘nt sc-.lienu* of 
operations can be imposed upon them, of which the laws are in agiH^enienl. 
with those which hold for operations which involve integers only. 

13. The scheme which has been above indicated siilliees Foi- a foi-nial 
definition and logical development of the properties of fra-ctions, bul i»- is 
subject to the objection that it is of an arbitrary charactei’, iiuh'ed i1 is 
not easy to see why the particular laws of operations luivo bocai posl ula!(»(!. 
except as suggested by the traditional noii-arithmeli(j«al C‘onc*(‘j)l ion of a 
fraction. 

To remedy this defect, a view of the nature of a friiction will b<‘ laa’c 
given which relates the fraction with the process of counting, in surb a 
manner that fractional and integral numbervS liavc similar relat ions lo 1 lia f 
process. It will appear that the laws of combination givc'n a.l)t)V(‘ nat ni'a Il\' 
follow from this mode of regarding the fraction, with tlu^ exct^plioii of (a), 
which is however immediately suggested by the rule for inlegral indices. 

Consider an aggregate of b objects, and out of these h objeels pii-k on I 
any a 6) of them. If we regard these a objects not only as single^ obj(‘(d.s 
of number a, but also as belonging to an aggregate whoso nnmbc^r is we 
may denote the a objects by (a, 6), where their number a is aHsocia<.(‘d w it h 
the cardinal number b of the aggregate to which they belong. This ])ro(;t‘hs 
being independent of the particular aggregate used, the abstract fraction 
(a, b) is related to this process in an analogous manner to thal- in which 
the number b is related to the process of counting an aggr(‘gat(' whose* 
cardinal number is b. Thus the fraction (a, 6), or a/6, is cliaracU^ristie*. of 

aggregate of a objects each of which belongs to an aggregate of b obj(*(ds. 
The extension of the definition to the case a > 6 is clear when we obscM*v<* 
that it is unessential that the a objects taken should all belong to one*, and 
the same aggregate of 6 objects; it is sufS.cient that each of thorn be iv- 
garded as essentially belonging to some aggregate of cardinal number 6. 
In accordance with this view, a fraction, say 3/5, is characteristic of any 
three things each of which belongs to an aggregate of fi.ve things, i.e. 3/5 
means 3 out of 5. That the three things taken out of five should nocossaiily 
aU be equal in respect of size, or some other kind of magnitude, is as 
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irrelevant to the true nature of a fraction as the assumption of five things 
necessarily meaning five equal things is to the true nature of the number 
five. 

Since (a, 1) is characteristic of an aggregate of a things each of 'Nvhich 
is also regarded as a single object, it is clear that (a, 1) is identical with a. 

If we suppose each of the h elements in an aggregate, of which tJie 
cardinal number is 6, to be replaced by an aggregate of n elements, \\e 
liave now an aggregate with nb for its cardinal number, and instead of 
a elements chosen out of this aggregate we novr have na of the new ele¬ 
ments, each of Ayhich is to be regarded as associated with the cardinal 
number We represent these na elements by {na, nb), tvhich is equivalent 
to (or, b), since the two forms represent two different aspects of the same 
process. Therefore we have {a, b) = {na, nb), or in the ordinary notation 
a/h = nainb. This relation is in complete accordance with the law of logical 
(not arithmetical) addition, that a mere repetition a term yields only 
the term itself. 

Since {a, b) --- {ad, bd), and (c, d) = (6c, bd). we rt^gard (a, b) as greater, 
equal to, or less than (c, d), in the purely ordinal sense of the terms, at - 
cording as ad is g be. For the two nuiiibers {ad, bd), {be, bd) are cliaractcri'-- 
tic of the process of taking ad, he elements respectively from an aggregate 
of the same cardinal number 6rZ; and thus the relative orclc^r of the two 
numbers {a, b), {e, d) will natural^ be fixed in accordance tvith tlie relati\ e 
order of the two numbers ad, be. 

The addition of the ttvo numbers {a, b) and {e, d) is eciuivalent to tliat 
of {ad, bd) and (6c, bd), and is consequently naturally defined as given by 
{ad be, bd), w^hich characterizes the amalgamation of two aggregates of 
which the numbers arc ad, he, the elements of each of which all belong to 
an aggregate of number bd, or to one of several such aggregates. 

To interpret the operation of multiplication, let us consider an object 
represented by (c, d) ; this consists of c things each belonging to an aggi*e- 
gate of d things. To multiply it by {a, b), is to take a such objects each of 
which belongs to an aggregate of 6 such objects; we have on the whole 
one or more aggregates of bd elements, and out of these, ac elements are 
to be taken. Thus the multiplication of the number (c, d) by the number 
(a, 6) may be understood to characterize the result of taking a objects, 
each of which is characterized by (c, d), out of one or more collections of 
6 objects, each of which objects is characterized by (c, d). This is the same 
thing as the process of t aking ac objects out of one or more aggregates of 
hd objects, and is characterized by the number (ac, bd) \ we are thus led 
to the law of multiplication 

(a, 6) X (c, d) = {ac, bd), or g" ^ ^ • 
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2TEGATIVE NUMBERS, AND THE NUMBER ZERO 

14. Although the operation of addition is always possiljlo within the* 
aggregate of integral and fractional numbers, yet the iuwrsc oj)t'ralion of 
subtraction is not always possible, thus a number x cannot be found siudi 
that a; + (c, d) = (a, 6), unless (a,b)>(c,d). As the linutfitiou of the 
possibility of division suggested the introduction of fractional luinibors. 
so this limitation of the possibility of subtraction suggestri the inlroduetion 
of a further set of new numbers, which shall be such tiuifc, within so 
completed aggregate, subtraction may alw^ays bo a possible oi)ei*ation. 

If a, B, y, S denote integral or fractional numbers such tliat a > 0, y - 6 ; 
we may put a = p x, y — 8 y; then x = a — P, y ‘ - y — 8. We ha.v(‘ 


a y = P -{- 8 X -\- y, 

hence ic + 2 / = (a + y) — (j8 -l- S), 

or (a - jS) + (y - 8) = (« + y) - (j8 -1- 8) .(1). 

Again, ifa~j8=y — 8, Le. x = y,we have a -f 8 -| 8 I x f) \ y , 

or a + 8 = j8 + y, ifa — j8~y — 8 . ('2). 


Lastly, we have 

ay = (j3 + a;) (8 + 2 /) = jS (8 + y) + a; (8 + y) 

= j88 + jSy + a;8 + xy; 
hence ay + 08 = 0 ( 2 / + 8) + 8 (a; + j8) -h xy 

= 0y + a8 + xy\ 

hence (a —■ 0) (y — 8) = (ay + 08) — (aS j 0y) . (;j). 

The rules (1), (2), (3), with regard to the numbers a - ■ 0, y - 8, which 
so far exist only when a > 0, y > 8, suggest tho mode of the (‘xtiMisiun 
referred to above. 

15. Let a, 0 be any two numbers integral or fracjtional, and coikmuvc^ a 
new number D (a, 0), formed by the association of a and 0, to he d(*hiied 
as subject to the laws 

(4) , D (a, 0) = D (y, 8), if a -h 8 = 0 4 y, 

(5) ,D(a,0) + £)(y,8) = i)(a+y,0 + 8), 

(6) , D (a, 0) X D (y, 8) = D (ay + 08, a8 4- 0y): 

it will be observed that when a > 0, and y > 8, D (a, 0) may donott* a — 0, 
the three laws becoming (2), (1), (3). It will now be shewn that the symbol 
D {a, 0) defines a number of an aggregate within which tho operation of 
subtraction is always possible. For, to find a number x, such that 

X + D (a, 0) = D (y, 8), we see that x = D (0 + y, a H- 8), 

since -D (a + 0 -4- y, a 4- 0 + 8) = D (y, 8), in virtue of (4). 
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Since Z) (a, u) = D [y, y), we see that D {a, a) is independent of a; and 
thus JD (flj, a) defines a new number which is called the number zero, and is 
denoted by the symbol 0. 

The number zero is regarded as characteristic of the absence of all 
elements from an aggregate of which the existence has been contemplated; 
it is the number of such a hypothetical aggregate, in a sense similar to 
that in which an integer is the number of an actual aggregate. 

The number D {a + k, k) depends only on a, and we shall postulate that 
it is identical in meaning with a itself. 

The numbers D {a, j8), or cc — jS, for which a> are called positive 
numbers, and form the aggregate of integral and fractional numbers we 
have previously considered. 

Those numbers, for which a < j8, are called negative numbers 

Since by (6), D {a, j8) -f jD (j8, a) = D (a 4- jS, a -{- jS) = 0, the number 
D (jS, a) may be denoted by — D (a, jS), or in ordinary notation — (a — jS). 
Thus to every positive number x there cmresponds a single negative number 
— X, which is sitch that x x) = 0. 

We may now use the notation a — pin every case for D {a, p), and thus 

a — P = (P — a). 

Prom (6), it is seen that the operation of division is always possible for 
two members of the complete aggregate of positive and negative numbers 
and zero, except when the divisor is the number zero, in which case the 
operation is meaningless. 

From (6), we see by putting y = 8, N = D {a, P), that = 0. From 
(5), we have jV" + 0 = A". 

Any number D (a, p) is said to be greater in the ordinal sense than 
D {y, 8), when D (a, P) — D {y, 8) is positive; thus the complete aggregate 
of positive and negative integral and fractional numbers together with the 
number zero is one in which all the numbers are arranged in a definite 
order. This aggregate is known as the aggregate of rational numbers. 

In the aggregate of rational numbers so ordered, the number zero has 
lower rank than any of the positive numbers, and higher rank than any 
of the negative numbers. Further, if a;, y are two positive numbers of 
which X has higher rank than y, the negative number — x has lower rank 
than — y. 

If ^3 y rational numbers, such that x <y, there exist an 

unlimited number of rational numbers each of which is > x, and < y. 

Such numbers are said to be between x and y. For it can be seen at 
once, from the definition of order given above, that \{x y) is one such 
number; between y) and either x or y another rational number can. 
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in a similar manner, be found. This process can be canicii on u i( hunt i'ik!. 
and it is clear that, in accordance with the mode of ordering of the aggro 
gate, defined above, all the numbers thus detenuiued br'twet'U .r and //. 

7/ X, y are any two positive rational numb&s such t/ial x ■ //, uii iiihiji i 
n can be found which is such that nx > y. 

For ^ is a rational number such that y, again beany posuno 

X X <1 

rational number, there exist integers which are > ; for ;M I is ilsc'lf Mi. ii 

V u * 

an integer. If » is an integer which is > we have u.v. ' .»■ ■ //: tinis 
® ^ •1' 

the theorem is established. 


IRRATIOITAL NUMBERS 

16. The only numbers of which the existonco was by 

Greek geometers were the rational numbers, although tlu‘ fact Uiai lb( 
ratio of two geometrical magnitudes is not necessarily cxiK.i ly I'epi-escni 
able by such a number appears to have been discovered at- a early 
period. Euclid gave, in the fifth book of his treatise, a discussityn ol* 
theory of ratios, and in the tenth book, a theory of tliowe incoiiunensurabit* 
magnitudes which are ideally constructible by means of sti*a.ight liiu's ant[ 
circles. In later times*, the idea was cun’ent that, to th<' ratio of aii\ 
two magnitudes of the same kind, there corresponds a (le(ini((^ nuuii>er: 
and in fact Newton in his Arithmetica Universalis expressly dt‘lin(‘s 
number as the ratio of any two quantities. Before the re(jent dev(dopin<‘!it 
of the arithmetical theories of irrational number, and to a. eonsi(h‘ral)ie 
extent even later, a number has been regarded as the ratio of a. 
of a straight line to a unit segment, and the conception of irratioind 
number as the ratio of incommensurable segments has betMi a(‘c(*p(«‘d ::s 
a sufficient basis for the use of such numbers in Analysis*. 

In accordance with the doctrine that Mathematical Analysis niusl rest 
upon a purely arithmetical basis, the introduction of irrational nund>t*is 
into Analysis must be made without an appeal to our intuition of ('xlcMisivt^ 
magnitude, but rather by an extension of the conception ot Number, 
resting on a further development of the ideas which liavo been h(*n^ dis¬ 
cussed in connection with the theory of rational numbers. Tlic n<‘e<\sKit.y 
for this extension of the domain of Number arises not only on ae.(*.ount- of 
the inadequacy of rational numbers for application to ideally exaed. 
measurement, but also, as will be explained later in detail, because* the* 
theory of limits, which is an essential element in Analysis, is incapable* of 

♦ A good abort account of the hiatory of this subject will be found in the article I. A. », “ Irn* - 
tional7Ahlm und Konveigenz unendlicher Prozesse,” by A. Pringsheim, m the EncyeXt^itadiv. dvr 
fnaih, WissenschofUnj vol. i. See also M. Cantor, Geschichte der McLlih,^ vol. i. 
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any rigorous formulation apart from a complete arithmetical theory of 
irrational numbers. 

Before the recent establishment of the theory of irrational numbers, 
no completely adequate theory of Magnitude was in existence. This is not 
surprising, if we recognize the fact that the language requisite for a com¬ 
plete description of relations of magnitudes must be provided by a developed 
Aritlimetic. 

17. The successive extensions of the domain of Number, by the intro¬ 
duction of fractional and of negative numbers, were suggested by the 
desirability of so completing the domain that the operations of division 
and subtraction, wliich are not always possible in the more limited domain, 
might always be so in the more extended one. In the aggregate of rational 
numbers, the operations of addition, subtraction, multiplication, and 
division (except when the divisor is zero) are always possible operations; 
but it can be readily shewn that the inverse operation involved in deter¬ 
mining a fractional power of a rational number is not, in general, a possible 
one. 

As the simplest case of this impossibility of such operation, we may 
take tlie problem of finding the square root of a positive integer m which is 
not a square number. It can be shewn that such a number has no square 
root within the aggregate of rational numbers. 

If possible* let m be the square of a rational fraction p/q in its lowest 
terms; thus — mq^ = 0. There always exists a positive integer A such 
that A“ < 7)1 < (A -f- 1)2; we then have Ag <p < (A -f- 1) g. 

Now let us consider the identity 

(mg — Ap)2 — m{p — Xq)^ = (A^ — 771 ) (p- — mg®) = 0 
From this identity it follows that m is the square of the rational number 
(mg — Xp)l(p — Ag), of which the denominator is less than g, and this is 
contrary to the hypothesis that m is the square of the fraction pjq which 
is in its lowest terms. It thus appears that there exists no rational number 
of which the square is m. 

On the formal side of Arithmetic, a demand for the extension of the 
domain of number arises from the impossibility of carrying out, with the 
requisite generality, certain operations, as in the example given above. 
Such extensions of the domain of number as are made when fractional, 
negative, irrational, and complex numbers are successively adjoined to the 
original integral numbers, are made in accordance with a principle known 
a,s that of the permanence of forms, which was first indicated by Peacockf, 

* This proof is given by Dedekind in bis tract Stetigheit urtd irrationdU Zahlen. An extension 
of Dedekind’a method to the case of wth roots has been given by S. M. Jacob; see Proc. Lond. 
MaOh. 80c. (2), vol. I (1903), p. 166. 

t British Association Beport for 1834; also Symbolical Algebra, Cambridge (1845). 
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and further developed by Hankel*. This principle niay bo sta-ttnl in tlu- 
form that, in order to generalize the conception of number, following 
four requisites must be satisfied: 

(1) Every operation which is represented by a forjnal cxpi-i‘ssion in- 
volving the unextended class of numbers, and which does not resiiH in <Ii(‘ 
representation of a number of the unexteiided class, must have a. meaning 
assigned to it of such a character that the formal expression may ho. (I(‘all 
with according to the same rules as would be applicable if the (^xpressitm 
represented one of the unextended class of numbers. 

(2) An extended definition of number must be given, such Ibal n 
formal expression, as in (1), may represent a number in tiio extended simst' 
of the term. 

(3) A proof must he given that for numbers of the oxlonded elass tli(‘ 
same formal laws of operation hold as for the unextended (dass. 

(4) Definitions must be given of the meaning of greater, equal, .ind U‘ss, 
in the extended domain of number, those terms being taken in 1hc5 ordina.1 
sense. 

The arithmetical theory of irrational numbers has been (lcveloi)C‘d in 
three main forms, of which the firstf was given by Weiorstrass in his 
lectures on Analytical Functions; the secondj is that of G. ('lant.or, wldeh 
was developed in further detail by Heme§, and was also <icv('[()j)(»d in¬ 
dependently by Ch. Merayll; the third, that of R. Dedekind ^f, appt^ared 
about the same time as that of Cantor. We shall give an account of f lie 
theories of Dedekind and of Cantor, and shall shew tliat lliey ai*(^ funda¬ 
mentally identical. 

KROXECKER’S scheme of ARITHMBTIZATIOTSr 

18. As it is now generally understood, the term “ arithmotization ” is 
used to denote the movement which has resulted in placing analysis on a 
basis free from all notions derived from the idea of measurable (piant-ily, 
the fractional, negative, and irrational numbers being so defiimd that th(\v 
depend ultimately upon the conception of integral number. An oxtrenu* 
theory of arithmetization has however been advocated by Kronocjkec***', 
who proposed the abolition of all modifications and extensions of tlic 

* See his Theorie dear 'kcm/plexm ZahUyateme, Leipzig (1867). 

t For an account of this Theory see S. Pincherle, Giarn. di mat., vol. xvm (1880), p. 185; also 
O. Biermann, Theorie der analytiachen FunkHomn, Leipzig (1887), p. 19. 

% MaOt. Anruden, vol. v (1872), p. 123; see also Math. Annalen, vol. xxi (1883), p. 545, whore 
Cantor discusses all the three theories. 

§ CrdU^a Journal, vol. lxxiv (1872), p. 172. 

II Nouveau Prdda ^Ancdyae irefimUaimeae, Paris (1872). 

^ Stetigkeit und irratiomale ZMeu, Brunswick (1872). 

•• See CreUe’e Journal, voL ci (1887), p. 337, “Ueber den Zahlbegriff.” 
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conception of number, the integral numbers being alone retained. His 
ideal* is that every theorem in analysis shall be stated as a relation be¬ 
tween integral numbers only, the terminology involved in the use of 
negative, fractional, and irrational numbers, being entirely removed. This 
ideal, if it were possible to attain it, would amount to a reversal of the 
actual historical course which the science has pursued, for all actual 
progress has depended upon successive generalizations of the notion of 
number, although these generalizations are now regarded as ultimately 
dependent on the whole number for their foundation. The abandonment 
of the inestimable advantages of the formal use in Analysis of the exten¬ 
sions of the notion of number could onty be characterized as a species of 
Mathematical Nilulism. 

THE DEDEKIXD THEORY OF TRRATIONAL NUMBERS 

19. Let us consider the aggregate of all the rational numbers ordered 
in the manner wliich has been previously discussed, and let us take any 
one such number N. We may conceive all the rational numbers to bo 
divided into two classes -Rj, and such that every number of is. in 
the ordinal sense of the term, less than every number belonging to the 
second class R^, the two classes being separated by the number N, which 
may itself be assigned at choice either to the first or to the second class. 
If N belongs to the first class, it is the greatest number in that class, and 
the numbers of the second class have no number which is less than all 
the others of that class; if iV be taken to belong to the second class, it is 
the least number in that class, and there exists no number in the first 
class wliich is greater than all the others; for if any rational number less 
than N be taken, it is always possible to find another greater one which is 
less than N. Such a division of the rational numbers into twu classes is called 
a section (Schnitt), and we therefore say that, corresjponding to any given 
rational number there exists a section wliich divides the aggregate of rational 
numbers into two classes, svxJi that all the numbers of the first class are less 
than all those of the second class; and such that either in the first class there 
is no greatest number, or else in the second class there is no least number. 

It can be shewn, by means of examples, that sections of the aggregate 
of rational numbers exist which are different in character from those just 

* He writes (Zoc. c%t. p. 338) ■ Cnd ich glaube auch, dass es dereinst gelmgen wird, den 
gesammten Inhalt aller diescr mathematidchen Disciplmen zu ‘antlimetisiien,* d. h. einzig und 
aUmn auf den im engsten Sinne genommenen Zahlbegiiff zu grunden, also die Modificationen imd 
Erweiteniugen dieses BegiifEs (ich meuie hier namenthch die Hinzunahme der irrationalen sowie 
der continuirlichen Grossen) wieder abzustreifen, welche zuxneist durch die Anwendungen anf die 
Geometiie und Mechanih veronlasst worden Bind.” He proceeds to shew in detail, how the notions 
of negative, fractional, and algebraical numbers can be avoided by substituting for equaUties in 
which these numbers occur, congruences relative to certain moduh or systems of moduh. A similar 
suggestion has been made by Cauchy with reference to imaginary numbers. 
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described. If m is a positive integer which is not a ►s(|iian' nunilx^r, we may 
conceive the rational numbers to be divided into (wo c*iass('s, (in* iirsli of 
which contains ail the negative numbers and also those' p()siii\(‘ nnnilx'i’s 
of which the square is less than m, including zero; the secoml class coidains 
all the positive numbers of which the square is greatc'i* tlian tH. ! lie (irsi- 
class contains no greatest number, and the sc'cond class coiihiins no h^ast 
number; this section is said to be related to an irrationa.1 lunulx'r \ hk in 
the same way as a section such as has been considered abovt' is rc'lated to 
a rational number. This example shew'^s that sections of l.Iu' iMlional 
numbers R exist, such that R is divided into two elassc's /I'j, /i\, wlx'rt' 
every number of R^ is less than every number of /i*^, aiid sneb fha-l- /*, 
contains no number greater than all the others, and also /'_> eoniains no 
number less than all the others. 

A new aggregate of objects, the real mintherny may now be d('lin(‘d as 
follows: 

To every section (R^, Ro) of the aggregate R of rational itnnihrrs, surh that 
every number of R belongs to one or other of the two classes , R,,, awl vrcuj 
number in R^ is ordinally less than evety number in Ihae corrvspotals a 
real number. 

In case neither R^ contains a number trhich is ordinally greater than all 
the others in R^, nor R^ contains a number which is ordinally less than all the 
others in R 2 , the real mimher corresponding to the section is said to be an 
irrational number. 

In case either R^ has a greatest number x, or R^ has a least munber .r, the 
section is said to define a real number corresponding to the rational number :r. 

The real number which corresponds to a rational innnlx'r .r, though 
conceptually distinct from x, has no properties distinct fioin (hose of x, 
and is usually denoted by the same symbol. 

The definition of a real number can be put into a dilfei*out. a.nd soiut''- 
w'hat less abstract form, by employing the notion of a lower* s('gm(‘nt. of 
the aggregate of rational numbers. A lower segm.mt of the aggregate It of 
rational numbers is any class of rational numbers whic;li cxinl-ains no 
number greater than aU the others, and such that if any number whx.t.('vt'r 
of the class be taken, the class contains all those numbers of R whicli ai-c^ 
less than that number. A lower segment of R is identical wiih oru' of 
Dedekind’s classes JJj, in case R^ contains no greatest number. 

A real number may be defined* to be a Ixnver segment of the aggregate R of 
rational numbers; and thus every real number, whether irrational or not. is a 
definite class of rational numbers. 

♦ This form of the definition is that given hy B. Russell, see The Pniiciples of MaUmnmticK 
vol. I (1903), chaps xxra and xxiv; it was suggested by Peano, see Rivieta di Mateanalica. vol. VC 
(1890-99), pp. 126-140. 
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In accordance with this definition, the real number 3 , for example, is 
defined to be the aggregate of all rational numbers which are less than the 
rational number 3; the irrational number is defined as the aggregate of 
all rational numbers which are either negative, or if positive have their 
squares less than 3, the number zero being also included in the aggregate. 

The use, here adopted, of the term real number, is sanctioned by general 
usage. The employment of the term real has originated from the contrasting 
of these numbers, not with rational numbers, but with complex numbers. 
The extension of the term Number to the real numbers is justified by the 
fact that it is possible to define the operations of addition, multiplication, 
&c., for real numbers, so that the formal laws of these operations are in 
agreement with those which hold for operations within the domain of the 
rational numbers. 

20. It will now be shewn that the aggregate of real numbers, defined 
ill Dedokind’s manner, can be so ordered that every real number has a 
definite rank in the aggregate, i e. of any two real numbers it is determinate 
winch has the higher and which the lower rank. 

The basis of the scheme of order being taken to be the ordered aggregate 
of rational numbers, let us denote by n, n' any two real numbers, and let 
liie sections by which they are defined bo denoted by (i?i, jB,), ^ 2 ) 

resjiectivcly. 

The following cases may arise: 

( 1 ) If (i?i, E 2 ) and (El, i?,') are identical, that is. if every number in 
El is also in Ei\ and every number in E 2 is also in E^, the two numbers 
ii, n' are identical; thus 71 = n'. 

( 2 ) Let us next suppose that there is one rational number 7 \ = r. 2 ', 

which is contained in i?i, but not in Si ; it is consequently contained in 
All the numbers in Ei are less than and hence all the numbers in Bi 
are in Ei. Since is the only number in Ei which is contained in B 2 , it 
follows that 7 \ is greater than all the other numbers in and thus the 
number n defined by B 2 ) is a number corresponding to the rational 
number or rg'. All the elements in jR^' are contained in and are less 
than r^'i all the numbers in E^ except rg', are greater than r^, for if not 
they would be contained in Eii hence the section {Ei, E./) defines the real 
number n' ~ n, corresponding to the rational number 7 - 2 ' = . The two 

sections are essentially identical, the only difference being that the rational 
number Ti = , is regarded as belonging to the first class in one section and 

to the second class in the other section. 

( 3 ) If there are two different numbers belonging to which also 
belong to iJg', there are an indefinite number of other numbers which have 
the same property, since an unlimit ed number of rational numbers can be 
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found which lie between two given ratioiicil iiunibcvs. .1 ii this case \v(‘ dclnu'* 
the real number i% or (i2i, ^^ 2 ) greater, in the ordinal sense of t he tiTiu, 
than or agreeably with the deiinitiou already giv('ii for tiu* 

rational numbers. 

The cases in which one, or more than one, ninnb(‘r which Ix'Iongs (<i 
jRi' also belongs to iffioj i^^ay be treated in a similar manner, thus \\(‘ (h'liin* 
the meaning of the relation n < n\ It is easily seen that if u //', jind 
n' > then the relation n > n” is also satisfied. TJiiis the syshnn of rcNii 
numbers is arranged in a regular order, such that thosi^ of liunn whieh 
correspond to rational numbers have the same relative rank as tlu* eo^re- 
sponding rational numbers have in the aggregate of raiitjiiai nnniheis. 

21 . The aggregate of real numbers has the following pro|)(M’ti<'s: 

(1) If cc > j8, and j8 > y, then a > y. 

(2) Betvreen any two real numbers a, y there are an unlimited nimihei* 
of real numbers. This is easily proved from the corresponding |>ro[)C‘rt\ 
of rational numbers, by considering the sections wliieh didinc the iiutnhers. 

(3) If a is a fixed real number, then all real numbers may hi* divhh'd 
into two classes Ki, fig, such that contains all the real niunbers vvhi(‘l'i 
are less than a, and R 2 contains all the real numbers which are gr(*a.(.tM* 
than a. The number a may be regarded either as belonging to /fj, in which 
case it is the greatest number in Si, or else as belonging to R.>. in v* Inch 
case it is the least number in This also follows from tin* d(‘finili(»ii 
above. 

(4) If the aggregate of real numbers falls into two class(\s /i\, such 
that every number of is less than every number of Hkmi tlu'rc exists 
one, and only one, number by which this section is produced . 

To prove this, we observe that the section (R^, R^) of the aggregaft^ of 
real numbers also defines a section (JSi, R^) of fh© aggregate of i-at.ional 
numbers, such that aU rational numbers belonging to oori'i^spond to 
real numbers which belong to R^, and all numbers belonging to /L <'oi i’t‘ 
spond to real numbers which belong to Sg. 

Let N be the real number defined by the section (J2i, lot A" 

be any real number different from N, defined by the section II/)^ 
There are an indefinite number of rational numbers n which belong I 0 
only one of the aggregates JS/; let n be the real number cornssponding 
to n. UN' <N, then n belongs to J2i, and therefore fi belongs to Hi ; and 
since N' < n, it follows tha^JV^' belongs to Similarly, if N' > N, wo 
can shew that N' belongs to R 2 . It has thus been shewn that every number 
different from N belongs to Rj^ or to jR 2 j according as it is less or greater 
than N. Thus N is either the greatest number in Si or the least in Sa, 
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and therefore N is the only number by which the section (Bu R^) can be 
made. 

22 . The operations between two real numbers may, in accordance 
with the above definition of real numbers by means of sections, be so 
defined that the result of each operation corresponds to a section of the 
rational numbers; thus the arithmetical operations are reduced to opera¬ 
tions with rational nmnbers. 

A complete theory of the operations involving real numbers can be 
established; and the formal laws of the operations can be shevm to be the 
same as in the case of the rational numbers, the range of possibility of 
operations being greater in the case of real than in that of rational numbers. 
This theory has been worked out to some extent by Dedekind; but as the 
Cantor theory of real numbers lends itself to a simpler detailed treatment 
of the operations than that of Dedekind, and as it will appear that the two 
theories are fundamentally equivalent to one another, it will be suiBScient, 
as an example of the general method of treating operations in accordance 
with Dedekind’s theory, to take only the case of the addition of two real 
numbers. 

Let a, b be two real numbers defined by means of the sections 
(i?/, E^) respectively; then the sum a + b, of a and b, is defined by means 
of a section (Bi", Bg") which satisfies the following conditions;—If Cj is any 
rational number, it is put into the class Bi", provided there are two rational 
numbers cq in Bj, and b^ in E^, such that ai + ^ ; all rational numbers 

Ca for which this is not the case fall into the class Bg". It is clear that 
every number is less than every number Co, hence the section (Bj", E^") 
is defined by means of this condition. 

It can be shewn that, when a, b both correspond to rational numbers, 
this definition is in agreement with the ordinary definition of the sum of 
two rational numbers, so that the sum of the numbers corresponds to the 
sum of the corresponding rational numbers. Every number q in Bi", is 
< a + 6, because Oi ^ a, 6i ^ 6, and therefore ai -f- 6i ^ a -f b. Further, if 
there were contained in E^' a number Cg < a -h 6, so that a + b = C 2 + p, 
where jp is a positive rational number, we should have 

C2 = (a - ip) + (b - ip), 

and this is contrary to the definition of c^, because a — ip belongs to Bi, 
and b — ip to B/; thus every number Cg in Bg", is ^ a -1- 6, and it has 
consequently been shewn that (B^", B^") defines the number a 6. As is 
usual, we have denoted the rational numbers a, 6 and the conceptually 
distinct real numbers a, b by the same symbols. 
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THE CAOTOR THEORY OF IRRATIONAL Nl'MliEIlS 

23. The Cantor theory of irrational numhors esf=?eti1ially (ir|)t‘n<ls upon 
the use of convergent simply infinite ascending aggregate's, oi* convi'rgc'nl. 
sequences (Fundameiitalreihen) in wliich the elements avr rational 
numbers; we therefore proceed to define and discuss tru'st' aggr(‘ga.t(\s. 

A simply infinite ascending aggregate ...), hi wliiclt 

each element is a rational number, is said to be convergent^ ij if is snrh Ihaf^ 
corresponding to any fixed arbitrarily chosen posiUre. raltonal nnnihet <, r/.s- 
small, in the (yrdinal se 7 ise, as ive please, an mteger n can he Jonnd such that 
I Cbn - 1 < €, /or m = 1, 2,3 ,.... 

The symbol | re | is here used to denote that one of the two nuudx'rs 
X, — X which is positive; | re | is said to bo the absolute vaim* of .r. 

This definition is equivalent to the statement tliat, in a sim|)ly in tin it 
convergent aggregate, an element can always be found wliosc' absolute 
difference from any element whatever which comes after it. is as sma.ll a.s 
we please. 

It should be observed that the terms “as small as we or 

“arbitrarily small,” as applied to a positive number whuih is at eiioicc', 
have reference to the conception of order only, and not to t-Iie noii-aritli- 
metical notion of magnitude. These expressions denote only that 1 lu' number 
can be so chosen as to be of lower ranlv than any otlnu* arbitrarily chostui 
positive number. 

To each value of € there corresponds a value of n, whieli will in giMU'ral 
have to be increased when e is made smaller. 

We may denote the aggregate by the symbol {a,,}, and shall s|)('a.lv of 
it shortly as a convergent sequence; that it is simply inlinite will in fut.ure 
be understood. 

Fo 7' a convergent sequence, corresponding to any arbitrarily chosen, posilive. 
number c, an integer n can be found, such that, from and after that value of n, 
the absolute difference of any two elements is less than e. 

For choose n so that | — cbn+m 1 < for all positive int('gi*al values 

of m, then [ ttn+m I ^ 1 ®n+ni | "h | — ^n+m* \ 

For the convergent sequence {a„}, it we choose n such that 

I ®n+m ] €, 

then for m = 1, 2, 3, ..., the value of for all values of m, lies betwee^n 

+ €, and - e; that is to say, from and after some value of n, all the 
elements lie between two rational numbers whose difference is arbitrarily 
small. There exist therefore two positive numbers a, a', of which the smaller 
a' may be zero, such that, from and after some fixed value of n, say , all 
the elements lie in absolute value between a and a\ 
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It follows that: 

CL convergent sequence^ there exists a positive number N such 
that I I < N, for every value of N. 

For N need only be taken to be greater than all the numbers 

24. If the aggregate {a^, ... ...) %$ such that, from and aftet' some 

fixed eleynent, each element is not greater than the following one, and if all the 
elements are less than some fixed number N, then the aggregate is a convergent 
sequence. 

For if the aggregate is not convergent, there must exist some positive 
number S, such that an indefinite number of increasing values n ^... 
of n can be found, for which | |, | a,, - , | 1 ... are 

all ^ S. Since , ... are all positive, we have > a^o cS, 

where r can always be taken so large that a„^ -h rS > N, or > N, which 
is contrary to the hypothesis. Hence the aggregate is convergent. 

It may in a sinnlar manner be shewn that the aggregate is convergent 
if, from and after some fixed element, each element is not less than the 
following one, and if all tlie elements are greater than some fixed number. 

An aggregate ...art, ...) such that - a, ^ : ... is said to be 

a monotone noyi-diminishing sequence. If all the elements are less than 
some fixed nnmber N, the sequence is convergent. Similarly if 

Oj a^ Ofg ... 

the aggregate is said to be a monotone non-increasing sequence it is 
convergent if all the numbers greater than some fixed number. 

If {ttn}, {6„} are two convergent sequences of rational numbers, a value of n 
can be found corresponding to any arbitrarily assigned munber e, such that 
both I - an+m> I | - ^nv,u- 1 CL^e less than e, m and yn' having 

all positive values. 

For we have only to choose for n the greater of the two values corre¬ 
sponding to €, for each aggregate separately. 

25. It will now be shewn that the aggregates 

{P^n "b ^«} > ^n} 3 a | 3 

in which the elements are fihe sum, difference, product, and quotiey\t, 
respectively of the corresponding elements of the two convergent sequences 
{a^}, {6rt}, are also convergent sequences; with a certain restriction in the last 
case. 

We have | (a„ ± b„) — (Un+m ± ^n+m) I ^ 1 ^n+m | + | 6n “ 1 f 

now n can be so chosen for a given e, that for all values of m, 

I an ^n+m 1 
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and I K - 1 < I '' 

therefore the aggregates {a„ + 6»}, {»« — ^«} fonvt'rgt'ut. 

Again, 

\a„ba — I = I ®ffl (^n — buim) '1 ; i» (''v ''i' ■-«) 1 

< « I 6„ — 6 ,h m I I ^11 ■' »I I ' 

where a, ^ are the two positive munbors which ju'c siu-h lii.-it | a, 

I h„+m I < jS, for all values of n and m. 

We can take n so large that | l>„ i,« | • - h. ( w„ ii„ ,| o, w li<*ic 

8 is at our choice, and may be taken to be ^ Hence, ior (Ins value ol 
n, I aj„ - o„+m6„+«, 1 < €. for every value of w : and llnis l>.is l>ei>n 

shewn to be a convergent sequence. 


iU 


Lastly, in the case of j 


. J?v we shall suppose tliiit all the (‘I(‘nu*nls ol 
{h,} are numerically greater than some fixed positive^ luiinlxM- 
We have then 


'K 


ctfi {bff 


hence 


^n) (^/( ■ n \ 

HW 

(X,\bn — bfi^^ \ P \ ^’n ■■ i m \ 


I ^ _^n+wi 

Ji now n be chosen so that | &« — 6 

Q'2 

than ---- o e, for every value of m, then for such a valium oi //, 

a + p 

I _ ^n+ni 

^n+m 


^'2 

-'it+tft I > I 


< €; 


an* both less 


therefore is a convergent sequence, provided | 6,* | is, for* all \ aliu*s of 

n, greater than some fixed positive number j8', which may be as small as 
we please, but must not be zero. 


26. The essence of Cantor’s theory consists in the postulat-ion of t lu' 
existence of an aggregate of objects for thought, the real numlxavs, ordc^red 
in a definite manner, which manner is assigned by means of c<n*f.aiii pre*- 
scribed rules. Any element of the aggregate of real numbers is regarded 
as capable of symbolical representation by means of a convorgout se(|U(‘ne.<‘ 
of which the elements are rational numbers; and the mode in wiiicdi t.Iic* 
aggregate of real numbers is ordered is specified by means of formal rules 
relatiug to these convergent sequences. The aggregate of real niittibors 
contains within itself an aggregate of objects which is similar to ilu* 
ordered aggregate of rational numbers which has already been considered, 
in the sense that to each rational number there corresponds a certain real 
number; and the relative order of any two rational numbers, in the ordered 
aggregate of rational numbers, is the same as the relative order of the two 
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corresponding real numbers in the new aggregate of real numbers. The 
rational numbers are frequently regarded as identical with the real numbers 
to which they correspond, and are denoted by the same symbols. In the 
development of Analysis, this identity leads to no difficulties; but, in the 
fundamental theory of the aggregate of real numbers, a conceptual dis¬ 
tinction between rational numbers and the real numbers to which they 
correspond must be made, in order to obviate logical difficulties, and 
especially with a view to coordinating Cantor’s theory with that of 
.Dedekind. Those real numbers which do not correspond to rational numbers 
are called irrational numbers; and those real numbers which correspond to 
rational numbers are usuallj^ spoken of as themselves rational numbers. 

The rules by which the order of the real numbers in their aggregate is 
assigned are the following: 

(1) Any convergent sequence {a^}, of which the elements are rational 

numbers, is taken to represent a real number, which we may denote by a. 
Two such aggregates are taken to represent the same real number 

provided they satisfy the condition that, for any arbitrarily chosen positive 
rational number €, a value of n can be found such that | — ^n+m 1 < 

for this value of n, and for all values 0, 1, 2, 3, , of m. Symbolically*, 

we have { 0 ,^} = {&«} under the condition stated. 

(2) The real number represented by {a„} is regarded as of higher rank, 

or in tlio ordinal sense greater, than the real number represented by {6„}, 
if a value of n can be found such that ttn+m — K+m is, for this value of «. 
and for all values 0, 1, 2, 3, ..., of m, greater than some fixed positive 
rational number S. If n can be so determined that is negative 

and numerically greater than some fixed positive rational number S, for 
every value of m, the number represented by is taken to be less than 
that represelited by {bn }. 

The aggregate {x, x, x, ...), or {x} , in which all the elements are identical 
with one rational number x, represents, since it is a convergent sequence, 
a real number which corresponds to the rational number x. It is clear, 
from the definition of order in (2), that the relative order of any two 
rational numbers, in the aggregate of rational numbers, is the same as 
that of the real numbers which correspond to them, in the aggregate of 
real numbers. The aggregate of rational numbers, and that of the real 
numbers which correspond to them, are similar aggregates. 

Cantor’s theory of irrational numbers, in the form in which it was 
presented by himself and by Heine, has been criticizedt on the ground 

* Those who hold the view, advocated by Heme and others (see § 7, note), that a real number 
is identical with the set of symbols by which it is represented, can attach no direct meaning to this 
cq,uahty. It can only be ta^en to mdicate that the two expressions may be used indifEerently in 
any operation which involves the number. 

t See B. Russell, The Principles of Mathetnatics, vol. i (1903), p. 286. 
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that an assumption is made that the sequence [x ], in which all t he (‘Icnnenf > 
are the same rational number x, represents the rational rninibia* .r 
and that this amounts to an assumption that x is the liinii. i>l‘ tiu' s(M|U(‘n(*t‘ 
{x}] whereas the theory of arithmetical limits is vepri‘s<Mite(i \\\ (\intoi'*' 
as deducible from his theory of irrational nninbc^rs, and as not .issinned 
in the construction of the theory itself. The thet)ry in tln^ Foi’in j>r(‘scnt»-o 
above is not open to this objection. 

It can be shewn that any two convergent se([uences satis^ v 

one or other of the conditions laid down in the al)ov(' dt'linit ions of e([naiif \ 
and inequality, i.e. symbolically {a„} % {b^} . 

For, as has been shewn in § 23, coiTesponcling to any arhit rai iiy (‘hos^ n 
positive rational number 8, a value of n can he found siu'h t hat n„. In ^ 
between + 8, and — 8, and such that, for tlu^ sanu^ vahu^ of h „, „ 
lies between + 8, and — 8 *, from this it follows t hat, for siadi \ aha i \ 
O'n+m - K-r-m li^s bctwecn 28 and a,, - />„ 28: oi- a ,,, h, „ 

differs from — 6„ by not more than 28. If corresp<aiding \ allies of o an^ i 
u can be found, for which 4- 28, — 28 ha.V(‘ ilu' sanu* sign, 

then ttn+TO — bn+m JiSLS the same sign as a„ — b„, and is nunuM-ically gn*au*i 
thanafixednumber; the condition of inequality of , {6„i ist luni sal islici!. 

If no such values of 8 and n can be found, then a„ ^ ■ />„ , is minu*riea!ly 

less than 48; and since 8 is arbitrarily small, tlio condition of iM|ualit \ I 
{«„}, is then satisfied. 

Although Cantor’s form of the theory of irrational nunihcM's, or raliicr 
of real numbers, is more convenient for detailed devt^lopnuail Ilian 
Dedekind’s form, yet it lies under the disadvantage t/lial tlu^ na.i un^ ot ai. s 
single real number is veiled by the fact that, although it is a. iiniqiK^ oh . 
it ds capable of representation by an unlimited uunilxa’ of convia-gcsn 
sequences, and therefore that the formal character of tlu' I hi^ory do<\s rn a 
make it clear what such a number really is. The comparison ludAvivn U\r 
two theories which! will be given later on will throw liglit iii)on this |)oin? : 
for it will be shewn that a convergent sequence of the ra.tional numhers is 
sufficient to define a section, of the kind fundamental in DiMli^kind s 
theory; and this, as we have seen, is equivalent to the deliiiltion of a. low^'r 
segment, which is itseK a certain definite class of rational numbers. 

27. The sum a + b, of two real numbers rejpresented btj the sMivencoft (f/„:, 
^ defined to be the real number represented by the se(/uenec {Ufi j ; 
and the difference a — bis defined as a number represented by {a^ — />„|. 

It has been shewn in § 25 that the two sequences {a^ d- {a,, - f/,A 
are convergent. 

* See Mttih. AuTidlen, vol. xxi (1883), p. 568. 

t Xn.Tazmecy’s \7orkIntrod'ucfton d Za t^^brie dtsftmcUona d*une vanable, Paris (1886 ami UHM), 
chap. I, the theory of irrationals is treated by a combination of the two methods of Clantor and 
Dedeldnd. 
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{^>«} represent the same number, the sequence {a^ — 6 „} defines 
the real number zero; for the condition that | | < e, where e 

IS arbitrarily small, for a sufficiently great value of n, and for w = 0 , 1 , 2 , 
3, ..., is in this case satisfied. 

The product ah, of tivo real numbers, is defined to he the number repre¬ 
sented by the sequence xohich has been shewn in § 25 to be convergent. 

The quotient ajb is defined to be the number represented by the convergent 

■^1 
16 J'■ 

The only restriction on this last definition is that b is not to be zero; 
for, when this condition is satisfied, the elements of the sequence {bf^, 
which represents b, can be so chosen as to satisfy the restrictive condition 


sequence 


{a ) 

given ill § 25, that ' may be convergent. 


It is necessary to shew that the sum a b, the difference a — b, the 
product ab, and the quotient p of two numbers a, b, as they have been 

defined above, are definite numbers independent of the particular con¬ 
vergent sequences used to represent the numbers a and b. Thus it must 
be shewn that if {aj = = \bn}, then 

K 4- 6 »} = {< + bf), {a„ - 6 „} = {af - 6 /}, 


and 

We have 

1 (Ctn+m db 6„. 


kr Wr 


n) - 


n) 


- a, 


-6' 


Now n can be so chosen, corresponding to a fixed number e, that 
1 ^ n+m 1 ^ 1 b^+m 6 n+m 1 711 = 0 , 1 . 2 , 3, ... , 

with this value of n, we now have the condition 

I {a i 6 n-i-m) 1 ^5 

satisfied; and this is the condition that {a„ di 6 „} represents the same number 
as K' i 
Again, 


bn+m ^ n+?n6 - 


-•n+w *'n+m 


n+m" n+m I — I ®n-Hn 
<A 




'n+m b n+fii) j 


n+m (Orn+m 


n) 


bn+m ^ n 


+ -B|a„ 


■ I. 


where A, B are fixed positive numbers. It is now clear that n may be so 
chosen that \ a„+„b„+„ - a'„+«6'„+m I < where is an arbitirarily chosen 
positive number; tW {anbni> {®n'6n'} represent the same number. 

Again, 



^ n+m 

_ O-n+w /L t/ \ 

4- 

*«+« (a ^ a' 1 

^n+m 

~b'n+m 

s . L/ k^n+wi ^ n+m) 

^n+m^ n+m 

jL t/ V“'n+m ^ n+m) 

^n+m^ n+m 



3 



34 


Number 


|<MI. ! 

whence it can easily he seen that the condition is sal isliccl tliat 



represent the same number. 

It is readily seen that the same commiitatlve, associatiM*, and dis¬ 
tributive laws hold for the operations between real niiinbt^rs as for Ihosi^ 
involving rational numbers. 

28. If^jrom and after some fixed element all the vlvnivnis of |^/„} arr 
greater than some fixed positive rational number S, then the rral nutuhn' n'prr 
sented by {aj is positive, i.e. it is ordinally greater than zero. 

For, if we take any convergent sequence {&;,} which dt^iim's liu* nunihi^r 
zero, we have {aj > {6J; because, for some fixed value of >/, a „, b„ ^ 
is certainly positive for all values of m, and is greater l luin a li\(‘d posil iv(‘ 
number; since can be taken so largo that a,,.;.,,, > S, and h „. wIum-i* 

8' is a positive rational number chosen less than 8. 

Similarly, it may be shewn that the number defined by [r/„j /*■ nrgatitr, 
if, from and after some fixed value ofn, all the a^ are negalire and namericaUy 
greater than some fixed positive rational number 8. 

The term “numerically greater” denotes that | a^ | 8 aial thus r(d‘eE-s 

to the absolute values of the numbers concerned. 

It is easily seen that, unless {aff is such that, from and after some fixed 
value of n, all the elements have the same sign, then must represent the 
number zero. 

If {an}, {6n} define two different real numbers a, b, then there lie between 
a, b an unlimited number of those real numbers ivhich correspond to rational 
numbers. 

Suppose a>b, then there exist a dejBbnite rational positiv(‘ unnibor 8, 
and a least integer n, such that, for all positive integral valiums of m in¬ 
cluding zero, a^^ — ^8, | ^n+m I 1 “ b,f , | *'6, when' 

e is a rational number chosen to be < -J8. If we take any rational miinh(‘r 
X, which is < 8, and > c, the number {a^ - a;}, in which all tlu‘. cic^nients 
are identical, lies between {a„} and {6„}, since, for every value of we 
have a^+m — {a^ - x) > x — therefore a is greater than the real mnnlxM- 
which corresponds to a^ — x. Again, 

{an — x) — bn^m = (®n f^n) + (^n “ ^n+m) “ 3? > 8 — € — It; 
therefore, provided x is chosen to be < 8 — e, the real number whioli 
corresponds to a,, - a: is greater than b, and thus lies between a and b. 
The rational number an-x may be chosen in an unlimited number of 
ways, since x is any rational number whatever which lios between 8 — e 
and €. To obtain one such number we may take c = J8, x == J8. 
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CONVERGENT SEQUENCES OF REAL NUMBERS 

29. Convergent sequences will now be considered, of which the 
elements are real numbers. It might at first sight be imagined that we 
should be led, by the employment of such sequences, to a further extension 
of the domain of number; it will however be seen that this is not the case. 

The definition of a convergent sequence of real numbers is precisely 
similar to the definition which has been given in the case of sequences of 
rational numbers: thus ( 0 ^, 0 ^, a/i, is a convergent sequence of real 
numbers, provided that, corresponding to each arbitrarily chosen positive 
real number rj, a value of n can be found such that | an — \ < Vs foi' 

m = I, 2, 3, .... If w'e conceive that each such convergent sequence of 
real numbers represents a single ideal object, and if we give definitions 
of equality and inequality, and of the fundamental operations, precisely 
analogous to those given in § 26 and § 27, and assume as before that a 
convergent sequence in which all the elements are identical with the real 
number a is taken to represent that one of the new aggregate of objects 
which corresponds to a, it will be shevm that the new aggregate of objects 
is similar to the aggregate of real numbers, i.e. to each of the new objects 
there corresponds one of the real numbers, and also that the relation of order 
between corresponding pairs of elements in the two aggregates is the same 
It thus appears that the aggregate of new objects is practically identical 
with the aggregate of real numbers, since the two are ordinally similar. 
No such relation has been shewn to exist between the aggregate of real 
numbers and that of rational numbers; and it will be shewn later, in con¬ 
nection with the general theory of order-types, that no such relation of 
similarity can exist. Therefore the passage from rational numbers to real 
numbers involves a real extension of the domain of number; but the 
passage from real numbers to an aggregate of objects represented, in 
accordance with the rules referred to above, by convergent sequences 
of real numbers, does not lead to any essential extension of the domain of 
number. 

Let {a„} be any convergent sequence of rational numbers, and let {a„} 
denote the sequence of those real numbers which correspond to the rational 
numbers which form the elements of {a„}. It can easily be shewn that 
is a convergent sequence: for, if € is an arbitrarily chosen positive 
rational number, and e the corresponding real number, the condition of 
convergence of {a„} is that, for every e, a value of n can be found such 
that lies between + e, a« - €, for m = 1, 2, 3, .... It follows from 
this that ttn+m liGS between + e, — e; and this ensures the convergence 
of the sequence {a*}. Conversely, we see that if is convergent, so also 
is {a„}. 


3-2 
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Next, let {an} be a convergent sequence of real nunilKM-s; Mien, hc-twern 
ctn Sl'nd SI real number tin be foaiid whicli corr(\'<p(>n<Is to a rat ional 
number a„, determined as at the end of § 28. Conceive^ this io )h‘ doiu* h^v 
every pair of consecutive elements in and l(;t us cousiiler 1 Ik‘ s(‘(|iu*iiee.s 

{^*n}s {®n}- 

Since CCn — ^n+w = (^M — ^n) + («71 ““ «« t »•) • I "k • w)' 
we have | — ^n+m | ^ | ^« “ I + I "■ y7n I "I I i m ' i»« I • 

Now, corresponding to any real positive number S, n may be so eIios(‘n 
that for every value of m, | — osn 1 5 1 — ««i?/* | > 1 im 1 m I 

each less than -J-S; hence, for such a value of ii, 

I CLn ^n+rn | ^5 for 7Yh 1, 2, 3, , 

thus the sequence {(1^} is convergent. 

Again, {aj - {a^} = {«« — ««}, and | a„ - hn 1 < | «« ■ ,i |, 
and, since {«„} is convergent, n may be chosen so grcait tliat, for tlial .inti 
all higher values of all the differences | — ««ii | ure k^ss tlian an 

arbitrarily fixed number, hence | «„ — a„ | satisfies Mu‘. same eondii ion, 
and therefore the two convergent sequences {«„}, {c7,„) satisfy the (‘ondiMon 
of equality; or they represent the same one of the now objoo.ts. It has 
been shewn above that, since {a„} is convergent, so also is {rf,,}. Now k/„| 
corresponds to a single real number a; therefore, to any (uinvtu'gtMiii 
sequence {«„}, of which the elements are real numbers, thoro! t‘.orrt‘s]>onds 
a real number a. 

We have further to shew that, if {«„}, {(3^} arc two convergent s(‘(iii<nc:os 
of real numbers, and a, b the corresponding real niinibors, as just dt‘t(^r- 
mined, then a | 6 , according as {«„} = {jS,J. 

We know that a | 6 , according as {a„} = { 6 „}, where donolc^s l.lu* 
sequence of rational numbers which defines b, in the same', way as 
defines a. Now {«„} — = {a„ — j 8 „}, and 

Pn ~ (®n ^n) (Pn Pn) H" (^^'71 ^n) t 

and we can choose n so large that | a„ — ci„ | and | | k^ss 

than where 17 is an arbitrarily chosen real positive nunibeu*; tlutn‘.f<>i e 
we see that - jS^ hes between -ttj and - K -- yj. It follows 

easily that {a„} | {^J, according as {etj | { 6 „}, or according as {aj i 
and hence, as shewn above, according as a = b. It has now boon shewn i/hat 
the objects which are represented by convergent sequences of real uum bers 
have the same ordinal relation to one another as the real numbers to wliich 
those sequences have been shewn to correspond. 

It appears, from what has now been proved, that, to every convergent 
sequence of real nurrAers there corresponds a real number which ma/y be taken 
to be defined by means of that sequence. 
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There does not necessarily exist any rational number which corre¬ 
sponds in the same sense to a convergent sequence of rational numbers. 
The property of the aggregate of real numbers here stated embodies the 
characteristic difference between that aggregate and the aggregate of 
rational numbers; for the latter does not possess the corresponding 
property. It is this property of the aggregate of real numbers which makes 
it suitable to be the field of the real variable in the Theory of Functions. 


THE AEITHMETICAI 4 THEORY OF LIMITS 

30. // a?!, aja, CKg, ... ... is a sequence of real numbers such that a 

number x exists ivhicli has the property that, corresponding to any arbitrarily 
chosen positive number e, a value of n can be found such that \ x — Xn\, 

I ^ \ ^ \ ^ — 1 5 oil less than e, then the number x is said to 

be the limit of the sequence x^, x^,. ... _ This fact may be denoted by 

the equation x = lim . 

This definition is known as the arithmetical definition of a limit, and 
was first given*, in a form substantially identical with the above, by John 
Wallis. 

It will be observed that the above definition contains no assertion as to 
the necessary existence of a limit of a sequence of numbers, but contains 
only a statement as to the relation of the limit to the numbers of the 
sequence, in case that limit exists. 

There cannot be two numbers vrhich both satisfy the condition of being 
a limit of the same sequence. For, if possible, let x, x' be two such numbers 
and let \ x — x' \ =8. Choose a value of e, less than -J-8; then numbers 
n, n' can be found such that [ x — x^+m |, \ ^ | > for all values 

0 , 1, 2, 3, ... of m, are less than e. Suppose n > n\ then \ x — Xn\ and 
I x' — Xn I are both less than e; hence | a; — a;' | < 2€ < 8, which is con¬ 
trary to the condition | a; — a;' | = 8. 

It will now be shewn that, if the numbers of the sequence are real 
numbers, and if the sequence is a convergent one, then the real number x 
defined in the manner explained in § 29, by the sequence {a;„}, is the limit 
of the sequence. 

For the two sequences {xj, {x} both define the same number x, and 
therefore satisfy the condition of equality, which is that | x — x^+m I < 
for any arbitrarily chosen c, provided n be sufiBciently great; and this is 
the condition that x should be the limit of the sequence {x ^}. A sequence 

* ArUhmetica Infinitorum (1655), Prop. 43, Lemma. See M. Cantor’s Geschichte der McUhe- 
matik, Leipzig (1892), vol. n, p. 823. 
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of real numbers which has a limit must bo ooiu’orgoivl. lutr, il ,»• :< IIk* 
limit of {!E„}, then for a sufficiently largo value of n, 

I X — x„ I, I X a'a-i-i I ) . • • I X „ I I, ... 
are all less than |e, where e is arbitrarily ehoson; now 

1 - -Chh », I -- I ^ - •'*■« 1 I I . >» 1 ■’ 

hence | x„ - x„+,a | < e, which is the condition of oonv{'Tg('iu-<' of i.c ; 

As the complete result we have now the tlioovoin known as t ho (ioni i a 1 
Principle of Convergence*: 

The necessary and siifficient co'iidition that a spquetive t;,, .f,,. . . nf 

real numbers may have a limit is that, correspondituj to crvry artutrarUy 
chosen positive number e, a value of n can he found such that .r,, .r,, ,. 

Xn — iCn+2» numerically lej^s than c. 

This theorem, which contains the criterion for Ihe e 7 vislit‘ne.e f)l‘ a liniil, 
as defined in accordance with the arithmetical deiinilion (d‘ a- liniil. is a 
deduction from Cantor’s theory of real numbers. 

31. If the numbers of a sequence {x^ arc rational iiiiinlxa-s, insKNui 
of real numbers, the definition of the limit is applicable, and i< is a nt'ces- 
sary, but not a sufficient, condition for the oxistonco of 1 he liinil, 1 hat. the 
sequence should be convergent. Strictly speaking, if a conv(‘rg(nil. st^tjiuMiee 
of rational numbers has a limit, that limit is also a rational nundxn-; bni. 
from the existence of convergent sequences of rationa.l numlxa's whieh 
have no limit there arises the necessity for the extension of th(» domain 
of number, so that in the extended domain every eouv'^ergent s(‘(jnenei‘ 
may have a limit; this extension has been carried out by sul)st.itu1 in^ Ileal 
Number for Rational Number. However, although a convergent secimMiec' 
of rational numbers which has no rational limit, has in this sli icl 

no limit at all, by reason of the convergent sequence of those rtNiI niiinber’s 
which correspond to the rational numbers having an irrational numbt'r as 
limit, and since, as has been seen above, these real numbers a.ro for j )ract iea I 
purposes not distinguished from the rational numbers i-o wliif'li thty 
correspond, it is usual to consider this irrational number to be tlu' limit 
of the sequence of rational numbers. We may thxis assert that iiny <‘on- 
vergent sequence of rational numbers which has not a rational number a.s 
limit has an irrational number as its limit. This assertion is a tjornx't one 
for the practical purposes of Mathematical Analysis. 

32. The method of limits, which is essential both to pure Analysis and 
to the applications of Analysis in Geometry and in Kinetics, had a- g(‘ 0 ' 
metrical origin in the Method of Exhaustions, which was applied by tlu^ 
Greek geometers to determine lengths, areas, and volumes, in simple casc's. 

* This teim “das aUgemeine Convergenzprinzip” is due to P. Du Bois-Roymond; soo lus 
AUgememR Tubingen (1882). 
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This method, supplemented by the notion of the numerically infinite, was 
developed in later times, in various forms, into a general method which 
formed the basis of the Infinitesimal Calculus. The traditional geometrical 
conception of a- limit may be exemplified by the case of the determination 
of the length of a curve as the limit of a sequence of properly chosen 
inscribed polygons. The lengths of the perimeters of the polygons arc 
regarded as continually approaching the required length of the curve, 
whilst the number of sides of the polygons is continually increased, and 
the maximum length of the sides of a polygon is diminished indefinitely. 
The limit, the length of the curve, is then regarded as actually reached 
at the end of a process described as making the number of sides of the 
polygon infinite; this mode of attainment of the limit being however in¬ 
accessible to the sensuous imagination, and disguising an actual qualitative 
change of a geometrical figure, which possesses corners and is bounded by 
segments of straight lines, into one which has no corners and has a curvi¬ 
linear boundary. No doubt was felt as to the existence of the limit, which 
was regarded as obvious from geometrical intuition. That a curve possesses 
a length, or an area, was considered to require no proof. The first mathe¬ 
matician who recognized the necessity' for a proof of the existence of a 
limit was Cauchy, who gave a proof of the existence of the integral of a 
continuous function. That the logical basis of the traditional method of 
limits is defective has in recent times received a posteriori confirmation by 
tl\e exhibition of continuous functions which possess no differential coeffi¬ 
cient, and by many other cases of exception to what were regarded as 
ordinary results of analysis resting on the method of limits, which have 
been brought to light by those mathematicians who have been engaged 
in examining the foundations of analysis. 

The arithmetical theory of limits, which is summed up in the general 
principle of Convergence, provides a definite criterion for the existence of 
the limit of a sequence of numbers; and a considerable part of modem 
analysis is concerned with obtaining special forms of the general criterion 
adapted for use in special classes of cases. The theory is essentially de¬ 
pendent upon the theory of irrational numbers; for, in default of an arith¬ 
metical theory of irrational numbers, aU attempts to prove* the existence 
of a limit of a convergent sequence are doomed to inevitable failure; and 
this for the simple reason that a convergent sequence of rational numbers 
does not necessarily possess a limit which is within the domain of such 
numbers. The definition of real numbers by means of convergent sequences 
of rational numbers is not a mere postulation of the existence of limits to 
such sequences; it involves rather the introduction of an enlarged con¬ 
ception of number, of such a character that the scheme of ordered real 

* An interesting discussion of vanous metliods Trhich have been suggested of proving the 
existence of a limit will be found in Du Bois-Reymond’s Allgemeine Functioneritheorie 
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numbers should form a consistent whole, and such that evojy 
sec^uence of numbers in the domain of real nuiubcr •uccpt^f^nnltf iias ;i iiiuit 
within that domain. The postulation of the existence of Uu* of 

real numbers is justified by shewing that a complete seiu'iue of (h^Miiii ions 
and postulates can be set up for the elements of tliis aggregate, and that 
such a scheme does not lead to contradiction*. As 3 -egards (he 4‘\is1enee 
of limits in the case of lengths, areas, volumes, &c., referrc'd lo ai)o\ (^ (h<‘ 
order of procedure is a reversal of the traditioiital one. exist4Mi(‘e of 
limit being no longer inferred from geometrical intuiti(>iL V\)v l^^a.tn})l(^ 
in the case of the determination of the length of a c*ui’V(\ that length is 
not assumed to be independently known to exist, but is (h^liru'd as tiie 
arithmetical limit of the sequence of numbers which reprc^si^nt. the jx'ri- 
meters of a suitable sequence of inscribed polygons WJumi this s(‘(|iseiu‘(‘ 
is convergent, and its limit is independent of the pavlicula!’ ehoiec-^ of tlu^ 
polygons, subject to a suitable restriction, then tlic limit so oblaiiUMi 
determines the length of the curve. In case no such limit t^xists, llie eiirvi* 
is regarded as not having a length. 


BQUIVAXiESrOE OE THE DEEINITIONS OE DEDEKIN^D AND CXXTOK 

33. In order to establish the equivalence of the definitions of iri-aiioiial 
numbers, as given by Dedekind and by Cantor, it must be shewn that, 
every convergent sequence of rational numbers defines uiiiqiudy a secd.ion 
of all the rational numbers, and that this section is the same for all (soii- 
vergent sequences which represent the same real numlx'r in aceoidancx’' 
with rule (1) in § 26. Conversely, it must be shoAvn that any number 
defined by a section can also be represented by a convei'genl stxpiene.e of 
rational numbers. 

To shew that, corresponding to the convergent sequence {»*„} whi(ih, in 
accordance with the Cantor theory, defines the real nuinlxn* x, a soc(/iou 
can be found:—^Let r be any rational number, and let r be th(‘ c*orr(\s|)ond- 
ing real number represented by {r }. The real number a; r is iT^pu^siuited 
l>y {^n - r}; and if this number is not zero, then (see § 28), from and after 
some fixed value of n,Xn — r has a fixed sign, positive or negative according 
to the value of r. A section of the rational numbers may now be dclined 
as follows:—^Let every number r such that — r is negative, from and 
after some fixed value of n, be placed in the class and let every nuTYiber 
for which — r is positive, from and after some fixed value of 7 i, be 
placed in the class ie^. If there exists a rational number r, such that neither 
of these cases arises, then x =t, and r may be put into either of the classes 

* On this mode of regarding the aggregate of real numbers as dependent upon a oomplete 
conastent scheme of definitions and axioms, see Hilbert, “Ueber den Zahlbegriff,” Jaltroiber. d, 
deutich. rryUh. Vereinigurig, voL vm (1900), p. 180 
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5 2?2. It has thus been shewn that a section of the rational numbers can 
be determined, corresponding to the convergent sequence {x ^}. 

Next, let {Xn} be anj^- other convergent sequence which represents the 
same real number x, as {x^ does. We have to shew that the section of the 
rational numbers which corresponds to {x^} is identical with that which 
corresponds to {x„}. If, as before, r denote anj^ rational number, w'e have 
{a*,, — r] = {Xn — r}. Now a value of n can be found, from and after which 
— •*’ f^i^d — r both have fixed signs independent of n, and they must 
Iiave the same sign. It follows that a number r which belongs to the class 
, !nust also belong to the class J?i', by which the section corresponding 
to {Xn] i!=^ defined; and also a number r which belongs to the class iZa, 
necessarily belongs to except in the case {a^} = = r. It has thus 

been shewn that the section , R^ which coirespoiids to {a:^} is identical 
with the seetk)]! {R^\ R/) which con*esponds to {x^'j. 

34. To show that a convergent sequence can always bo found such as 
to define the number corresponding to a given section (J2i. jK,), vv’e observe 
that two rational numbers can alwaj^s be found, one of which is in R^, and 
the otiier in R2, and such that their difference is numerically less than a 
given arbitrjirily small rational number €. Let A be any rational number 
in and let e' be a rational number < e. Then of the numbers A -i- 
A -i- 2e', ... A -h re', ... there must be a last one A + re' which falls in ji?i, 
for A -f ne' may be made as large as we please by taking 71 large enough: 
the next number A (r -h 1 ) e' is then in R2 ; and these numbers A -f re', 
A -h (/' -i- 1) e', whose difference is e' < €, are the two numbers required. 
Moreover, if is a rational number in R2, the two numbers may be so 
determined that both lie between A and B; for we need only take e' to 

bo of the form ^ (B — A), where 5 is a positive integer so chosen that 
s 

\fi - A) <e. 

let {€„} be any convergent aggregate of rational numbers, which 
has zero for its limit. Determine % in R ^, and x^ in R^, so that X2 — Xi< e^] 
next take x^ in R^, and x^ in JJg, so that \ x^ — x^ \ < €3; and that x^, x^^ 
both lie between a'l and x^- Proceeding in this way, we can determine 
x^u-i, X2n rational numbers of different classes, so that | X2n-i — | < €„; 

then either of the sequences {x^, x^, x^, ...}, {x^, x^, ...} defines the number 
which is represented by the section (J?i, R^. 

To prove this, we observe that {x^n-^ is a convergent sequence, since 
all the elements are < x^, and x^<X2<x^ — 

Again, suppose a is a rational number belonging to 2?2 j we can shew 
that, provided a rational number b exists in R^ which is less than a, then 
a is greater than all the numbers ... by more than a — b. For 

a — = {cL — b) A {b — ajan-i) > a — 6, 
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however small 6 - may become. Hence, unless a is the sinailesl 
rational number in the real number {a] wliich corresponds to a is 
greater than the number ...). 

Again, the sequences {x^n-i}, {a^2«} represent the sainc^ luunber, siiu e 
their difference is the aggregate {e„} which defines zero. It now appi^ars, 
by reasoning similar to the above, that any number g in is such that- (sio 
real number {a} is less than the number {a;2»}, unless a is tJu' giealrsl 
rational number in Ri . 

If either R^ has a greatest rational number, or 74 least olu^ I in* 

real number {a} which corresponds to tliis rational number r/, is itsfit 
defined by (iSi, jBg), and is the number represented by either of the si - 
quences {x2n-i}, {^m}- any case, either of these two se(luene(^s (U'lines 
the number given by the section (i?i, jBa)- 

The complete equivalence of the two theories of Dt'dekind a-nd 
Cantor has now been established- The first theory operates wii-h tlu' wholi- 
aggregate of rational numbers, the second with sequences seU'cted iMd 
that aggregate. 


THE lifON-EXISTENOE OF INFINITESIjMALS 

35. It should be remarked that, in assuming that cwt'ry secjtion of i he 
aggregate of real numbers defines a single real numlx^r, it has Ixumi im¬ 
plicitly assumed that if a, b are any two positive real vtrmbars, surli thrii 
a<b, then a positive integer' n can be found smh tJfaf na- r- h. 

This is the arithmetical analogue of the so-callc^d principle of A rein- 
medes. 

If any real numbers existed which are ordinally greater* than all the 
numbers ct, 2a, 3a, ..., then a section of the aggregate of I'eal numbel's 
would be defined by considering all numbers greater thnn all tin* numbt rs 
a, 2a, 3a, ... to be in one class, and aU the remaining real numbers lo i»e 
in the other class; and this section would define a real number N, If now 
e be an arbitrarily chosen positive number less than a, tlien TV - r is a 
number which is less than some of the numbers a, 2a, 3a, ...; and th(‘r<‘ 
must be a first of this set of numbers such that N — h^ss than it. Let 
this be pa\ thus N — e < pa, hence N < pa € < {p -[- 1) a’’, whiclii 
contrary to the hypothesis that no number na is in the plass of niimlxu's 
which are > N. 

The property of the aggregate of real numbers which has bcoti estab¬ 
lished may be denoted by the statement that the aggregate of real nuwhvrs 
forms an Archimedean system", and this property of the aggregate is 
essentially equivalent to the property that every section of the aggregate 
defines a single number of the aggregate. 
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A consequence of the fact that the aggregate of real numbers forms an 
Archimedean system is that so-called infinitesimal numbers do not exist 
within the aggregate. Every positive number €, being such that an integer 
n can be found such that n€ > 1, is a finite number, in the sense in which 
finite numbers were distinguished from infinitesimals in the older forms 
of the Infinitesimal Calculus. In Arithmetical Analysis the concejption of 
the actually infinitesimal has no place. When the expression ‘‘ infinitesimal*’ 
is used at all, it is to describe the process by which a variable to which 
the numbers of a sequence converging to zero are successively ascribed, as 
values, approaches the limit zero: thus an infinitesimal is a- variable in a 
state of flux, never a number. Such a form of expression, appealing as it 
does to a mode of thinking which is essentially non-arithmetical, is better 
avoided. 


THE THEORY OV INDICES 

36. When m is a positive integer, and x a rational number, was 
defined to denote a; x x x x \ x a* (m factors); and this definition may be 
extended to the case in which x is any number defined by a convergent 
sequence; so that if x is defined by is defined by {.j:’,/"}. It thus 

appears that for any real number x, we have, provided ni and n are positive 
integers, x x’^ = 

If wc assume x^ and x~'^ to be defined as having such a meaning that 
this law of indices holds when m or n is zero, or a negative integer, we can 
at once interpret and x-^-, for 

ic® X ic” = thus = 1; 

and cc”" x = aP = I, thus x-^ = --, 

When is a rational fraction, we shall define oifl to have such a mean¬ 
ing that the above law of indices holds when either or both of n may be 
rational fractions. With this assumption 

P P. P 

afl X afl X x^x ... x (q factors) = x^; 
p P 

hence {x^)^ = x^; or xfl is, it it exists, a number whose gth power is x^. The 

problem of determining, if possible, a number a:®, is that of finding a 
number whose gth power is a given number; and it has been already 
shewn that this is not always a possible operation within the domain of 
rational numbers. 

It win now be shewn that, in the domain of real numbers, the operation 

p 

of finding afl is always a possible one when x is positive; and also when x is 
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negative, provided lioioeven' that, in this latter case, q is au odd tnuuhrr. or ij li 
is even, p is not odd. 

The following lemma will he required:— If a is any real posifirr nundmr 
less than unity, a positive integer m can be found such fhaf - <r, trhrr'' i is 
an arbitrarily prescribed positive nu7nber, or vn other irords\ iiin a" 0 . 

n -> oj 

Since a" > the sequence («,«“, ... a”, ...) is coiivergcMit-. 

Suppose, if possible, that the sequence represcMits a positixt' /• 

diflFerent from zero; then m may be so chosen that S ... all diiTtM* 

from Jc by less than the arbitrarily prescribed iiiunlx'v S, say h 1- 
where t] <S. We have therefore = (i; -j rj) a < {I 1 <5) a: now 8 run 

be chosen to be equal to ^ ^^then < A* 8; aii< 1 this is eoni rar\ 

to the condition imposed in the choice of m. 

It follows that k cannot be different from zero; and tims tlu' i(‘nnna is 
established. 


Suppose now that a is any positive number, rational or not, \vlii(ih 
lies between and (N -f 1)®, where N is a positive intc^gor; w(' siiall 
first shew that a number N -f h, where Ji < I, can alw'ays bo found sucli 
that a — (.ar -1- is positive, and less than a — Wo find by division 
(N -f hy - N<^ - {{N Jfh)^N} {{N + hy-^ 4- (A" + hy-^^N -I- ... I- '^];] 
hence, if A is positive and less than unity, {N H- hy — lies bet■^v(^('n 
qhN^-'^ and qh {N + ly-"^. 

Since a — (A -f hy = {a — A®) — {(A + hy — A«}, 


a — N^ 


we must take h not greater than 

may certainly be positive; and the difference a — (A -h A)" i« then l(‘ss 

(a - m) - qhm-K 


Let 

then 


A = 


a — 

qjN 4 - 1 )®“^’ 

a-(N + h)<-<{a- JV«) |l - . 

Let Ai == A 4- A, then A^ is such that 




and N^>N. 

In Si sixailflx mainner, w© can shew l/liait a nnmher exists which is > iV 
and sneh that , ,, 
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Proceeding in this manner, we obtain a series of numbers N, N-i, , . 
Nf, ... such that Nr> and that a — iV,® is positive, and less than 




We shall now shew that ... , ...) is a convergent sequence 

which defines a number whose g'th power is a. 

The sequence {N^} is convergent, since every is less 

than iV -h 1. The gth power of the number defined by this convergent 
sequence is {Ny ^}, and we shall shew that this defines the number a or {a}. 
We have 

»- < («- [i - iH [' - (ra)'"] - 

aud honce 1 - (j,-^ J’' > 1 - 

( N \<i-^ 

j is a proper fraction, hence from the lemma proved 

above we infer that a power /• of the expression can be found wMch is less 
than an arbitrarily chosen positive number; which number we may take 


to be ^ j^q- Hence, corresponding to every e, a number r can be found 

such that a — N^r+s < €, for 5 = 0, 1, 2, ..., and therefore the sequence 
{iV,®} defines the number {a} or a. 

If a is a positive proper fraction, we have (a^)^ < a\ hence we may take 
N to be equal to a^, instead of to a positive integer Then a < (N + l)^; 
thus this value of N will play the same part as the integral value in the 
above proof, and the reasoning is the same as before. 


37. It has now been shewn that in every case a real number can be 
found of which the g^th power is a given positive number a. It thus appears 

p 

that afl has an interpretation within the domain of real numbers, when x 
is any positive number, and - is a positive rational fraction. 

We interpret x s' to be such that 

JE 5 

X ffxa;« = 2c®=l, 

_p p 

05 « = 1/x®. 


or 
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If a: is a negative number - x', wo have (- «')''> deliiu'd as a munhi'r 
whose gth power is (- x'Y, and (- x'Y is .r'» or -- aoi-ordiiig as p is 
even or odd. 

3 ) l> 

If p is even, (— x'Y can be interpreted as the value of .r''/. If /; is odd. 

p V 

and q is odd, {— x'Y may be interpreted as — When p is odd, and 

p 

q is even, we have obtained no interpretation o£ ( - - 

‘ji I 

To complete the theory of indices in such a way thaii ( .r') m<\y 

have an interpretation, we should require a further ('xtonsion of Mu- eon 
ception of number. This further extension takes place l)y Mu- introdiu-Mon 
of complex number, which is however outside the limits impt)st‘d u}>on t liis 
work as a treatise dealing only with real numhei*. 

38. The only case in which a;", for a positive :r, has not biu-n d(-Iiiu*d, 
is that in which n is not a rational number. To extend the dc-iinition to 
this case, we suppose 7 i to be defined by a convergent st-tjiu-net- {n ,\. in 
which all the numbers nr are rational. We shall alu-w Mial Mu- aggr(‘ga((‘ 
{as”'} is convergent, and the number which it defines we sJiall di-nolc- by 

We have ^ now, since {//,] is a convt-rgent 

^^ggregate, all the numbers are numerically less than some ii\(-d luimix-r, 
and therefore | a;"*-1 < A, where A is some fixed nuinlx-r. 

First suppose a; > 1, then 

a;”' — a;Wr-a = ^xflr-nr * — 1) = (J __ 

hence | a;”' — | < .4 | a; — 11. 

Now let r be so chosen that, for all values of s, 

<i, 

where gf is a positive integer; then 

1 _ , 
a:l«r-«,).,i - l<a^-l<-, * ^ 

1 I // J J 

1 + a;« + a;« + ... -ba; « 

hence I — 1 I < - 

or 1 — 01 ^ I < A ----- 

1 2 ’ 

and if gr is choseu so that - < e is a fixed number, wo stx> 

that r may be so chosen that 1 ] < e, for aU values of s; there¬ 

fore {a?^} is a convergent sequence. 
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If a; < 1, then is a convergent sequence, and therefore {ct*”*’} is 

also convergent, since it is the quotient of {1} and If a; = 1, then 

= i. Thus in every case {a;”*’} is a convergent sequence if {%} is con¬ 
vergent. 

It is easily seen that, if {n/} is any other convergent sequence which 
also converges to the two sequences {cc”*'}, {a'"*''} both define the same 
number. Thus the value of a" is independent of the particular sequence 
of rational numbers employed in defining n. 

Since {a”'-} x we see that the definition of a'S when 

Yb is not rational, is such that the relation x re” = is satisfied. 


THE BEPRESEHTATION OE REAL NUMBERS 


39. The ordinary mode of representation of a real number is by means 
of a decimal, or more generally by a radix-fraction. When the decimal is 
non-terminating, this mode of representation is a case of tlie representation 
by a convergent sequence of rational numbers, in accordance Avith Cantor’s 
Theory. For example, the number tt is represented by the sequence 
(3, 3-1, 3-141, 3-1415, 3-14159, 3-141592, ...), 
where, by known processes, any prescribed element can be found as the 
result of a definite number of arithmetical operations. 

The general theorem will be established that every positive non-ratioiml 
real number N is uniquely rejpi'esentable by means of a non-ierminatmq series 
of radix-fractions, of luhich r, the radix, is any integer ^ 2. 

Of the numbers 0, r, 2r, 3r, ..., there is (see § 35), of all those which 
are less than rN, a greatest one Cor, which may be zero; thus 
rN > CqY, and < (Cq -f 1) r; 


it follows that 


iV = Co + ^S 


where N■^ is a positive number less than r. 
Ill a similar manner we obtain 

A*2 


iV 1 = Cl + “) — Cj H I ... Nn — ■ 


N, 


where N^, N^, ... iV„+i are all < r; therefore 


N.c. + ^ + %+. 




y.n ‘ ^+1 ’ 

where Co> each of them positive integral, or zero, and 

0 < < r. 


Since - (co + ^+ ^ + ...+^) <^, 
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and it has been shewn that has the limit zero, as » is iiuieiiiuirly 
increased, we see that the seijuence, of vvliich the /j.th olcMiieut is 


- I VI I 1 _i “ 

■' y-n’ 

is convergent, and represents the real ninnbev A . Tiiis is »‘\})i’ess(‘(l l)\' 

= Co + ^ + S -r +Z 


in which N is represented by a non-terminating radix-fracst ion. 

Let us now consider the case in which iV is a rational uiiinbcr ^ , in its 

lowest term. We have a = cL^h + jSo, where ^q<. and r/J(, a^b ' 

where Pi<b\ ••• > = ^nb + whore , fi.>, ... aie 

all less than b. 

If one of the numbers j8, say is zero, we have 


,T €L . ao . 

y = 5-^ + J + j;+... 




and thus N is expressed in terminating radix-fractions; this e.ase ciwi »>nl\ 
arise when b contains only prime factors of r. The terminating s(‘ri<‘s of 
radix-fractions can be replaced by a periodic one which clo(\s not k'rininal 
For if we use an — I instead of a„, as the nurac^rator of r", \v(' have 

= («» -l)b^l)] 

thus Pn becomes b instead of zero, and 

rb = (r - 1) 6 -h b ; 

thus pn, Pn+iD are ail equal to 6; and ... are all iMjiial t<> 

r — 1. Thus N is represented by 

b ^ ^ r ^ ^ ^ ‘ - 


It thus appears that a ratioTial number, whick in iU loweM lernii< fta-s a 
den(ymi7iator which contains only prime factors of r, is capable, of a donbU 
representation; (1) by a terminating series of radix-fractions; (2) by a hoh- 
terminating series of radix-fractions, of which the numerators after some fixed 
one are all r — \. 


In case none of the numbers jSi, ^ 2 . ••• i8„, ... vanishes, it is clear that 
since aU these numbers are either 1, 2, 3, ... 6 — 1, they cannot bci all 
unequal. Suppose is the first which is repeated, and let j8^ - ^n^m\ it 
is thea clear that = ^n+m+i, Pn+ 2 =‘ and therefore I ho 

number is represented by a recurring series of radix-fractions. 


40. When a number is defined by means of a convergent sequonct'. of 
some special form, it is in general not immediately obvious whether tiio 
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number is rational or irrational. Many special investigations relating to 
particular cases, and various general criteria, have been given by well- 
known mathematicians. 

One of the most important modes of such representation of a number 
is that by an endless continued fraction. This fraction may be regarded 
as an aggregate, each element of which is a finite continued fraction. 
Legendre established the fundamental theorem that a number represented 
by an endless continued fraction 


CLj Ct^ CL^ Ctyi 

^1 zz 62 zh 63 m 6n i 

that is, by an aggregate of which the nth element is 


0-1 O 2 ® i 
± b2 ± bi zn ’ 

is irrational^, provided ttie positive integers a„, are such that for every 
value of n, 6^ - ^ 1; except that when ^ L for every value of 

it 2: m, where 7 rt is some fixed number, and when at the same time tlu‘ 

signs before all the fractions ^, for 7 i > m, are negative, tlien the coli- 

tinned fraction converges to unity, or to a rational fraction, according as 
m = 1, or 7 iL> 1. 


This theorem contams as special cases the theorems previously estab¬ 
lished by Lambert, that e®, tan x, log^ x, tan ^ .f. tt are irrational tor 
rational values of x. The irrationality of e and w’^as first proved by Euiei . 
Legendre J himself applied the general theorem to prove the irrationality 
of TT^, although his proof was lacking in rigour. 

The following general theorem has been proved § by Cantor. 

If b, b', 6", ... form a set of positive integers such that, q being amy 
arbitrarily chosen integer, all the numbers 1, 6, 66', from and 

after some fixed number of the sequence, are divisible by q\ then any 
number N can be uniquely represented by 


/ 


, A 
^6 


bb' ' bb'b"^'"’ 


where / is an integer, and A, /x, v, ... are integers (including 0) such that 
A < 6 — 1, /X ^ 6' — 1, 1 / ^ 6" — 1, — 

Further, in order that the number N may be rational, it is necessary that, 


* A proof of theorem is given by Pringsheim, “XJeber die Convergenz unendlicher Ketten- 
bruche,” Sitzungsb&nchte d. buyer. Akad. vol. xxvn (1897), p, 318. 

f On the history of these theorems see Piingsheim’s article “Ueber die ersten Beweise der 
Irrationalitat von e und tt,” Sitzuvigsbenchte d. buyer. Akad. vol. xxvn (1897). 

t See his J^lements de Q&mdtrie, Note 4; see also Rudio’s work, “Archimedes, Huygens, 
Lambert, Legendre” (1892), p. 166. 

§ Schldmilch’s Zeitachnft, vol. xiv (1869), p. 121, “Ueber die einfachen Zahlensysteme.” 
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froni aad after* sozine fixed term of the series!, all the iiuiul)(‘t*s A, /-i, v, ... 
have their hLiglnesfc possible values. If this condition is not sjitisli(‘d, A is 
irrational. 

As an exaunpfa of this theorem, the number e repivsenh'd by 
9.1.*. ^ . 

is seen to be irualSoiial 

Another ]ii_o(te of representation is that in which tlu* sc*(|iu‘iu*o oi 

integers __ from a particular element onwards, is ])('ru)di<*. !n 

this case, the "neo essaiy and sufficient condition tliat the nunibt'r n^pn^- 


sented by 


b^bb' • bb'b" ' 


should be ratienua,.!. is that the seq^uenco j8', P'\ ... be, from and afl(M* 
some fixed numbeser of the sequence, periodic. This is a geiu^ralization of 
the theorem reslaaig to a number represented by radix-fraeiions. 

If b =2,6' = 3.&"= 4, ..., we obtain the thoorcin* that (he ninnlxT 
represented by- c, , , c„ 

2!'^3r 4! " ••• ""ri! '' 

where c„ rs — 1, is rational, only if, from and after some jiarlieular \ ahu.' 
of 71, Cn =71^- I 

A mode of lep-iesentation of numbers by sequence of product s has be(Mi 
givent by Carntor::*. He shews that every number N > 1, can be unhjnely 
represented- iii thee form 


^d)-’ 


where a, 6, c _sire integers such that 

6 ^ a®, c^b^, d > .... 

The numb«€ra3-iscietermined as the integral part of ^. If ^ /^, 

B JBb 

b is the integral- part of jg-ZTi'^ ^ b~^ = O', c is the integral i)art of 
; and so om. 

As an exa-,iiip»le, is represented by 

where 17 = 1, 577 = 2.17® — 1, 665857 = 2.677® — 1, .... 

* See Stejlaziios, BaUetin deUiaoc. math, de, France, vol. vn (1879). Tor further information 
on the hiatoiyoBf th.-iaBu'biect see Pnngahfiim’s sirticle I. A. 3, in the Encyclopadie dtsr truM. 


t Sohlomilch.’.’a2eafa*ri/8, voL xrv (1869), p. 152, “Zwei Satze_*’ 
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The criterion for determining whether N is rational or irrational is the 
following: 


The number represented by 




all the numbers a,b. c, ... being positive integers, is rational if, from and 
after some fixed number of the sequence a, 6 , c, .... each number is the 
square of the preceding number of the sequence; but the number is 
irrational if this condition is not satisfied. 


THE GOXTIK'UUM OF BEAIj NUMBEUS 

41. Jf a-i, arc any two real numbers such that < ^> 1 , then two real 
numbers b.;,, (a.^ < b^, can be found both lying between and such 

that the difference between a 2 j ^2 is as small as we please, i e Im — e, 
whore e is an arbitrarily prescribed number. Between tvo more 

numbers (a., < 63 ), can be fomid wiiose difference is again as small 

as we please; and this process may be canied on indefinitely. This property 
of the aggregate of real numbers may be expressed, to use the term 
introduced by G. Cantor, by saying that the aggregate of real numbers is 
c')}ivex; it arises from the fact that an indefinite series of numbers can be 
found which lie between any two given numbers. If we anticq^ate a term 
which will be introduced when we come to the general theory of aggregates, 
the property of connexity may be expressed by saying that the aggregate of 
real nwmhers is everywhere dense. 

It will further be observed that the aggregate of rational numbers is 
also connex; so that, as far as this property is concerned, there is nothing 
to differentiate the one aggregate from the other. 

If the difference of and is denoted by and the sequence 
satisfies the condition that, corresponding to any fixed 
arbitrarily small positive number rj, a value of n can be found such that 

^n+i» l®ss than rj, then there exists a single real number x 

which is greater than all the numbers cq, Ug, ..., and less than all the 

numbers 61 , 62 ?_ This number x is the limit of either of the sequences 

(ai, ©27 ••• •■■) and ( 61 , ... ...), and is defined by a section of all 

the real numbers. 

If we confine ourselves to the domain of rational numbers, there 
subsists in that domain no such property; that is, the above numbers a, b 
being aU rational, no such rational number as x necessarily exists. 

In the domain of Real Number, (a), every convergent sequence has a 
limit which is a number belonging to the domain, and ( 6 ), every number is 
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the limit of properly chosen sequences of nmnboj-s belonging to the 
domain. The possession by the domain of real mnnboj-s of iheso propertii‘s 
(a) and (b) is expressed by saying that the aggregate of real inniibrr,'< 
perfect. 

The domain of Rational Number possesses the. property (h) biOi not- i ho 
property (a); consequently the aggregate of rational numbers is not piTfei-l. 

Rroin the point of view of Dedeldnd’s theory, the })ropei*ty ihnl the 
aggregate of real numbers is perfect expresses the fact that <*very section 
of the real numbers corresponds to a single real nnmbei‘, and the e.onvm-s(‘. 
A section of the rational numbers docs not always correspond a lation.d 
number; consequently the aggregate of rational uiiinbcu-s is not. juufcct 

AVe here give the name ccm.tmuum'^ to an aggregate which posscssi's t.iu‘ 
two properties of being connex, and of being pcutcct. 'Phis is in the iirst 
instance taken to be the definition of the meaning of the word cont-inuum. 
as it is frequently used in Analysis. Thus the aggregate of I’t'ul inmilxus 
forms a continuum; whereas the aggregate of rational numbers is (‘ss(‘nt i.dly 
discrete, and docs not form a continuum, since one of the two (‘ss(‘nii:il 
properties of a continuum is absent. 

The aggregate of real numbers is spoken of as tlu^. vontmuam <\j ivai 
numbers, or the arithmetic continuum. 

The real numbers which lie between two numbers a, f> do not. form a 
continuum in accordance with the above definition; but if the 1 w o numbers 
a, b themselves are considered to be included in the total a.gg7'ega.t.<‘, th(‘M 
this completed aggregate does form a continuum. 

It should be remarked that, in accordance with a st)mewha.t. dilUM'cait. 
definition of the term continuum, employed by Weierst.rass, and whicli 
will be referred to in Chapter n, the real numbers betwee^n a and h foi-m a 
continuum. 

All the real numbers x such that ae x r h, in the m'dinal rseusr of Uk 
symbols <, =, >, are said to form an interval {a, b ); a?u/ such an interraf is 
frequently described OjS a closed interval. 

The real numbers x which are such that a < x < b, are freipiently said 
to form an open interval (a, 6). 

The closed interval (a, 6) is a continuum, since it satisfu's th<' two 
necessary conditions for the applicability of the term; but iho opcui 
interval (a, b) is not a continuum in this sense of the term, as it, <joni,aius 
convergent sequences which have no limit belonging to the open intorval. 
Such an open interval has been termed by Cantor a semi-contmuvm, hut-, 
in accordance with the observation made above, it may bo termed a 
Weierstrassian continuum. 


• See Cantor, Math. AnnaZm, vol. mri (1883), p. 676. 
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Of the two essential properties of the aritlinietio continuum, that of 
connexity^ and that denoted by the term ^perfect, the latter is absolutely 
indispensable, in order that the arithmetic continuum may be suitable to 
])e the field of operations in analysis. It will appear, when we come to the 
consideration of the theory of functions of a real variable, that many of 
Ihe most important properties of a function may still subsist even if the 
domain of the variable lacks the property of connexity; but that such 
properties would not belong to functions of a variable which is defined 
for a domain such that convergent sequences of numbers in it possess no 
limit within that domain, and which therefore lacks the property of being 
perfect. This is the more remarkable on account of the fact that, in the 
older traditional notion of a continuum, the property of connexit 5 ’ w'as 
tlio one which Avas regarded as all important; the more essential property 
of being perfect has only been explicitly formulated in the course of the 
construction of the modern arithmetical theory. 

42. The term arithmetic continuum is used to denote the aggregate of 
real numbers, because it is held that the system of numbers of this aggre¬ 
gate IS adequate for the complete anatytical representation of what is 
known as continuous magnitude. The theory of the arithmetic continuum 
lias been oiiticized on the ground that it is an attempt to find the continu¬ 
ous v'ithin the domain of number, whereas number is essentially discrete. 
^Sneh an objection presupposes the existence of some independent con¬ 
ception of the continuum, with wdiich that of the aggregate of real numbers 
can be compared. At the time when the theory of the arithmetic continuum 
was developed, the only conception of the continuum which w^as extant 
was that of the continuum as given by intuition; but this, as we shall 
shew, is too vague a conception to be fitted for an object of exact mathe¬ 
matical thought, until its character as a pure intuitional datum has been 
clarified by exact definitions and axioms. The discussions connected wdth 
arithmetization have led to the construction of abstract theories* of 
measurable quantity; and these all involve the use of some system of 
arithmetic, as providing the necessary language for the description of the 
relations of magnitudes and quantities. It would thus appear to he highly 
probable that, whatever abstract conception of the intuitional continuum 
of quantity and magnitude may be developed, a parallel conception of 
the arithmetic continuum, though not necessarily identical with the one 
which we have discussed, will be required. To any such scheme of numbers, 
the same objection might be raised as has been referred to above; but it 
the objection were a valid one, the complete representation of continuous 
magnitudes by numbers would, under any theory of such magnitudes, be 

* See O. Hblder, Die Axiome der Quantitat und die Lehre vom Mass, Leipziger Beiichte, 
vol. Lin (1901); also Veronese’s work, Fondamenii di Geometria, Padua (1891); and Bettazzi’s 
ivork, Teona deUe graTidezze (1890). 
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impossible. It is clear that it is only in connection with an exac*!- ahsira*'! 
theory of magnitude that any ciuestion as to the adc(iuaeA’ of tlu* eoii' 
tinuiim of real numbers for the measurement of magiiit iul(*s can arise. 
!For actual measurement of physical, or of spatial, or tc‘inporal inatinit luh's, 
the rational numbers are sufficient; such measurcnienl IxMiig c\ss(Mi(.ia.iiy 
of an approximate character only, the degree of error deixMiding upon the 
accuracy of the instruments employed. 

The purely ordinal nature of the conceptioji of the arithnuMie con¬ 
tinuum, including the ordinal character of an interval, Jias been ptnnK'd 
out in the course of the development of the theory. ■'Fhis w ill he furtluM* 
elucidated in connection with the abstract theory of ordei’-types, to ht‘ 
discussed in Chapter iv. 

THE OOXTIXUUM GIVEN BY INTUITFON 

43. Before the development of analysis was made io ixnsI u}>on a 
purely arithmetical basis, it was usually considered i-hat 1iu‘ li(dd oF 
operations was the continuum given by our intuition of (‘xt(‘nM\^(‘ mag¬ 
nitude, especially of spatial or temporal magnitude, and of tli(‘ motion of 
bodies through space. 

The intuitive idea of continuous motion implies ihat. in ord(T that a 
body may pass from one position A to another positioji /i, it must, pass 
through every intermediate position in its path. An attempt- to ans\\<‘r 
the question, what is meant by every intermediate position, reveals th(‘ 
essential difficulties of this conception, and gives rivse to a demand for an 
exact theoretical treatment of continuous magnitude. 

The implication continued in the idea of continuous motion slitwvs that, 
between A and B, other positions A\ B' exist, Avhich tlic body must 
occupy at de&aite times; that between A', B\ other sucjh positions exisi, 
and so on. The intuitive notion of the continuum, and tluit of eont-iruious 
motion, negate the idea that such a process of subdivision can bc' (i()jie.eive<l 
of as having a definite termination. Theviewis prevalent that the. intuit.ioiia I 
notions of continuity and of continuous motion arc fundamental and aul 
generis , and that they are incapable of being exhaustively descsrilx'd by a. 
scheme of specification of positions. Nevertheless, the aspect of tlu'. e,on- 
tinuum as a field of possible positions is the one which is accessible t-o 
Axithmetio Analysis, and with which alone Mathematical Analysis is 
directly concerned. That property of the intuitional continuum, which 
may be described as unlimited divisibility, is the only one that is im¬ 
mediately available for use in Mathematical thought; and this property 
is not sufficient for the purposes in view, until it has been supplemented 
by a system of axioms and definitions which shall suffice to provide a 
complete and exact description of the possible positions of points and 



Continuum given hy Intuition 55 

other geometrical objects which can be determined in space. Such a 
scheme constitutes an abstract theory of spatial magnitude. 

The exact theory of magnitude was developed to a considerable extent 
by lijuclid; but not until recently, under the influence of the ideas of the 
jirithmetical theory, has it been perfected in a form which exhibits the 
exact system of axioms and definitions necessary for a characterization 
of continuity that is adequate for mathematical analysis. Sesides the 
arithmetic theory of number, there exists at the present time a theory of 
magnitude which runs to a certain extent parallel with the former theory. 
Some mathematicians* still prefer to regard number as primarily repre¬ 
senting the ratio of two magnitudes; but they nevertheless to a large 
extent employ the methods of arithmetical analysis. 

THE STRAIGHT LINE AS A CONTINUUM 

44. Altliough it is no part of the plan of the present work to enter 
fully into the general theory of Magnitude, it is necessary briefly to con¬ 
sider the case of those magnitudes which are segments of a straight line; 
that straight line which is the ideal object of geometry, and which is the 
ideal counterpart of the physical straight line of perception. 

The length of the segment between two points A . B. of a straight line 
IS a particular case of a magnitude; and we shall take this conception as a 
datum, subject to a set of axiomsf relating to the notions of congruencj’, 
and to the notions greater and less as applied to magnitudes. 

We assume that any number of congruent segments OA, AB. BC\ ... 
can be constructed on the straight line; and that any segment OA can be 
divided into any number of segments w'hich are all congruent to one 
another. 

Any segment OA may be taken as the unit of length, so that its 
magnitude is represented by the number 1; its multiples OB, 00, ... are 
denoted by the numbers 2, 3,.... If each one of the segments OA, AB, 
£0, ... be divided into the same number q of equal parts, then, if P is a 
point of division, OP is denoted by a fractional number pjq, where p is 
the number of the sub-segments in OP. Thus when p, q are any positive 
integral numbers, pjq represents a definite magnitude OP, the unit 
magnitude OA having been fixed upon beforehand. 

Further, the number pjq may also be, regarded as representing the 
position of the point P itself. In order to represent points of the straight 
line on both sides of 0 , the convention is made that points on one side 

* P. Du Boia-Beymond in his AUg&m&ine FunctionerUJteorie, Tubingen (1882), strongly ad¬ 
vocates the view that linear magnitude forms the basis of the conception of Number. See also 
Stolz, Vorlemngen uber aUgemeine AHthmetik, Leipzig (1885-86), where both views of Number are 
developed. See also G. Ascoli, Rend. Ist. Lomb. (2), xxvm (1895). 

t These imnma are discussed by O. Holder, Leipztger Berxekte, vol. Lin (1901). 
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of 0 shall be represented by positive numbers, and l-liose on Iht* oilier 
side by negative numbers; thus if P is on the light ol and I* on llie 
left of O, and if OP = 0P\ the point P' is reprosonietl by 1 !ie nuinlxM- 
- pjq. The length of any segment of the straight lino, whost^ ends an^ 
points to which rational numbers have been assigiuxi in Iho nnmniM- 
explained above, is the difference of the above two iiuinbors. In ilus 
manner, w'^e have a correspondence establislied belwot^n the aggi*(‘ga 1 (‘ of 
rational numbers and an aggregate of points on llu‘ st-raiglit »li(‘ 

jelation of order being conserved in the correspondcMico, so tlsat llu* two 
aggregates are similar. 

The set of points, thus represented by rational nnnibors, w (' may spe^nk 
of as the rational points of the straight line, but it must he remem lK‘n‘d 
that a definite origin 0 , and a definite unit of length ()A. .ire sii|)pos(*il lo 
have been fixed upon beforehand; and if these be a.ll cm-(x I, t he si ‘t of ra 1 iona I 
points will in general be altered also. 

It has been assumed as an axiom that, if PxQi si'gnuMil of tli(‘ 

straight line, it may be divided into any number /?.j of (xpial pa.rl.s: of theses, 
if P 2 O 2 be taken as 011 c, the same axiom asserts that /^ 4^2 be similarly 
divided into any number, of equal parts, P:iQ:i being one of the p.i.rls; 
and that this process may be repeated an unlimited number of times Th<‘ 
axiom is equivalent to an assumption that the straight, liiu' is ea.pa.l)k‘ of 
unlimited divisibility; and this, being a characteristk^ ])r-op(a’t.>' of tlu‘ 
intuitional linear continuum, must also hold for its idc^al cjountiM'parl, l lu' 
straight line which we are here considering. 

We proceed to assume as another axiom that, P^Qi, P>Q>, 
being the segments constructed as above, there exists in the st.raight line 
one point X, and*one only, which separates all the points /^, ... 

from all the points Qi, Q 2 J Qsj — If Z bo any point othei- than X, then 
points belonging to the sequence Pi, Pa, P 3 , and points belonging to 
the sequence Qi, Q 3 , ... can be found which arc both on the same sidc^. 
of Y. 

The point X may be regarded as the limit of cither secjucnce of [joints; 
and the property corresponds to that property of the arithmetic, con¬ 
tinuum which is expressed by saying that it is perfect. 

In accordance with this axiom there is one single point on the straiglit 
line which corresponds to any given real number; and this point, or the 
magnitude of the corresponding segment, may be represented by the real 
number. 

This axiom has been stated by Dedekind, in a form corresponding to 
his definition of an irrational number: that a section of the rational points, 
in which they are divided into two classes, is made by a single point. 
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Anotiier form of the axiom is that known as the Axiom of Archimedes 
that if A B, A'B' are any two segments of the straight line, of which AB is 
the smaller one, an integer n can always be found such that n.AB > A'B'. 
As in the case of the arithmetic continuum, this is equivalent to the 
negation of the existence of infinitesimal segments of the straight line. 

This axiom being assumed, there is a complete correspondence between 
the ])oints of the straight line and the aggregate of real numbers. Thus the 
nature of the linear continuum, that is, so far as its possible parts, and the 
possible positions in it, are concerned, is completely represented and 
desciibed by means of the arithmetic continuum, the axioms relating to 
the straight line having been so chosen that this may be the case. It vill 
be observed that there is no real disparity between the rational points and 
the irrational points of the straight line; a point, which with one origin 
anci one unit of length, is a rational point, may be an irrational point if 
another origin, or another unit of length, be chosen. 

45. The mode uhicli has been adopted above, of establishing a coni- 
pk^to correspondence between the aggregate of real numbers and the 
agg!'egatc of points in a straight line, though the most convenient mode, 
is not the only possible one. All that is really necessary for the corre- 
spotideiice is that, in accordance with some systematic scheme, tlie points 
in the straight line shall be made to con’espond ^\ith tlie numbers of the 
arithmetic continuum, in such a way that the relation of order is conserved 
in t ho coiTospondonce. It is not necessary that the difference of two numbers 
should represent the length of the segment of the straight Ime which is 
terminated by the points that correspond to tlie two numbers. The mode 
of correspondence given above is however the simplest one, and will there¬ 
fore be adopted for the purpose of enabling us to use the language of 
geometry in analytical discussion. 

In the case of space of two or of three dimensions, it will be assumed as 
axiomatic that one point of the space, and one only, corresponds to each 
pair or triplet of real numbers which represent Cartesian coordinates. This 
axiom may be considered as fundamental in the Cartesian system of 
analytical geometry. 

The disputable idea that the theory here explained necessarily implies 
that a continuum is to be regarded as made up of points, which are 
elements not possessing magnitude, has frequently been a stumbling-block 
in the way of the acceptance of the view of the spatial continuum which 
has been indicated above. It has been held that, if space is to be regarded 
as made up of elements, these elements must themselves possess spatial 
character; and this view has given rise to various theories of infinitesimals 

* The impoTtaiice of iho Axiom of Arahimedes in this connection was pointed out and discussed 
by Stolz, Math. AtmtiUn, vols. xxn (1883), p. 604 and xxxix (1891), p. 107, 
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or of indivisibles, as components of spatial magnitude. The most iiKxleni 
and complete theory of this kind has been developed by Veronese***, ami 
is based upon a denial of the principle of Archimedes wliicli lias been a lix^ady 
referred to. In Veronese’s system, when a unit segment of a- straight liiu‘ 
has been chosen, there exist segments which are too large, and ot her's that 
are too small, to be capable of representation by finite numbers; and thest'* 
segments are respectively infinite, and infinitcsiniaJ, relatively to t-lu'. unit 
segment chosen. Under this scheme, a section of the rationa.l point-s, oi* 
a section of the points represented by real numbers, is mach\ not by a 
single point, but by an infinitesimal segment. Veronese has conseijuont ly 
introduced systems of infinite and of infinitesimal numbci’s, i^ach of an 
unlimited number of orders, for the measurement of segments wliieh, 
relatively to a given scale, are infinite or infinitesimal. From liis jioint. of 
view, the points on a straight line which represent the real numbm-s form 
only a relative continuum, i.6. one which is relative to the particular sealt^ 
of measurement emploj^'ed; and he contemplates the conct^ption of an 
absolute continuum, for the representation of which his series of s('ts of 
infinite and infinitesimal numbers are requisite. A segment, vvliieh in a 
given scale is finite, may he infinitesimal, or infinite of any oi*der, wiien 
measured relatively to another scale. 

The validity of Veronese’s system has been oriticizod by (^anlor and 
others on the ground that the definitions contained in it, rehifing to 
equality and inequality, lead to contradiction; it is however unnoc‘c\ssary 
for our purpose to enter into the controversy on this point. The si raight. 
line of geometry is an ideal object of which any properties whatever may 
be postulated, provided that they satisfy the conditions, (1), that they form 
a valid scheme, i.e. one which does not lead to contradiction, and (2), that 
the object defined is such that it is not in contradiction with cm pineal 
straightness and linearity. There is no a priori objection to the (*.xist(‘iie.e 
of two or more such adequate conceptual systems, each self-consistent, 
even if they be incompatible with one another; but of such rival schemers 
the simplest will naturally be chosen for actual use. Assuming then tlie 
possibility of setting up a valid non-Archimedean system for the straight, 
line, still the simpler system, in which the principle of Archimedes is 
assumed, is to be preferred, because it gives a simpler conception of thci 
nature of the straight line, and is adequate for the purposes for which it 
was devised. The case of the non-Euclidean systems of geometry is ant 
instance of the existence of valid geometrical schemes divergent from one 
another, which nevertheless all afford a sufficient representation of physical 
space-percepts. 

* See his FondamerAi di Geometr%a, Padua (1891); a Greiman tran^tion by Sohopp hoa boon 
publiabed in Leipzig (1894). 



59 


45] Straight Line as a Continuum 

An answer to the difficult question, in what sense the straight line, or 
a space of two or of three dimensions, admits of being regarded as an 
points, can only be discussed after a full treatment of the 
nature and properties of infinite aggregates has been developed. The 
discussions in Chapters n, ni and iv, of infinite aggregates, and especially 
of the notion of the 'power or cardmal number of such an aggregate, will 
throw light upon this subject. 



CHAPTER It 

DESCRIPTIVK PROPERTIES OK SE'J'S OK J»OlNl\S 

46. An aggregate of real numbers, cacJi eleiiU'iit of \viu(‘!i i-onsisls of 
a single real number, is defined by any prescribed set of rules or sj)e(*iiiea - 
tioiis which are of such a nature that, when any real nundxM- is 

arbitrarily assigned, the^^ theoretically sullice to dcteriuiiK* w such 

real number does or does not belong to the aggregalt^. 'I'lie (iillieull.y of 
regarding an aggregate, so defined, as a dcfhiito objt'et. is bound up with 
the difficulties connected with the notion of the linear eoidiuiuuu, i.r. i.iu^ 
aggregate of all real numbers, out of wliich the fleiiniHl agi»r(‘gai<‘ is to b<‘ 
obtained by a process of selection which, except in the (^ast‘ of a. linito 
aggregate, can never be actually carried out in its entirety, bid winch is 
determined by a rule or set of rules. The precise scope of ih(^ deli mi ion 
will be rendered clearer by the consideration of various classes of actually 
defined aggregates wliich will be considered in the present (‘ha|>ic‘r; inori'- 
over, the theoretical difficulties of the notion of such an a.ggr(‘gal«^ in 
general, will be in some measure elucidated by the discussions in llu' 
present and the follcAving Chapters, of the notion of the pow cM*, or cardinal 
number, of an aggregate. 

In accordance with the principle explained in § 44, eacli mnnbcT of a 
given aggregate may be represented by a single point on a li-\(‘d straight 
line; thus to an aggregate of numbers there corrcspojids .in a.ggr(‘gat(^ of 
points on the straight line. An aggregate of single, munbers, or of lliidr 
equivalent points, we shall speak of as a linear set of points. 

The theory of linear sets of points, of which the ])r(\sen< (1ia.pt-(‘r 
contains an account, arose historically from the discussion of (pu^stions con¬ 
nected with the theory of Fourier’s series and of the functions whi(;h e.an 
be represented by such series. A consideration of tiic jn-opt^rticjs and 
peculiarities of the sets of points at which infinities or other discontimii<iic\s 
of such functions exist, led to a study of the properties of linear scd.s in 
general, and to the development by G, Cantor, P. Du Boia-Jlcynioud, 
Bendixson, Harnack, and others, of a general theory which has lately 
received wide applications both in Analysis and in Geometry. 

Corresponding to the theory of linear sets of points, there exist theories 
of plane, solid, or p-dimensional sets of points. Each element of an 
aggregate in p-dimensions consists of an association of p real numbers 
... and such an element is spoken of as a point in jp-dimon- 
sional space. The p-dimensional continuum consists of the aggregate 



61 


4®) ^7] Upper and Lower Boundaries 

of all such points, when each of the numbers a:'*-’, ... a:<^* may have 

any value in the linear arithmetic continuum. 

A considerable part of the theory of sets of points in two or more 
dimensions is completely parallel to the theory of linear sets of points. the 
proofs of many theorems for linear sets of points being applicable 'without 
essential modification to the case of sets in any number of dimensions. 
This remark applies both to the descriptive properties of sets considered 
in the present Chapter and to the metric properties which will be discussed 
in Cliapter in. At a certain stage of the descriptive theory, however, the 
properties of linear sets of points exhibit a simplicity which the properties 
of sets in two or more dimensions do not possess. The greater complexity 
in the case of two or more dimensions, than in one dimension, corresponds 
to the greater complexity of the Analysis Situs for space of two or more 
dimensions than in the case of litiear space. 

In the present Cliapter an account will be given both of those detciip- 
tive properties which are practically independent of the number of dimen¬ 
sions of the sets, and of those properties in which essential divergence 
exists between the case of linear sets and that of sets in tvo or more 
dimensions. 

The whole theory of sets of points is essentially an arithinetical theoiy; 
the geometrical nomenclature and representation is a matter of convenieiiLe, 
not of necessity. 

THE UPPER A2Ti) LOWER BOUNDARIES OP A LIXKAR SET OP POrXTS 

47. A simple case of a linear set of points is that in which the -et 
consists of all the points of a linear interval (a. 6) either closed or open, in 
accordance with the definition of such an interval given in § 41. 

Thus the set of points which form a closed interval (a, b) consisT'^ of 
all points x such that a ix^b\ and the set of points of an open interval 
(a, h) consists of all points x such that a < x < b. Either of the sets of 
points X for which a ^ x <h, on a <. x ^b, may be said to be the point's of 
a semi-closed interval (a, 6), open at 6 or at a. 

A point X of the set forming a closed interval (a, b) is said to be in the 
interval or segment (a, b). A point x of the set forming an open interval 
(a, 6) is said to be within, or interior to, the interval or segment (a, b). or 
is said to be in the open interval (a, 6). 

Let a set of points be such that every point of the set Kes upon a 
straight line, the position of each point being determined by its distance 
from a fixed origin upon the straight line, in the manner explained in § 44. 
If a point jS exists, such that no number of the set is greater than the 
set is said to be bounded on the right. In this case it will be shewn that 
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there is a definite point 6, such that no point of the set- i.s on Uio ri^rlit ol 
b, and such that either (1), b is itself a point of 1h(‘ or Asr (2), that 
points of the set are within the iiitciwal (b ej)), ho\\i*\or small tlu‘ 
positive number e may be taken to bo; or tJiat bolli the coiulil i(»ns (1) and 
(2) are satisfied. 

The point b may or may not itself be a point of tlio givtMi s('l. in her 
case it is said to be the itpper bou'nda.ry of the giviMi s(‘t. If b is its(‘lf a 
point of the given set, it is said to be the dipper (wficmr jioiiil. oi llu' s(*t.. 

When there are points of the given set interior to tlu'. intt*r\ al [ft r, b) 
for every value of € (< b), the point h is said to be the upper liitiii of t la* set. 

In case b is both the upper limit, and the iippc'r extrtaiu* point, of th(‘ 
set, the upper limit is said to be attained; and b may tluMi be e.ilh'd (lu* 
maximum point of the set. 

To prove the existence*, under the condition st*it(Ml, of an up|)er 
boundary, as above defined, it may be observed that a.ll tiu' numix^rs of 
the continuum of real numbers can be dividi^d into two ehisscNS. on(‘ of 
which contains every number which is greater than all thc^ numlxM’s of 
the set, and the other of which contains every miniber which (‘it.lH*r Ix^longs 
to the set or is less than some or all of the numliers of thc^ s(^t. Th(‘ s(‘(*tion 
thus specified defines a number b which is the upper boundary of tin* s»d. 

In a similar manner, it may be shewn that, if tlic' set is boundcxl on 
the left, i.e. if a point can be found such that all the ])oints of the sed are 
on the right of such point, then a point a exists, whie.h is six h (hat- no 
points of the set arc on the left of a, and sucli that tMtlu'i- a is a point of 
the set, or else points of the set are within every interval (d, a 1 c), w hert" 
€ is an arbitrary positive number, or else that both conditions ar(‘ satisfied 
simultaneously. 

In case points of the set lie within every interval {a, a -| e), thc^n a is 
called the lower limit of the set; and the lower limit is said to be attuiiiuxl 
if a be itself a point of the set. In any case m which a is a ]>oint. of the 
set, it is then said to be the lower eoctreme point of the set. t(‘rrn h)wcr 
boundary may in aU cases he applied to a. 

A set of points which has both an upper and a low’cr boundary is said 
to be a bounded set. Thus a set is bounded if every point x in it is such 
that I a: I < A, where A is some fixed positive number. 

48. If no point )S exists, which is such that no point of the set is on 
the right of then the set is said to he unbounded on the right; or it is 
said that the upper limit of the set is + oo; the two statements being 
regarded as tautological. Simfiarly, if no lower boundary a exists, the set 

* The existeace of upper and lower boundaries was proved by Weierstrass, in his lectures. 
See also Bolzano, AhK d. BOhmischen OeseOach. d. Wisa., vol. v, Prag (1817). 
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is said to be unbounded on the left; or it is said that the lower limit is 
— oo. 

The symbols oo, — co do not represent numbers of the arithmetic 
continuum; they must be taken to represent what is sometimes spoken 
of as the improperly infinite, i.e. the mere absence of an upjper or a lower 
boundary respectively. In order, however, to avoid circumlocution in the 
statement of theorems concerning sets, it is usually convenient to speak 
of + 00 , - 00 , used in the above sense, as if they were numbers, sometimes 
called improper numbers, which correspond to upper and lower limits 
respectively. 

The statement that -{- oo is the upper limit of a given set is thus taken 
to be equivalent to the statement that, if .d is an arbitrarily chosen 
positive number, there exist points x of the set such that x> A. Similarly 
if — oo is tlie lower limit of a set, there are points x of the set such that 
j:< - A. 


In the present Chapter, it will frequently be assumed that the sets 
treated of arc bounded; and the interval (a, b) will be said to be the interval 
in w'hich the set exists This restriction is not so great a one as might at 
first sight appear, for an unbounded set can be placed into correspondence 
with a bounded one, in such a mamier that tlie relative order of any tw’o 
points in the one set is the same as that of the corresponding jDoints in the 

otlier set. If x' --= , _- -• ., w here the radical is taken to have always the 

positive sign, then to a point x, in the unlimited interval (— oo, -f oc-), 
there corresponds a point x\ in the open interval (— 1, -f- 1); and also 
jji' = according as x^ = a:,. In order to set up a complete correspondence 
between the closed interval (— 1, 1) and the points of an unbounded seg¬ 
ment, we must adjoin to the latter the (improper) points -f- cc-, — oc, 
which we take to correspond respectively to the end-points 1, — 1, of the 
closed interval. 

Tlie same object might have been attained by using the transformation 


x' = - tan“^ 

TT 


X. 


There is no real loss of generality in considering only such sets as lie 
ill a given interval, say (0, 1); for the relation ^ establishes a 

complete correspondence between sets in the interval (a, jS) and sets in 
the interval (0, 1), the relative order of points being preserved in the 
correspondence. 

The points of the interval (a, P) may be made to correspond in order 
with the points of the interval (0,1), in such a manner that an arbitrarily 
chosen point y within (a, jS), corresponds to an arbitrarily chosen point 
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within (0, 1); for example the point J. TJiifci c-orrcwpoiultMicr can bt* ffuM wd 
by the transformation ^ y - 

x' — 1 a* - jS ‘ y u‘ 

XOX-LIUiBAK SJ^iTS OK POINTS 

49. A plane, or two-dimensional, set of points is an a^'^re^al(‘ ot w bu'it 
each element is constituted by a pair of real juiinbers Sn<*li aii 

element may be spoken of as a point P in a ])laiu‘; the let-fan^iiiiar ^ o- 
ordinates of P being Corresponding to int(*r\als, m tlie case of 

linear sets of points, we now consider reelangles, or cells, oi wincl* t in* 
sides are parallel to the coordinate axes. 

A closed cell is regarded as tlu* set of ,ill poip.ts 

x^^^) such that ^ x^^^ £ 6^^^, -- 6^-^ 

An open cell b^^\b^^^) is regarded as tlu‘ s(‘t of all points 

a;^ 2 )) guch that < x^^^ < b^^\ < b^“K 

The set of aU points such that .r<“’ b 

may be spoken of as the semi-closed cell 

A plane set of points is said to be bounded, in case two 

positive numbers exist, such that | | -J | | . 1 f«i>- 

every point {x^^\ of the set. 

When all the points of a given set are in a closed ec^ll 
this cell may be spoken of as a fundamonttil cell for the givi^n std- of points. 
More generally, a ^-dimensional sot of points consist s of (Mcanenls each 

of which is constituted by an association oij) real nunilx*!*.". 

The ^-dimensional closed cell {a^^\ ... ... //''*) is the 

set of all points (rc^^h ... such that 

^(1) ^ g;(l) ^ {^(1)^ ^(2) ^ jJ3(2) < 5(2)^. 

The ^-dimensional open cell consists of all points such tha,t 

a^i) < a:^i> < < b^^\ . ^ 

and the semi-closed cell consists of aU. points such that 
^ ^ < b^^\ . 

All points of the closed cell such that a;^®^ = or for some 

value of q (= 1, 2, 3, ... jp) are said to be on the boundary of the cell. 

If positive numbers ... exist, such that for all points 

(x^^\ a;<2),... a;(3))) belonging to a given set of points the conditions 
I 1 s ^(1), I ^ _ | ^(p) | ^(,0 

are satisfied, then the p-dimensional set is said to be bounded, and any 
closed cell in which ail the points of the set are contained may be spoken 
of as a fundamental cell for the given set. If no such fundamental cell 
exists, for a given set of points, that set is said to be unbounded. 
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An unbounded set of points ... may be correlated with 

a bounded set ... for which a fundamental cell is 

(- 1,-1,...-!; 1,1,... 1) 
by means of the relations 

f(«> iq=h 3, ... ii); 

or by moans of the relations 

|(fl) = ^tan'-^ajffifJ, {q = 1, 2, 3, ...p). 

Any cell will be correlated with another cell by means of eitlier if 
these relations. It is clear that these relations are only examples of an 
indefinite number of other relations by which a similar correlation ina^’ he 
obtained. 

In order that every point on the boundary of the cell (- 1, - 1- - : 

1, 1, ...) may correspond to a point in the a;-sp£iee, it is convenient to adjoin 
a set of points at infinity to that space. For example, m the cast* p = 2. 
points (x^^\ go) for all values of points {x^^K — x) and points ( x, /. 
( - 00 , will be taken to correspond to the points 1), — i . 

(Ij (— Ij resj)cctively. Also the four points (- x, — x) will be 
adjoined so as to correspond to the four points 1. 1) in the finite 

rectanglo. In this manner it can be assumed as a matter of con\"cnienr e 
that the boundary of the rectangle (— 1, — 1; 1. 1) corresponds to a bound¬ 
ary adjoined to the aj-space. The advantage of thi«i procedure is that no 
exception need be made as regards the correspondence of a f-set with au 
.'i;-set, when the ^-set has points on the boundary of tlie cell in which it 
contained. 

In stating properties of sets of points which are independent of the 
number of dimensions it is frequently convenient to employ a notation 
in which the number p of dimensions does not appear. To effect this the 
point (x^^\ x^^\ ... x^^^) of a ^-dimensional set may be denoted by a single 
letter x, asm the case of a linear set. The cell ... 

may then be denoted by (a, 6). Thus (a, 6) denotes an interval when i? = 1. 
and a cell when p> 1. 

LIMITING POINT OF A CONVERGENT SEQUENCE OF INTERVALS, OR CELLS 

60. Let (gi,6i), (Ga> an unending sequence of 

closed mtervals which are such that any one of them (a„, 6„) lies entirely 
in the preceding one the two having at most one end-point 

common; thus a„ s Gn-i. K^il moreover, suppose that the lengths 
6i — — — — form a sequence which converges to zero, 

the condition for which is that, corresponding to any arbitrarily small e, 
n can be so chosen that for all values of m which are ^ m, is < c. 

H X 


5 
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It will be seen that, in accordance with the axioms in j? 14, 

there exists one^oint and one only 'which is in every interval oj tin snjnvnvv. 
This point may be called the li^niting point of the convergent setjiUMiee of 
closed intervals. 

Each of the aggregates ... a„, ...), Ik, ...) being 

convergent, defines a number; and in fact, in virtue of (h^linilion of 

equality in § 26, they define the same number .r. This nunilx'r .r is not l(‘ss 
than and not greater than f),^, whatever n may be, the |)oint .r 1 luM’(^foi*e 
lies in all the intervals, and is the limiting point whose existence was lo 
be remarked If y be an^^^ number greater (or less) ilian .r, we can find )f so 
great that b^^ ~ x < y — x. i£ y > x, or that x — a„ < .r ;//, if .r . - //■ t hus 
y does not lie in (a„, b„). Hence there is only one point wJii(*.h sa(isii(\s (he 
prescribed conditions. 

If, for every n, from and after some fixed value. llu‘ iiuMjUidities 
t>n < ^n -1 both liold, then the limiting point. :r is in tlie int-m-ior 
of all the intervals of the sequence. If, from and after some lixed valiu' 
of n, say we have b^^ < the limiting i)oint .r coincides 

with the common end-points ,i,_ 

If the intervals (cti,/^i), ... ... are all open intin’vals, 

there is not necessarily any point which is in all tlie open int.(n‘vals. (Con¬ 
sider, for example, the set of open intervals 

(0,1), (o.i), . 

In this case the point x defined by either of the seipiences 



is the point 0, which is not in any of the open intervals (;f tin' givc'ii s('t. 
It thus appears that the theorem does not hold for the s('t of oj)cn intt'rvals 
if, from and after some fixed value of n, we have n, or if, from and 

after some fixed value of n, we have b^ = . If howovcir, from and a.r(.<'r 

some fixed value of n, both the conditions < an 4 i> i j sat isfii'-d, 

the theorem is valid; for the point x, defined as above, is a point in c'Vi'.ry 
open interval (a„, b^, from and after some fixed value of n. 

If the intervals of the given set are semi-closed; being all o[)en at tlie 
right-hand end-points, the theorem holds good unless ^, fnmi and 

after some fixed value of tz. 


In the case of a sequence of p-dimensional closed cells 

... hp\ b^^^\ ... 

where 1, 2, 3, ..., each of which is in the preceding one, so that 
^ and ^ for aU values of n, and for the values 

1, 2, 3, ..., p, of g, and if for each value of g, forms a sequence 
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of numbers which converges to zero, for n~ 1, 2, 3, there is a unique 
point which is in all the cells of the set, and which is called the liTm'ting 
point of the set. !For the sequence of linear intervals defines, 

for each value of q, a single point in all the intervals. Thus the point 
... uniquely determined, is in all the cells of the sequence, 
and it is easily seen that it is the only point that''satisfies this condition. 

if the colls are open, the corresponding theorem does not hold, unless 
there exists some value of n from and after which 
for each value of q. 


1 f the cells are semi-closed, for the validity of the theorem the condition 
must be satisfied, from and after some fixed value of n, for 
every value of q. 


insi>y be called the span, or the length 


TJie number S ■ 

iv 1 

of the diagonal, of the cell ... ... This number 

may also be spoken of as the distance between the two points 


... b^'^\ ... 


and may bo denoted by PQ, when the points are denoted hy P, Q 
respectively. 

A convergent sequence of closed cells is one in which each cell is in the 
preceding one, and such that the sequence of spans of the cells converges 
to zero; such a convergent sequence defines a unique point in all the cells 
of the sequence. 

In the case of such a convergent sequence of cells, the convergence of 
the sequence of spans to the limit zero ensures that, for each value of q, 
wliere I < q ^ p, converges to zero, as 7i is indefinitely increased. 

A sequence of closed cells, each of which contains the next, may however 
be such that bj^^ — converges to zero for some of the values of q, 
but not for all these values. In that case the sequence of cells may be 
said to be incompletely convergent', the points of a cell of dimensions lower 
than p will all be contained in each of the cells of the given sequence. 
This cell may be termed the limiting cell (or interval) of the given sequence. 

For example, it p = 3, we may have and con¬ 
verging to zero, but converging to some number greater than 

zero; in that case the sequence converges to a limiting interval. Again, 
if converges to zero, but 5 ^ 0 ) _ converge to 

numbers greater than zero, the limiting cell is two-dimensional. 


5-2 



«8 


Desci'iptive Properties ojf oj Poinis 


jcii. II 


SYSTEMS OF NETS 

51. Let the linear interval (a, b) be divided into a miinber ///, of pa-ns. 
such that the length of each part does not exceed a posiiivi* niini]>er 
let i)i denote the finite set of intervals so obtained. By iiitroihicing further 
points of division of {a, b), let a new finite set of intervals JX be <ie( (‘nuiiied, 
of which the number is (> Mj), and let the lengiJi of eat;J) hitiu-val of 
not exceed a positive number §2 (< S^). Proceeding in tliis manner, t hiu’e 
can be defined, in accordance vdth some specified set of rules, a seipienee 
i)i, I> 2 :... -D «5 of finite sets of intervals, such that the int(‘rva.ls of />„ aie 
all not greater than an assigned number 8,^. Let it be sup])os(Ml IImI. iiie 
numbers Si, S,,... . form adiininishing sequence wJucli eonv(‘!-ges i (> zero. 

If we regard the intervals of each set as somi-closod. i.r. eios(‘(I on 
the left and open on the right, except that tlie cxti’enie iiUerviii «>n the 
right is talcen to be closed, each point of the closed interval is in oiu* and 
only one of the intervals of the set Pn j ^or each value, of //. 

The set of semi-closed intervals (excej)t that tiie (‘.vl.rium' oiu' on 
the right is closed) may be spoken of as a net, and the nets c*orres])onding 
to n = 1, 2, 3, ... may be called a system of nets fitted on to the infer r(d {a, b). 
The particular net may be called the net of ordcj* n, or IJie //Ih of 
the system. The separate intervals of the net /)„ may be s])ok(‘n of 
as the meshes of the net Z)„. 

The fundamental property of such a system of nets is that eaeli j>oint .r 
of the interval {a, h) is in one and only one mesh of cae.li of tlu* nets />„. 
These meshes, for ti = 1, 2, 3, ..., constitute a convergent seipiencc ui 
intervals of which the point x is the limiting point. In each m^t of iJu* 
system the rank, or order, of the meshes may be taken as tluMr ord<*r 
from left to right in the interval {a, 6). 

In case P^ consists of m meshes of equal breadth, of wr moslios of 
equal breadth, and in general P^ consists of meshes of equal brea.dtb, 
the system of nets will be said to be symmetrical. 

In some cases it is convenient to employ nets in which all the ineslu».s 
are closed at both ends. In that case a point x of (a, h) that is an end¬ 
point of a mesh of Pn will, in general, belong to two adjacent meslios oi‘ 
Pni and of aU the subsequent nets of the system. Such a point will cjonso- 
quently be the limiting point of more than one sequence of meshes. Huc*li 
a system of nets may be spoken of as a system of nets with closed meshes. 
It may or may not be a symmetrical system. 

In case the interval (a, 6) is replaced by an indefinite interval (■— oo, oo), 
(a, oo), or (— 00 , 6), the number of meshes of a net fitted on to such in- 
defimte interval will not be finite, but as before, the set of numbers 
Si, Sg, ... 8„, ... will be taken to converge to zero. 
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ilie definition of a system of nets can be extended to the case of cells 
of two, or of any number 39 , dimensions. In the case of the two-dimensional 
cell this rectangle is divided by straight lines parallel 

to tiio axes into a set of rectangular cells, the spans of all of which 
are n . Some or all of these cells are again divided into smaller cells, by 
the introduction of fresh straight lines parallel to the axes, so that the new 
set of cells Z)^ is such that their spans are all s Sg. Proceeding in this manner, 
in accordance with a specified set of rules, and the diniinisliing seq[uence {S„} 
being taken to converge to zero, we obtain a sequence 
of sets of ceils. We take each of the cells of -D^ to be semi-closed, except 
tliat those which have a side in common with one of those sides of 
which do not contain the point are closed 

along that side; that side itself being taken to be semi-closed, unless it 
has fQj, end-point, in which case it is regarded as closed. 

Each of the sets /)„ of rectangular cells is then termed a net; each of the 
cells of wliich 7),i is composed is termed a mesh of the net , and the 
totality of the nets {DJ is called a system of nets fitted on to the cell 

Any point a; in the fundamental cell is now in one and one only of the 
meshes of Dn, for each value of 91 ; and consequently a; is the limiting point 
of a unique sequence of meshes of the cells of the system. 

It is easy to arrange the meshes of a net in ascending order or rank. 
Tlius Ave may take those cells Avhich have a side in common vuth a part 
of in ascending order from left to right; after these we 

may take in order from left to right those cells which have a side in 
common with one of those just referred to; then we take in order from 
left to right those cells which have a side in common with one of these 
latter, and so on. 

If the nets of aU have the same span 8„ for each value of and if 
the ratio of to is independent of n, the system of nets is said to be 
symmetrical. 

As before, a system of nets may be fitted on to the unbounded plane 
of 

In case all the meshes of Z)„, for every value of n, are closed, the 
system is said to be a system of nets with closed meshes. In this case 
the sequence of meshes of which the limit is a prescribed point 
is in general not unique. 

It is unnecessary to point out in detail the corresponding definition 
and convention for the case of a p-dimensional cell, when p > 2. It is 
clear that the number of dimensions makes no difference as regards the 
properties of a system of nets. 
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It will appear that a system of nets provides an ap}>iii‘aliis whieh is 
considerable utility as an instrument of investigation in the tlu^ory o!' sc^ls 
of points, and in that of functions of one or more variables, ^rjie ein])l()y- 
ment of this nomenclature has the advantages of prevenling i-epelition in 
the proofs of various important theorems, and of pi’ovnding tilu' means ol 
giving those proofs in a form applicable not only to linear st*ls of points 
or to functions of one variable, but also to sets of any iiumlKn* of dimen¬ 
sions, or to functions of any number of variables. 

Although the method, equivalent to the employment, of sysli'ins of octs, h.is been iel 
use for a considerable time past, the first fonmiUtion of tiu' ich'a of a of nets 

appears to be due to de la Vallde Poussin*. His terminology is howevcM* not idciitifal A\i(ii 
that here employed. He speaks of what is here termed a sysietu of nets, as simply a net 
(r4seau), and what is here called a not is termed by him a lattiet* (grillag**). iMor(‘o\(‘r he 
considers only what are here described as symmetrical sysh'ms of nets, and this is 
sufficient for the special purpose for which he employs them. J<^>r tiu* i»une geiier.il 
purposes of investigation, it is however convenient not to make tins **estrielif>ii, 
accordingly the wider definition given above has been hero adopt(‘d. 


THE LIMITI^^-G POESTTS AND THE DEKIVATIVKS OF A SET 

52. If a point x be taken in the interval (a, b), an interval (.t* - , .r H 

which lies entirely in (a, 6) is called a neighbourhood of the point a:; and 
this neighbourhood may be made as small as we please by ])r()])er ehoic*^ 
of and Cg- An interval {x, x e.^) is caUed a neighbourhood of .r on (he 
right, and {x — x) is called a neighbourhood of x on tlio left. I'ln^ emd' 
points a and b can only have neighbourhoods on the j*ight. and the It'll 
respectively. A neighbourhood of a point may be open or closed. 

In the case of a point in a plane, i.hc cell 

-f 

is called a neighbourhood of it may be closed or open. (Corre¬ 

sponding to neighbourhoods on the right or left, of a point x of a linear 
interval, there are in the plane four partial neighbourhoods of the point 
viz. the four rectangles 

(^(1), a;(2). ^(1) ^(2) ^ ^^(2))^ (ajd) _ 3 j(2) _ ^^(2). ^(2))^ 

(a;(i) _ €^(1)^ a;(2). ^(1)^ ^(2) 4. ^^(2))^ _ ^^(2). ,^.(1) 3.(2)), 

In p dimensions, similar definitions hold good; a point has 2^ partial 
neighbourhoods. The neighbourhoods can always be supposed to be in 
a fundamental cell, to which the point is confined. 

If ® points G, in any number of dimensions, has been defined, and 
a poiTvt P be such that every neighbourhood of it contains a point of G, oth^r 
than P itself, the point P is called a limiting point of the set Q, whether P 
belongs to G or not. 

* See his treatise Intigrdles de L^eague, Paris (1916), p. 16, at scg. 
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It should be observed that, if every neighbourhood of P contains a point 
of G, other than P, it must contain an infinite number of points of G. For 
let us suppose that a certain neighbourhood of P, contains only a finite 

set of points 3^, P 25 belonging to O. We may suppose P to be the 

limiting point of the sequence of meshes belonging to the nets 
of a system of nets fitted on to H, and such that P is interior to all the 
meslies r7„. Each of the points Pi, P 2 J Vin. he in only a finite number 
of the meshes of the sequence; hence, from and after some fixed value 
of n, contains no point of 0\ but is a neighbourhood of P containing 
no points of G, other than P itself, which is contrary to the h 3 q)othesis 
made above. 

A limiting point of Cr, defined as above, is also called a point of accumu¬ 
lation. Another definition of a limiting point is that it is a point P such 
that O contains a sequence of points {P„} for which the distance PP„ is 
less than an arbitrarily chosen number €, for all sufficiently large values 
of n. A point which satisfies this condition is certainly a limiting point, 
in accordance Avith the definition here adopted, but the question whether 
the converse holds will be discussed in Chap, iv, in connection with the 
multiplicative axiom. 

The fundamental theorem will now be established, that: Every hounded 
set of poiyits 0 lohicli contai^is an infinite number of points possesses at least 
one limiting point 

We may suppose a system of nets to be fitted on to the fundamental 
cell, or interval, in which 0 is contained. Of the meshes of at least one 
must contain an infinite set of points belonging to 6?; let dj be that one 
of such meshes which is of lowest rank. Of the meshes of Do which are 
contained in at least one must contain an infinite set of points belonging 
to 0 \ let da be that one of such meshes which is of lowest rank. Proceeding 
in this manner a definite sequence of meshes di, da, ... ... is defined, 

each of which contains an infinite set of points belonging to Q. The 
limiting point P of this sequence {d^ of meshes is a limiting point of 6r. 
For any assigned neighbourhood of G contains d„, from and after some 
fixed value of n, and therefore contains an infinite number of points of 0. 

It has thus been shewn that G has at least one limiting point. It may 
have a finite number, or an indefinitely great number, of limiting points. 
It should be observed that a limiting point of O may or may not itself be 
a point of O. In the case of a linear set of points, if either boundary of 
the set be not a point of 67, it is certainly a limiting point of 67; it may 
however be both a point of 67 and a hmiting point of 67. 

A liTm>.iTig point P of a linear set is a limiting point on both sides, if 
an indefinitely great number of points of G lie in every neighbourhood 
of P on the right, and also in every neighbourhood of P on the left. 
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Otherwise P is a limiting point of 0 on one. side. only. I'liis dislinetioii 
may be extended to the case of a limiting point P of a s('.t G in p dinu^n- 
sions, the 2^* partial neighbourhoods of P corresponding to noighbouriioods 
on the right and left of a point of a linear set. 

53. The theorem of § 52 does not hold for tlic ca.se of unbounded std.s 
of points. For example, the linear set which consists <d‘ })()inis I, 2, 
3 , ..., w, ... has no limiting point, in accordance with the delinition given 
in § 52. The same remark applies to the set of points - - L - 2, 3, 

— yt, .... If we apply to either of these sets tJie transformation 

^ = xjVx^ -y r, 

where the positive value of the radical is always taken, llu' sets on t.ho 
interval of i which correspond to the above sets arc 

1 /V2, 2/^/5, 3/ViO, njVn-Ti\ 

and —1/^2, — 2/'\/5, — 3/VlO, — 7?/V7?.® H-1, 

which have as limiting points the points 1,-1 respectively; these points 
1, ~ 1 being the end-points of the interval (— I, 1) of To the inde¬ 
finitely great interval of x, which is an open interval, there corre.s])on(is 
the open interval (— 1, 1) of and in the former interval there ar(^ no 
points which correspond to the points — 1, 1 of the interval of x. If wo 
agree to adjoin to the set of real numbers, two improper numbers - cx), cx), 
which are taken to correspond to the numbers — 1, 1 in the clo.sed interval 
(-1,1) of we now regard (— oo, oo) as the closed interval of x corre¬ 
sponding to the closed interval (— 1,1) of To a neighbourhood (I — e, 1) 
on the left of the point ^ = 1, there will correspond the interval 

AlT - f oo) 

V(2€ - / 

on the left of the adjoined point a; = oo in the linear interval of x. The 
point a: = 00 may be regarded, in an extended sense of the term, as the 
limiting point of the set of points 1, 2, 3, .... It corresponds to the limiting 

point 1 of the corresponding set 1 /V2, 2/V5, 3 /Vl6, .in the segment 

(- 1. 1). 

In this extended sense of the term “limiting point,” the point oo will 
be a limiting point of any set O which is such that, corresponding to any 
arbitrarily chosen positive number A., there are points x, of O, for which 
x'> A, Similarly, the point — oo may be regarded as a liTniting point of 
the set G, if there are points of O for which a; < —- .4, for aU values of the 
positive number A. When cx) or — oo, is, in this extended sense of the 
term, a limiting point of Q, the point 1, or — 1, is a limiting point of the 
set of points which corresponds to G in the f-segment. 
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lo a neighbourhood (x — x -h € 2 ) of a point x, not GO or — 00 , in 
the interval (— co, 00 ), there corresponds a neighbourhood — £ 1 ', i -f € 2 ') 
of tlie point f which corresponds to x. It is easily seen that sequences of 
values of . £, which converge to zero, correspond to sequences of € 2 ' 
which converge to zero. Thus a finite limiting point of a set G in the 
interval (— co, 00 ) of x corresponds to a limiting point of the corre¬ 
sponding set in (- 1, 1) which is in the interval. 

It thus appears tliat, when the two points H- cx), — 00 are adjoined to 
the indefinite interval of so that it becomes a closed interval, the theorem 
as to the existence of a limiting point holds of the closed interval. The 
difference in the form of the condition that either of the points 00 , — 00 
should be a limiting point, from the condition applicable to a finite point, 
is seen to be unessential, as it disappears when the set is transformed into 
a set in the finite closed interval (— 1, 1). 

The intervals {A, 00 ), (— 00 , — A) may be termed neighbourhoods of 
the points 00 , — 00 respectively. 

The case of a plane set may be considered in a similar manner. Em¬ 
ploying the transformation 

by which points x^^^) of the unclosed infinite cell (— co, — 00 , 00 , 00 ) 
are placed in correspondence with points of the unclosed cell (— 1, — 1; 1, 1) 
in the plane of we see that, corresponding to a set of points in 

the latter plane which has a limiting point on the boundary of the rectangle 
{— 1, — 1; 1, 1), there will be a set of points in the plane of x^^^) 
which has a limiting point, in the extended sense of the term, on a 
boundary adjoined to the rectangle (— 00 , — 00 ; 00 , 00 ). In this case also, 
any limiting point of a set in the rectangle (—1, — 1,1, l)in which the 
points are contained, wiU correspond to a limiting point of the 

corresponding set in the rectangle (— 00 , — 00 ; oo, 00 ) in which the points 
x(^>) are contained. It is clear that there is an arbitrary element in 
the particular transformations employed. 

The set of points (x^^\ x^^^) such that ^ x^^^ ^ H- £', and 

^ Aj where €, c', A are positive numbers, may be called a closed 
neighbourhood of the point 00 ). A similar definition may be given 
for an open neighbourhood of the point. The set of points for which 

s A, x^^> ^ — B, where A and B are positive numbers, may be termed 
a closed neighbourhood of the point (oo, — 00 ); if x^^^ > A, < — B, 
the neighbourhood is open. Similar defimtions will apply to points at 
infinity of the other types. 

64. Returning to the case of a set G in a finite interval or cell, we 
observe that the limiting points of G form a set of points which may be 
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finite or infinite; this set is called the derived or first dvrlrative of (L 

and may be denoted by G\ In case the set O' contains an inHnih' ninnlMn- 
of points, it possesses itself a derivative set wliich is called t iu* * * § second 
derivative of 0. If we proceed in this manner, wc may obtain a. sci*ics 

O', G", G'", ... 

of derivatives of Q. If the ?ath derivative contains a fini((‘ niiinbc! 
only of points, then these have no limiting point, and we may say tJiai 
Q{n+i) = 0. It may however happen that, however large tlie int.eg(M* )i> 
may be, the derivative contains an indefinitely gi'oat number of point s; 
and thus a next derivative exists. 

A set O which possesses only a finite nmnber of derim lives is said to he 
of the first species. 

In this case, if contains only a finite number of points, the s(d O 
is said to be of orderf s. Thus, for example, a set of the first sj[)e(aos and 
order zero contains only a finite number of points; and a set of the lii-st. 
species and order 1 has a first derivative wliicli contains only a finih^ 
number of points. It wiU be observed that the order of cac*.h derivative 
of G is less by unity than that of the one which precedes it. 

A set 0 which possesses an indefinite number of derivatives is sahd to lx 
of the second species. 

Ab an example, we may consider the set of rational niimbiu’s in fclu^ 
interval (0, 1). The first derivative of this set contains every rc^al iiumbc]* 
in (0, 1), and all subsequent derivatives are identical with the first. 


1. Lett 


EXAMPLES 

gM i ^ M 

V ’2’3’4 "-71’'7 


We see that G* consists of the single point 0, which does not belong to Ox thus O is of Mu- 
first species and of order 1. 


2 . Let§ the points of G be given by 

L Jlj-JL J_. 

where Sj, 53 , each have all positive integral values. Here G' consists of the four sets 
of points given by 

— 1 111 111 
3*1 5*1 7*3’ 3«i'^5«3"^11«4' 3*1'^7*3■^11*'*’ 5*2"*"7*3*^IP*’ 


* The notion of the derivative of a set was introduced by Cantor, Math. Annalen, vol. v 

(1872), p. 128. Du Bois-Eeymond contemplated the existence of 1 iTinit.iTi£ r points of various 
orders, CrdUta Journal, vol. lx xix (1874), p. 30; in Math. AniMilen, voL xvi (1880), p. 128, Hu 
Bois-Beymond defined a hmiting point of infinite order. 

t Cantor. Math. Annalen, vol. v (1872), p. 129. { Cantor, MaAh. Anndlm, vol. v (1872). 

§ Ascoli, Ann. di Mat. (2), vol. vi (1875), p. 56. 
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and of the six sets of points 

^ a. L L ■ ^ i ^ 1 

3^ ,^ 2 * :i'\ ' 7 ^ 3 ’ 5 s. * 7«3’ o’*-' ii«4’ 


1 


and of the four sets of points — . . 

^ 3^1’ 5 «j’ 7*3’ 

together with the single point 0. G" consists of the last ten of these sets, and of the 
point 0. The third derivative G'" consists of the last four sets, and of the point 0; 6r"'" 
consists of the point 0 only. The set 6r is of the first species and of the fourth order. 

3. Let* the points of G be given by 

.1 

«1 ' "s ' 

where // is a fixed number, and each of the numbers .. takes every positive 

integral value. Jn this case G is of order n. 


4. The zeros I of the function sin ^ form a set similar to that in Example 1. The zeros 
of the function sin / —1-.\ form a set of the second order, those of sm / - - ■■ \ form 

\rJ 

a set of the third order, and so on. 


j of sm / - - ■■ \ i 

!sm—J 
\ sin - / 


5. Let.], the points of G bo given by 

1 1 ^ ^_1_ 

where have all positive integral values, including zero, and ?? is a fixed 

integer. It can be seen that 6/^"^ consists of the pomt zero only. 


DESCBIPTIVE TERMINOLOGY 

55. If 63 , Gg, ... denote a number of sets of points (either linear 
or in any number of dimensions), the set which contains every point that 
belongs to one or more of the given sets is called § their least common 
multiple, and is denoted by M ((?!, Gg, ... On). In case no tvro of the given 
sets have a point in common, the common measitre of the sets may be 
denoted by + Gg + ... -r and it may be spoken of as their sum. 
By some writers the term “sum” is employed for the greatest common 
measure. 

That set which contains all those points which belong to every one of 
the given sets is called their greatest common divisor, and it may be denoted 
by 2) (Gi, G 2 , ... On). By some writers this set is termed the product of 
the given sets, and is denoted by G^Gg ... G„. 

These definitions are still applicable in the case of an unending sequence 
of sets Gi, G 2 , Gg, .... 

* H. J. S. Smith, Proe. Lmid. Math. Soc. vol. vi (1875), p. 145. 

■(■ P Du Bois-Beymond, Crefl^s Journal, vol. lxxix (1876), p 36. 

t Mittag’Leffler, Acta Math. vol. rv (1884), p. 58. 

§ Cantor, Math. Annaien, vol. xvn (1880), p. 355. 
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If all the points of a set FI are points of a sot (7, If is sai<I to ho ooii- 
tained in 6?, or to be a 'part, or comqxyneni, of (7. Tiio s'oi (7 is said to 
contain J?. Those points of G that do not belong to if form ci. sol wiiio.li 
may be denoted by 0 — i?. The set G — ff is said to bo the vom plvmetil 
of H with respect to G, and is sometimes denoted by Ca (//). if iJus st'T. G 
consists of all the points of the fundamental interval, or ct'll (opcMi or 
closed), which contains IF, the set G — II caileci the. coiuphisnent oi If, 
and is denoted by G {FI). 

A set, all of whose Umiti'og points bdong to the set Usdf, is said to hv closed. 

Thus, in a closed set, the derivative G' is a coinpoueid. of (7. 

Although the definition of a closed set would bo ap]>lieahl<^ tt) an un¬ 
bounded set, in case limiting points in the extended sense of tin^ Icu'in are 
admitted, as explained in § 53, it is usually convenient lo revstriet state¬ 
ments as to closed sets to the case in which they ai*e bounded. Acc'ord- 
ingly, it will in general be assumed that a closed set is a bounded o!H' 

A set of points G is said to be an isolated set when no 'point of the set is 
a limiting 'point of the set. 

Thus, we have, for an isolated set O, the condition /) {G, G') = 0. 

If, from any set G, we remove those points which also ht'long to its 
derivative, the remainder is an isolated set; thus G — D {<7, C7') forms an 
isolated set. Any set G may be regarded as the sum of an isolated set 
and of a component of the derivative G\ 

If a component H of the set G is such that every point of (7 is a Uniitimj 
point of H, the set H is said to be dense in G. 

If we consider the case in which H is identical with G, wc obtain the 
definition: 

If every point of G is a limiting point of the set, G is said to be dense in 
itself. 

For a set G, dense in itself, (? is a component of the derivative' G'. The 
rational numbers of the interval (0, 1) form a set that is dense in itself. 

A set G which is both closed and dense in itself is said to be pe/rfect*. 

Thus a perfect set G is identical with its derivative. It follows that 
every perfect set is of the second species. 

By some writersf the term perfect is applied to sets which, in accordance 
with the terminology of Cantor here adopted, are only closed, without 
necessarily being dense in themselves; what is here called a perfect set 
is then spoken of as an absohitelyi perfect set, 

* Cantor, MtUk. Annalen, vol. xxi (1883), p. 575. 

t For example Jordan, see Cours ^AncUyae, voL i, Paris (1893), p. 19. 

X Borel, LeQons sur la ihione desfonctt&na (1898), p. 36. 
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In caHo tile set 0 consists of all the points of a closed interval, or cell, 
a set £l which is dense in Q is said to he everywhere dense* in the given 
interval, or cell. This is equivalent to the statement that: 

A set H is said to he everywhere dense^ or dense in an intervaly or in a 
cell, provided that no interval, or cell, contained in the given one, exists which 
contains no points of H. 

Similarly, if a set H is dense in a set O, no interval, or cell, can be 
determined such as to contain points of Q and no points of H. 

If U is dense in 0, the derivative H\ of H, contains every point of G. 
The derivative G' of a set Q which is everywhere dense in an inteiwal, or 
cell, must contain every point of the closed interval, or ceil. Tliis pro¬ 
perty may he used as a definition^ of the term “everyv’-here dense.’' 

By Du Bois-Rcymondi the term jjantachisch was used with the same 
meaning as everywhere dense. 

Any interval, or cell, contained in a fundamental interval, or ceil, 
may be spoken of as a sub-interval, or sub-cell 

If, in every sub-interval, or sub-cell (a', />'), of the fun flame nta I inter‘'fff, 
or cell {a, b), in which a set of points Q is contained, another sub-intervaL or 
S'tth-cell {a'\ b"), can be determined which contains no points of G, the set G 
is said to be ywwhere dense, or non-deme in (a, h) 

Thus a non-dense set is one such that no interval or cell exists in which 
the set is everywhere dense. 

A co-mponent H of a set 0 is said to be non-dense in, or relatively to G. 
if, in any interval, or cell, that contains points of G, a sub-interoaL or sun¬ 
cell, can be determined which contai'ns a point of G but no point of H. 

A point P of a set 0 is said to be an interior point of G, if a neighbour¬ 
hood of P can be determined all the points of which are points of G. 

If, however,, the set G be bounded, and contained in a fundamental 
interval, or cell, a point of O on the boundary of the interval, or cell, may 
be regarded as an interior point of G relatively to the interval or cell, if 
a neighbourhood of the point exists such that every point of that neigh¬ 
bourhood which is in the fimdamental interval, or cell, is a point of G, 
Such a point is however not an interior point of G, relatively to unbounded 
space, or to an interval, or cell, which contains the fundamental interval 
or ceU in its interior. 

Those points of a set Q which are not interior points of O, togetherr with 
those points of G (G) which are not interior points of G (G), form a set which 

* Cantor, Math, Annaien, vol. xv (1879), p. 2. 

t Baire, Annali d. Mat. (3), voL nr (1899), p. 29. 

X Math. Annalm, vol. xv (1879), p. 287. 
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is called the frontier of G or of 0 (G); the set C {G) dctiofing the rotnp/efncnt 
of G in the unbounded interval or spcuce in which G is cont(une<l. 

If, however, G is contained in an interval, or celt, and {G) denotes the 
cmnplement of G with respect to such interval, or cell, the set of points of G not 
interior to G, relatively to the interval or cell, together with those points of (^ (G) 
which are not interior to C (G), relatively to the in ter rat or cell, forms the 
boundary of G or of G (G) relatively to the fundamental inlet vat, or veil. 

To illustrate the distinction here made, wc coiisidoi- for cxjimpU* 
linear set consisting of all the points of the c*.Iosed inlorval {aj>)\ 
boundary of G consists of the two points a, b, which aro not. mlci’ior points 
either of or of C {G), the complement of G relatively to ( ./j, •/>) P>ut, 

relatively to the closed interval {a, h), the points a, h are intenoi- points 
of the closed set {a, h), in accordance with the convention made above'; and 
thus the set has no boundary relatively to the c*.iosed int.ei‘val (a, b). 

Every point of an open interval, or cell, is an interior point o! I Ik^ open 
interval, or cell, regarded as a set of points. For cxam])lc', every pe)mtof 
an unbounded space is an interior point of the unbounded s})ae(' e,()nsid('r(Ml 
as a set of points. 

An open set^ is one in which every point is an interior point. .1 set ts 
O'pen relatively to a fundamental interval, or cell, ivhen every point is an 
interior point relahvely to the interval, or cell. 

The term open set is however employed by some writers tt) tleuotc’s 
any set which is not closed. 

A non-dense set has no interior points, but an everywJiere ilens{' set 
may also have no interior points. An open set contains none of tlio jxjiiits 
of its frontier. 

It is frequently of importance to consider the properties of sel^s wJiieh 
are contained in a given perfect set G, or which have a part in common 
with G. 

A point P of a set H is said to be an interior point of IJ relatively to G, if 
it is a point of G and is such that a neighbourhood of P exists for which all 
the points of G in that neighbourhood are also points of U. 

Those points of Q which are limiting points both of II and of Go (//), 
where H is a component of G, are said to form the frontier of JI and of Oa (II) 
relatively to G. 

A set H, all the points of which are interior points of H relatively to O, 
is said to be open rdatively to G. 

A set H, such that no point which it has in common with Q is an interior 
point of H relatively to G, is said to be diffuse relatively to Q, or to be diffused 
inG. 

* dfi la Vallee Poussin, InUgrdlea de Lehesgue, p. 10. 
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If H lias points^ in common with and is not diffuse in G, it is said to 
he compact in G, 

This property of compactness was formulated by de la Vallee Poussin, 
■whose definition is equivalent to that here given. The term ^‘compact ’ 
is employed by some writers with a different meaning. 

PROPERTIES OE CLOSED AND OPEN SETS 

56. The cohnplement C {Q) of a closed set G with respect to a closed interval, 
or cell, in which G is contained, is an open set, relatively to the interval or cell. 
Conversely, the complement of an open set contained in a closed interval, or 
cell, is a closed set. 

For any point P of G (G) which is not a fimiting point of the closed 
set G is such that a neighbourhood of P can be determiiied -which contains 
no points of G. All the points of such neighbourhood (or of the part of it 
in the fundamental interval, or cell) are points of G (G). Therefore P is 
an interior point of G (G). It follows that G (G) is an open set. 

If If be an open set, a limiting point of C (H) cannot belong to II. 
because every point of U has a neighbourhood none of the points of which 
belong to G (H). Since every limiting point of C [H) belongs to C {H), 
the set G (J?) is closed. 

A closed set G being essentially bounded, the complementary set G [G) 
with respect to the unlimited interval or space in wluch 0 is contained is 
open in the absolute sense. 

An unbounded open set will only necessarily have a closed set as its 
complement, provided the meaning of the term closed set is extended bj" 
admitting adjoined points at infinity as points of the closed set (see § 53). 
For example, consider the linear set of all points x such that 0 < a;: the 
complementary set with respect to the indefinite interval (— oo, go) is 
the set for which — oo < a; ^ 0; and this can only be regarded as a closed 
set if the improper point — oo is admitted as part of it. 

The complement Cg (If) of a closed set with 7'espect to a perfect set G which 
contains H is open relatively to G. Conversely the complement with respect 
to the perfect set G of a set H cemtained in it, and open with respect to it, is 
a closed set. 

The proof of this theorem is precisely similar to that of the last theorem. 

If Gi, G 2 be closed sets, both the sets M {G^, O^, D ((?!, are closed. 

Let P be a limiting point of M (G^, G^\ then P must be a limiting 
point of one at least of the sets G^,02* For, if this were not the case, a 
neighbourhood of P could be determined so as to contain no points of G^ 
or of other than P, and therefore none of M {G^, G^. The point P 

* intiffredes de Lebeague, p. 106. 
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consequently belongs to one at least of the closed sets, and tIi<‘r("l(>ro in 
M ((?!, 02)9 which is therefore closed. A limiting point P, ol I> 
is clearly a limiting point both of (?i and of (' 4 ' tluM^^foro P bc^longs lo 
both these sets, and thus to I) (6?i, G 2 ), which is consctpiently closed. 

The theorem can be readily extended to the case of aii^' (iniie innnber 
of closed sets. Thus: 


If (?!, (?2j closed sets, both the sets 

aroM. ■» («.• e- - («>■ - "•) 


If the number of closed sets is indefinitely great, so Hint t li(‘\ torii! a 
sequence O-^, ... of such sets, the sot M , (L. ...) is not t‘s- 

sarily closed. For if belong to 6 ri, P 2 to G^, P.t to .the poiid c\ 

the hmiting point of the sequence P^, Po, .... does not n(‘e<‘ssa.ri!y he!o:m 

to any of the sets, and thus does not necessarily belong to J/ . 

On the other hand, the set D ( 6 ^ 1 , G 29 ...)j if ii^ exists, is necessarily eiost *[ 
for every hmiting point of it is also a limiting point of G,„ , lor i^aeli value 
of m, and is therefore a point of G„^ for each value of nt.. 

If Ol, O 2 , O 3 , ... be a finite iniwher, or a seqve 7 icc. of opt h 
is also an o'Pen set. 

The sets OuOg, ... all being open sets, the e.om])lejneniarv 
G (Ol), G (O 2 ), ... are all closed sets: and consequently 1 ) {U ((),), (' fo.»). 
is a closed set, whether the number of the given sots is finite <>!■ not. Win 
the set jD{G (Oi), G (O 2 ), ...} is clearly the complement of 3/ (Oj, .. 
which is consequently an open set. 

In case the sets Oi, Og, ... are all contained in a finite closed imervai 
or cell, the complementary sets G (Oi), O (Og), ... arc taken rehdivcdv to 
this interval or cell. If this is not the case, the sets C (Oi), (J ((h), ... wA) 
only be closed, in an extended sense of the term, when limiting ]>oint.s at 
infinity are admitted. This being taken into account, the proof applies 
to this case. 


^25 ••• fiwi a finite number of open sets, the sot f) (()|, (h, ... 
if it exists, is also an open set. 

For the set D (Oi, Og, ... 0^) is the complement of the set 

, , ilf{C'(0i),C(0s),...C7(0„)}, 

which is a closed set. 

The theorem does not hold for the case of an infinite iiinnl>e!‘ 
open sets. 

It has been seen that the properties* of a set of being perfect, closed, 
open, dense, or non-dense, are invariant for a wide class of transforma¬ 
tions of which examples have been given in § 53; special account being 
taken of the cases in which boundaries at infinity must be adjoined i ;0 
* See a paper by E. H. NeviUe, Acta Math. vol. xm (1920), p. 03. 
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the space in which a set exists. These properties of a set are accordingly 
said to be descriptive properties, as distinct from the non-invariant metric* 
properties which will be considered in Chapter iii. 

PROPERTY OF THE STTCCESSIVE DERIVATIVES OF A SET 

57. The following fundamental property of the successive derivatives 
of a set of points, in any number of dimensions, will now' be established. 

All tlie derivatives G”\ ... ... of a given set are clo-^ed sets, 

and each of these derivatives, after the first, consists of 'points belonging to the 
p^receding one, and therefore to G'. 

This theorem, usually stated for a bounded set, holds also for an un¬ 
bounded set, provided the extended meaning be given to the tez'ms, 
limiting point, closed set, wliich has been formulated in § 53 and § 55 

Tf a point P of w'here n ^ 2, existed, ^vhic-h did not belong to 
then a neighbourhood of P could be determined, so as to contain only a 
finite set of points of G, or no such points, and this neiglibourhood wculci 
therefore contain no points of G\ and consequently none of G '",... : 

which w''Ould be contrary to the hypothesis that P belongs to G^^^K There¬ 
fore every point of G^*^^ {n s 2) belongs to G'. By considering the case 
72. 2, we see that O' is a closed set. 

If wo take to be the original set, it follows from the above that 

every point of the second derivative, belongs to the first de*- 

rivative. We have thus shewm that 

= D(G', G", ... 

The der-ivative G' of a set O which is dense in itself is perfect. 

For G' is closed, and every point of G belongs to G' \ thus G' contains 
no point which is not a limiting point of G'. Therefore G', being both 
closed and dense in itself, is perfect. 

ENUMERABLE AGGREGATES 

58. An aggregate which contains an indefinitely great number of elements 
is said to he enumerable^, or countable (abzalbar, denombrable), when the 
aggregate is STjuch that a (1, 1) correspondence can he established hetweeii the 
elements and the set of integral numbers 1, 2, 3, .... 

An aggregate of objects is therefore enumerable if the objects can be 
arranged in a series which has a first term and in which any assigned 
object belonging to the aggregate has a definite place assigned hy a 
definite ordinal number n. Thus the elements of an enumerable aggregate 
can he represented by a sequence of symbols 

^ , 1^2 , . - - U^ , ... . 

* Cantor, CreUe^a Journal, vol. lxxto (1874), p. 258. 

H T 


6 



S2 Descriptive Properties of Sets of Points | ni. n 

It follows from this definitiori that tlie elomonts of t^o (Miunu'iMblo 
aggregates are such that a (1, 1) corresponds ice can lie (‘stahlislied be¬ 
tween them. 

If a new aggregate bo defined by selecting, in ai^cordnnct* wiili a rule 
or finite set of rules, elements from those whiciJi belong to an (Miuinerable 
aggregate, an indefinitely great number of sucii elenienls b(M‘ng taken, 
then the new' aggregate is also enumerable. For such a.n aggregah' selected 
from Vrii w,, ... ... isM,., ... (r < 5 < 1 ...), whic.li s.it.islics IIk' con¬ 

ditions of liaving a first term, and of having eacJi element of I lie jiggregalo 
in a definite place in the series. It thus appears that- a (!, I) convspon 
dence can be established between an enumerable a.ggregal.e find oiu* whic.h 
is a part of that aggregate, provided this part be noli linile. This is the 
characteristic property which distinguislies an a.ggr(‘ga.h‘ coniaining an 
indefinitely great number of elements froTu one c.ontaining onl\ a. I ini to 
number of elements. For example, a (1, 1) correspondence ('.\is1s bci wciui 
all the integral numbers and all the odd nuinbcj's, or Ixdiween ail the 
integral numbers and all the prime numbers. 

If a finite mmiber of enumerable aggregates he. (jiren, or even if t hr number 
of such aggregates he indefinitely great, but enumerable, then the netr aggregate 
formed by combining these aggregates into a single one is itself enumerable. 

We may denote such a composite aggregate by tho lolli'rs 


%1 3 


'WlSs • 

■ * 3 • • • 

’^21 3 

'2^22 3 


.. ... 


^^J2s 




and we shall shew that the double sequence' so formed rc])r(\sonts an 
enumerable aggregate. To see this, it is sufficient to write the s(iqu('nc*.c 
in the form 

'*^12 j 

3 ^2 3 

'*^^2.n-2 3 ^3 . n—3 3 ■ • • 1 

where the sum of the indices is the same for all the terms wiiich are 
written in one horizontal line. It is now clear that each number has 
a definite place in a sequence in which has the first place; tho double 
sequence is therefore enumerable. 

An important particular case of the above result is the following 
theorem: 

The aggregate of all the rational numbers is enumerable. 
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A rational number pjq may be denoted by Uj,, therefore the aggregate 
is enumerable. It makes no difEerence that any particular number pjq 
occurs an indefinite number of times as since, if all such terms 

except those for which r = 1 , and pjq is in its lowest terms, be removed, 
the aggregate left is still enumerable. 

jFor example, the aggregate of rational numbers in the open interval 
( 0 , 1 ) may be arranged in the order f, J, i, -i, 4 , i, in 

which each fraction that occurs is in its lowest terms. 

A method of placing the rational fractions between 0 and 1 into corre¬ 
spondence with the integers 1 , 2 , 3, ... has been given by Paber*. By this 
method the integer corresponding to a given fraction can be calculated b 3 ^ 
means of formulae. Faber shews that there exists a unique representation 
of a given proper fraction pjq, in the finite form 

2!“^3!^4f iriyi » 

where a,, is an integer (or zero) <r -- 1 ; whereas eveiy integer is uniquely' 
representable in the form 

6 jl + 63.2 -{- 63 . 2.3 -r ... + 6^.2.3.4 ... > 1 . 
where 6 ^ is an integer (or zero) < r -{- 1 . 

To the proper fraction pjq there corresponds the unique integer 

Uj -}-flS2.2! -j- C&3.3! “i" ... ~T CL,I . ^2' I 

59. A more general theorem has also been established by Cantor j. An 
algebraical number is one which is a root of an algebraical equation in 
which the coefficients are all rational numbers, so that the coefficients 
may without loss of generality be taken to be integers. Cantor’s theorem 
is, that all the algebraical numbers foi'm an enumerable aggregate. 

To prove this theorem, let 

-f p^x^-^ -f ... -i- Pn = 0 

be an equation in which Po» ••• positive or negative integers 

(including zero): and let 

I iPo I + 1 Pi I -h + I Pn 1 -f ’I = A’; 

then is a positive integer which may be called the rank of the equation. 
It is clear that there are only a finite number of equations of any given 
rank, these equations having only a finite number of roots. If then we 
let A = 3, 4, 6 , ... successively, aU the algebraical numbers can be arranged 
in a simple sequence; and thus they form an enumerable aggregate. The 
aggregate which is formed of aU the real algebraical numbers is conse¬ 
quently also itself enumerable. 

* Ma£h. AnncHm, vol. lx (1905), p. 196. 

t OreUe's Jourrud, toI. Lxxvn (1874), p. 258. 


6-2 
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A niunber wLicli is not an algebraical luiinber is said tt> be 1 i*iiiisi*c*u ■ 
dental. The existence of transcendental numbers was first. establislH^d^'* b^' 
Liouville, who shewed how examples of such numbers could b(' iornu'd. 
No general criterion is known by whicli il can be decided uludber a 
number, defined by a given analytical procedure, is alg(‘briiical or trans¬ 
cendental. The first case in which such a number, well known in Analysis, 
was shewn to be transcendental was that of the numbei’ c, tJu^ base* os’ the 
natural system of logarithms; and the first proof that c is t I'a-n scene hail a 1 
was given by Hermite. The next case in which a number, deiined a.n.d\ 1 1 - 
cally, was shewn to be transcendental was that of tin' nnndx'r tt. 'rhe 
first demonstration of this important fact is due to Lind('m«Muri\ who 
proved the more general theorem that, if c-*’ -- y, the two mimlxas .r, // 
cannot both be algebraical, except in the case, r-- 0, y 1. Il ibllows 
that the natural logarithms of all algebraical numbers are liMnse.t'ndt'nlal. 
as also are all numbers of which the natural logarithms arc' algebi-aical. 

60. The following fundamental theorem will now l)e csla-hlislu'd;:'; 

The aggregate which consists of the contimmm of nimiher^t hi a given 
interval is not enumerable. 

Suppose that cdi, 0 ^ 2 , ... denote the numbers in an eniimerahlc' 

aggregate; it will then he shewn that, between any two real nimd>('r.s u, /? 
whose difference is as small as we please, a number occurs whicli doi's not 
belong to the enumerable aggregate. It will then follow^ tliat, in 1 hi' given 
interval (a, jS), there are an unlimited number of points winch do not 
belong to the enumerable aggregate, and thus that tlio laKi'r caimot. 
contain all the points of the continuum. If the enumerable set of ])oij[its 
is not everywhere dense in {a, j3), then smaller sub-inteiwals inside («, j3) 
can be taken which contain no points of the aggregate; and thus we havi' 
only to consider the case in which the given aggregate is every wdierc' dense 
in (a, ^). Let be the first of the points a> 2 , ... wdiich lies witJiin 
(a, P), and be the next of these points which lies within («, p) so tJiat. 
Ki < /C 2 . Let a' be the smaller, and P' the greater of the numbi'rs 
then a<a' < p' < p, and fcj < icg; and if /x < then docs not lie 
within the interval {a\ P'). Considering this latter interval, U't 
be the first two of the numbers of the enumerable aggregate which lie 
within («', p'), and let a” be the smaller and j 8 " the greater of these, thi'ii 
< P" < P\ aiid /ca < K 3 < /C 4 . Proceeding in this manner, we obtain 
a whole series of sub-intervals each one of which is entirely within the 
preceding one; thus lies within and if /x • k:.., 

then does not lie within p ^''^); also 

ICi < JC 2 < K 3 < .. . < K2v-2 < lC2ir-l < K2v , 

* LumviUe^s Jourrud, vol. xw (1851), p. 133. t See MaJth. Aniwlm, vol. xx (1882), p. 213. 

% Cantoi, CrdLe^s Journal, vol. Lxxvn (1874), p. 260. 



<5o] Enumerable Aggregates 85 

and 2v si k^vI and thus lies outside Since the numbers 

a , a!\ a'\ ... are in ascending order, and all lie within (ce, j 8 ), they have 
a limit A ; similarly jS", fi'", ... have a limit B; and <A<B< 

A < B, then, since all the numbers are outside the interval (A, B), 
the given aggregate is not everywhere dense in (a, J3); which is contrary 
to hypothesis. Hence we have A=B: and the number A. or B, is a 
number which does not occur in the aggregate coi, 6 O 2 , .... thus the assump¬ 
tion that all the real numbers in a given interval can be effectively arranged 
in a simple sequence has been shewn to lead to a contradiction. 

It will be observed that the point of the foregoing proof consists in 
the fact that an every^vhere dense enumerable aggregate necessarily has 
limiting points which do not belong to the aggregate 

A second proof*, also due to Cantor, that the continuum is not 
enumerable is the following:—Without loss of generality, the interval may 
be taken to be ( 0 , 1 ). Suppose it to be possible to state a set of rules by 
which all the numbers mthin this interval are arranged in a sequence, so 
that there is a first, a second, a third, and so on; and so that every number 
occurs somewhere in the arrangement. 8 ince certain rational numbers are 
capable of double representation, viz. by means of a decimal in which, 
from and after some fixed place, aU the digits are zero, and also by a 
decimal in which, from and after some fixed place, all the digits are 9, we 
shall suppose tliis last mode of representation excluded, so that each 
number is represented uniquely. Subject to this convention, let the 
numbers, in order, be exliibited as decimals 

'P11P12P13. 

'P21 V12 P23 . 

•V3lPz2l>33 . 


where each p stands for one of the digits 0, 1, 2, ... 9. 

It is assumed that we are in possession of a set of rules by means of 
which the mth digit of the ^th number can be determined, for each pair 
of values of m and n, by means of a finite number of applications of the 
given set of rules. Let it be assumed that, if possible, all the reaj. numbers 
in the open interval ( 0 , 1 ) occur in the above sequence. If now a number 
in the open interval can be determined which does not occur in the above 
sequence, a contradiction will have been shewn to be involved in the 
assumption that all the numbers in the interval occur in the above 
sequence. Now such a number can be defined, for example, by the 
following rules. Let the w-th digit of the number be p^n = Pnn + 1, unless 
= 8 or 9; if pnn = 8 or 9, let = 0 . The number •Pul» 22 P 33 •- pnn 
* Jahresbencht der deutschen math. Vereintg. vol. i (1892), p. 75. 
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differs in respect of at least one digit from every miniber lu nhoxt^ 
sequence, and therefore cannot occur in the seqiienee. Tlw eoe.l ladieiioii 
in the original assumption is thus established. 

It will be observed that, in general, when any seqnenc‘t» of nninbers 
in the interval a <x<b has been defined, the e\isl(‘n(*e of tJi(‘ seejuence 
provides the means of defining other numbers in tiie inlei'\al tlial do not 
occur in the sequence. 

THE POWER, OR CARDINAL TSCMIHOR, Ol<' AN AlUiR 10<^AT!-: 

61. A notion of fundamental importance in the tln'ory of aggr(‘;j,idt\s 
is that of the poiee/*, or cardinal number, of an aggregate. I'Jiis notion will 
be considered more generally and fully in Chapter iv, whert' ii. will be 
shewn that the power of an aggregate is the genoralizaiicm of the* iioiion 
contained in the cardinal number of a finite aggregate At }>i-es«Mil, an. 
account of the notion of the power of an aggregate^ will be giveii, so far 
as it is necessary for the application to the case of sets of ])oints. 

Two aggregates of objects are said to have the scone notrr}\ or vanlihctl 
number, when a (1, 1) corres'pondence can he eMablislml hettreen Ihem, so ihai 
each element of either of the aggregates corres})onds to one. sunjir ehmetit (tj 
the other. 

Finite aggregates have the same power when tiie>- consist of the same 
number of elements, i.e. when they have the same cardinal luiinlxu*. (M‘ 
aggregates wliich are not finite we consider first onninojablc^ aggn‘gales. 
Every enumerable aggregate has the power of the aggrogat-o of int(\gra.l 
numbers; and this we may denote by a. It has been shewn above that., 
if from an aggregate of power a any elements be removed, tlwui the re¬ 
maining aggregate, provided it contains a non-finite number of (‘Icinent.s, 
has still the same power a. It has further been shewn that thii (joniposit.(i 
a-ggregate formed of a finite, or enumerable, set of enumerable aggregates 
has the same power a. It follows, as an interesting case, that tJie set of 
aU those points of a p-dimensional space whose coordinat.es ar(^ rat.ional 
numbers has the power a of the set of integral numbers, or of tlie rational 
numbers in a given linear interval. 

It is easily shewn that the power of the set of all the points in an 
interval (a, b) is the same as that in any other finite interval, say (0, 3); 

for ^ ^ ^ establishes a (1,1) correspondence between the points x of 

(a, b) and the points f of (0,1). Again, the relation —^ estab- 

V a:® -h 

lishes a (1, 1) correspondence between aU real numbers, and those within 
the interval (— 1, 1); and thus the power of aU real numbers is the same 
as that of aU those in a finite interval. This power is caUed the cardinal 
number of the continuum, and may be denoted by c. 
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As regards unenumerable aggregates in general, it can be shewn that 
the power of such an aggregate is unaltered by removing from the aggre¬ 
gate any elements which form an enumerable aggregate. Let A denote the 
given aggregate, and a the enumerable aggregate which is removed; and 
let B denote the remaining aggregate, which cannot be enumerable, for 
otherwise (a, B)^ or ^4, would be so also. Prom suppose an enumerable 
aggregate cc' to be removed, leaving the aggregate C, thus A = (a, a', C), 
B = (a', G), Now (a, a’) and being both enumerable, have the same 
power; and a (1, 1) correspondence therefore exists between their elements: 
and since A and B have the aggregate C in common, it therefore follows 
that A and B have the same power As an example of tliis th.eorem, we 
see that the set of irrational points in a given interval has the power c of 
the set of all numbers in the interval. Again the set of transcendental 
numbers in a given interval has the power c of the continiiLim. whereas 
the set of algebraical numbers in the same interval has the power a. In 
this proof, the assumption has been made that the unenunierable aggre¬ 
gate B necessarily contains an enumerable part a . 

The known infinite sets of points defined in accordance with the 
methods usual in the theory of sets of points, in a line or in a continuum 
of any number of dimensions, have either the power a or the power c: 
but it has not yet been established that the assumption or the exi-^tenc-e 
of an infinite set of points which has neither the power a nor tho power r 
leads to a contradiction. Other aggregates have been contemplated wliich 
have a power higher than c; these will be referred to later, in deahng with 
the theory of functions. 

62. The p-dimensional continuum h-as the power c of the one-dimens ional 
continuum^. 

To prove this theorem, we use the fact that any irrational number in 
the interval (0, 1) can be exhibited uniquely as an infinite continued 
fraction j i 

-h 052 -r "T CCjt ...5 

where cq, ccg, ... ... are determinate integers for any given irrational 

number x in the interval (0, 1). Let 

1 1 1 

^1 ^ . -- 

(X^ ' ®23J—1 ' » 

_1 1_1 

CC 2 "f" ®3 j4-2 ^Pt2 • • • J 


1 1 1 

= -- 

^ ffj, + 02® + «3P + 

* Cantor, OrdU^a Journal, vol. Lxxxiv (1878), p. 242. 
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thus, corresponding to any value of rc, a sot of irrational munbors.ri .r,, 

is uniquely determined, and coiivei’sely, corresponding to any scd- of irra¬ 
tional numbers it’i, a-,, ... Xj,, an irrational number.r is uni<|uely didmanimvl. 

It has thus been shewn that the irrational }>oints of I1 h‘ liiu^ar con¬ 
tinuum (0, 1) correspond uniqueh^ to those points of the />-diin<'nsi()nal 
continuum in which each coordinate is in the inl.erva.l (0, i), and is irra¬ 
tional. It has been shewn in § (11 that tlio std of irra.li(mal \a.l\u‘s (d .r,, 
in the interval (0, 1), has the same power as the set of all I Ik* nninlx^rs in 
this interval. Since this holds also for rto, iv.^, ... .r„, it follows (Iial a (I, I) 
correspondence exists between that set of points in (lie M-dinK*nsioiia.l 

continuum, for which .have irrational valiums, and llu* sei 

in which Xj,X 2 . ... x,, have all values rational or irral.ional; thus Hk^sc 
sets have the same power. Hence the set of all points of l.lu* /;-dinu*nsional 
continuum, in w’hich each coordinate is in the. interval (0, 1), has Ihi* 
same power as the set of all points in the linear interval (0, I). H- lias 1 Inis 
been shewn that the ^-dimensional continuum lias tiu* same* power r as 
that of one dimension. 


Tirw ARITHMETIC CONTINUUM 

63. The arithmetic continuum being regarded as oblaiiuxl by ad¬ 
joining to the set of rational nmnbers the set of all their limbing points, 
the question arises how far it is legitimate to consider tlio com})lel(* set so 
obtained as constituting a single object, determined by ni(*ans of the 
elements of which it is composed. A finite set of numbers, or iioints, con¬ 
stitutes a single object determined by means of its parts, in the senses 
that those parts can be exhaustively exhibited by means of a finitiO numbin' 
of specifications representable by a finite number of symbols. An (Miumiu- 
able set of numbers, or of points, in particular the set of rational numbers, 
is not determinate in the sense that the elements of the sid. can be ex¬ 
haustively exhibited; but it is determinate in the sense tliat a rule of 
tabulation can be given, such that each particular number of thi'. se(. 
occupies a determinate place in the table; and each partie.ular n inn bin* 
can be represented by means of a finite number of symbols. 8uch a set/ may 
be regarded as an aggregate, or single object, in the same sense in wliic.li 
the natural numbers 1, 2, 3, ... may be regarded as forming an aggregate 
(see §4). When we come, however, to the case of the continiiiiin, or 
s-ggregate of all real numbers, the fact that this aggregate is unenutnei’ablo 
introduces a new element into the question of the legitimacy of considering 
the set of these numbers as forming a determinate whole, or as constituting 
a single object of thought. The set of real numbers cannot be tabulated 
in such a manner that no number fails to occur at some definite place in 
the table. In fact it has been shewn, in § 60, that the assumption of the 
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existence of such a table leads to contradiction. It thus appears that no 
set of rules or specifications can be given which suffice to determine suc¬ 
cessively all the numbers of the set; and no finite set of symbols can 
exhaustively exhibit the numbers. The only sense in which the numbers 
of the set are determinate is that each such number is the hmit of a con¬ 
vergent sequence of numbers, taken from the unending table formed by 
tlie rational numbers. It may fairly be doubted whether such a negative 
specification of elements amounts to a vaUd synthetical definition of a 
determinate aggregate; tliis point wiU however be fm’ther discussed in 
Chapter iv, in connection ^nth the general theory of aggregates. It will 
there be sliewn that the arithmetic continuum has an order-type possessing 
definite characteristics which, in their totality, uniquely characterize it. 
This expresses the only kind of unity which can appertain to the con¬ 
tinuum, considered as a synthetic arithmetic construction. From the 
point of view of Arithmetical Analysis the existence of the aggregate of 
real numbers, as a single definite object, possessing assigned properties, 
may be regarded as a fundamental postulate, the validity of such postu¬ 
lation being subject to the law of contradiction If it be held that we 
possess an independent knowledge of the existence of the geometrical 
continuum, derived by a process of idealization from our intuition of 
space, W'e may regard the function of tlie set of real numbers to consist, 
not in a synthetical formation of the concept of the continuum, but in¬ 
versely in an analysis of the contents of the continuum It is difficult to 
see how precision can be introduced into the intuitional notion of the 
spatial continuum apart from some theory relating either to points or to 
infinitesimals; and the language employed in such a theory must be of a 
.symbolical character amounting to the use of some Idnd of arithmetical 
notation Regarding the geometrical continuum in this way as a single 
object of which we have a direct knowledge obtained from our intuitions 
of space and time, the reduction to a precise abstract form may be re¬ 
garded as being made upon the assumption that the system of rational 
numbers, with their limits adjoined, is adequate to the analytical descrip¬ 
tion of the continuum, in the sense that each point in the continuum is 
represented uniquely by a single real number, and that there is no point 
in the continuum which is not so represented. This amounts to a defini¬ 
tion, in a certain sense, of the contents of the geometrical continuum. 
Such defixution is not the only possible definition, but it is a legitimate 
one, provided it suffices for the purposes we have in view in Analysis and 
Geometry, and provided it does not conflict with the concept of Continuity 
as derived from intuition. The generic distinction between a continuous 
geometrical object, and a point, or set of points, situated in that object, 
is not capable of direct arithmetic representation. This does not, however, 
impair the efficiency of Arithmetical Analysis in dealing with geometrical 
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objects. In Cartesian geometry, for exam])lo, Ati.dysis is vciAly concoi-iieti 
only with the points that can be dotcrminotl in tlio ruM.! objecis 

with which it deals. This does not mean that a t'ontinuxXis gcoinrtricjjl 
object is analysed into points w'hich arc of nocc\ssiiy lo lx* rc^gartb^d as its 
‘'pai*ts,” but it does mean that, for the particmhir purpose's of .VuaI\{.K*.5.i 
Geometry, an adequate treatment of it is to rt'gard it as a. st'i of points 

Taking as data the set of rational iiunibers, an irra.1 ioixil nii!nl>e‘r oi 
the continuum is defined in some manner which involvi's tli<* use of words 
and symbols. Such a symbol may have a luiitpu' iiH'a.uing, or it may he 
of the nature of a variable liaving as its licdd sonu' enuni('i’ai>!e sot ol 
rational, or of integral, numbers already defined, for example i lie symbol // 
may be taken to denote any integer of the se(]uen(*.e of nalural luimbms 
By means of a given stock of such w^ords and symbols it» is possible l.<'^ 
define only an enumerable sot of elements of tlie continuum, c'ach wiprd. 
or symbol, being employed a finite number of times only. On this ground 
it has been maintained* by Kdnig that the elejiionts of the arithnndic 
continuum fall into two classes; the first class consisting of uumbiirs 
capable of finite definition, and those of the second class being inherently 
incapable of finite definition. If this view were justifia}>le, gravi' dinumltios 
would arise in the whole theory of the arithmetic coutimuun, which i.s 
the basis upon which Arithmetic Analysis rests. For a-n object lhat i.*^ 
inherently incapable of being defined finitely may be hold uol to b«' 
definable at all, and such an object is regarded by many, it not. most, 
mathematicians as not being an existent object for maf/henia.ti(5al i lioiiglit. 
The fallacy involved in the introduction of this distinction ajijioai-s elc'arly 
when the method and implications of Cantor’s second ])rooE, given in § (iO, 
that the continuum is unenumerable, are fully siirutinizod. It was there 
shewn that if, by means of a given stock of words and symbols, a s('t 
numbers forming an enumerable aggregate is defined, tlie I'xislf'uc.e of 
such aggregate enables us to introduce a new word or symbol, or l.ogiv(' 
a new meaning to an existing symbol, which will represent tlio eiium(u‘a.blc5 
^-ggregate itself, and can then be employed for the purpose of defitung 
new elements of the continuum which do not occur in the aggrtsgate. 
Such a new element has a fibaite definition in the same sense as tliat in 
which the elements of the enumerable aggregate in question have finite 
defimtions. It must be remembered that an enumerable aggregate may 
itself be denoted by a single word or symbol that can be created or assigned 
ad hoCy whenever the enumerable aggregate has been defined. 

The essence of the proof in § 60 is then that there exists, and can 
exist, at any time, no stock of words and symbols which cannot be increased 

* See Konig, Math. Annalen, vol. lxi (1905), p. 156, also vol. LXni (1907), p. 217. See alrto 
Richard, Acta Math. vol. xxx (1906), p. 295, and Hobson, Proc. Land. Math. Soc. (2), vol. iv 
(1907), p. 210, and Whitehead and Russell, Pnyicipia Mathematica, vol. i (1910), p. 64. 
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for the purpose of defining new elements of the continuum. The theorem 
that the continuum is iinenumerabie is equivalent to the fact that the 
assumption of the existence of a final and complete stock of words and 
symbols, by means of which alone elements of the continuum can be 
defined by finite definitions, leads to a contradiction. Those elements of 
the continuum which are at the present time, or will be at a future time, 
capable of definition by means of the w'ords and symbols in existence, 
may form an enumerable set; but this does not prove that there exists 
any element of the continuum that is inherently incapable of finite de¬ 
finition. In fact it can be proved that those elements of the continuum 
that remain when the hypothetical elements incapable of finite definition 
are removed, form an aggregate winch has all the properties of the con¬ 
tinuum, and can therefore be identified with it. 

Let us consider the continuum of real numbers in the interval (0. i), 
and let O denote the set of those numbers in it that are capable of finite 
definition. In the first place, the set G is dense in itself, for any element 
of it is the limit of a sequence of rational numbers, all of wiiich belong 
to G. Next, the set G is closed; for if every number of a convergent 
sequence belong to O, it can be proved that the limit of the sequence 
belongs to 6'. Denoting the set {x„} by JE, the number wiiich is the limit 
of the sequence can be finitely defined as follows: Let the numbers of E 
be represented by non-terminating decimals so that in none of them are 
all its digits, from and after a fixed one, equal to 9. Let the digit of 
a number x be defined as that digit which is identical witli the digit 
of an infinite number of the elements of E. The number x so defined is 
the limit of the sequence of numbers all of wrhich belong to G, and .r, 
being thus finitely defined, itself belongs to G. 

The set G is thus dense in itself and closed, and is therefore perfect: 
it is clearly everywhere dense in the interval (0, 1). It has therefore ail 
the properties of the continuum, and therefore the hypothetical non- 
definable elements can be disregarded. 

It will be observed that the elements of the continuum cannot be 
exhaustively represented by any finite set of symbols, each used a finite 
number of times. Thus there can exist no systematic notation which 
suffices to represent all the numbers of the continuum. 

TRAJSrSFINITE ORDDsAIi JjOJMBBRS 

64. The theory of transfinite ordinal numbers had its origin* in the 
investigation of the theory of sets of points. The general abstract theory 
of such numbers, or order-types, will be deferred until Chapter iv; it is 

* An account of Cantor’s earliest presentation of this subject will be found in Malh. Annalm, 
vol. XXI (1883), p. 545. 
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necessary however to introduce here the c*oiu*epti<ii\s coiuuH'tcMl with the 
formation of these numbers, with a view to ntiliziiifj; I hem in tiu^ 1 luxury 
of sets of points. 

Let Pi, P 3 , ... Pm, . . denote a sequence of points in a .Djiven interval 
AB. representing a sequence Uo, f/ 3 , ... of increasing nuinhers, so that 

^1 < tto < — 

This sequence of points lias a limiting point wliicdi is not one <if tlu^ point-s 
of the sequence, and is on the right of all those points: tins limiting jioiiit 
we may denote by P^*. The symbol oi may be reganh'd as cicmoling a. 
new ordinal number which comes after all the ordinal numluM-s 1 , 2 , ... 

71 , ...; it is called the^rs^ transfioiite m'diiial numhrr. number e> is not 
contained in the sequence of finite ordinal nnmboivs, but eonu\s alter all 
of them; and we shall see that it may be takem as t-he lirst of a new 
sequence of ordinal numbers, all of which must be reganh^d as ordinally 
greater than the finite ordinal numbers. 



Fio. 1 


Suppose that beyond the point there are other points which wc wish 
to regard as belonging to the same set as the points P,, 7^^, ... ... 

then these points will he denoted by P«.ii, Pwia, ... P,o'//, : and if (hese 

points are finite in number, there will bo one of tlicuu whi(*h is the 

last on the right. The indices of all the points of the set will t hen Ix' 

1, 2, 3, ... 71, ... CO, oj -f- 1, CO H- 2, ... CO | 7n\ 

and the numbers co, co + 1, ... co + ^ arc regarded as a sot of transliniio 
ordinal numbers, which commences with the first transfinit.c^ ordinal 
number co, and contains the m succeeding transfiniie ordinal numbers. 
It may however happen that the set of points P„, 7^«i 1 , 7 *„i 2 , ... has no 
last point. In that case, assuming that the points are all contained in a 
finite interval, the set has a limiting point which is not contained in thc^ 
set itself; and this limiting point we denote by P„j„ or 7 \. 2 , wlioro co.2 
is an ordinal number which is not contained in the set co, co h 1, co 1 2, ..., 
but comes after the numbers of that set. 

If we wish to include further points which are on the right of P„.-.s, 
we must introduce numbers denoted by co.2 + 1, co.2 -h 2, ... ; and, in 
case these points form an infinite set in a finite interval, they will have 
a limiting point which will be denoted by P«. 2 +« or P^.a- We have now 
the ordinal numbers 

Ij ••• CO, CO -j- 1, CO “h 2, ... co.2, co.2 + co.2 -j- 2, ... co*3. 

If we proceed further in this manner, it is clear that we may require 
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numbers a;.;!, <jy.n -f 1 , -f- 2 , ... co.n -f 1 , where n denotes any 

finite number. 

Further, it may happen that the set of points , Fo>. 2 . Fa,. .i, - • • Pu,..: - - - 
is itself infinite, and has a limiting point on the right of all these points. 
This point we denote by P^-\ and the number we consider to be a new 
ordinal number which succeeds all the numbers w.n m, where n and m 
have all possible fijiite values. 

Points on the right of P^- may be denoted by means of the indices 

+ 1 , -h 2,+ 3, ...; and if these points are infimte in number, they 
may have a limiting point 

Points on the right of may be denoted by the indices -r cu — i 

-!- w H- 2 , ...; if these have a limiting point, it will be denoted by rlie 
index -i- co.2. Proceeding in this manner, we may have points of which 

the indices are - 1 - oj.3, - 1 - aj.4:,_ If there is an infinite set ot such 

points, and the set has a limiting point, on the right of the set, this 
limiting point will have co- -h or for its index. 

If we proceed still further, we see as before that we may have to con¬ 
template numbers of the form oj.q ^ r, where p, q, r are finite: 

afterwards oP, cd^ + 1, ..., co^.q -F a>.r + 5 , &c. The general type 

of ordinal numbers wliich can be obtained in this manner is repre'-ented 
by cD^.pn ■+■ + ••• "T oi.pi -f po- d is clear that, for the re¬ 

presentation of points of a given set, such numbers may be required 
as indices. 

It may happen that the set of points whose indices are a>, w-. cu^. ... 
is not finite; then the hmiting point of such set will be denoted by tlie 
index Starting afresh with this number, we may form numbers feucii as 

If the poi nts whose indices are co", co"”, a>"*, ... do not form a finite '^et, 
their limiting point will be denoted by cu"“. 

In a similar manner we may denote by the number which comes 
after the sequence oi, ai“, aj“", ...; and starting from € 1 , we may simi¬ 

larly proceed to form further numbers in endless succession. 

65. All the ordinal numbers which can be formed in the manner above 
described are formed by means of the application of Cantor's two prin¬ 
ciples of generation (Erzeugungsprinzipien). 

(1) After any number another immediately succeeding it is formed by the 
addition of unity. 

( 2 ) After any endless sequence of numbers, a new number is formed 
which succeeds all the numbers in the sequence, and Tuts no number imme¬ 
diately preceding it. 
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All transfinite ordinal numbers wliich can lx* fonnocl by nuMiis of tlioso 
two principles of generation are said to bo ordinal Tii!ini»(‘r.s <j| ili<‘ .scrnttfl 
class. The finite ordinal numbers are said to bo! of iho Jirsf r/r/.s-s*, #iK‘\' are 
formed successively, starting with the nunib('r 1, by sncMiis oi liu‘ lirst 
principle of generation alone. 

The numbers of the second class are of two oss(Mitialiy distiuoi sjXMMos: 

(1) , non-limiting numbers, those numbers whicii ha,vo oacli a. mimbv'r im¬ 

mediately preceding them, and from wiiu-li iboy are !'o!-moil by fbe 
addition of unity; for example ta-h \-to.q-\ \,co" ;<-«>■ i aial 

(2) , limiting numbers, those which have no niimbor imm(xlia.i<‘lN [)*‘ffodi!ig 

them, from wliich they are formed by llie addition, oi unity. Inr .implo 
CD, or -r o), oj" -1- limiting numbers. 

Any particular number of the second class can be th^nolixl hy a. linite 
number of symbols, but there is no upper limit to t.la^ uumbtM* of symbols 
required to denote such numbers. 

Cantor has further postulated the cxistcuc.e of a iiinn})Oi*li n bu li conu's 
after all the numbers of the second class, and is tla^ tirst. munixM* of a nc^w 
set which is called the tliird class. The number 12 cansiol* b(‘ obtanaxi as 
the number which succeeds a simple sequence, 5>y moa.ns of IIk' scx'ond 
principle of generation; for every nimiber which can b(‘ so ol)t.lined is 
itself a number of the second class. This number 12 cum be obtaincxi only 
by means of a third principle of generation, wJ)ich i)ostulat.(»s the*. t^\ist(Mico 
of a new number coming after all the numbers of t!ic compU^v formed by 
the application of the first and second principles of gonerat ion. Tlie validity 
of the postulation of the existence of the number 12, and ol ihc* liigiu^r 
numbers of the third class, will be discusvsed in Chapter iv. 


66. A fundamental property of the numbers of the se(*.ond (djiss may 
be expressed as follows: 

Let P^,P^,P^, ••• Pnj PoH-i, ... be an infinite set of /xhiiIs such 

that either (1), there is a last point P^, where p is some nmnhvr of iJir second 
class, or (2), there is no last point, but every index occurs whic^k is less than 
some limiting number y of the second class, whereas the index y itself doe^ 
not occur; the set of points is then enumerable. 


The sets 


If 

P.. 

P 

... j. , ... 


P W+1 9 

... P u+rt j . ■ 

Pa. 2 , 

P U. 2 +I 9 

... P , 2 +n 9 

P U .3 9 

P a . 3+1 j 

... 

Pa.Ti 

■^<11. r+1 9 
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where every index less than a>^ occurs, form an enumerable aggregate of 
enumerable sets of points; and this has been shewn, in § 58, to be itself 
an enumerable set. Now consider the sets 


P «^3j 

P 

... J. (J , 

Pfiirrl 3 ■ ■ • P(0 . 2 J . 

Pa.3 

Pco® J PCll ’+1 ) 

«a +a» 3 

Pco"+to-|-l 3 • ■ • 


Pft)" 3 PoT . 2+1 j 

... Pfl," . 2+a» 3 

... 


PoiT . 3 J Poi~ . 3+1 J 

... P to" . 3-rto 3 

... 



such that in the first set there is every index less than in the second, 
every index less than co^- 2 , and so on. Each of these sets is enumerable, 
and there is an enumerable set of such sets; hence tlie whole set, which 
contains every index less than is enumerable. In this manner it can 
be shewn that, if every index less than oj” occurs, the set is enumerable. 
If the theorem holds for sets which contain, every index less than jSj. 

^ 3 , ..., then it holds for a set which contains every index less than jS, the 

limiting number of the sequence jSi- jS.,, ^3 . For the points wutli indices 

less than with indices ^ and < with indices ^ jS, and < jSg, &c. 
form an enumerable sequence of enumerable sets, therefore, by the 
theorem of § 58, the w^'hole set with indices < ^ is enumerable. Since the 
theorem holds for j 8 i = a>, jSg = jSs = ... it holds for p = cu^. By 

continual application of this method, since any number can be reached 
by means of the two principles of generation, and since every number is 
either a limiting number, or is obtained from one by adding a finite 
number, we see that the general theorem holds 

It will now be shewn, conversely, that if a set of points P^, P^, ... P„, 
... P„, ... P^ , ... is enumerable^ there must be some definite number y of the 
first or of the second class, such that y does not occur among the indices of the 
points, and such that every number less than y does so occur. 

In case y is a limiting number, there is no last point of the set; but 
if y is not a limiting number, there is a last point, viz. the one of which 
the index is the number immediately preceding y. 

To prove the theorem, we observe that, since the given set of points 
is enumerable, it may be placed in correspondence with a set of points 
Qi, O 2 J which all the indices are numbers of the first class. 

Let us suppose that, if possible, no number y exists; and let Pa^ be the 
point of {P} which corresponds to the point of {Q}. Let be the 
point of {Q} of smallest index, such that the corresponding point of {P} 
has an index which is > cq; denote this index by - Then let be that 
point of {0}, of smallest index, such that the corresponding point of {P} 
has an index > a^ \ denote this index by 03 . Proceeding in this manner, 
we have a set of points corresponding in order to 
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a set of points Pai,Pa,, Paj,, ••• Pa,,, ••• whcM'C' (f, , <t;, ... - u, : — 

There exists a number a of the second, class, which is the hitiit- (»1 the 
sequence cq, Og? •••««>•■■; by Inqiothesis Ihciv (‘\is(s a. point 

which has a for index. Now the sot {Q] can contain no point w im ii 
corresponds to Pa, because each point Q„ corresponds lo a point of ;/’« 
with an index less than a, and thus there is a contradiction in tlii^ hypo¬ 
thesis that a occurs amongst the indices of the points of j/^j !!cni*(‘ th.ci-e 
exist numbers of the second class which do not oeeiir as mdic(‘s in iIk' 
set {P}, and these numbers form a set vvliieh is .i i)a.i’i ol‘ tin* aggrt'g.Ot^ .if 
numbers of the second class. In this set then^ nuisl bi‘ a- lowest miinhcr - 
and this number y is the first which does not oeeui- a.inongst th(‘ indu es 
of the set {P}. That every part of the aggri'gali* ol ninnlxn-s of th(‘ In-'-t 
and second classes has a lowest number will be sluwvn, in (’haptci i\. to 
be a consequence of the structure of the ordei-i^d aggr(\e;at(\ 


li:XA]Vll>LKS 

1. On a straight line AB, lot us denote by ..., thosi* points .0 whu it i:.f 

ratio ABjPB has the values 1, 2, 3, .. . The point ofniioiilos with .1, ainl llu* pom: H 
cjan only be represented by P„ Now take any one ol th(‘ somnonts P^P, .i - this ni.'\ i 
convenience be represented on an enlarged scale. J^onoto by V/i' ■■ * I hi* poitas 

on at which PtPt-^JQPfj^x takes the values J, 2, 3,.. : thus l\ ,, o.m onJ\ In* o*pr» - 

sented by Supposing this to have been done with e\*‘r\ .s(*giiu‘nt P,P ,of AH. .“t 
us imagine all the points Q to he marked on AB^ and to be uiimbeu'd from l(*it to iiui w 
In P^Pi, we shall have I. 2, 3, ... tu, 

in P^P^ there will be «-h 1, w + 2, ... co.2, 

andinPjP^ w.2 I, cu.2 H 2, . . w.3; 

the point B can be represented only by a>-. If now we proeei'd lo l.ike eaoli segmt*L»t 
QrsQr,sj-\^ and to divide it in a similar mamier, at points B for whieb i 

has the values 1, 2, 3, ..., and then imagine all the points H oblaiiu'd in e\(‘r\ such 
ment QraQr,s^i to he marked on AB, and numbered as before, from left- to rigid, d w ill 
be seen that all the numbers <a-f}+coq-vr wall be required, and tliat tin* ])ojid- J> can be 
represented by o)"*. The points Pj^, P^, ... Pu, wall haves for their ordinal nunibi*rs 

1, cti\ o}^ 2, ci>-.3, ... CO'*; 

the point Qrs will be numbered <o-*.r h-co.s; the liiute. numbers are all used u]> in the ih'st 
sub-segment of AB. By proceeding to further subdivision, we uia.y exhibit, on .1/;, i-be 
ordinal numbers + +Po» the point B will lli(*n lx* r(‘presented 

by co”+^. 

2. The properties of the integral numbers in relation to their jirinie factors may be 
employed to rearrange the series 1, 2, 3,, so that the numbers ma.y be luado to eorn»spond 
with a series of ordinal numbers of the first and second classes. 

First take the primes 1, 2, 3, 5, 7, 11, ...; these correspond with the mimbors of the 
first class 1, 2, 3, ... %, — Then take the squares of the primes, omitting unity; \ve IhuH 
have 2®, 3®, 6®, 7®, 11®, ..., corresponding to cu, a> +1, w -i-2, ... ta+n . 

We then take the cubes of the primes, 

2®, 3®, 5®, 7®, 11®,..., corresponding to <0.2, <o.2+l,a>.2-H7, 
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and m general, 3’’+^ 5’'+^ ..., corresponding to w.r, co r +1, . . ca.r-^n, ... We may 
then take the numbers ah which consist of the product of two prime factors; these, arranged 
in ascending order, correspond to <a\ oi--!-!, ... <a^+n, ... Xest take the numbers a^h~, 

which consist of the squares of the last set; these correspond to w- -}- w, w- + <o +1. We 

then take the successive sets of numbers of the forms . ; A\e thus obtain the 

numbers which may be taken to correspond with 

oi“ + co.2f aj“ H- aj.2 -r 1, ... o)- + a).3, ... co“ -r - ry. . , 
all of which arc less than The sets of numbers of the forms 

a^h, {a^b)-, ..{a^b)% .. a^b, {aV})\ .. .. (i^b^ ia^b)-, ^ 

may then be taken. Afterwards, we may proceed with the numbers which contain three 
different prime factors, and so on. It is clear that this mode of rearranging the integral 
numbers in their natural order, so that they correspond in the new order wdth ordinal 
numbers of the first and second classes, admits of gi’eat variety’ In every case, there w’lll 
he some lowest number of the second class, w>’hich is not empi(t\f*fi in the rorrespondence 
established. 


TROPJiRTIES Oh' AGGREGATES Oh' CLOSED keTS 

67. The follo^ving theorem, due to Cantor, relating to a riec^uence cd 
closed sets, each of which contains the next, vv Ul be established. 

Having given a seque7ice of closed sets ... . . each of tvh>ch 

contains the next, there exists a closed set G^ each 'pomt of which belongs fa 
G ^, for every value of m. 

The sets may be in any number of dimeiibion«!. 

Apply to the fundamental cell (or interval) in which G^ is contained a 

system of nets ... _ There must be at least one mesh ot 

the net Dj, that contains points which belong to all oi the sets 6 r,„; tor 
otherwise, for some value of w, no mesh would contain a point of 
In case more than one mesh of has this property, we may suppose 
to be that one of such meshes which has lowest rank in the ordered set 
of all the meshes of . Consider next those meshes of i >2 that are in : 
as before there must be at least one of such meshes wdiich contains points 
that are in all the sets G^\ let da be that one of such meshes which has 
lowest rank of all the meshes of that are in Proceeding in this 
manner, there is determined a sequence d^, d^, ... , of meshes be¬ 
longing to i)i, Daj respectively, each of which contains the next, 

and each of which contains points that belong to for every value of in. 
The sequence {d^} defines uniquely a point P that is in aU the meshes of 
the sequence. This point P is a limiting point of for each value of m; 
and since is closed, it belongs to Thus the existence of at least one 
point of Go* has been established. The set G„ is possibly finite, and is in 
any case closed. For, in an arbitrarily small neighbourhood of a hroiting 
point P of the set Gm, there exist points of G«, and therefore points of 
G^; hence P is a limiting point of G^. Since G^ is closed, P must be a 
point of G^ for each value of m, and therefore P belongs to G„. 
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The corresponding statement does not newssarily hold good for a 
sequence of sets, each of winch contains the iu‘nI., wIumi the sets 
are not closed; for the point P, in the above proof, is tlwMi not, m^eessarily 
a point of the unclosed set The set CL therefo!‘e does not. neoc^ssar-ily 
exist. 

This is illustrated by the case in which (t^n linear s(d. of points 

A . } .... The point zero is siicJi that, in any nei.i^libour- 

m ' m + 1 H- 2 

hood of it, points of 6^„ exist for each value of />/., hut. t.ha.t, ])oint. d(a\s not 
belong to consequently the set Go, does not exist. 

The following generalization of Cantor’s tJu'orein has Ikhui given=*= hy 
Sierpihski: 

Having given a family F of closed sets, the necessary (Uid stiljicient con¬ 
dition that there exists one point at least which belongs io all the dosed sets 
G, of F, is that every finite number of the sets G belonging lo I he fantdy F 
lias at least one point in common. 

This may be proved by the use of a system of nets 

The following is a corollar^^ of tliis theorem: 

If F is a family of closed sets O, such that, if avy pair of I he sets G be. 
tahen, one of them contains the other, there exists at least one point common 
to all the sets Q which belong to the family F. 

TriJS TRAX^Si'JXlTK OERlVATrVKS OK A SET OK KOI NTS 

68. If G denotes a set of points in a cell (or interval) (a, b), it. has heeui 
shewn in § 57 that the derivatives G^^^, ... ... are all el()s(*d s<‘ts, 

and that aU the points of any one of these sets, a.fter t.he iirst, art* con¬ 
tained in the preceding set. If G is of the second specaos, (*\isl.s for 
all values of n, and in this case, in accordance with the tlieor(nn of § f>7, 
the set jD (6r^^h ...) which contains points belonging to <wery 

exists, and is closed. This closed set may be denoted by wlu'.rt' to is 
the first transfinite number. It is defined to be the derivativerj- of G, of 
order a>. In case contains more than a finite set of i)oints, \\i\ e,iin 
proceed to form successive derivatives of in a manner similar to that 
in which the derivatives ... of Q were formed. 'J'liose suce.essivo 

derivatives may be denoted by 6?^“+*^'... ..., and are re¬ 
garded as the derivatives of Q of orders c*> -f- 1, a> + 2, ... co -I■ . 'Thcjy 

have the same properties as the derivatives of finite order, viz. that all 
the points of each are points of and that all the points of any one of 
them are points of the preceding ones. 

It may happen that one of the derivatives ©("+«) contains no points; 

* BvMetin of Acad, of Sciencea of Crctcow, April—May, 1918. 
t See Cantor, Math. Annakn, vol. xvn (1880), p. 357. 
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then the process of forming derivatives has come to an end, the last one 
being 0("+«“i). if this is not the case, a repetition of the above reasoning 
shews that the set D j contains at least one 

point, and is a closed set; this set is denoted by Cr^" ■ , and is defined to 
be the derivative of O of order a).2. In the same manner we can proceed 
to form further derivatives, whose orders are numbers of the second class. 

In general, if a 25 «33 ... denote a sequence of numbers of the 

second class, whose limiting number is jS, the same reasoning as before 
shews that, if all the derivatives ... ... exist, then the set 

D ... ...) contains at least one point, and is a closed set. 

This is denoted by G^^\ and is defined to be the derivative of G of order jS. 

If we form the successive derivatives of the set G, whose orders are 
the numbers of the first and second classes, it may happen that there is 
a first number y, of the first or second class, for which G^^'^ =0; but this 
number y cannot be a limiting number of the second class. 

It may, however, happen that no number y, of the first or second class, 
exists for wliich G^^^ =0, so that derivatives of G exist of orders corre¬ 
sponding to all the numbers of the first and second classes. It will be 
shewn in § 82 that, if does not vanish, for some number y, of the 
first or of the second class, then there necessarily exists a number of 

the first or second class, such that G^^^ = =_ This set G^^^ 

is a perfect set, and it is frequently denoted by G^^^, v'here Q is the first 
transfinite number of the third class. The notation G^^^ may however be 
employed, independently of the acceptance of the theory of numbers of 
the third class. 

Conversely, if G^^^ does not exist, G^^^ must first vanish for some 
number y of the first or second class, which number cannot be a limiting 
number. 

EXAAIPLES 

1*. Let G denote the enumerable act of points, each one of which is gi^en bj 
1 ,_1_ ^ 1 

where 7 i has all positive integral values, excluding zero, and ... have all positive 

integral values including zero, independently of one another. 

It is easily seen that in the points ... aU occur, and hence that 

exists, and consists of the single point zero. 

2*. Let G denote the enumerable set of points, each one of which is given by 

11 , 1 ,__ 

2mjL 2”*i+”‘2+ •• 2”*i“Hnrr-. +»i»+P 2^+*"'a+ • ■ 

1 . . 1 _ _ 

+ 2«»i+»»a+ 

* These examplftw were given by Mittag-Leffler, Acta Math. vol. iv (1884), p. 58. 
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where m,,... ... g„ have aU positive iiiU'gral values, iiieliuiui!i '/ero. Ir, 

f.Tiig case consists of the single point zero. 

3*. Let G denote the emimerable set of points, oaoli one of \v!iieh is aiu-n l*.\ 

11 1 ^ ^ 

2n 2»+Wi j ^ ^ ^ 2" ^ ^ «■' 

-U ^ + H ' 

■ 2«H-«*i+ .+w„+i^K/i '2“r"'i:^«.l I »'« I/'I'/i I •/ ■ \Up 

where >», ///,, nto, ... //<,*, p, (/i, .. 7j). liave all positive integral values lit Hus t a'-r 
exists, and consiste of the single point zero. 


SETS OF INTERVALS OR OEU.S 

69. The properties of a set of intervals, or of cells, whieli intervals. oi 
cells, are assigned in any manner, arc closely comioctc^d with I lie [>ro- 
perties of sets of points, and will therefore ho oonsidert'd lun*e in son.ie 
detail. 

Let us suppose that a finite set of non-overlapping intc^rvals Ini'* 
defined, all in the finite interval (a, b). Denoting inlervais by 

(«!, 6 i) (a 2 , 62 ) ••• ^n)> us suppose that all tlio intervals (a,, l\) of 

the set are such that none of their lengths bg. - are Joss tJuin a fixed 
positive number e. Then the number n of the intervals (cannot. e\c,o(‘d 
(6 — a)/€. For the 2n points ai, 6 i,a 2 >^ 2 J divide ((t,b) into at 

most 2n -h 1 parts, the sum of the lengths of winch is b ‘ - a. Tliese parts 
consist of the n given intervals, and in general of comj)leineniat*y i nt (a-vals; 
it follows that the sum of the lengths of the 72. given intervals cannot 
exceed b — a; and thus that the number of the intervals cannot exceed 
(b - a)/€. 

Next, suppose that any non-finite set of non-overla])]^ing intervals is 
defined, all of the intervals lying in the fundamental intcirval (a, b). (lioose 
a sequence € 2 , ... ... of positive decreasing numbers wliieix eonverg«‘s 

to zero. The number of intervals of the given set which arc of Icngtli c,, 
is finite, since it does not exceed (6 — a)/€,». The intervals of givtai 
set can now be arranged in order of their lengths, taking first ihoso llial 
are ^ ci, then those that are < and ;& egi Ihero being only 

a finite number of intervals in each set. In case a nninber of intervals 
are of equal length their order may be that in wliich they occur in (a, />), 
from left to right. Therefore, since all the intervals of the given s(‘t can 
be arranged as a simply infinite aggregate, they form an cniuncfablcf 
aggregate. 

Next, suppose that the intervals of a given non-overlapping set are in 
the unbounded interval (— 00 , 00 ), in which the position of any point is 
denoted by x. If we consider the correspondence f = xjVx^ 4 - 1, where 
• This example was given by Mittag-Leffler, Acta Math. vol. iv (1884), p. 68. 



101 


68, f) 0 ] Sets of Intervals or Cells 

the radical always has the positive sign, the unlimited interval (— 00 , 00 ) 
corresponds to the open segment (— 1, 1) in which the point ^ lies. The 
intervals of the given set correspond uniquely to intervals in {— 1, 1), 
and the set of these latter intervals is enumerable; hence the given set 
is so also. It has thus been shewn that: 

Every set of intervals in a bounded, or unbounded, interval vsliicJi is such 
that 710 two of the intervals overlap is either fioiite, or forms aii enumerable 
^ggregate^. 

The corresponding theorem can be shewn to hold for a set of non- 
overlapping cells in two or more dimensions. Two such cells may have 
a portion of their boundaries in common. 

It will be sufficient to consider the case of plane cells; the method of 
proof can be extended to the case of cells of any number of dimensions. 

First, let a finite set of non-overlapping cells 
(r = 1, 2, 3, ... n) be contained in the cell 6^-^), and let us 

suppose that 6^*^^ — a/^^ ^ for r = 1, 2, 3, ... 71 ; where 

^( 1 )^ g( 2 ) denote fixed positive numbers. The number ?i of the cells cannot 
exceed (b(^> - 

For, let the fundamental cell be divided into parts 

by constructing straight lines parallel to the axis through the points 
on the axis which are represented by the 2n numbers a^^^^ bi^^\ 
63 ^^^ ... an^^\ and by constructing straight lines parallel to the 
axis through those points of the x^^^ axis that are represented by the 
2n numbers 6,< 2 ), ^^(3)^ 6 ^( 2 ). 

The sum of the products of the sides of these parts into wliich the 
fundamental rectangle is divided is clearly equal to (6^^* — (b^^^ — 

Every one of the rectangles of the given non-overlapping set is either 
identical with one of these parts, or is the sum of two or more of the parts. 
It then easily follows that 

''s' (6^(1) a^(i)) (6^(2) _ a/2)) ^ (^d) _ (6(2) - 

r -1 

and from this it follows that the number of the rectangles of the given 
set cannot exceed (6(^) — a(^)) (&(*) — 

Now let us consider a given non-finite set of cells, no two of which 
overlap, and all in the rectangle (<x(^), a(2); 6*^), 6(®))- Give to the values 
in a sequence of diminishing numbers ••• 'which con¬ 

verges to zero; €(®) having the values in another such sequence € 2 ^®^ — 
The number of cells of the given set which are such that one side is 
^ and the other ^ is finite; for it is not greater than 
(6(1) - ad)) (6(2) - 

* Cantor, Ma£h. Annalen, vol. xx (1882), p. 118 et segr. 
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We can now arrange the cells of the given set in ordov. taking first 
those for which the sides are ':5 and " llnm those tor which tlu* 
sides are < and and so on; there being only a iinitc^ 

number in each set. In each of such finite sets tlie cells ai*(' arrang<‘(] iit 
descending order of magnitude of the prodnet-s of the si(h% or, in ease oi 
equality, in order of rank. Thus, since tlie wliole st^t can bo a.rra,ng(*d as 
a simply infinite aggregate, the set is enumerable. 

The case in which the cells of the set are in unbounded plaiu^ spjuu^ 
can be considered as before by employing the correspondence 

^(1) _ i,(l)/{(a;(l))2 + 1}1, |(2) a;(2)/((:,(2))-.J ; vf 

We have now the general result: 

Any set of no7i-overlappi7ig cells in p-dimensioval space forms an onniu r- 
able aggregate. 

It will be observed that, although geometrical language is employed 
above, the proof of the theorem is essentially aritInnot.i(*al. 

70, Every isolated set is enumerable. 

This theorem may be proved by applying the thoorein in § (it). 

Let P (a;) be a point of an isolated hnear sot. The positive numbers h 
can be divided into two classes, the first consisting of the numbers h such 
that the closed interval {x,x + li) contains no points of the. givtui set, 
except the point x, and the second class consisting of those numbeu's h 
for which this is not the case. The two classes will bo separaled by d 
number where x is either a point of the given set, or else is a 
limiting point of the given set but does not belong to it. A siiuila j-.inl erval 
(x — h^, x) may be defined on the left of x; the interval {x — //.j, x I- hj) 
contains no point of the given set in its interior, except x. Lt^t p be line 
smaller of the two numbers and let the interval (u; -- p, a; i p) 

correspond to the point x. Taking the set of all intervals (.*; — p, x -I p) 
that correspond to the points of the given set, we see that this set of 
intervals is non-overlapping, and is consequently enumerable. Sincci each 
interval corresponds to the point x at its centre, it follows tliai; the givcMi 
isolated set of points is enumerable. 

In the case of an isolated set in space of two, three, or more, dimen¬ 
sions, it can be shewn that, with each point x as centre, a circle, sphere, 
or hyper-sphere of radius 2p can be so determined that no point other 
than X is interior to it, and such that this is not the case for any circle, 
or sphere, of greater radius. We then take the circle, or sphere, of radius p, 
corresponding to each point x of the set. The set of all such circles, or 
spheres, will be non-overlapping. In every sphere a cell with equal edges 
can be inscribed; and the set of aU such cells will be non-overlapping; to 
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each cell there corresponds the point of the isolated set at its centre. It 
now follows, as before, that the given isolated set is enumerable. 

Any set of points O is the sum of an isolated set and of one which is 
a component of G\ It follows that, if the derivative G' is enumerable, sc 
also is G, but the converse does not hold. 

Every set of points which is of the first species is emimerable. 

For, if s be the order of 6 r, the set contains only a finite set ot 
points; and therefore is enumerable. Consequently G 

are all enumerable sets. 

A set of points of the second species is enumerable if one of its trans- 
finite derivatives is enumerable. An unenunierable set G cannot have any 
enumerable derivative. 

71. Let us consider a given set of overlapping intervals, not necessarily 
enumerable, contained in a finite segment {a, b) Let S be the set of those 
points of (a, b) each of which is an interior point of one interval at least 
of the given set. 

If P be a point of 8, it is interior to an interval a of the given set, 
and therefore a neighbourhood of P exists, such that every point of it i^> 
an interior point of a; and therefore all the points of that neighbourhood 
of P belong to 8. Hence P is an interior point of 8; and therefore 8 is an 
open set. Now it may be shewn that: 

Every open linear set of points consists of the interior points of a finite, 
or enumerable, non-overlapping set of intervals. 

For, if a: be a point of 8, it can be shewn, in exactly the same manner 
as in § 70, that an interval (a; — /ig, a? + hf) can be defined which has the 
property that every interior point of it belongs to 8, but that x — , a' -f ^ 

do not belong to 8. In this manner, to each point x, of 8, there is corre¬ 
lated a definite interval 8 (a;); to all the points interior to 8 {x) the same 
interval 8 {x) corresponds. Now let us consider the set of all such intervalsS; 
these intervals are non-overlapping, and thus form a finite, or enumerable, 
set of intervals. Their interior points are identical with the set 8. 

The following theorem has been established: 

Every set of intervals contained in a finite segment can he replaced by a 
set of non-overlapping intervals of which the interior points are the same as 
those of the given set. 

If we consider the given set as a set of open intervals, the theorem is 
equivalent to the statement that the set of points, each of which belongs 
to one or more open intervals of the given set, is itself an open set. This 
is a generalization, for the case of an enumerable set of open sets, of a 
theorem given in § 56. 
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The new set may be spoken of as fhe sc^t of 0 ()n'<neriapi)io,i>: ojumi 
intervals equivalent to ilie given set of open inlervals. 

In the case of a p-diinensional set, it is shewn in ('xaelly (lu* same 
manner as in the case p -- 1 , that, having given a set of ov(M’ia])piiig ceils, 
the set S. of points, eacli of which is interior to oiu'. n.t h^ast of liii‘ eelis, 
is an open set. The nature of an open set in space' of inon' Ilian one 
dimension will be considered later. 

72. The properties of an 3 ' set of open intervals in a linile s('gmeni 
have been shewn to depend upon those of a non ()vt'rla.j)ping set of such 
intervals, and we therefore proceed to the considi'.i*at.io!i of t he hill(‘r. 

Everj^ point of {a, h) which is not interior to an interval of (la* non¬ 
overlapping set is eitlier 

( 1 ) , a common end-point of two intervals of the given sel, or 

( 2 ) , a point interior to, or at an end of, an interval not belonging lo 
the given set, this interval containing no point wliieh is interior to a. 113 ' 
interval of the set; or 

( 3 ) , a limiting point, on both sides, of end-points of int(‘.rvals of the 
set; or 

(4) , an end-point of an interval of the given sot, and also a limiting 
point, on one side, of end-points of intervals of the given sot; 

If either a or h is an end-point of an interiMl, we reelcon t hat ]ioinl, 
as belonging to the points ( 1 ). 

The points described in (2) and (3) may be described as exLrvnal 
of the given set; and if a or 6 is a limiting point of end-jioints, it will be 
reckoned as an external point. 

The points described in (4) may be spoken of "as se/rwl-cxicrnal^ points. 

Those points of the segment (a, h) which are not ^joints of a (jirvn of 
non-overlapping open intervals form a closed set. 

This theorem is that particular case of the theorem proved in § 5(5, 
that the complementary set of an open set (relatively to a (sloscd interval 
in which it is contained) is a closed set, which arises when tho open sot is 
the given set of non-overlapping open intervals. 

It will now be shewn thatf, unless a given set of non-overlapidiuj intervals 
is a finite set, there must be at least one external or semi-external point; in 
other words, the whole interval (a, 6 ) cannot be filled up by an indefinitely 
great number of non-overlapping intervals, each one of which abuts on 
the next, without leaving at least one point over, which is neither interior 

* This term is da& to W. H. Young, Proc. LonA. Math. Soc. (1), vol. xxxv (1902), p. 260- 

t Thia tlieoiem was given by W. H. Young, ibid^ p. 251. 
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to an inteiral nor is an end-point of two intervals; the points a, b being 
regarded as end-points of two intervals if they are end-points of one 
interval of tlie given set. 

If there be any complementary intervals, i.e, inter^^als in which no 
point belongs to the given set of non-overlapping intervals, then the points 
of these intervals are all external points, and we therefore need only con¬ 
sider the case in which no such complementary intervals exist. We ob¬ 
serve that, when the number of intervals is not finite, their end-points 
must have at least one limiting point P. Now this point P cannot be 
interior to one of the given intervals; for, if it were so, it would have a 
neighbourhood, viz. the interval to which it is interior, within which are 
no end-points. Neither can P be a common end-point of two intervals; 
for it would then have a neighbourhood on the riglit, and also one on the 
left, within which there is no end-point except P itself. The point P must 
consequently either be an external point, i.e. one wliich is not an end-point 
but is a limiting point, on both sides, of end-points; or else it must be an 
end-point of one interval, and a limiting point, on one side, of end-points. 
If a, or 6, is not an end-point, it is regarded as an external point. It will 
subsequently be shewn that the external and semi-external points form 
a set which may be either finite, or of cardinal number a, or of cardinal 
number c. 

Having given an overlapping system of intervals, those points that are 
end-points of mtervals of the system and are not interior points of any interval 
of the system form a nxm-dense enumerable set. 

If P be a left-hand end-point of an interval Pp oi the given set, and 
if P is not interior to any interval of the set, P/> cannot have in its interior 
any other left-hand end-point Q of an interval Qq of the given system, 
such that Q is not interior to any interval of the set. Hence all such 
intervals Pp are non-overlapping, and therefore form an enumerable set. 

Their left-hand end-points form an enumerable set, which is clearly 
non-dense. Similar reasoning applies to those points which are right- 
hand end-points of intervals of the given set, and are not interior to any 
interval. 

Thus the theorem has been proved. 

EXAMPLES 

2“-l\ 

1* In the interval (0,1) take the intervals (0, i), (.i, 5).... f- , ^ij •••» 

also the intervals obtained by reflecting these intervals in the point The point J- is 
external to all the intervals, and yet the limiting sum of the intervals is equal to 1, the 
length of the whole interval (0,1) in which the enumerable set of intervals is contained. 

* See W. H. Young, Proc. Land. Math. 3oc. (1), vol. xxxv (1902), pp. 240-251. 
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If instead of reflecting the intervals m the point U \\v tak<‘ lln‘ in1erv.il (i, 1), Uu* 
point <*■ is now a scmi-oxtcrnal point, and the limiting hiini of 11u‘ in1(*r\jils is I lie same .i,v 
before. 

/9W-1-1 2”-l\ 

2* Take the set (]. 1). (0, J), ... » 2 ^+ 1 ) — 

interval into a set of sub-intervals similar to the whole. \Vc now ha\(‘ Ji n<‘\\ ennin(‘r;il)le 
set of intervals which has no external points, but of which llie .senii-iwlernai ])oin(.s forni 
an enumerable set ], -1, i«j 


THE TlEnSTE-BOREL Til MORE 

73 . If a set A of intervals, all in the fundamental inter ml («, h), he such 
that every 'point of the closed interval {a, b) is an interior point of at Ay/.s/, one 
inter'val of the set A {the end-points a, h hemg rogardfd as interior to an 
interval when either of them is an end-point of such inter ml), then a finite 
set of intervals, all belonging to A, exists, which has the same pi operty as the 
set A, viz. that every point of the closed interval {a, b) is inferior to at least 
one interval of the finite set. 

This theorem!, which is known as the Heine-’Borcl theorem, is of g;real 
importance in the Theory of Functions, and may he proved as follows: 

Apply a system of nets with closed meshes to the intoi*va.l (r/, b) Tliei-i 
must exist some value of n such that every mesh ot* the not />„ is interior 
to one interval at least of the set A. For, let us suppose, if })()ssihlc‘, that 
this is not the case. Let denote those meshes of 0,^ eacdi of wJhoh 
not interior to any interval of the set A. By hypothesis, i'\is(.s for 
every value of n\ and it is clear that the closed sots **'**<‘ 

such that each set contains the next. In accordance with the l.heororu 
established in § 67, there is at least one point x tha.t is contaimul in all the 
closed sets {«„}. The set of all such points x is closed; Jot ./* ho the hivvor 
extreme of the set. The point .7; is interior to some interval (.r - c. x \ e') 
of A; or to an interval (a, a -f c) in case cc = a; or to an interval {b - e', b) 
in case x = h. 

When n is sufficiently large, d^ the maximum breadth of iho itu'shes 
of is less than both e and e ; or, when iT; = a, is less than e ; or when 
£c = 6, is less than €. For such a value of n, x is either intei*ior tio a mesli 
of i)„, which mesh is interior to the interval {x — e, x -h e'), or else x is 
a common end-point of two meshes of £>„ both of whicjh arc interior to 
that interval; or x may be at a or at b. In any case a mesh of a„ is intt^rior 
to an interval of A; contrary to the supposition made above. 

* See W. H. Young, Proc. Land. MaAh. Soc. (1), vol. xxxv (1902), pp. 249-251. 

t The first statement of the theorem was given by Borel, Annalea sc. dc. normalc (3), vol. xri 
(1895), p. 51. See also W. H. Young, Proc. Lomd. Math. Soc. (1), vol. xxxv (1903), p. 301 and 
Rendieowti di Palermo, vol. xxi (1906), p. 125. The most general statement is that given by 
Oross, Wiener Sitzungsber. vol. exxm i a (1914), p. 809. 
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It has thus been shewn that, for a sufficiently large value of each 
of the meshes of is interior to one at least of the intervals A; if, writh 
each mesh of Z)„ there be associated an interval of A to wMch it is interior, 
the finite set of such intervals of A is a set such as is re<iuired. 

In the above theorem it is not assumed that the given set of intervals A 
is enumerable. It has been proved that the interval (a, h) can be divided 
into a finite number of parts, each of which is interior to a set of intervals 
belonging to A. Each such set of intervals may be finite, or infinite 
(enumerable or not). The effective selection of a finite set of intervals 
of A, which satisfies the condition of the theorem, presupposes a know ¬ 
ledge of the mode in wrliich the set of intervals A is defined. The theorem 
does not by itself provide any general method of making such effective 
selection. In the most general case, the interval (a, h) is divided into a 
finite number of parts, each of which has associated with it an (in general) 
infinite set of intervals of A, to aU of which it is interior; the effective 
selection of the required finite set of intervals involves the choice of one 
of the possibly infinite set of intervals all of w’hich contain one of these 
finite parts of (a, 6). The number of such choices to be made, in each 
particular case, being finite, the principle knowm as the '■multiplicative 
axiom,’' w’hich will be discussed in Chapter iv, is not required in its most 
general form. 

It is clear that the above proof is applicable to the case in which cells 
in any number of dimensions take the place of linear intervals The 
method of employment of systems of nets is precisely the same as in the 
case of the linear system. Accordingly we have the Heine-Borel theorem 
for the case of ^^-dimensional cells. 

// a 8et of p-dimensio7ial cells all in the fundamental cell (a, 6), be 
suck that every point of the closed cell (a, b) is an interior point of at least 
one cell of A^^' (a point on the boundary of (a, b) being regarded as interior 
to a cell to whose boundary it belongs)^ then a finite set of cells, all belonging 
to exists, which has the same property as the set 

74 . The Heine-Borel theorem can be generalized so as to apply to the 
case in which the points that are to be interior to a finite number of 
intervals, or cells, form any given closed set G, instead of consisting of 
all the points of the closed oeU (or interval) in which the given set A*®’^ 
is contained. The generalized theorem may be stated as follows: 

Having given a {pounded) closed set G, and a set of cells A^®^ such that 
each point of 0 is interior to one cell at least of the set A^^\ there exists a 
finite set of cells, all belonging to A<®^ such that each point of G is interior 
to one at least of the cdls of the finite set. 

To establish this theorem a slight modification only of the proof of 
the theorem when G consists of aU the points of {a, b) is required. We 
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may choose the cell (a, h) so that it couiains (7, a.ml wo oa.ii any 

part of the set that is not in {a, b). Those nicshos of the lu^is />*, ... 

which contain no points of G are throughout disregarded. The linile set a„ 
consists of those meshes of D„ that contain points of (7 and are not interior 
to any cell of A<^^ It is then clear that the point ./■ is noe.essa.riiy a point 
of the closed set O. 

If the given set 0 were not closed, the point inighl bo a liniii-ing 
point of O which did not belong to (?, and thus Iho argument would 
break down. 

The following theorem may be established by employing t lie gimora iizod 
Heine-Borel theorem ■ 

Having given a closed set, an enumerable set can he detenu in ed which has 
for derivative the given set. 

With each point of the closed set O as centre let there be la-kcm a. e.i'll 
of span d. A finite number of these cells are such that every ]^oint of (7 is 
interior to one of them; let this set be and let 

their centres, aU points of G. Let d have a sequence of decreasing values 
di, 6 ^ 2 , ... converging to zero. 

The totality of the points ... Pnd^\ taken for every value of d. 
in the sequence, is an enumerable set H of points of G. Kinco II consists 
of points of the closed set Q, every limiting point of II belongs t.o (7 
Every point of Q which does not belong to H is interior to all the ('.(dls 
of a sequence of cells of spans d^,d^, ... and is thei'cfore a limiting point 
of the centres of the cells of this sequence; therefore a point of G which 
does not belong to H belongs to Considering those points oi Q wiiich 
belong to H, but not to H', we see that these are all isolated points of G, 
and each one of them is the centre of some cell which contains no point 
of G other than its centre. In each such cell place an enumerable set of 
points having the centre of the cell for its solo limiting point-. Lot the 
totality of all these enumerable sets be the set K, wliiclx is enumerable, 
since the isolated points of G form an enumerable set. Tho sot IC consists 
of the points of G which belong to H but not to IP, together witli thc^ 
limiting points of the centres of the cells employed, and these also boloixg 
to G. The enumerable set jET + jff has G for its derivative. 

75. It has been pointed out* by de la Vall 6 e Poussin that the generalized 
form of the Heine-Borel theorem still holds good in case is replaced 
by an aggregate S of open sets. More generally, instead of A^*^^ any 
aggregate of sets may be taken, such that each point of G is an interior 
point of one or more of the sets of the aggregate. This may be stated as 
follows: 


* See Inidgrdles de Lebeagiie, pp. 15, 112. 
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// a closed {hounded) set 0 and an a^ggregate S of sets be such that every 
point of G is an interior point of one at least of the sets of 8, a finite number 
of the sets of 8 exists such that each point of O is an interior point of at least 
one of them. 

To prove this theorem, it may be observed that, ^\■ith each point P 
of O a cell may be associated, with P in its interior, and such that the 
cell is interior to one or more of the sets of 8. The aggregate of aU such 
cells may be taken to be the set in the generalized form of the Heine- 
Borel theorem. A finite part of the set exists such that each point 
of O is interior to one or more of the cells of this finite set. Each of these 
cells is contained in a set belonging to S. Hence there exists a finite 
aggregate of the sets of 8 which has the required property. 

In case the sets 8 form an aggregate ... ... Hq, ... such that 

each one is contained in the nexty the closed set Gy each point of which is Iti 
one or more of the open sets, must be contained in where p is some fi.ved 
number of the first or of the second class. 

For a finite number of the sets H exists such that every point of G 1 .- 
contained in one or more of them. If be the index of that one of this 
finite set which has the highest index, G must be contained in . 

From this theorem, the following may be deduced. 

If closed sets such that each contain^, the 

and F is a closed set of points such that no point of F is contained in all 
the sets G, there exists a definite number of the fir sty or of the second, class, 
such that no point of F belongs to G ^. 

To prove this, we consider, vdth respect to some ceU containing G^^. 
open sets C 0 {G^y complementary to 6 ^ 1 , G^, .... Each of these open 
sets is contained in the next. Any point of F is contained in some of 
the sets G {G-D, G {G^, ...; and the set F is therefore contained in G {Gf) 
for some value of and is therefore not contained in G ^. 

It has already been pointed out that, when is a set that is not closed, 
and each point of G is interior to at least one of the cells of a given set, 
there does not necessarily exist any finite part of the given set of cells 
such that every point of Q is interior to one of them. However, in any 
case, an enumerable part of the given set of cells exists which has this 
property. Thus: 

If G be any set of points, not necessarily closed, and each point of G be 
interior to one at least of the cells of a given unenumerable set there 

exists an enumerable sel of cells all beloTiging to such that every point 
of G is interior to one at least of the cells of this enumerable set. 

This theorem can, as in the case of the Heine-Borel theorem, be proved 
by means of a system of nets applied to the finite, or infini te, interval, or 



110 


Descfi'iptive Pvop^A'tia^ of oj Pom/s 

cell, in which G is contained. Moreover*, instead of an aj^ojrejratt^ of 
sets can be substituted, such that every point of G is an inferior ])oint <>!’ 
at least one of the sets of the aggregate. 

Of a net D„, for any large enough value of tt, say >/,, sonn‘ ol Mu‘ 
meshes containing points of G will be interior i.o one or nun-t* of t lu‘ et^ils 
(or intervals) of the given uneiiumorablo sel Lei. lliest* liu^shes hv 
denoted by jSj. For values of n greater than >/,, we eonsidin- only liiosi^ 
meshes of Z)„ that are not contained in For some sueli valne of tt, 
say %, there will be meshes jSg, containing poinis of </, not eonl.nn<»(i 
in jSi, each of which is contained in one or more of ilie inltn-vals, oi- i 
of the given set. We obtain in this way a set|nenee /},, ... oi finite^ 

(or enumerable, in case G is unbounded) sets of nieslu^s, ('aeii of wh.ieli 
contains points of G, and is contained in one or more of (he initM vais, oi- 
ceUs, of the given set. Each point of G must be contained in o»ie of 
the meshes belonging to this set {j8}. The meshes of Py, ... form an 
enumerable set, and corresponding to each of sue.h meshes, liIiei-(‘ t'xists a 
cell (or interval) of the given set. Hence there exists an enuiiKM’ahh* p.n-l 
of the given set such that every point of is interior to one or mon* of (hi‘ 
intervals, or cells, of tins enumerable part. 

In the choice of one out of a possibly infinite number of cells which 
have a given mesh in their interiors, the number of choices being in ( his 
case indefinitely great, the “multiplicative axiom” is iii gerun-al involv(Mi 

However, the following theorem may be establishedf, wdiicih is siifii- 
cient for applications, and in the proof of which no use is mach^ of (lu^ 
multiplicative axiom: 

If each point of a given set is interior to a definite cell corresponding lo 
that point, an enumerable set of these cdls can be so determined that all the 
points of the set are interior to one or more of the cells of the erinmcrahle srf. 

If the set O be not bounded, we may place it in corrosporidenc.(‘ with 
a bounded set, so that, to the given cells, there corresponds a sc^t. of c.ells 
having the corresponding property w-ith reference to the bound('d s(‘(. of 
points. There is accordingly no loss of generality in considering a bounded 
set only, which we can suppose to be contained in a fixed cedi wii.Ji cMpial 
sides. Instead of the cell of the given set A (P) corresponding to a ])oin1. P 
of the given set G, we may substitute a ceU A' (P) with the point P as 
centre and with its sides aU equal, and take A' (P) to be the greatest suclx 
cell which has no point exterior to A (P). We have now, corresponding 
to each point P of the given set, a ceU A' (P) with P as centre. Take a 
set of positive diminishing numbers {€„} which converges to zero, and 
let Gn be that part of G which consists of points for which the spans of 

• See Linddof, Comjates Rerid/us, vol. oxxxvn (1903), p. 697. 
t See Borel, Lemons sur lea fonctiona monoginea, p. 12. 
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the corresponding cells A' are > Since every point of is in a cell 
(vfdth equal sides) of spans all > every point of is in a cell of this 
sjystem. Hence a finite set of these cells can be determined which contain 
in their interiors all the points of , and therefore all the points of 
with the possible exception of a finite number. adding the cells corre¬ 
sponding to this finite number of points of 6^,,, we obtain a finite set of 
the cells A' which contain aU the points of G ^. We have now a finite set 
of cells which contain aU the points of G^. and a finite set which contain 
all the points of G^ that do not belong to G^\ and generally, a finite set of 
cells wliich contain all the points of G^ that do not belong to - 

or On-x- Taking every value of n, we have now an enumerable set of the 
cells A' that contain all the points of G, and we take the set of cells A 
which correspond to the enumera,bie set of cells A' as the required set. 

76. In a proof given by Heme* that every continuous function i.^ 
uniformly continuous there is contained the germ of the theorem now 
called the Heine-Borel theorem, as it was first explicitly stated and proved 
by Borelf, for the case of a linear interval (or, h). Various proofs of the 
theorem have since been published^. It was pointed out by H F. Baker^ 
that the proof by 6oursat|| of Cauchy’s fundamental theorem in the 
theory of functions of a complex variable contains a general method of 
procedure, equivalent to the use of nets made in § 73. The extension to 
the case of any closed set O was given^ by W. H. Young, and by Borel*’’* 

By means of an analysis of the reasoning of Heine, W. H. Young w as 
ledft 1^0 the discovery of the following more general theorem*, called the 
Heine-Young theorem: 

//, with eaxih point x of a closed interval {a, 6), we have associated a pair 
of intervals r„ and l^, such that, (1), x is the left-hand end-point of and the 
right-hand end-point of l^. and, (2), if x' is an internal point of Z*. then x is 
an internal or end-point of there then exists a finite number of the intervals 

abutti'ng end to end and covering the whole segment [a, h). 

It is unnecessary to suppose and to be defined. 

Starting with a as end-point, we take the interval or (a, a;i): v\re 
then take the interval 7'^^ or {Xj^, x^); and so on. We thus obtain a series 
of intervals of the given set, (a, Xj) {sc^, x^ ... xf) — 

* Journal f. reine wnd angewandte JIat. vol. iixxiv (1871), p. ISS. 

t Annales sc. 4c. nonndle (3), vol. xn (lS9o), p. 50. 

% See for example BorePs Legons sur Vint^ration, p. 105. 

§ Proc. Land. Math. Soc. (1), vol. xxxv (1902), p. 469, and (2), vol. i (1903), p. 24. 

II Trans. Amer. Malh Soc. vol. i (1900), p 15. 

^ Proc. Land. Math. Soc. (1), vol. xxxv (1902), p. 387. For a further extension of the theorem, 
sec W. H. Young, Mess, of MaJbh. vol. xxxm (1904), p. 129, and also Proc. Lond. Math. Soc. (2), 
vol. n (1905), p. 67. 

•* Comptes Bendus, vol. CXL (1905), p. 298. 

tt Proc. Land. MaUh. Soc. (2), vol. xiv (1914), p. 114. 
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If, for some value of n, = 6, the condition of tiie tlioorom is satisStHt 
by the n intervals thus obtained. Otherwise, the sequence .r,. ... has 
a limiting point X on the right of all the points [x,,]. There is tiuui an 
interval lx with X as right-hand end-point. 

All the points {a:„}, except a finite number of tlioju, ai*o interior to tlu- 
interval Ixl let these interior points be x^, .... By tlie hy!)otlu‘sis 

(2) in the statement of the theorem, must roach at loa.sl. as fai a;- A\ 
and this is not the case, as it reaches only to Hence the .s<‘({U(‘nee 

{x^} cannot be infinite. Thus the theorem is established. 

In case there exists no interval so that the conditions of tiie tlK tirent 
hold for the half-open iiiteival (a, b), there exists an eninnerahle .-cl (ji 
the intervals r^, abutting on one another and eoveriiig tii(‘ h.i’f-onee 
interval {a, b). For it is clear that in this case the point A must I'tniifich- 
with b. 

The following theorem, originally due to Lusin'*", and einployerl !jy 
him ixL the theory of derivatives of a function, follows from tli<^ fiemc*- 
Young theorem: 

If, associated vdth every point x of a closed interval {a, b), we hart nH th( 
intervals with x as end-point that lie in a cetdain neighbour hood of the piftht x 
on both sides {except for the points a, b where the neighbourhood /.s- on^ on* 
side), then a‘finite number of these intervals exists, abutting end Lo end. rutti 
covering the interval {a, b). 

At each point x we take for r^ the smallest interval with x as left-IiuELd 
end-point containing all those of the given intervals which have tor 
end-point, whether originally associated with x or not; and for the pari 
of the given neighbourhood on the left of x. 

There is then a finite set of these intervals Tj. covering {a, b), and 
abutting on one another. Let these be {a, x^ (iCi, jjg) ... Z>); and con¬ 

sider Xr). We may choose an interval of the given set with x, , jij- 
left-hand end-point; if this interval does not reach to wo add oiie 
the given intervals associated with the point and thus two of tlie given 
intervals make up {Xr-i, Xr). Doing this for each interval (x^ -i, .r^), by a 
finite number of choices, we obtain the required finite set which covers 
{a, 6). 

By means of Lusin’s theorem the Heine-Borel theorem can now be 
deduced. If we replace those intervals of A which contain x as interior 
point by aU intervals with x as end-point contained in each one of the 
intervals of A, we have the condition in Lusin’s theorem satisfied. The 
finite set of abutting intervals which covers {a, b) having been determined, 

* Betmexl de la soc. mat. de Moacou, vol. xxvm, 2 (1911). 
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we replace each one of the intervals of that finite set by an interval of A 
that contains it; this requires only a finite number of choices. Thus the 
Heine-Borel theorem is deduced. 

77. The following theorem will now be proved: 

// any unemimerable set of overlapping intervals in {a, h) he given, then 
an emirnerable set of intervals all belonging to tlie given set exists, of wlttch 
the interior points are the same as those of the given set. 

It has been shewn in § 71 that the given set can be replaced by a non- 
overlapping set of intervals with the same interior points. An interval of 
this second set is however not in general an inteiwal of the given set. 

Let PQ be an interval of the equivalent non-overlapping set; then 
every internal point of PQ is an internal point of one interval at least of 
the given set. The point P is either an end-point of some interval Pp of 
the given set, or else it is a limiting point of end-points of an infinite number 
of intervals of the given set. In the latter case there exists an enumerable 
sequence P-^p^^ ••• of intervals of the given set such that P is 

the limiting point of the sequence of points Pg, ... ... Similarly, 

unless Q is an end-point of an interval qQ of the given set, it is the limiting 
point of a sequence Oi, ••• ••• of end-points of intervals q^Qi- 

S '2 02s of the given set. Consider the intervals PiQi, PiQ^, • - 

PnQm •••5 where P^, Pg, ... may be taken all to coincide with P in ca>o 
the interval Pp belongs to the given set, a similar convention being made 
as regards Q. vSince every point of P^Qi. is interior to some interval of the 
given set, therefore, in accordance with the Heine-Borei tiieorem, a finite 
number of intervals of the given set exists, such that every point of P^Qi 
is interior to one at least of them. Let a similar determination of a finite 
set of intervals be made for each of the intervals P^Qi, P 3 Q 3 : PnQn> 
we have then altogether an enumerable set of finite sets of intervals. The 
totality of these intervals forms a finite, or an enumerable, set of intervals 
belonging to the given set, which contains every point in the interior of 
PQ as an interior point. Applying the same process to each interval PQ 
of the equivalent non-overlapping set, and remembering both that the 
intervals PQ form a finite, or an enumerable set, and that an enumerable 
set of finite or enumerable sets is itself enumerable, we derive the con¬ 
clusion that an enumerable set of intervals exists, all belonging to the 
given set, such that their internal points are identical with those of the 
given set. 

The assumption, here made, that, if P be a limiting point of end-points 
of intervals of the given set, a sequence of such end-points exists which 
converges to P, will be discussed in Chap. rv. 

H I 
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THE LEBESGUE CHAIN OE 1JMTEU\A1jS 

78 . For the purposes of the Theory of Func.iious it is c.onvtMiic^ut to 
consider a set of intervals in a given hnear scgiuont, of tlu^ kind known 
a Lebesgue chain. 

If (a, h) he a gimn linear intermix a set 6V of non-orerfappluf/ dat^ed 
intervals such tlmt every point of the closed interval (a r h) is either a 
left-hand end-2^oint of one of the intervals or an internal '})oint of one of these 
intervals, is said to form a claim stretching from, a to b. The chain, is sn.p- 
']x>sed to have a last interval which contains h as interior point or as left-hand 
end-point. 

To consider the nature of sucli a chain, let us supposes i.hai w<' have 
defined an interval {a, ocf) with a as left-Jiand end-point, then a. s(‘t of 
intervals from left to right. Jn (*.ase tlu^ right hand 

end-point of one of these intervals is b, we have, by adding oiu^ initM-val, 
a chain consisting of a finite number of closed intcivals, rc^a-cliing from 
a to 6. But, if this is not the case, the points x.>, ... x,^, ... will hav(‘ a 
limiting point on their right, which may coincide witii h. in which case 
we have, by adding one more interval, a chain reaching fr-oin a lo b c.on- 
sisting of an enumerable set of intei*vals. But if < b; starting from Cn 
a set of intervals ^2)9 (^2> ^3)9 supposed to be doliiu'd. If t.Jieso 
reach from Si to b; either by taking a finite number, or l)y taking an 
enumerable set, together with one more interval, S, wt^ have a.ga.in a ciiain 
from a to b, consisting of the intervals 

(a?!, 3:2)3 (^2 3 ^’3) (Si 3 ^2)3 (^2 3 &j) ■•■3 

But if 5 i, ^23 have a limiting point 771 (< b), we proceed as before to set 
up new intervals proceeding from 771. This process may bo f*.arii<Ml on 
indefinitely, until a chain is defined reaching from rtr- to b. That tliis will 
always happen when any set of rules is prescribed for the (l(‘.iinit.i(m of 
the intervals is asserted in the following theorem*: 

point of the closed interval (a, b), there he assigned, by some 
prescribed set of rules, one single interval with the point as left-hand- end-point, 
then, if X be any point in the closed interval {a, 6), th&re is othe and only one 
chain stretching from a to X, composed of intervals of the given set. 

It will be observed that the theorem asserts (1), the existence of a 
chain from a to X, and (2), its uniqueness. Also, if a chain stretching from 
a to i exists, and X* be any point on the left of X, a chain from a to .X' 
exists which is a part, or the whole, of the chain from a to X. 

* See Pal, Rend. d% Palermo, vol. xxxm (1912), p. 362; also G. C. Young, Quart. Joum. of 
MaO.. voL XLTO (1916), p. 142, and W. H. & G. C. Young, Proc. Ltmd. Math. tSoo. (2). vol. xiv 
(1916), p. 128 
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If (a, be the interval corresponding to a, the theorem is clearly 
true for all points x such that 

Let us assume, if possible, that there exists in (a, b) a set of points G, 
for which the property in the theorem does not hold good. The set G 
must have a lower boundary point X (> which may or may not 
belong to G. Let ns first suppose that X does not belong to G: it is conse- 
(^uently a limiting point of G. There is, by hypothesis, a unique chain 
reaching from a to X. Since Ga^ has a last interval (X — e', X -f e), 
or (X, X e), the chain G^^ reaches from a to where ^ is such that 
0 < £ — X < 6. Now Ga^ is the only chain that can reach from a to ^; 
for any chain that reaches from a to ^ must contain some chain that 
reaches from a to X, and this can only be the chain Ca^. It follows that, 
in a certain neighbourhood of X on its right, there are no points of G, 
which is contrary to the hypothesis that X is a limiting point of G. 

Next, let us suppose that X belongs to G, whether it be a limiting 
point of G or not. Consider a sequence of points ... , ... of which 

X is the limiting point, and such that a;i < a, < < ... < <_ A unique 

chain Ca^n stretches from a to Xn\ also if n' > n, Ga^» is a part, or the 
whole, of Ga^n'. Consider the complete set G of intervals each of Avhicii 
belongs to Ga^n^ from and after some value of n. Then 6', together Vv'ith 
the interval (X, X H- e), corresponding to the point X, constitutes a chain 
reaching from a to X. For each point on the left of X is reached by 
for some value of 7 i, and is therefore an interior point, or a left-hand end¬ 
point of an interval of G. Any chain reaching from a to X contains as 
a part a chain from a to x^, and this can only be G^^n, As tins holds for 
every value of w, any chain from a to X must contain for every value 
of and therefore it contains G. Also G must be independent of the 
particular sequence {x^\ for any point x'^ of another sequence must lie 
in an interval (x^, and the unique chain from a to must be a 

part, or the whole, of the chain from a to Any chain from a to X 

can thus only consist of G and the interval (X, X — e); thus there is a 
unique chain reacliing from a to X, contrary to the hypothesis that X 
belongs to G. It now follows that no such set as G can exist, and the 
theorem is therefore established. 

79 . The reasoning by which Lebesgue established the existence of a 
chain from a to 6 depends upon the employment of transfinite numbers 
of the second class, and upon the principle that every enumerable ordered 
aggregate must be exhausted before some particular number of the second 
class is reached. If a set of intervals 

(tt, Xj) {^i ^^2) ••• ^n) ^w+l) 

be numbered from left to right, the numbers employed will all be of the 
fiLrst, or of the second, class. If the process of construction does not cease 

8-2 
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before some particular number of the second class is list'd, (lu' sci ot* 
intervals would be imemimerable; and, as they are n()n-()\Tria[»i)iii<r, fJiis 
is impossible (§ 69). Thus, by a set of such intervals, stiu-tiiii^ the 

point b must be reached, and the existence of a eJiain reaehinjj; from tMu /> 
is established. 

It may happen however that, corresponding to eaeli point .r of (r/, />), 
not a unique interval, but a finite or infinite set of initn-vais is ({(‘lined, 
with X as left-hand end-point. In that case, tJie i.Jicorein as lot In' t'.xisl(‘net' 
of a Lebesgue chain lakes a more general form tluin that of Pal. giv<‘n 
above, and the proof given in §78 fails*. For cliains Ironi ft lo .r, ,nid 
from a to rco, where may both exist, but it does nol- follow Ihal. 

the former is part of the latter. The general existence 1li('or(‘m may Ik* 
stated as follows: 

If, to each point x of the interval {a, b) {except b) there he a wt (f 

intervals {finite or infinite) with x as left-hand end-poivi. an vnumviahlr 
non-overlapping set of the intervals can be so determined as to conlaoi enrii 
point of the semi-open interval {a, b) as interior or left-hand end-point. 

A proof of this theorem not involving an infinite number of acts of 
choice is a desideratum. 

For most of the purposes of the theory of funct ions the more restriet<‘-d 
form of the theorem sufiices, in which a single interval is d('lin<‘d, with 
each point of (a, b) as left-hand point. 

CLOSED AND PERFECT LINEAR SETS 

80. The following theorem may be stated: 

Those points of the linear segment (a, 6) which are not points of a gireu 
set of non-overlapping open intervals form a closed set of imnts. 

This theorem has been proved in § 56, where it was sliewn tJiat the 
complementary set of an open set, relatively to a closed interval in which 
it is contained, is a closed set. In case a, or 6, is a point of t-lie set of opi-u 
intervals, it is regarded as an interior point. 

Conversely, it has been shewn in § 56, that: 

Every closed set of points in the linear segment (a, b) is the complement 
of a non-overlapping set of open intervals. 

In accordance with the classification given in § 72 of the points wliich 
do not belong to a set of open intervals, it appears that: 

The most general linear closed set of points in an interval (a, h) consists 
of (1), the end-points of a set of non-overlapping intervals, (2), limiting jjoints 
of such end-points, and (3), the points interior to intervals every point of 
which belongs to the closed set. 

* W. H. & G. C. Young. Proc. Loud. Math. 8oc. (2), vol. xiv (1915), pp. 128-130. 
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The open intervals belonging to the set 0 ((?), complementarj^, rela¬ 
tively to (a, 6), to a given closed set O in (a, b) are said to be the intervals 
contiguous to, or complementary to, the said 0. The set of ail such intervals 
may be spoken of as the set of contiguous intervals^ or complementary 
intervals, for the closed set G. 

If the set G is non-dense, no interval exists in {a, b) which consists 
entirely of points of G, and the set of contiguous intervals is then every¬ 
where dense in (a, b), since no interval can be determined in {a, b) so as 
to contain no points of the set of contiguous intervals. Thus: 

Every linear non-dense closed set*^ in an interval (a, b) cmisists of the 
end-points of the intervals of an everywhere dense set of open intervals and of 
the limiting points of such end-points. 

The most general type of closed set is obtained by adding to a non- 
dense closed set all the points of some of the contiguous intervals. 

The points of a non-dense closed set G consist in general of three classes: 

(1) those which are common end-points of two contiguous intervals 
abutting on one another; 

(2) semi-external points of the set of contiguous intervals , i.e. points 
which are end-points of one interval, and also limiting points, on one side, 
of end-points; and 

(3) external points, i.e. such as are not end-points of any contiguous 
interval, but are limiting points, on both sides, of such end-points. 

The point a, or the point b, if it belongs to O, may be regarded as 
belonging to (1) or (3), according as it is, or is not, an end-point of a con¬ 
tiguous interval. 

Those points which belong to (1) are clearly isolated points of G. 
Hence, if no such points exist, every point of G is a limiting point: and 
therefore G is perfect. It follows that: 

Every non-dense perfect linear set G consists of the end-points of an 
everywhere dense set of ncm-overlapping intervals {contiguous to O), no two 
of which abut on one another, together with the limiting points of these end¬ 
points. 

If the closed set 0 is such that no semi-external points exist, then 
every contiguous interval abuts on another one at both its ends. In this 

* This relation between everywhere dense sets of intervals and closed sets was discovered by 
Du Bois-Reymond and by Hamaok. See Du Bois-Keymond’s AUgemeine FuTiciionmtheorie (1882), 
p. 188, also Math. Annalen, vol. svi (1880), p. 128, where everywhere dense sets of mtervals are 
introduced. See also Hamack, Math. Annalen, vol. xrs. (1882), p. 239, and Bendixson, Acta 
Math. vol. n (1883), p. 416, and Ofv. af Svensk. Vet. Fork. vol. xxxix (1883), part 2, p. 31. 
Proofs of the fundamental theorems based on the amalgamation of abuttmg intervals have been 
given by W. H. Young, Proc. L<md. Math. Soc. (2), vol. i (1903), p. 240, and by Sehoenflies, 
Oottinger Nachrichten, 1903. 



118 


(’II. ir 


Descriptive jPfOjx'i'tics of Sets oj Points 


case, all the points of G are either end-points ot inlorviils, or 

limltiTig points, on both sides, of a sequence of sneii end-points; nniess 
a or 6 be a liTniting point, in wliich case it beloiiffs to (t. Sueli .i, set inii\- 
he either enumerable, or it may contain a perfee.t sot”-, in whieii ease* it 
is unenumerable (see §83). A clo.sed sot may la* oiunnej-a.ble, and yid- 
there may be contiguous intervals wliich do not abut on another eoii- 
tiguous interval. For example, let the contiguous intervals of a. s<‘i 0 in 
the interval ( 0 , 1 ) consist of the open intervals 


(O,^) and(J 


2'^re-l- 2’ 2’^a 


I- I,' 




where n = 1, 2, 3,_ The interval (Oj .>) does not abut, on anothei 

interval, so that I- is a semi-external point. Tliis sot. is oniiinorjil>lo. 

To construct an unenumerable closed sot vvlii(jh has no scMui -oxtornal 
points, let be a non-dense perfect set. In eacli interval (fc, ft) oonli^nons 

to H, place the enumerable set consisting of the points a \ , ft - 

S - ct 

where n = 1 , 2 , 3 , and Jfc is a number less than . TJio totality 

of these sets for all the intervals (a, ft) is an enuniorabh' sot. /v”. The s(‘t 
j6r 4- JBT is closed and unenumerable; each of its contiguous inter vals abuts 
on another one at both its ends. A semi-external point, a, of //, is an 
external point of the closed set H 4 - K, 


81. Evefi'y non-dense linear closed set is, in general, made up of an 
enumerable set and of a perfect set. 

Let the intervals complementary to the set G be arranged in erunnoi’- 
able order, that of descending magnitude; we may dcuiotc*. tlauu by 

8 i, § 2 , ... _ If Cr is not perfect, it contains isolat(^d points, each of 

which is the common end-point of two adjacent intervals; hit 8 ^,^ bo tlu‘ 
first of the intervals { 8 } at an end of which there is sucJi a point; lot 8 ;,. 
be the interval which abuts on 8 ^,^^ at that end. It may happen that tlu* 
other end-point of 8 ,,, is also a common end-point of two intervals. Jf so, 
let 83 ,,, be the interval which abuts on 83 ,., and so on: fifter a. finite, or 
enumerable, set of such intervals 8 ^,, 83 ,,,,... we must arrive at an 

interval of which the end-point does not belong to O,, the sot of isolated 
points of (?, or else at an end-point of the domain of G. It may happen 
that 83 ,^ at its other end abuts on another interval; in that case wo 
proceed, in the same manner as before, to find the intervals 8 ^,, 8 ^,,, ... 
each of which abuts on another one. Now conceive all the intervals 

* It was incorrectly stated by Sohoenflies, in his BertcM, vol. i, i>. 78, and also in the second 
edition of the present work (vol. i, p. 113) that a closed set is necessarily enumerable when each 
contiguous interval abuts on another one at both its ends. 
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8^,/, 83,.,5 ..., and, if they exist, 8^,,, ... to be amalgamated with 8^^ 
into one interval by removing all the common end-points. If anj'' 

isolated points of G now remain, let S^,, be the first interval of {8} after 
83,^, of which an end-point is such a point; proceed as before, we then 
have an interval formed by amalgamating a finite or enumerable set 
of intervals. We proceed in this way, and thus form a set of intervals 
83,2*^^ ... no end-points of which are points of G,, 

Since 0 = 0 ^-^ G^'^\ where is the derivative of G^ the set of intervals 
complementary to G^^'^ consists of the intervals 8^,^^^^ 8^,/^^ ... and 
of any intervals {8} which remain after such intervals as 

83,/, 83,, , ... Sg, , Sg„, ... 

have been removed, and the 83,^^^ substituted for the 8^. 

We proceed in a similar manner with = GP'^ -f again re¬ 
moving a finite or enumerable number of the set and again witii 

G^^\ and so on. It may happen that the process comes to an end aftei 
a number n of such stages, either if does not exist, in which case 
G^n) _ and thus is perfect; or else, if does not exist, in 

which case G, being the sum of a finite number of enumerable sets 
IS itself enumerable. If the process does not come to an end for any finite 
value of n, we form the derivative = D (Q^^\ ... ...), which 

contains all the points common to all the derivatives of G of finite ordei. 
This set has been shewn, in § 68, to exist, and to be a closed set: 6^^"- 
then resolved as before into -r and we proceed further 

before. 

We obtain, by proceeding in this manner. 

G^G, + © u) + ... + -L. ... -f 

where is a number of the first or second class. It will noAv be shewn 
that there must be some definite number p of the first or second das'*, 
for which this process comes to an end, either by GS''^ containing no 
points, in which case so that G^^^ is perfect; or else by 

containing no points, in which case G, being the sum of an enumerable 
set of finite, or enumerable, sets, is itself enumerable. The {8} contain all 
the indices 1, 2, 3 , ... tii, ...; from these indices we must remove a finite. 
or an enumerably infinite number, to obtain those indices which occur in 
the {8^^^}; and again an enumerable set of indices must be removed from 
those which occur in the {8^^*}, to obtain those which occur in the {8^^^}. 
Now as the indices 1, 2, S, ...n, ... are enumerable, the process of re¬ 
moving successively a finite, or enumerably infinite, set of them must 
cease for some order p of for otherwise a more than enumerable 
infinity of indices could be removed from the set 1 , 2 , 3 , ... n, ..., which 
is impossible; hence, for some fixed number p of the second class, aU the 
indices must have been removed. 
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It has thus been shewn that, unless the given s(‘t is (nunnci-iihle, for 
some number jS of the first or second class, and tluM-oforo 

IS perfect. Thus G has been resolved into an eniiintn-able s<‘< a.nd a 
perfect one, wdiich may be called the mideta^ of G. 

If, for any value of jS, = 0, tlie set G is enuinerabl<\ 

82 . The following tlicorom*, more general tJian that, of § SI, includes 
the latter as a particular case. The proof lu^rc given may Ix^ takcui as 
alternative to that of § 81 . 

//Pi, Pos ■■■ ••• doMid liiirar .svAs- oj poin/.'i /atch 

that (1), if < a^, all the 'points of Pa,, hdony to , and (:i), if In any 
interval, any set Pa contains only a finite number of points, Ihv Si'f /^^,J 
contains no points in that interval', then either nmst vanish for some 
definite number jS of the first or second class, or else, there is a dejin He n umber 
such that Pfi is a perfect set. 

If, for some number jS, the set P^ vanishes, then Py vanisJi<\s for all 
values of y which are > j 3 . 

Let us now suppose that there exists no number /3 sucJi tha.t; Pii vanishes. 
In this case there exists a set of points, which may bo dc.noliixl by Pa, 
such that each point of the set belongs to P/s, whatever number fi may bo. 
The set Po is closed, for if p be a limiting point of the set, in ;in a.rl)itrarily 
small neighbourhood there are points of P/5, whatever ninnlxu* ft may Ix^; 
hence p belongs to P^, whatever /8 may be, and thus 'p itself Ixdongs to Pn . 

It will now be shewn that Pn contains no isolated points, and is tliorc- 
fore dense in itself. If Pq contains an isolated point p, a magliboiirhood 
of p can be found which contains no point of Pa exetopi p'. Let Q Ix' that 
part of Pi which is contained in this neighbourhood. In tlio ncigh})oui- 
hood considered, let us suppose a sequence of intervals 81, S^, ... 8,1, ... 
constructed, each one containing the next one and the point p, and siudi 
that 8,1 converges to zero as n is indefinitely incrcaKScd. Let denote 
that part of Q which lies in 8 n but not in then 

Q = 4. ... Q(n) 

There must exist a number of the first, or of tlie R<K;ond, c.lass, for 
w^hich contains no point of P/3,; otherwise would contain y)oints 
which belong to Pq, and this is not the case. Similarly, there exist inunbors 
p2> ••• such that contains no points of Pp^, and contains 

no points of P^^, and so on. Of the numbers jSg, ... ..., let y^ be 

the first which is > Pi, then let 7/2 first which is greater than yi, 

and so on; we have therefore a sequence yu 72* yn> increasing 

numbers aU of which belong to the set j 3 i, jSg, ... iS„, .... This sequence 
yi> 72 9 ••• yn, ... is either finite, with say y as the last, or else there is a 

* See Baire, Anncdi d% Mat. (3), vol. m (1899), p. 46 et aeq. 
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limiting number y of the second class which is greater than all of them, 
and therefore greater than all the numbers ft, jSg, . The set Q 

can have no point, except p, which belongs to Py, hence, since Py contains 
only one point in a certain interval, contains no point in that interval, 
and does not contain p; which is contrary to the hypothesis. 

It has now been shewn that Pq is closed and dense in itself; it is 
therefore perfect. Let us next consider the enumerable set of intervals 
which are complementary to Pq. For any one of these intervals there 
exists a number y such that Py contains no point in the interior of the 
interval. As before, it is seen that there exists a number, of the first or 
the second class, which is greater than all these numbers y\ if this number 
be the set P^ contains no points which do not belong to Pq . It is thus 
seen that P^ is perfect, and P^ = P/a+i = ... = Pq . The theorem has now 
been completely established. 

If, in the above theorem, the condition (2) be omitted, the set Pn is 
closed but not necessarily perfect. The set P^g, as before, contains no 
points that do not belong to Pq ; it then follows that 

P/3 = P/J+l = P /Bt2 , =. 

We can thus state the following theorem * 

If Pi, Pa, ... P^, ... P^, ... Pa, ... are all closed sets such that any one 
contains all the others with a higher index; then, either P^ vanishes for some 
definite number p of the first, or the second, class, or else there is a definite 
number jS, from and after which all the sets are identical. 

83. Every perfect linear set^ has the cardinal number c of the continuum; 
and every closed infinite set has the cardinal number c, or else the cardinal 
number a of the rational numbers. 

Let the intervals whose internal points are the set C {G), the comple¬ 
ment of the perfect set G, be denoted by {8}: and let A denote the greatest, 
or one of the greatest in case of equality, of the intervals {8}. Let I, the 
whole interval {a, b) in which G lies, be divided into the three parts 
Iq, a, Zi so that Z = Zq + A -f Zi, where Zq is on the left, and Zi on the right 
of A, the greatest interval of {8}. Denote the greatest of the intervals {8} 
in Iq, by Aq, and the greatest in Zi, by Ai; then the interval Iq is divided 
by means of Aq into three parts Zqq, Aq, Zqi in order from left to right, and 
the interval Zi is divided by means of Ai similarly into I^q, Ai, Zu. Pro¬ 
ceeding in this manner to a further subdivision, let be the greatest of 
the intervals {8} which lie in 1^,^, where p, q each has one of the values 
0 or 1; then l^^j is divided into three parts Zjj^q, Ap^, lp^\ and so on in¬ 
definitely. The intervals {8} are thus arranged in the order 

^0 3 ^01 3 ^10 5 ^ U > 

* Cantor, McUh. AnnoLtn, voL xxm (1884), pp. 486-488. 
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and each, interval of {8} occurs at a dctinifo plac.t* in llu' sr(jucncc. (V)n- 
sider a sequence of intervals I, Z^,, — wlicrc p. tp r, ... all iiavc 

definite values, each ot which is eitlicr 0 or 1. Kach oi Ihcsc inlcrv.ds is 
contained in the preceding one, and has one cn(l-])()in1 in common wil-ii il; 
and the sequence determines a single point P whicli is inferior fo all the 
intervals of the sequence, unless, from and affer some fixed ind<'\, all the 
indices are identical, in which case P is a ooniinon (muI point, of ali the 
intervals after a fixed one. Hence, since the jmint. P is not int(‘rior ti> any 
of the intervals {S}, it is a point of O. Conversely, evew-y point, of (t can 
be so determined by means of a sequence of intc^rvals; for (^vi^ry 
of G belongs either to Zq or to Zj, cand also to ont‘ of t lu' four int.(‘rvais 
Zoo, Zoi, Zjo, Zii, and so on. The point P is the limiting point- of lhi‘ (Mid¬ 
points of the intervals A^, A^,^, A^^,,, ... with tJxo indices the sarn<^ as tiiostj 
of the sequence Zj,, Zj,q, ... which determines t-lw^ jioiiit. 

Every number of the continuum (0, 1) is expressilile in llu^ dyad scale 
by means of a sequence -p, pq, 'jxp,..., where oac.h of tlio numbers 
p, r, ... is either 0 or 1; and all numbers are expressc^l mii(juely in (his 
manner, except those for which all the digits after sonu^ lixcnl one are 1, 
these numbers being also expressible by a sequence in wliich only 0 oeenrs 
after some fixed place. The numbers last mentioucHl correspond as indices 
of to a point of G which is an end-|)oint of oiu^ of t-he 

intervals {8}; but in every other case a number in the dyad sc*aU‘ corn'- 
sponds to a point of 0 which is not an end-point ot the intcrva-ls [Sj. 
Since the set of numbers of the continuum (0, 1) has ilie c*ardinal nundxM- r, 
it follows that the points of G form a set of the sanu^ (‘ardiual number, 
because each point of O corresponds uniquely to a single numbcM’ of the 
continuum, except that two points of O which are end-points of one (ion- 
tiguous interval correspond to a single nmnber oE the continuum. Kvery 
closed set which is not enumerable has been shewn to c.ont.a.in a perfect 
set as component; such a set has therefore the cardina-l numbc'r r. 

It will appear from the theory of order-types whicdi will be discussed 
in Chapter iv that the set of intervals {8} which defiiK'. a ])ei*iVc*t. set (t, 
when taken in their order of position from left to right, have an ()rd(M*-type 
which is the same as 17 the order-type of the rational numbcj-s which lie 
between 0 and 1, excluding 0 and 1 themselves, taken in their natural 
order in the continuum. It follows that a correspondence c.an be estab¬ 
lished between the intervals and the rational numbers, in whi(jh any two 
intervals correspond to two rational numbers that have the same oi*dor. 
If we take each rational number to correspond to the end-points of the 
corresponding interval, then each irrational number corresponds to a 
point of G which is a limiting point of end-points of intervals. 
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EXAIMPLES 


1. Let a; be a number given by + where the numbers 

Cl, Cg, . . c^, ... have each one of the values 0, 2. The set [x] is a non-dense perfect set. 

No number of the set lies between 

Co 


q ^ ^ ^ 2 2 

3 ' 3- ^'"3" ' 


^ Cg 

3 3^ 


3«’ 


and 


3 ‘ ” 



these two numbers determine a complementary interval of the set. the interval being of 
length ^. The number of complementary intervals of length is 2”“^, hence the sum 


QO 1 


of all the complementary intervals is S 

n—l •* 


which is unitv. It is clear that the set of 


complementary intervals is everyvdiere dense, and thus the set of pomts is non-denso. 
This example was constructed* by Cantor, and is the first example of a perfect non-den‘*e 
set which has been purposely constructed. 


2. Lot us suppose that the numbers of the interval (0, 1) are expre'^sed an the d^Mid 
scale, in the form ... ...; where each a is either 0 or 1. Each number for which 

th(‘ an all vanisli, after some fixed one c/„, which must be 1, is also representable* an 
unending radix-fraction, in which is 0, and all the subseciuent digits are 1. Lcl the 
numbers now be interpreted as if they were in the decimal scale. To each irrational number 
in the dyad scale, there corresponds a single number in the decimal scale, represented by 
the same digits. Of each rational number, not represented by a recurring radix-fraction, 
there is a double representation in the dyad scale, and there correspond two numlicrs m 
the decimal scale, which define a complementary interval of the set of points which re¬ 
presents the numbers in the decimal scale. A perfect non-dense set of points is thus defined. 


3. Taking a positive integer m(>2), let the interval (0,1) be divided into m equal 
parts, and exempt the last part from further subdivision. Divide each of the remaining 
m -1 intervals into m equal parts, and in each case exempt the last part from further 
subdivision. Let this operation be continued indefinitely. The points of division form a 
non-dense set; for i£ an interval d be taken anj-where in the interval (0,1), h may be so 

chosen that and a segment ■^“) entirely within c?, can be determined. 

This segment is either an exempted interval, or its >Jith part is one. The end-points of the 
intervals, together with their limiting points, form a non-dense closed setf, of cardinal 
number c. 


4. As int Ex. 3, let the interval (0, 1) be divided into equal parts, and the last be 
exempted from further division. Then let the remaining m — 1 parts each be divided into 
wi® equal parts, the last of each being exempted from further division. Let the remaining 
parts be then divided into m® equal parts, the last of these in each case being exempted 
from further division. If this process he carried on indefinitely, the end-points of the 
divisions, together with their limiting points, form a non-dense closed set, of cardinal 
number c. 


* See Math. Annalen, vol. xxi (1883), p. 590. 

t See H. J. S. Smith, Proc. Land. Math. 8oc. (1), vol. vi (1875), pp. 147, 148. 
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5. Let JL'i, /.'i, ... ... bo a scctaciicc of positho t-ach of wliii-h is urcali r thiin 

unity, and defined according to any law. 

It can be shewn'*' that every irrational number .r, in (0, I), can bc' nniijm‘l\ ivpri seuti'd 
in the form y r 

X-i/'s- 

where c„ < l‘„, and not all ol the numbers c„. are zero, for any v.iliu' t)f » 

It can further be shcTO that 

/.-i A-j/ro *" k\L'.. A-,, 

where -1 -c^,. If, from and after a certain value of the comliliou A„ I is 

alwa^^s satisfied, then all the vanish, and x is rational. It I lius apiM'ars that, t liesi* i.it ional 
numbers are capable of a double representation in lh(i form 

Cn Cl* C .» 

'*’7- /• L /. * “* ' 

/.j /.I'*2 /.-l/to ... 

(1) by the vanishing of all the c, after some fixed one, and (2) liy the eoiidit ion r„ -A*„ 1 

being satisfied, from and after some fixed value of /i. 

If we now take those values of x, for which every c d<U‘S not e.xceeil some fixed inli*ger A, 
these values of x form a non-dense perfect set It is easily seen thal. the* nitt*rv.il of 
which the end-points are 

c„ . A A 


Cl Cn 


and 


A'^A^o ... Alyj ^* 1^2 •• A.’|A*2 ... I /j I 2 

<*1 . ^2 , . ^ 

/‘•i 


contains no points of the set m its interior, although these points bedong to the si'l.. 
A particular case of this set consists of the numbers given by 


■ = -L 


.U>«' 

where every c is < 9. This set consists of the transcendental numbiu’s first didiiuMl by 
Liouvillet. 


r.-a + *” +1 




PBOPBRTIES OF THE DERIVATIVES OI^' UN 10AH SWTS 

84. If a set is dense in any sub-interval of the interval in whhdi it is 
contained, its derivative contains every point of the sub-int(5rval, and 
is identical, so far as such sub-interval is concerned, with tJio totality of 
the points of the sub-interval; we confine ourselvos tlioroforc to the case 
in which 6r is a non-dense set, and consequently its derivatives are also 
non-dense. 

The derivatives of transfinite orders have been defined in § 08; and it 
was there shewn that there is either a last derivative, whose order is some 
number of the first class, or non-limiting number of the second class; or 
else that derivatives of all such orders exist, and have a set of points 
in common. 

* Broden, Math. Ann. vol. u (1899), p. 299. 
t Liouville'a Journal, vol. xvi (1851), p. 138. 
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It was shewn in § 68, that being a iion-dense closed set, two cases 
arise ■ 

(1) If is enumerable, in which case G is also enumerable, then 
vanishes for some number j8 of the first or the second class. A set 'with 
an enumerable derivative is called a redticihle set. 

(2) If is not enumerable, then there exists some number /?, of the 

first or second class, for which 0^^'^ is a perfect set, and is consequently 
identical with and with 6?^^^ as defined in § 68. The set is the 

sum of an enumerable set and the perfect set A set G Avhich has this 
property, is said to be irreducible. 

It should be observed that, when is uneiiumerable. and con-^e- 
quently of cardinal number c, the same as the cardinal number of its 
perfect component, we are unable to make any inference as to the cardinal 
number of G itself. This may be a or c, or other cardinal niiinber between 
the two, in case such a number exists. 

CLOSED SETS IX TWO OR MORE DIMHN’SIOXS 

85. Ill considering the properties of closed sets of points in space oi 
two or more dimensions it is sufficient to treat in detail the case of plane 
sets only, because these sets exlubit sufficiently eleaily the respect}- in 
w’hich linear closed sets differ from other closed sets. The results obtained 
for plane closed sets can immediately be extended to the case of such set!- 
in any number of dimensions. In the case of a linear set. each point P 
which does not belong to a given closed set is enclosed in an open interval 
which contains no points of the set, and this interval has a maximum 
length in both directions, the end-points of such maximum interval S 
being points of the closed set (or an end-point of the fundamental interval), 
and this maximum interval is identical with 8, for all points interior to g. 
But, in the case of a plane set, if we confine ourselves to areas of given 
form and orientation, such as rectangular cells, and these take the place 
of the linear intervals 8, it is not the case that a closed set is defined a*- 
the set of boundary points, together with the external points, of a unique 
system of such cells. 

If P be a point which does not belong to a given plane closed set 6r, 
in a fundamental cell, and if we draw through P a straight line parallel 
to the line whose equation is y = mx, then those points of the given set 
which lie on this straight line form a closed set (see § 56), and the point P 
must be interior to an interval (P) contiguous to this closed set. If, 
on either side of P, there are in this straight line no points of 6r, then on 
this side the extremity of the interval (P) may be regarded as the 
point in which the straight line intersects a side of the fundamental cell. 
The interval (P) exists for every value of m, and the extremities of 
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the interval, for a fixed P, are points of the plaiu^ sot, or points on the 
boundary of the fundamental cell. The region of plane spa('(‘ .1^,, <letine(l 
by all these intervals, for every value of ■;>/, ^vhen tiiat- st!*aig!it iine is 
included for which x has a constant value, is live in its inttu’ior iroin 
points of G. Such a region (P) may be rt^ga-nled as tlie analogiu^, for 
plane sets, of the interval 8 (P) for the case of iint'ar sets. I >ut i li(‘ .inalogy 
is not complete, for if Q bo an interior point ol (/^), it is not noci^ss.o’ily 
the case that A,„ (Q) is identical with A,„ (/^). 

If hoAvever we work only with rectangular cells, there i‘xisls in gcnieral 
no unique rectangular cell, corresponding to a ]>oint ol (^Z), wlne.li is 
such that no interior point of it is a point of (r, and tiiat on its honndary 
there is a point of G. If we describe a square e(dl t)f side's 2/) wit It its 
centre at P, and containing in its interior and f>n its boiindiirv no point, 
of G, we may keep three of the sides fixed, anti move the fourth pa.rall('l 
to itself until it either contains a point of P, or becomes eoineidt'nt wil.h 
one of the sides of the fundamental rectangle. Wo may tium proc.t't'd to 
move another side parallel to itself until the same thing lia]>])tms, a.nd so 
on with the other tivo sides. The resulting rectangle will in genera.! dt'pend 
upon the order in which the moving of the four sides (.akes })laet‘. 'Phns we 
obtain, in general, no unique rectangular coll corresponding to 1 iu' ])oinl /\ 

86. It is however pos.sible, for a given closed non-denso j>la.m' sid. 
to construct an enumerable set, not unique, of cells wliicJi is ovinywlie.iv 
dense, and such that every point of G lies on the boundary of a r(‘i*1 angle, 
or is a limiting point of points which lie on the boiindaric's of suidi ei'lls 
Let us denote by S the fundamental cell m which the wlioli‘ sid. G lit'S, 
and let 8 be a cell constructed, as above, for a point P ol' tJu* s(»t. G [G). 
Produce the sides of 8, when necessary, until they cut tJie sides of N, thus 
dividing S into at most nine different rectangles, of wliicJi one is 8, a.ii(l 
the others may be denoted by 8^, where r 1, 2, ... 8. In tnicJi ri'ctangle 
8r take any point which does not belong to G, and const riKit for l\ a 
free rectangle 8^, as before; let the sides of 8,. be produced, wiien lu'ct'ssary, 
until they meet the sides of 8^, then 8^ is divided inif) at most iiiiio ri'ct- 
angles, which consist of 8^ and at most eiglit rectangles wlierc 
s = 1, 2, ... 8. 

Proceeding in this manner, we obtain a set of rectangles 

^9 j ^rs j ^rst j ■ ■ • > 

and in them a set of rectangles 8, 8,., S„, 8^^, ..., each of wliicli contains 
no points of G in its interior; each of the numbers ... being one of 

the digits 1, 2, 3, ... 8. If p be a point of G which is not on a boundary 
of any rectangle S„, it must be in the interior of each of an unending 
sequence of rectangles/S^„, 8„t, ..., wherer, s, t, ... have definite values; 
and this set of rectangles must converge either (1), to a point in the interior 
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of all of them, or (2), to a Knear interval, or (3), to a definite rectangle 8^ 
in the interior of all of them. In case (1), the point to which the rectangles 
converge is a limiting point of those points of G which lie on the boun¬ 
daries of the definite sequence of rectangles 8^, S,.^, .... In case (2), 

there must be, in the limiting linear interval, at least one point which is 
a limiting point of G\ for, if not, the whole interval could be enclosed in 
a rectangle which contains no points of 0\ and this is impossible. In 
case (3), we start mth the rectangle /So,, and take a point not belonging 
to G inside it, which point exists, since G is non-dense, and construct the 
maximum free rectangle . Produce its sides as before to meet those of 

/Soi, and proceed as before to construct ... and _ This process 

can be continued until an index is reached Vv’liich may be any number of 
the second class, but the point y must be reached before some definite 
number of the second class appears as index: this following from the fact 
that the number of non-overlapping regions which are contained in a 
given space must be enumerable. Thus the point y is reached after an 
enumerable set of steps of the process. 

It has therefore been shewn that 

// G is a non-dense closed ylane set of yoints, an everywhere dense enn- 
jnerahle set of rectangles exists, such that every yoint of Q is on a boundary 
of one at' rnoire of the rectangles, or is a limiting point of such ptoints, or lies 
in a linear mterval ivkicli is the limit of a seguence of the rectangles. 

In case the set G is the rectangles of the set must either not abut 

on one another, or every common side must contain either no points of G, or 
else a perfect set of points of G. 

87. That a perfect plane set G has the power of the continuum* may 
be proved by projecting the points of (r on a side of the fundamental 
rectangular cell. The linear set of points which are the projections of G 
Is a closed set. For if P be a limiting point of the set of projects, let pp' 
be an arbitrarily small neighbourhood of P (on the side), of which P 
is the centre; construct straight lines PQ, pq, p'q\ perpendicular to pp', 
meeting the opposite side of the fundamental rectangle in Q, q, q\ In the 
rectangle pqq'p' there are an infinite number of points of G. Let a sym¬ 
metrical system of nets, with closed meshes, be fitted on to this rectangle 
pqq'p'\ the number m (see §51), whose square is the number of meshes 
in jDi, being taken to be odd. There is in at least one mesh of an 
infinite number of points of G in the interior or on one of its boundaries 
parallel to pp' ; and one such mesh at least must exist with its centre on 
PQ ; for otherwise P could not be a limiting point of the projection of Q. 
We take that one of such meshes which is nearest to pp'. Similarly 

* See Bendixson, J5»6. Sverisk. Vet. HamM. vol. ix (1884), where the first proof of this theorem 
was given 
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there exists a mesh of contained in //,, with its i-eiitn* on /V^ iiiul 
containing an infinite set of points of (t. S^-oi-eeiiing in this manure wc 
obtain a sequence meshes eacii coiitainiiiy lh<‘ lu^xt, an<t .:!! 

having the same property as 'Phese define a point on t*(^> v\hii*h nnist 
be a limiting point of G, and therefore Ixdongs t(» ft. 'riua-c'i’on' P is a 
point of the projection of G\ and thiLs the projei*tion o!' ft is a. elost‘d sei. 
If a point P be an isolated point of the projection oi w*' in.iN as l)(*!ore 
construct a rectangle ycjff which coiit-aius no point-s (»! ft f Ji.ii do n<K \io 
on PQ. The component ot 0 in this rectangle must Ix' pcn-iect, and there¬ 
fore the straight line PQ contains a perfect conipoiaait of (t If lh<‘ pro¬ 
jected set is perfect, then it has the power o of (h(‘ coiilinnmu; and if il 
contams isolated points, these must be tlic projix tions of pcrhx l lna‘;ir 
components of 6?; therefore, m cither case, ft has I he powrr of In.* cem 
tinuum. 

It is clear that tliis method of proof can he (‘Ktendc^d to (Ik^ ca-t* nf 
a set in any number of dimensions. 

THE A^'ALYSlS OK SWTS !\ ({KAnUM. 

88. With a view to the general analysis of sets of points in any ninnhcr 
of dimensions, it is necessary to classify the points of a giv<‘n set- accniiiicii 
to the cardinal number of those points of the set i liat- ari* in I la* ai-hit.rarily 
small neighbourhoods of the various points*. 

An isolated point of any set O is such that in a sulficacail 1\ sma.li magii- 
bourhood of the point there arc no other points of (t. I^’or this r(‘ason an 
isolated point may be said to be of degree zero in the set. 

A limiting point of G, such that in every siinicicMitly small m^igtihour- 
hood of the point there is an eixumerably infinite set. of points of is 
said to be a point of enumerable degree in the set, or of degree a in the i^et. 
Such a point may or may not belong to G. 

In case the point is such that, in every iuagl\boiirhoo<l of it, liim-e 
exists a set of points of 0 that has the cardinal nunibor of thci oonlinuinn, 
the point is said to have degree c in the set. 

As we are not entitled to assert that every infinitt*. set of points ha.'^ 
either a or c for its cardinal number, we contemplate the cxistoucci of sets 
having a hypothetical cardinal number x different from a or c. A point, 
such that, in every sufifioiently small neighbourhood of the point, there 
existed a set, of cardinal number x, of points belonging to 6/, would be 
termed a point of degree x in the set G. 

* An analyais of this kind, for sets m geneacal, was given by Cantor, Acta MtUli. vol. vxi (188f)^ 
p. 105. A more elementary presentation of the matter, without the use of transfiintc n.»mht‘rn, 
has been given by W. H. Young, Quart. Jmtm. of Math. vol. xxxv (1904-), p. 102. 
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A point P, whether it belongs to G or not, is said to be a point of 
unenwmerahle degree in G if, in every neighbourhood of the point, theje 
exists an unenumerable set of points which belong to G. iSuch a point has 
been termed* by Lindelof a j)oint of conde)isation. As however this ex¬ 
pression is employed by some writers to denote a limiting point, it is better 
avoided. The set of all such points P (belonging to G or not) is closed. i*jr 
any limiting point clearly belongs to the set. It is obvious that, if G be 
enumerable, it contains no points of unenumerable degree in G. for every 
part of an enumerable set is enumerable (finite or infinite). 

Conversely it may be shewn that: 

If no point of G is a j^oint of wfiemimemhility la G, the set G is en*-- 
merdble. 

Let a system of nets be fitted on to the finite, or indefinitely great, 
cell in which G is contained. Any point P, of G, is defined by a unique 
sequence of meshes of the successive nets of the system. There must be 
a value np of n, from and after which all the meshes [d„\ of the sequeiic e 
wiiich defines P contain only an enumerable set of point'^ of G Thus, to 
eac]\ point P of G, we can correlate one mesh but the same mesh 
may be correlated with more than one point P. Taking all the meshe^^ 
for all the points P of G, these form an enumerable set. being pair 
of the enumerable set of all the meshes of the system of nets. Since each 
mesh dnp contains only an enumerable set of points of G. it follows (§ o'*! 
that O is an enumerable set, 

89. Every set G, not enumerable, is the sum of an enumerable set {possibly 
absent) and a set in which each point is of unenumerable degree in the set. 
and which is therefore dense in itself. 

Thus G H K, where H is enumerable, and K is such that each 
point is a point of unenumerable degree in G. Since every point of K 
in its neighbourhood an unenumerable set of points of G, and therefore 
of K, the set K is dense in itself. To prove the theorem, let H be that 
part of G, each point of which is a point of zero, or of enumerable, degree 
in G; it is then clear that H must be a set in which every point is of zero, 
or of enumerable, degree in H\ therefore H is enumerable. The set 
K = G — H then unenumerable because each point of it contains in its 
neighbourhood an unenumerable set of points of G, and therefore of K. 

It is clear that every hmiting point of a set of points of unenumerability 
is itself such a point. Since K is dense in itself, it is contained in its de¬ 
rivative K '; and as K' has no isolated points, it is perfect. 

If is a closed set, it must contain all the points which are of 


H 1 


* See Comptes JRendus, vol. cxxxvii (1903), p. 697. 
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uii6iiuixier£ible d.6gre0 in it; tluiw J^' sind A ai’t‘ i(U*uti(*iU, and tlu^nd'oiv A. 
is perfect. Therefore we have tlic tlieorciu . 

A closed set is the sum of au- eiiumvrablv ,svi and a pnftrf ,s7/, viUnir of 
which 7nay be absent. 

The proof of the theorem here giA'^en is <lu(‘ lo Lindeli)!' {lor. riL). 

For the special case of linear closed vsets (his 1 licori'iu lia^ «dr(‘ady been 
proved in § 81. But the following tiieorcsn ina.\ Ix' added" ; 

A linear closed set is the sum of an enumentblv sd and a sv7 irhirh is drnsr 
m itsdf, such that each point of the latter set is a Innilintj poinl on both sides. 

For, a point of K that is a limiting point only on one* sidi^ is also a. 
point of K' which can only be a limiting point, of A'' on one sid(^: inonxjvt'r 
the set of all such points of K\ viz. the e\l rmnitic's of (li(‘ ini (‘r\ a Is ooii' 
tigaous to it, is enumerable. Therefore, those points of K {ha.t iwo Inniling 
points of K on one side only form an eninnertible std ; and d' lliesi^ Ix^ 
removed from K we have a set the points of whicli ovr limiting points 
of K, and therefore also of on both sides. 

It is asserted in the first theorem given above t hat c‘vmy uncnnmi'rahle 
set contains a component that is dense in itself An (MuinHM*al>l(' sid nniy 
contain such a component, and if it docs, its dcM-iva-tive contains a. p(‘rf(M‘.t 
set, and thus the enumerable set is irreducible. 

It has been proved by Sierpinskif that ('very si't, of jioints can he 
decomposed into the sum of two sets, the lli‘.st of \vhi(*li (‘ontaiiis no (*oin- 
ponent that is den.se in itself, and is eHectivt'ly ('iiumc'rahh', and (ho 
second of which is dense in itself. Either s('l. may Ix' a.hs(‘ii( 

90. If O is an unenumerahle set, tluose points of (/ irhich are of the same 
degree x (> a) in 0 farm a set which is dense vn itself, and of which the cardinal 
number is > x. 

Let us fit on a system of nets with closed inc'slu's to ( In' nnhounded 
space in which G is contained. Consider any point (.hai. is of d<'gr('.o 
a; in,©; P is in a mesh (x) in which the sot of poiiit-s of G is of dogn'e. .r ; 
n may have the smallest value for wMch this is the case. Wlu'n all siudi 
points P are taken, the meshes dfj, (x) corresponding (.o tlK'in form an 
enumerable (or finite) set, a part of the enumerable set of all the meshes 
of the system of nets. In each of these meshes d^ (x) there' is a set; of 
points of G of cardinal number x. It will be shown in Chapt.(ir xv, § 1^5, 
in connection with the general theory of cai'dinal numbers, tliat. an enu¬ 
merable set of aggregates of points, each of cardinal number a:, <'.aimot be 
assumed to have the cardinal number a:, unless x « c. Since all those points 

* W. H. Young, Quart. Joum. of Math. vol. xxxix (1908), p. 7«. 
t Fundemmta Mai. vol. i (1920), p. 1. 
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of O that are of degree x in the set are contained in the enumerable set of 
meshes so obtained, it follows that the set of such points of G has a cardinal 
number ^ x, except that it certainly has the cardinal number c, in case 
X = c. 

To shew that the set is dense in itself, we observe that, in a sufficiently 
small neighbourhood (a, /3) of Pg., there is a set of points of of cardinal 
number x\ and that none of these points can be of degree in G higher 
than X. For if there were such a point Q of degree higher than in some 
interval {a', j8') contained in (ck, j8) and containing Q in its interior, there 
would be a set of points of G of cardinal number higher' than x ; but this 
is impossible, as all these points would be in (a, j8). Again, the points of G 
in (a, j8), other than P^. cannot be all of degree lower than x\ for if they 
w'ere so. their cardinal number would be lower than x, since they could 
be enclosed in an enumerable set of non-overlapping intervals with Pj, as 
sole external point. Moreover, since, in any arbitrarily small neighbour¬ 
hood of Pa;, there are points of the same degree x in G, P^. is a limiting 
point for such points. Therefore the set of points such as P^ is dense in 
itself. 

The set of points of degree c is dense in itself, and of cardinal number c. 

91. Any set G consists of isolated points which form an enumerable 
set called the adherence of G, and of limiting points wliich form a set called 
the coherence of G. Denoting the adherence and the coherence of G b;^' 
Ga, Gc respectively, we have G = Ga -{■ Gc, 

The set Gc can in a similar manner be spht up into its adherence and 
its coherence, which we denote by Gca and Gc^ respectively, thus 

Gc = Gha -f- Gc^, 

The set Gca is an isolated set, and therefore enumerable; and if we proceed 
to resolve Gd^ in a similar manner into its adherence Gc-a. and its co¬ 
herence (?c®, and then to resolve Gc^, it is clear that the process may be 
continued any number n of times. We thus obtain 

G = Ga Gca -f Gc^a -f ... -h Gc^-^a -h Gc^. 

The set Gc^-^a may be named the adherence of G of order and Gc"^ 
may be denominated the coherence of G of order n. 

It may happen that, for some value of Gc^ vanishes; in that case 
G has been spht up into a finite number of enumerable sets, and is conse¬ 
quently itself enumerable. If this be not the case, the process may be 
continued indefinitely, and then exists for every value of n. We then 

D (O, Oc, Cfc\ ... Gc^, ...). 

the set of points common to all the coherences of 6r, to be the coherence 

9-2 
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of order co, and denote it by (7c". It is clear that (‘very j)oi!il nf (/ wiii^tL 
does not belong to one of the sets Oc^^^hi, belongs to ^i("\ htnu-e \\(‘ liavr 

G = -i- (k'% 

the summation being taken for all values of //■ beJonging io tlu* lii'sl l i.ivs. 

We now split up f^c" into its adiicreiKK* (fC'-v/, and its (k'"\ 

and proceed further to obtain the adherencos a.nd (‘oln^nMu (\s oi f/ of tia* 

orders of the various numbers of the soeoiul class, if . n .is 

a sequence of numbers of the second class, whicli iias ft lor its liiuo, ihc 
coherence of order ft is do lined by 

ao^ 1) (f/c-, ... (,Wn, ...). 

We now obtain a resolution of G of tiio form 

O = :S6rVa. -1- (k\ 

'where y is any number of the first or second class, and the siimm.ucat 
refers to all values of p which are less than y. Mach adlunx^ice (iV'V; is 
an isolated set, and therefore enumerable, and if (/ tu)nl.ains a component 
which is dense in itself, tins component is contained in f/r». 

First suppose to be an enumerable set; the procc'ss of analysis miisi 
then cease for some number y of the lirst or st'cotul cla.ss, I<\)r if 
existed for every number y of the second class, we should havt‘ oblaiutvi 
an imenumerable set of adhereiices containing no points in common, .ind 
all belonging to G: thus G could not be enumerable. 

The cessation of the process may take place in two (lilT(‘r(‘in manners: 

(1) , if for some number y of the first or second class, (k^ 0, (/ h.is 

been resolved into an enumerable set of adiierences, and it. (■«)nta.iiis lU'. 
component 'which is dense in itself: 

(2) , if for some number y, 

Gc^a = 0 , 

in which case Qc^ = 6rC>'+^, the set Qc'^ then contains no adlu^nMicc, a.nd 
every point of it is a limiting point, and Gc^ is t.htM't^for(‘ dcns(* in its(df. 
The set O has consequently been resolved into an (MUinfi(M*a.l)i(‘ <*omponcm 
which contains no part that is dense in itself, and into a s(‘l. wlihdi is 
enumerable and dense in itself. 

Next, let us suppose that (7 is an unenumerable sot. 'I'lwm it. has 
shewn that those points of O which are of unenumorabJo degree in (/ form 
a set that is dense in itself; and those points which belong to t.ho sul- 
herences of all orders are points of zero, or of eiiuiuorablo, (ksgri^o, and 
thus form an enumerable set. It follows, since all points tliat do not 
belong to that part of Q which is dense in itself belong to the adiionuu^cs, 
that the number of adherences must be enumerable; swxd thus thati, for 
some number y of the first or second class, Ocy is dense in itself. Tlic set 
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Gc^ may consist of an enumerable set dense in itself, and of sets of higher 
cardinal numbers dense in themselves. 

It has thus been shewn that any set G rnay be represented by 
0=U F^-fSFa,+ F,, 

where U is an enumerable set which contains no component that is dense in 
itself, Fq 45 an enumerable set of points of degree a dense in itself, is a 
set, of cardinal number c, consisting of points of degree c, dense in itself; 
Fa; is a set dense in itself consisting of points of degree x, where a < x < c. 

If, as is probable, no cardinal numbers exist between a and c, the 
sets Fg. can be omitted. A set such as Fa, or Fg., or F^ is denominated a 
homogeneous set of degree a, or x, or c, in the set G. 

If G is a closed set, then, as has been shewn in § 89, F^. is perfect, and 
S Fa; cannot exist. 

IXXER AND OUTER DimTING SETS 

92. Let /Si, /Sgj be a sequence of sets of points, in one or 

more dimensional space, such that each set of the sequence is con¬ 
tained in the preceding one S^, then the set /S’„, or D (/Sj, ... /S„, ...), 

consisting of points each of which belongs to all the sets of the sequence, 
is said, when such set exists, to be the inner limiting set of the sequence 
of sets. A point which does not belong to ... but belongs to 

Sn -1 is said to be shed at the index n. 

When Si, ••• S^, ... is a sequence of sets, each one of which /S„ is 
contained in the next /S„_.i, the set S^, or M {Si, S^i ... S^, ...), which 
consists of the set of those points each of which belongs to all the sets, 
from and after some value of n dependent on the particular point, is said 
to be the outer limiting set of the sequence. 

If any sequence Si, Sg, ... S,i, ... of sets be given, and we take /Si = Si, 
S 2 = D (Si, Sg), /S 3 = i> (Si, S,, S 3 ), and in general /S„, = D (Si, Sg,... SJ, 
the inner limiting set S„, when it exists, also defines D (Si, So, ... S„i, ...), 
and may be regarded as defined by the given sets Si, Sg, .... 

For a point that belongs to aU the sets Si, Sg, ... S„, ... belongs to all 
the sets 8 ^, /Sg, S^, ... /S„, ...; and a point that belongs to aH the latter 
sets belongs to aU the former sets. 

Thus it has been shewn that the set of points common to all the sets of 
any given sequence of sets is an inner limiting set. 

Again, if we take S-^ = Si, = M (Si, Sg), /S 3 = AT (Si, Sg, S 3 ), ... the 
outer limiting set also defines M (Sj, Sg, ... S„, ...), and thus the set of 
all points that bdong to one at least of the sets of any given sequence of sets 
is an outer limiting set. 
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If be the inner liiiiitiiig sot of flio so<{ueiu*t' ^s'j, N., ... of s(*|s. 

each of wliich contains the next, the se(|ueiKi(‘ (/S'j), (•S'.j), (' iN.). of 

the sets complementary to the first sequonet' with respect in ,i cell (or 
interval), whether finite or not-, which contains Ua'in all, is sneh that eaeli 
set is contained in the next, and llieir oiilor 1 uniting si‘i is (' 

It has been shewn in § 67 that. wJieii the st^s >S',, N,, ... ai\‘ ail i*!ose<i 
sets, the inner limiting set always exKsts, and is a. el<>s<‘d set 

Every set of points can be exhibited n.s* the inner linnhmj s// o/n nee 
of sets each of which contmns the next; and absn as tin ouitr iinutnuj set af 
a sequence of sets each of which is contained in the next. 

Let a set G be contained in the intorior ol a. eeli 
^(1)^ fe(2)^ ... and let Go be the compoiamt of (t that is e«)iil;i]ii(‘d m 

the cell ... eb<^\ 6b<^\ ... when* 0 0 I 

If 01, 03 , ... 0„, ... be an increasing seepumeo of vahu^.'. ot 0 ili.il eon 
verges to 1, the sets Qe^, Go.,, ... will be such tlia-t one is eontanu**! 
in the next, and their outer limiting set is tli(‘ givcni st‘l G. 

Also G is the inner limiting sot of the seqmnua' ol those stMs w hieli .ni* 
complementary to the sets of a sequence for which {G) is the outer 
limiting set. 

In case G is unbounded, it may be placed in corrt‘spon(lenee w if li a set 
interior to the cell (— 1, 1), and the thoorein tJun’c^fon* holds for sine(‘ 
it holds for the set that corresponds to O. 

SETS OE THE FIRST, AND OF THE SE(!()Nn, ('A'l'E(!()i; \ 

93. The outer limiting set of a seqmnce. of n-oiiHlensr sets (\ Jt.,, if . 

eaxh of which contai'ns the preceding one is said to be a set of the first category. 

This is equivalent to the definition given* by Haire, that, if l \, ... 

P„, ... be any sequence of sets, non-denso in t.lie funda.ni(mta.l inf.<n*val, 
or cell, in which they are all contained, the sot M /^, ... ...), con¬ 

sisting of all the points that belong to any of tihe given sets, is of tlu^ 
first category. For we have only to take - Af (/^ and (f, 

is non-dense. The set ... Pn> can always Ix^ ri‘pla(»ed by mm- 

dense sets, Qi, Qg* Qz^ ••• no two of which have a point- in common; for 
we may take 

Ot = Pi, e* = Pa - D (Pi, P*), = P, - J) , />.,) t) {Q^, />.,). 

Any set which is not a set of the first category is said to be of the secotut 
category, 

* Annalt dt Mat. (3), vol. in (1899), p. 65, where the distinetion lM)iw<»oii wtH f»f tin* ftrHt aiul 
second categories was first introduced. 
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It is clear that a set of the first category is enumerable if the set? 
© 1 , ^ 2 , ... Gn, ... are all enumerable, and that every enumerable set is cf 
the first category. 

An enumerable set of the first category may be everywhere dente. 
For example, the set of rational points in a given ceil, or inten^al. («, b) 
is of the first category, and is everywhere dense. 

A set of the first category may have the cardinal number of the con¬ 
tinuum, and may then be everywhere dense, or non-dense. 

A set of the first category is not necessarih’ closed. As an illustration 
of this fact, let us consider a set of cells PiQi- ea.ch ot 

which contains the next, and such that the sequence converges to a single 
point interior to all the cells of the sequence Let f/, con-sist of a set of 
points on the boundary of let consist of together with a set 

of points on the boundary of P^Q^\ and generally, let G„ con.-i'-t of 
together with a set of points on the boundary of P^Qh • point pdoe^ 
not belong to G^ for any value of n, and therefore does not belong to 6'^. 
but it is clearlj?’ a limiting point of G^; and therefore G^^ is not a closed set. 

To illustrate the fact that an unenuinerable set of the first categoiy 
may be everywhere dense, fit on to the cell, or interval, (a, b) a system ot 
closed nets. Let 0^ be a non-dense perfect set in (a, 6); in eacli mesh 
of Z)i place a non-dense perfect set, and let G^ be the perfect set made up 
of all such non-dense perfect sets, together with Gi . Let consist of G., 
together with non-dense perfect sets placed in all the meshes of Z)>: and 
so on. 

The set of the first category defined by G^, G^, ... is clearly everywhere 
dense; for any sub-cell contains a mesh of for some sufficiently large 
value of n, and thus contains points of , and therefore of G^. 

In case G^ is closed, it must be non-dense, for it will be shewn that 
G {GJ) is everywhere dense, and therefore G^ cannot contain a ceil, or 
interval. 

94. A set of points which is complementary to a set of the first category 
is a set of the second category. 

In particular, a cell, or an interval, is not the sum of two sets of the 
first category. 

To prove this theorem, we shew, in the first place, that the set com¬ 
plementary to a set of the first category is everywhere dense. For let 
(a, j8) be any cell, or interval, in the fundamental cell, or interval, in which 
the set of the first category is contained. There exists a cell, or interval, 
(cq, j8i) interior to (a, j8), in which there is no point of the non-dense set (?i. 
Again pi) contains in its interior a cell, or interval, (cq, P 2 ) containing 
no points of G 2 I and so on. 
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There exists then a point interior to all the cells, or intei'vals, 

(a, («!, ^i) (C £2 5 ^ 2 ).’ p») . 

which is not a point of G^. Hence the set coiiiploinoutary t(^ (r\^ ts eveiy- 
where dense. It follows from this that a set of the first calo^^ory cannot 
contain all the points of any interval, or cell, and is thnw a difniso set. 
Next, let ns assume, if possible, that G (6?„) is itself the limit of a >setinonce 
Qi^ Q>, ••• Qn^ non-dense sets, each of which is contained in tiu? next. 
The sets -h Gi. ^2 ~ non-dense, and each one of them is 

contained in the next; their limit, which is of the first category, is idc'ntical 
with the fundamental cell, and this has been shewn to be impossible. 
Hence the complement of a set of the first category is not of tlie first 
category. 

The converse of the above theorem does not hold good. It is not true 
that every set of the second category is the complement of a set of the 
first category. Thus there are two Mnds of sets of the second category; 
those which are complementary to a set of the first category, a.nd those 
for which this is not the case. If, for example, in a linear interval {a, h) 
the points of a sub-interval (a^, jS^) be taken, these make up a set of the 
second category, and the complementary set is also of the second category. 
It has been shewn* by Mahlo that the points of a linear interval {a, b) 
can be divided into two sets, each of which is everywhere dense, and of 
the cardinal number of the continuum, and neither of which is of tlio first 
category. 

95. A set of the second category ■which is complementary to a set of 
the first category is saidj to be a residual set. 

A residual set can be obtained by the successive removal from a funda¬ 
mental cell, or interval, of non-dense sets of points belonging t o a socpicnce 
of such sets. It has been shewn in § 94 that a residual sot is everywhere 
dense. It will now be shewn that; 

A residual set has the cardinal number of the continuum. 

Let Oto be a set of the first category, and C {OJ) the corresponding 
residual set. Let a system of nets be fitted on to the fundamental cell, 
or interval, in which is contained. If n be sufficiently large, tlierc is a 
mesh of the net Dn that contains no point of 6?^; the smallest value of n, 
say 7^l, for which this is the case may be chosen. Let this mesh ho denoted 
by d. There is some smallest value of n, say such that d contains in 
its interior two (or more) meshes dQ,di, of the net Dn^, neither of which 
contains a point of G 2 - In case there are more than two such meshes, 
do, are those of lowest rank. Again, there is some smallest value of n, 

* See Leipz B&r. vol. Lxv (1913), p. 283. 

t See Denjoy, Journal de Math. (7), vol. i (1915), p. 123, who has introduced this terminology. 
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say such that both and contain within them two or more meshes 
of , none of which contains a point of , Let the two meshes in dQ 
be denoted by two meshes in by d-^. Proceeding 

in this way, we can define a sequence of meshes ••• each of 

which contains the next in its interior: where each of the indices p, q, r, ... 
is either 0 or 1; and w’here the sequence p, q, r, ... is defined in accordance 
with some set of rules The point interior to all the meshes of this sequence 
does not belong to and is therefore a point of the residual. But such 
a sequence can be defined corresponding to each number of the con¬ 
tinuum; leaving out those sequences in which all the indices, from and 
after a fixed one, are all 1, the correspondence is unique. Hence the 
residual must have the cardinal number c, of the continuum. Further, it 
can be proved that : 

Any finite, or enumerahly infinite, set of residuals have in common a set 
which is also a residual set. 

Let ... be residuals obtained by removing successively the 

^ets of sequences ... of non-dense sets from an inteival, or 

a cell; the non-dense sets can be arranged in enumerable order 

If these sets be removed successively from the interval, or cell, we obtain 
the residual ...). 

96. It is often of importance to consider the properties of sets that are 
contained in a given perfect set H, wliich may be non-dense in the con¬ 
tinuum. 

If P^, P 2 , Pny sequence of sets all of which are non-dense in 

the perfect set H, the set 31 (P^, Pg, ...) is said to be of the first category rela¬ 
tively to H. A set which is not of the first category relatively to H is said to 
be of the second category relatively to H. A set whose complement relatively 
to H is of the first category relatively to H is said to be a residual set rela¬ 
tively to H. 

It can be shewn that: 

A set of points which is the complement, relatively to the perfect set H, 
of a set of the first category, relatively to H, is of the second category relativdy 
toll. 

In particular H cannot be the sum of two sets both of the first category 
relatively to H. 

This is proved in a manner precisely similar to that in which the 
theorem for the case in which PT is a continuous cell, or interval, was 
proved in § 94. Thus it is first shewn that a residual relatively to H is 
dense in H, and then the proof of the theorem is completed as in § 94. 
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It follows that a set of the first category relatively to // is diffused in 7/. 

It can be proved, as in § 95, that a residual with respect to 11 ha« the 
cardiaal number of the continuum. 

It has been shewn by Denjoy* that a residual relatively io a. |>erfeel 
set B. itself contains a perfect set. 

It will appear, from the theory of order-types developed in (Jhajdtu* 3v. 
that the points of a perfect linear set can be made to correspond uiii{|ue]\ 
with points of a continuous interval (a, 6), in sncli a nicinner that the 
relative order of two points of the perfect sot is the same a.s t.liat of 
corresponding points in (a, h)\ the end-points of an interval conligiioiis 
to the perfect set corresponding to one point of (a, h). 'fo a closed set //. 
non-dense in the perfect set, there corresponds a closed set, iioii-denso iu 
the continuum; and sets of the first, or the second, category vtilrdivciy to 
the perfect set correspond respectively to sets of the first, or of tiio second, 
category in (a, b). It thus appears that the properties of sets of iJic hrst. 
and the second, category in the continuum can be immediately extt*iided 
to sets of the first, and the second, category relatively to a perfeet si^t-. 

This is a particular case of the general property of any perfccjt set: 
viz, that aU descriptive properties of sets of points in the contininuu 
correspond to identical properties of sets of points in a perfect set, even 
if the perfect set be itself non-dense in the continuum. 


EXAMPLES 


1. Let Pi, Pgs he an enumerable set of points in an inl.orv.il (a, O)-, tiu- 

set may be everywhere dense m («, 6). The finite sots 

{Pi), {Pi, Pi), {Pi, Pi, P ^),... {Pi. Pi ,... P„), ... 
are each closed, and the given set is the limiting set, which is therefore of llie first category. 
The remaining points of {a, b) form a set of the second category, whicli is a rc\sidiial. 

2. Denoting the points of the interval (0,1), as in Ex. o, § 83, by 


Cl Co c« 

® = +-”+ 7 - 7 -- 7 

j aJo a^2 ■ ■ • 

where c^<h^i let the fixed mtegers ki,lc 2 n .. form a aequonco wliifli inc-ronsos 

without limit. Ef oi-ag,... a%, ... is any sequence of positive integers wliich increase 
without lunit, let denote the set of those numbers x, which are such t-Iiat 1 lie intc^gors 
Cj, Cg,... c„,... are aU <a^. The sets Oi, G^, 0 ^,... Cr„, ... are a sequence of perfect sets, 
each one of which contains the preceding ones; the set Goi is then a set of tlio first category. 

3. The numbers of the contmuum (0,1) may be divided into sets, of the first, and of 
the second category, in the foUowing manner; the numbers in (0, 1) may be expressed 
as endless decimals; the finite decimals bemg therefore not used. Let!|; the set H consist 
of all those numbers in which the digit 9 occurs only a finite number of times, and of those 
numbers also in which, from and after some place, aJl the figures aro 9. The comple- 

* Journal de Math (7), vol. i (1915), p. 232. 
t Broden, Math. Annalen, vol. jj. (1899), p. 299. 
t See Schoenfliea, Beruiht, vol. i, p. 106. 
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mentary set K consists of all those numbers in which 9 occurs an infinite number of trnies. 
except those in which every figure is 9, from and after some place. The set H is the limit 
of a sequence of non-dense closed sets Hj.Hn, ... ... each of which is of cardinal 

number c. For, let H-^ consist of the numbers of the form -ahe ... Z-999 ... in which evciy 
figure is 9, after some fixed place, and in which none of the figures or, 6, c, ... 1: is 9; together 
with those decimals in which no figure is 9. Xo number of the set can he 'vnthin tl.c 
interval (-ahe ... /:899 .. , -abc . /.999 ...) which is therefore a complementary interval of 
the set. The set II„ may be taken to consist of the numbers of the form 'ffic ... 7i^,999 . 
in \vhich J: is not 9, and not more than - 1 of the figures a. b. c, ... Ji, are 9; together with 
those decimals in w'hicli 9 does not occur. That each of the sets is of cardinal number c, 
follows from the fact that it contains all the decimals in which 9 does not occur; and these, 
if interpreted in the scale of 8, represent ail the numbers of tlie continuum fO, 1). The set 
H is everj’where dense, since it contains that ever^vhere dense set of numbers in which, 
every figure is 9, after some place. The set K, being of the ^econd category, is also ever\’- 
where dense, and of cardinal number c. 

4. The following method of dividing the continuum ((». 1) into tuo portions, each of 
which is everywhere dense, and of cardinal number c. has been gi\en b\ Hroden^': Let 
/q+/ i-r/i-r. - -I- . denote a divergent scries of ])ositne numbers, such that tin. limit 

of /^, as iL is mdcfiniteh’ increased, is zero. Let a be a positive number <i, and let 

Ho - . . Wi. . . be a sequence of increasmg poS'itive integers. It is po'^^ibk to ehoo-c the 
divergent series so that each of the ratios •• is <a if be done, the ^ene" 

00 « 

2 IS convergent, its sum being <,-. Each of the senes obtained from 2 /. . bv 

,.l"‘ = = l-a .-l"- • 

leaving out a finite number of terms, is also convergent The convergent sericB*. so obtained, 
form an unenumerable set: for they are obtamed b\ multiph-ing the terms of the series 

oo 

2 each either by 0. or by 1; and thus there is a senes corresponding to each fractional 

I ■-! 

number expressed in the dyad scale. Correspondmg to each convergent senes there is a 
divergent series which consists of Zg+Zi+ with the convergent series removed 

from it. We obtain m this manner an unenumerable set of divergent series. Tlje con¬ 
vergent and divergent scries, each of which consists of terms of Zy Z^ -i-... -f Z„ -.. , may 
now be correlated with the numbers of the continuum (0, 1). Let these numbers be ex¬ 
pressed in the dyad scale, in the form ‘UiaoUa_where every a is 0. or 1. and the case in 

which everj" figure is zero, after some place, is excluded. To one of the series — Z^ + Z^ - — 
we may take that number to correspond in which a^, a^.,.. are all 1, and the remainmg 

digits 0. The points of (0, 1) are thus divided into two classes, one of these consisting of 
all the numbers which correspond to convergent senes, and the other of those correspondma 
to divergent series. 


ORDINARY INNER LIGHTING SETS 

97. The inner limi tin g setf of a sequence of open sets, each one of 
which contains the next, is said to be an ordinary inner limiting set. 

The outer limiting set of a sequence of closed sets, each of which is 
contained in the next, is said to be an ordinary onter limiting set. 

♦ CreUe's Journal, vol. exvm (1897), p. 29. 

j* The term inner limitin g set is due to W. H. Young, who has investigated the properties of 
such sets; see Leipz. Ber. 1903, p. 287; for further properties see also his papers in the Proc. 
L(ynd. Math. Soc. (2), vol. i (1903), p. 212, and (2), vol. m (1905), p. 372, where the theory is 
extended to p-dimensional sets. 



Thus an ordinary inner limiting set is the complement of an ordinary 
outer limiting set. 

In the case of a linear set of points contained in a given interval {a, 0), 
to which the case of a linear set in an unbounded intoival may be reduced 
by the method of correspondence, an ordinary inner limiting set is the 
set of points common to a sequence {A„}, where is, for each value of )i, 
a set of open intervals contained in (a, b). 

In the particular case in which aU the sets A„ are evcryvvluu’o douses 
in (a, 6), the complementary closed sets G (AjJ are all non-dcnsc. In iliis 
sase the ordinary inner limiting set is of the second category, n.nd is of 
that species which is termed (§ 95) a residual set. 

The case of linear sets will here be considered in detail. 

The following theorem wiU be established: 

Every ordinary (linear) limiting set is either enumerable, or it has the 
power of the continuum. 

If the sets A„ are all everywhere dense in {a, h), the imior limiting sot, 
being a residual set (see § 100), has the cardinal number of tlie continuum, 
in accordance with the theorem of § 95. 

Next, let us suppose that the sets {An} are not all of them everywhere 
iense in {a, b); and let us suppose further that the inner limiting sot 
3ontains a part H which is dense in itself, so that H' is perfect. Tim set //' 
may be placed in correspondence with points of the interval (0, 1), so that 
the order of corresponding points in H' and in the interval (0, 1) is always 
bhe same. To each point in (0, 1) there corresponds a single point of //', 
except that the end-points of an interval contiguous to //' correspond to 
a, single point in (0, 1). The points of H correspond to the points of a 
set iTi everywhere dense in (0, 1); and those intervals of A„ tJiat contain 
points of H correspond to a set of intervals An everywhere dense in the 
interval (0, 1). The set H therefore corresponds to a residual set in (0, 1); 
and therefore H has the cardinal number of the continuum. 

The only sets of points which contain no components that arc dense 
in themselves are enumerable sets, and therefore the cardinal number of 
an ordinary inner limiting set is c or a. 

It has thus been established that: 

An ordinary inner limiting set has the power of the continuum if it 
contains a set that is dense in itself; and if it contains no such component it 
is enumerable. 

An enumerable set which contains a component that is dense in itself 
cannot be an ordinary inner limiting set. 
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98. If any linear set G is given, we may suppose a point x. of G. to be 
in the interior of each interval of a sequence Sj (x). So (a,), ... 8„ (x), ... of 
intervals, each one of which contains the next: and this will be the case 
for each point x in G. Let be the upper boundary of the lengths or the 
intervals 8„ (a;), taken for every point x in G: and suppose the intervals 
so determined that the numbers dj, ^^ 2 , ... form a sequence whic-li 

converges to zero. Let A„ be the set of open non-overlapping interwJ^ 
which have the same interior points as the set of interv^als {8^ (rr)}. A\"e 
have then a sequence of sets A^, Ag, ... A„, ... of open intervals, which 
will define an ordinary inner limiting set, to which all the points of G 
must belong; but it may also include limiting points of G that do not 
belong to G. For it is clear that any point of the inner limiting set is at 
a distance from some point of Gn that does not exceed hence any 
point of the inner limiting set which is not a point of i< the limiting 
point of a sequence of points of since 0, as n 

The set of points of G' which do not belong to G^ but which belong to 
the inner limiting set defined by the sequence {A,J, will depend in general 
on the mode in which the intervals of the sets A^ are defined. In order 
that the given set G ma>y be an ordinary inner limiting set it must be 
possible so to define the sets A„ that no point G' that does not belong xo G 
is in An for every value of n. 

Some criteria wiU be here given for deciding in respect of a given set 
w-hether this is possible or not, that is, whether the set is an ordinary 
inner limiting set or not. 

A point which is in A^, but not in the sets Am-y, --a is said to 

be shed from the sequence {A,i} at the index 7n. 

If all the intervals {8^ (a;)} be taken to be of equal length 2c„, with the 
point X in the centre of 8„ (re), where 0, as ^ co, then every limiting 
point of G belongs to the ordinary inner liraiting set defined by the 
sequence of intervals. 

For, however small c„ may be, there are points of G whose distance 
from a limiting point p is less than . 

EXAMPLE 

The following example, given by Borel*, drew attention to the fact that a sequence of 
sets of intervals constructed a-s above may define an inner limiting set that contains poinis 
other than those of the given set. 

Let us suppose that each rational point ^ in the interval (0, 1) is enclosed in the interval 

- 4, - + -4^ , where A has the same value for all the points. In this manner the rational 

\q ^ q ^ 

points are enclosed in a set of overlapping intervals, whose sum is less than AS (q -1) ^ 3 , 


Lemons sur la thdorie desfomtions, p. 44. 
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or t.h 5 ..T. 2AS —, which can he made as small as we plfeise by ehoosuig A small onmigli. '! he 
equivalent set of non-overlappmg intervals defines, by mciins of the cnd-ponits ami tlicir 
a closed set [g,}, such that for any pomt of the sot | | ' yJ' I’'’'*''** [‘j • 

Now consider the set of points defined by 

10 10- ' W 10” 

where each a is £9, and the fit’s are such that an infimte niinibor of them an* dilTeient from 
zero. It has been shewn by Liouviile that these numbers arc traiisceiuieiilal. Let 

then ““g = 10(^1)'(i’ ‘ 

It follows that, if a; is one of the above transcendental numbers, Avliatever value A ma v 

have, it is interior to an interval | 9 ^ j ' , 

provided however small A may be, values of n can be found for whieli 

this ineq[uality is satisfied. Therefore rational points ^ can be found, lio\veV(*r small A may 

be, such that x hes within t-he intervals (^ ^ + ^,V -ll api)ears that, I)C‘sidi‘s l.Iu* 

\Q r 9 Qy 

original points ^ which the intervals are drawn to enclose, there are otlu*r points w hieh Ik* 
inside the intervals, for all values of A, when A is diminished indefinitely 


99. Those limiting points of an enumerable set of points P that do vot 
belong to P form an ordinary inner limiting set. 

Let p^, denote the points of P, and let // doriotc' tlio sol. 

of those hmiting points of P which do not belong to P. 

The points of H can be enclosed in a set of open intei*v«ils tliat do 
not include the point p^. Interior to A^, a set of open inU^rvals A-j. (^au 
be defined which include all the points of i/, but not iJio point and 
so on. The sequence A^, Ag, ... has for its inner limiting set all tiu' pc^int-s 
of H, but none of the points Pi, P 2 , ••• I and H can have no limiting |)()ints 
that do not belong either to itself or to P. Hence If is an ordinary inner 
limiting set. 

Every isolated set is an ordinary inner limiting set. 

For each point x, of an isolated set, may be enclosed in an interval of 
a sequence 8^ (x), Sg 8 n •••» each interval containing tlie next, 

and so that S„ («) converges to zero; and such that 81 (a;) contains no point 
of the given set other than x. The set A^ may then consist of the intervals 
8 „ (a:) for every point x of the set. It is then clear that the only points 
interior to A^, for every value of n, are the points of the given isolated 
set, which is therefore an ordinary inner limiting set. 
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Every closed set is an ordinary inner limiting set. 

Enclose each point P, of a closed set in an interval of length 2p, 
with P as its middle point; any part of such an interval that is not in 
(a, 6) may be disregarded. We have thus a set of overlapping intervals 
which contain all the points of O within them. Consider the equivalent 
set of non-overlapping intervals (§ 71). We have thus a set A. of non¬ 
overlapping intervals, each of wliich is of length ^ p ; and therefore A 
must be a finite set, which contains all the points of G. Let p have ail 
the values in a sequence of diminishing numbers that converges to zero: 
the corresponding sequence of finite sets of intervals A^, A 2 , ... A„, ... is 
such that each contains the next, and every interval includes points of G. 
The inner limiting set which they define must be the set O, since O contains 
aU its limiting points. 

100. Tlie necessary and sufficient condition that an enumerable set P 
-should he an ordinary inner limiti'ng set is that P contains no comitomat 
that is dense %n itself. 

That the condition is necessary’' has been shewn above, since every 
inner limiting set that has a component that is dense in itself has the 
power of the continuum. 

To prove the sufficiency of the theorem, we employ the mode of 
analysis of a set, given in § 91, into adherences and coherences. 

Any enumerable set P can be resolved into a sum of sets 

Pl-rP2~ --- -rPji ” Qa, 

where P^, ... P^ are all isolated sets, and is a component of a 

perfect set Gy. jS denotes a number of the first, or of the second, class. 
When P contains no component that is dense in itself, the decomposition 
of P ceases at, or before, some definite number a of tlie first, or of the 
second, class, when there is no set (?«. 

It has thus been shewn that, when P contains no component that is 
dense in itself, it can be resolved into a finite, or enumerably infinite, set 
of inner limiting sets, of which there may, or may not, be a last set. Let 
Py be one of the components into which P has been resolved, y denoting 
a number of the first or second class. We now fix on a sequence of sets 
of intervals enclosing the points of Py, such that all the intervals are 
interior to the intervals complementary to Gy\ then the set 

Py+l + Py-i-% "T - ‘ ■ j 

which is contained in Qy, has no limiting points in any of the intervals 
which enclose the points of Py, for aU its limiting points must be in 6?^. 
The sequence of sets of intervals having thus been fixed for every Py, we 
can now shew that each limiting point p, of P, which does not belong to P, 
is shed from the whole sequence of sets of intervals, at a definite index. 
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The point p is either a limiting point of Pi, belonging to /^i, the set. of xho 
isolated points of P', or is contained in ©i- In the former case it is siietl 
from the intervals enclosing Pi at a definite index; and, not being a 
limiting point of Pg H- P 3 -i- , it is shed from the intervals enclosing the 

points of that set, at a definite index; consequently it is slicd from the 
intervals enclosing P, at a definite index, the greater of the tvvo formei 
ones. In the latter case, unless p is in or in Pg', it is not a iimiting 
point of Pg + P 3 -h ..., and does not come into any 01 tlie intoi-vals eti- 
closing the points of Pi; it is therefore slied at a definite index, if p 
belongs to f?!, frg, ... and to every O before Go., but is not in it may 
be a point of Pa'. In that case it is not a limiting point of tlie set 

PoH-l + Pa+2 + .... 

and does not come into the interior of any of the intervals wiiieh (mclcjst 
the points of Pi, Pg, .... or any P with index less than a. Tt is tii(n-('tor(‘ 
shed, at a definite index, from the sequence of sets of intervals (enclosing 
the points of P. The theorem has thus been established. 

A corollary to the above proof is that every (niumcnible set is the 
sum of an ordinary inner limiting set, and of a set which is dense in itself. 

In particular* it follows that. 

Every redticible set is an ordinary inner limiting set. 

For the derivative of a reducible set being enunierabJ(', the given 
can contain no component that is dense in itself, since the derivative of 
such component would be perfect, which is impossible when the derivat i\'e 
is enumerable. 

Since an ordinary inner limiting set that is everywhere dense consists 
of the points that are common to a sequence {AJ of sets A„, of non-ovei - 
lapping open intervals which are everywhere dense, and since tlic points 
that do not belong to A„ form a non-dense closed set, it follows that an 
everywhere dense ordinary inner limiting set is a resithwX set (§ i)r>): the 
complementary set, of the first category, being the outer limiting set of 
a sequence of non-dense closed sets. 

101 . Any unenumerahle set can, in accordance with the result of § 9i, 
be expressed in the form P = and we observe that, 

if Fg is absent, the necessary and sujBBcient conditions that P may be a.n 
inner limiting set are that Fa and SF^. should both be absent; this follows 
from the preceding results. 

If Fc exists, we observe that no point of ^7 + Fa + SFjp can be a 
limiting point of Fg; for any limiting point of F^ must be a point of 

♦ See Hobson, Proc. Lond. Mat7b Soc. (2), vol. u (1904), p. 316 Another proof of tlio posiernl 
theorem, applicable to any nninber of dimensions, has been given by Brouwer, Proc. Roy. Sor. 
Amsterdam., vol. xvm (1) (1915), p. 48. See also vol. xx (1917) for further information on 
subject. 
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degree c in the set P. If is everywhere dense in (a, 6 ). it follows that 

-r Fa -{- SFg. is absent. The set F^ may be non-dense in (a, 6 ), or it 
may be dense in some parts of (a, 6 ), and non-dense in other parts. 

It will be shewn that F^ is in general made up of a part which is non- 
dense in {a, b), and of a finite, or indefinitely great, number of parts each 
of which is everywhere dense in a particular interval in which it lies. 
Suppose that an interval (a, jS) can be found in wliich \\ is everj^where 
dense; and let a; be a point in (a, 6 ) such that x > Then those values 
of X for which Fg is everywhere dense in {a, x). together with those values 
for vrhich this is not the case, define a section of all the numbers of the 
continuum (jS, b ): and this section defines a number Similar^, we 

may assign a number a, so that («i, jSi) is the greatest interval con¬ 
taining (a, j8) which is such that is everwhere dense in it. If. in the 
parts of (a, b) external to (a^, the set is dense in any interval, then 
w’e proceed to fix the greatest interval for which it is everywhere dense. 
In this manner we obtain a finite, or enumerably infinite, set of detached 
intervals contained in (a, b), in each of vrhich l\ is everywhere dense. an{l 
the remainder of (a, b) may consist of a set of detached intervals and a 
set of points. In this remainder the points of Fg form a non-dense set. 

No point of U r Ffl -f SFa; can be in an interval {a^, in which 
is everywhere dense. If F^ is the part of F^ which is non-dense in (a, 6 ), 
every point of U ~r Va 4 - SF* must he in one of tJie intervals comple¬ 
mentary to the perfect set F^'. It is to be observed that in are included 
the end-points of the intervals (a^, jSi), in case those end-points belong 
to F,. 

In order that P may be an inner limiting wset. it is necessary that the 
part of C7 d- Ffl -}- S which is in each inteivai complementaiy to V/ 
should be an inner limiting set; and this cannot be the case unless Va 
and S Fa; are absent. 

It has thus been shewn that: 

In order that an unemtmerable set of points may he an inner limiting set. 
it is necessary that the set should contain no points whose degrees in the set 
are other than 0 , a, or c, and that it should contain no component which is 
dense in itself^ and whose points are of degree a in the set. 

The determination of the necessary and sufl&cient conditions that any 
given unenumerable set of points, however defined, may be an ordinary 
inn er limiting set, has now been reduced to the problem of determining 
the criteria for the case of a set which is dense in itself, and all the points 
of which are of degree c in the set. The case in which the latter set is 
non-dense in its domain may be reduced, by the method of correspondence, 
to that in which it is everywhere dense; and the problem is therefore 
reducible to that of determining the conditions under which a given 
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everywhere dense set of points, all of degree c in the set, is a residual set, 
of the kind described in § iOO. No investigation of all the possible types 
of such sets has yet been carried out, and therefore the problem remains 
as yet unsolved. 

PLANE SETS OF POINTS 

102 . It has already been shewn in § 85, in the case of closed sots, that 
the descriptive properties of sets of points in two or more dimensions are 
ill some respects less simple than those of lineai* sets. The propoi-ties of 
plane sets of points are of special importance in the theory of func.tions 
of a complex variable, but they do not differ in any essential respect from 
the properties of sets in three or more dimensions. The definitions of 
closed sets, open sets, frontiers, etc., given in § 55, for such sets, are 
identical with those for linear sets, but an account w'ill here bo giv(3n of 
the most important descriptive properties of sets in more dimensions 
than one. Although the proofs of the theorems are, for sim])licLty of 
language, given for plane sets only, they may be extended to the case of 
sets in more dimensions than two, without material alteration 

Each point (a;, y), of a plane set, is defined by the two real numbers 
w'hich are the rectangular Cartesian coordinates of the point. As has 
already been pointed out in § 53, a correspondence may bo established 
between the points in a finite cell, or rectangle, and the points in un¬ 
bounded space, of such a character that the descriptive properties of sets 
of points are unaltered by the transformation; a special convention being 
introduced concerning the points on the boundary of the finite rectangle, 
or cell. It makes no essential difference, in the properties which will here 
be considered, whether the closed or open sets are considered as bounded, 
that is as contained in a finite open, or closed, rectangle, or whether they 
are in the unbounded plane space, provided that, when necessary, an 
adjunct boundary at in fin ity is postulated which corresponds to the 
boundary of a finite rectangle. 

103. The frontier of a set of points G has been defined, in § 55, as the 
set of points each of which belongs to one of the sets O, C {O), and is a 
limiting point of the other set. It wiU be shewn* that: 

If the complementary set of G exists, then the frontier of G and C (G) 
exists, and is a closed set. 

Let P be any point of G, and P' a point of C (G), and consider those 
points of G that are on the linear segment PP', i.e. those points whose 

coordinates are , where P is (x, y), and P' is (*', y'), 

and Jk is a positive number, or zero. The linear set of points of O, on 
* Jordan, Cows d'Analyse, vol. r, p. 20. 
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PP', has, in accordance with the theorem of § 47, an upper boundary Q. 
This point Q, w'hich may coincide with P, is a point of the frontier of 
O and G {G)\ for if Q is a point of O, it is also a limiting point of G {G), 
and if it is a point of G ((?), it is a limiting point of Q. Therefore, if G {G) 
exists, there is always a frontier of O and G {G). Moreover, let 

Qls Qsj Qnj 

be a convergent sequence of points of this frontier. Denoting by Q the 
limiting point of the sequence, y is itself a point of the frontier; for in 
the set {Qn} there is contained a convergent sequence of points all of which 
belong to G, or else such a sequence of which ail points belong to O (G). 
If these points all belong to G ((?), and consequently to G\ then y belongs 
to the closed sets G' and {G (6^)}': if thej^ ail belong to G, and consequently 
to {G (6^)}', then Q belongs to G' and to [O {G)y. In either case y is a 
point of the frontier; and thus, since every limiting point ot the frontier 
belongs to it, the frontier is a closed set. 

If all points of G belong to its frontier, G has no interior points. 

104. The distance* of two points P, or {x, y)^ and Q, or {x\ y'), has 
been defined in § 50 to be the number {{x — x')- (y — y')-}\: and tlli^^ 
may be denoted by PP'. 

If P is a point of a set G^, and P' a point of another set dr,- 
tances PP', when every such pair of points is contemplated, form an 
aggregate of numbers which have a lower boundary. In case tliis lower 
boundary is a positive number d ((?i, G.^ (> 0), the sets G^^ and dr .2 are said 
to be detached from one another. The number d [G^, ffg) 
distance between the two sets Gj^, G^. 

If one set G^ consists of a single point p, d [p, Gj), or simply d, is said 
to be the distance of the point p from the set 

If two closed sets, G-y^, G^ are detached from one another, there exists at 
least one pair of points P, P', belonging respectively to the two sets, such that 
the distance PP' is equal to the distance of ike sets from one another. 

Let d denote the distance d{Gy^,G^, of the closed sets from one 
another; and let be a sequence of decreasing positive 

numbers that converges to zero. For each value of n, a pair of points P„, 
or (a;„, y„), and P„', or y,/), belonging to G^ respectively, can be 
determined such that PnPn^ < d® -1- c«. A unique point or 

Vnf } Vn )» 

exists in the four-dimensional continuum, corresponding to each pair of 
points Pn^ Pn- The set of points Pi, p^^ ... --- has at least one limiting 

point {x, y, x', y'); let P, P' denote the two points [x, y), {x', y') in the 

* Insteeul of the distance so defined, Jordan employs in this connection the ‘‘ecart,” defined 
by la!-as'|+|y — y'|. This makes no difierence in the developments. 
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plnTift space. It toU be shewn that P and P' belong to G^, G^ respectively, 
and that PP' is equal to d. An integer m can be so determined that 
X — Xn,y — yn 9 3 y' yn numerically less than an arbi¬ 

trarily chosen positive number 77 , provided % ^ m. It follows that P is a 
limiting point of the sequence {PJ, and that P' is a limiting point of the 
sequence {Pn}\ and thus that P and P' belong to Gj^, respectively, since 
these sets are closed. We have, further, 

\X-X' \<\x-Xn\-{-\Xn~^n \ -^\ < ^ \ “1“ I 1 , 

and similarly \ y - y' \ ^ ^ \ yn — yn \ 3 for ^ From these ine¬ 
qualities we see that {x — x'y + ( 2 / — y')^ < 817 ^ -h A 77 1 - wJierc A 

is some fixed number; hence PP'® < 877® 4 - Arj -h -i- Since 77 and 
are both arbitrarily small, it follows that PP'® and thus that. PP'®, 
which is certainly not less than must be equal to cZ®. The tlieorein has 
now been established. For the choice**® of the infinite set of pairs of point-s 
P/ij Pn3 the multiplicative axiom is required. 

105 . A closed set of points is said to be connex, or single sheeted, when 
it is not the sum of two or more closed sets. 

It should be observed that the expression “connex” has been em¬ 
ployed in § 41 in a somewhat different sense. 

A connex dosed set which does not consist of a single point is a perfect set. 

For an isolated point of a closed set 0 can be considered as a set 
detached from the closed set consisting of all the remaining points of 0\ 
and hence, if an isolated point existed, G could not be connex. 

If P, P' are any two points of a connex perfect set G, and € be any assigned 
positive number^ a finite number of points p^, 2^3 Pn3 of the set, can be so 
determined that Pp-y, PiPzs PiPz3 ••• Pn-iPny PnP' oro all < e. Conversely, if 
this condition holds for eotch pair of points P, P' of G, and for every positive 
number e {n depending on e), then G is connex. 

The condition stated in the theorem is sufficient to ensure the con- 
nexity of Q. For if G be the sum of two closed sets (?jl, 6 '.., the distance 
between which is d (> 0 ), we may choose € to be < d. If P is a point 
of Ox and P' a point of O2, and is a point of G such that Ppx €, the 
point px belongs to Oxi again if p^ be a point of Q such that p^p^ ^3 
point P 2 belongs to Gx ; and so on. Since belongs to Gx , whatever finite 
value n may have, it is impossible that pJP' ^ €, because p^P' d. Again, 
the condition is a necessary one. For, let us suppose that, for some value 
of €, the condition is not satisfied for every pair of points. If P belong 
to such a pair, the set G may be divided into two parts Ox and O2 ; where 
Gx is such that, for each point P' belonging to it, a definite set of points 
of Gx, viz. Px, P2, ... Pn, exists, such that Ppx, PxP 23 PnP' are aU ^ c; 

* See Chap, rv, § 197 et seq. 
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and ©2 is such that, for each point of it, this condition is not satisfied. 
It can be shewn that (?, both closed sets, and that the distance 
between them is > e. For, if is a limiting point of it belongs either 

to or to 6^2 5 since there are points of such that 'pjin<‘ 
the point q} clearly belongs to G^\ therefore is a closed set. Again, if q 
is a limiting point of ©a.' cannot belong to 0^\ for a point P', of 6r>, 
can be found such that qP' < c; hence, if q belonged to so also would 
P'; thus ©2 is closed. It is clear that no pair of points of Gy ^, G^ can exist, 
of which the distance is ^ e; hence, for these sets, d> e. It has thus been 
shewn that if, for any value of €, the condition in the theorem is not 
satisfied, Q can be divided into two detached closed sets, and it is there¬ 
fore not connex. 

106. An open set, defined in § 55 as one such that every point is an 
interior point, is also frequently called an open domain. 

When the open domain is such that an\" two points P. P' of it may 
be joined hy means of a finite set of linear intervals Ppi. [hPi' • • 

'>uch that all the points of all these closed intervals belong to the domain, 
it IS said to be a connex open domain. 

A connex open domain is also called a Weierstrassian domain, or a 
continuum. It may be either bounded or unbounded. The terms domain 
and region are also used to denote a connex open domain together with 
some, or all, of its frontier points. 

If, to a connex open domain, all its frontier points be added, it becomes 
a closed set, connex in accordance with the definition of § 105 But a 
closed connex set does not necessarily become a single connex open domain 
when all its frontier points are removed from it. Thus, for example, the 
set of all the points interior to, or on the circumferences of, two circles 
that touch each other externally, is a closed set, but the interior pomts 
of the circles do not form a single connex open set, but two such sets. 

Each point of an open domain is such that a circle exists with the 
point as centre, and with all its interior points in the domain, but with 
one or more points of the frontier on its circumference. 

For the point P has a definite distance dp from the closed frontier of 
the open domain, and in virtue of the theorem of § 104 there is one point 
at least of the frontier on the circumference of the circle with centre P 
and radius dp. 

Every open set of points is the sum of a finite, or an enumerahly infinite, 
set of connex open domains. 

If P be any point of the given open set 0, let the component Oi, of O, 
be such that every point Q, of 0^, satisfies the condition that P and Q 
oan be joined by a set Ppi, p^pz, , PnQ of straight lines of which all the 
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points are points of O. The set Oi is clearly an open set, for a point Q ol 
it has a neighbourhood, of which every point q can be joined in the above 
manner to P; and thus Q is an interior point of Oi- Tlierofore any point 
P, of 0, is a point of a connex open domain which is a component of 0. 
It will be shewn that the number of such connex domains contained in O 
is enumerably infinite, or finite. Apply to the finite, or infinite, rectangle, 
in which 0 is contained, a system of closed nets {Hn}- Tliero is a smallest 
integer 72 ^, such that has one or more meshes interior to O ; there is a 
smallest integer (> ?ii), such that those meshes of whicli are not 
interior to 0 contain one or more meshes of D„^ that are in(.ci-ior to 0; 
and so on. We obtain in this manner a sequence of sets of mcsiies . 

such that each mesh of the sequence is interior to O, and such that no 
mesh of the sequence contains any other such mesli. Every sucJi com¬ 
ponent of 0, as Ol, contains meshes of the sequence; and since the sot of 
meshes in the sequence is enumerable, it follows that the aggregate of all 
components of 0 that consist of connex open sets is enumerable, wlietiiei* 
finite or not. It follows from this theorem that every closed set of ‘imnts 
has for its complement, relatively to a finite, or infinite, cell, a finite, or an 
emimerably infinite, set of ccmnex open domains. If the set of co7hnex opetr 
domains is everywhere dense in a closed domain, the closed set is non-dev sr 
in that domain. 

These connex open domains are the true analogues, for plane closed 
sets, of the open intervals contiguous to a linear closed set of points, and 
they may therefore be said to be the open connex domains contignoiis to 
the closed set. In § 86, attention has been confined to domains of a par¬ 
ticular type, viz. cells, and it has there been shewn that there exists, in 
general, no unique set of cells which have properties in relation to a given 
closed set fully analogous to the properties of the open intervals contiguous 
to a linear closed set. If, to a non-dense closed set, there be added all 
the interior points of some of the contiguous domains, we obtain a closed 
set of the most general type. A closed set will be perfect, if no two of the 
contiguous domains abut on one another, or also if they abut on one 
another in such a way that the points common to the two boundaries 
form a perfect set. 

107 . A bounded connex domain together with its frontier points forms a 
connex closed set. 

Since the frontier is closed, it is easily seen that the set formed by 
adding all the points on the frontier of the bounded connex domain is 
closed. 

IE P, Q are both interior points of the closed set, they are both points 
of the bounded connex domain, and thus satisfy the requisite conditions 
as to the mode in which they may be joined.' li P, Q are points on the 
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frontier, interior points P', Q be so determined that PP', QQ' are 
both less than e; and then P', Q' may be joined by a series ot straight 
lines P'pi 5 V\P 2 .^ •••j VnQ each of length less than e, and such that every 
point of all of them is an interior point of the connex domain. It thus 
follows that P, Q may be joined so that the requisite condition is satisfied. 
The theorem wdll also hold good for an unbounded domain, provided those 
points at infinity which are boundary points are adjoined. 

The boundary of a connex domain, although closed, is not necessarily 
itself connex. For example, if the connex domain consists of the points 
between two concentric circles, the boundary con.sists of the tw o circum¬ 
ferences, and is not connex 

The Heine-Borel theorem in its generalized form, proved in § 74, has 
already been emancipated, in § 75, from the condition that the set to 
which the points of the closed set are interior is necessarily a set of cells. 
It has in fact been shewn in § 75 that a set of open domains may be em¬ 
ployed instead of a set of cells. The theorem may then l)e stated n. liie 
following form: 

7/ evtry point of a [bouivled) dosed set G belongs to one or more oj the 
connex open domains of a set D {not necessarily enumerable) of such domains, 
there exists a finite set of connex open domains belonging to I) ^uch that ecery 
point of O belongs to one at least of the domains of the finite set. 

In a similar manner it is shewn that, in the last theorem of § 75, 
applicable to any set of points G, open connex domain?- may be employed 
instead of cells. We thus have the following theorem: 

If each point of a given set of points belongs to a definite connex open 
domain corresponding to that pointy an enumerable set of these connex open 
domains can be so determined that all the points of the set belong to one or 
more of the domains of that enumerable set. 

If the enumerable set of connex open domains be [-Drt]? H may be 
shewn that, if H be any closed set contained in G, ail the points of H 
belong to one or more of the domains of a finite set which is a component 
of {PJ. 

For, since each point of the closed set is interior to one or more of the 
domains {7)„}, the result follows from the generalized Heine-Borel theorem. 

108. The case when the set is a bounded open set 0, in which, to each 
point of O, there corresponds a domain which consists of the interior of a 
circle with the point as centre, is of special importance in connection with 
the theory of a complex variable. 

Let di> be the distance of the point P, of a bounded open set O, from 
the frontier of the set. To the point P, the interior of the circle of radius 
dp, and centre P, may be taken to correspond. In accordance with the 
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theorem of § 107, every point of the open set is interior to one at least 
of an ennmerahle set {C„} of these circles. Each of the circles has on its 
circumference one or more points of the frontier of the open iset. If the 
radius of the circle with centre P be ddp, instead of dp^ where 6 is some 
fixed number (< 1), an enumerable set of these circles {C„] exists, such 
that each point of the open set is interior to one or more of the circles {C,,}, 
and all the points on the circumferences of these circles are points of the 
open set 0. 

The results may thus be stated as follows: 

If 0 be any bounded open set, there exists (1), an enumerable set of circles 
{Cn} such that each point of O is an interior point of one at least of the circles, 
and such that every interior point of the circles is a point of O, and the circum¬ 
ference of each of the circles cantains one or more points on the frontier of O; 
and (2), there exists an enumerable set of circles {O',,} such that each 2 }oint of O 
is interior to me or more of the circles, and every point on the circumference, 
or interior to, any of the circles, is a point of O. 

If 0 consist of a single connex open domain, any two points P, Q, 
of 0, can be joined by means of a finite number of the circles of the set 
{(7J, or also by a finite number of the circles of so that P, Q are 
interior to circles of the finite set, and each circle overlaps the next. 

For P and Q may be joined by a finite set of segments of straight lines 
all of which segments are points of O. This broken line joining P and Q 
constitutes a closed set H, which, in accordance with the last remark in 
§ 107, is such that each point of H is interior to a finite set of circles be¬ 
longing either to {O,,}, or to {CJ, Whichever of these sots of circles be 
employed, we have a chain of circles such that P and Q are each interior 
to one of them, and such that each circle of the chain overlaps the next one. 

109. The foUomng theorem is the analogue, for a plane set of points, 
of the theorem proved in § 71 for an open linear set. 

Having given a set of overlapping open domains, there exists a set of non- 
overlapping open domains such thal an interior point of a domain of either 
set is an interior point of a domain of the other set. 

The proof of the theorem is the same as that in § 71; it being shewn 
that every point interior to one or more of the given domains is an interior 
point of the set of all such points. The set of aU points interior to one or 
more of the given domains is open, and consequently consists of a finite, 
or an enumerable set of connex open domains. 

Every open domain 0 is the sum of an enumerable set of dosed cells which 
do not overlap, though any two of them may have a portion of their boundaries 
in common. 
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We may prove the theorem for the case in which the open domain is 
bounded, as it can then be extended to the case of an unbounded open 
domain, by the method of correspondence. 

Apply a system of nets, vdth closed meshes, to a fundamental cell 
w'hich contains the open domain. There is a smallest value tIj, of n, such 
that has one or more meshes which, being completely closed, are 
interior to 0, Let these meshes, arranged in order of rank, be denoted 
by Z)„^, There is a smallest value of n, (> n^) so that contains 
meshes not contained in each of wliich is interior to 0. Proceeding 
in this manner, we have a sequence of finite sets of meshes , .. -» 

arranged in order, such that each mesh is interior to 0, and no two of the 
meshes overlap one another. 

Any point of O is contained in each of a unique sequence of meshes 
dj, fZg, fZg, ... belonging to D^, By, respectively. These are the meshes 
in which the point would have been contained if the nets had been half 
closed instead of completely closed. For all suffieienth’ large values of 
n, 'ly, is interior to O. The smallest such value of n must be one of the 
nimibers say Thus the point P, of O, is in a mesh 

which belonga to . It is thus proved that all the points of 0 are 
points of the sequence jD„^, .... 

An open set is the outer limiting set of a sequence of closed sets 

First let the open set 0 be bounded, and let H be it^- boundary. Let 
d be a fixed number, and consider the set of points Gj which consists of 
all points of 0 at a distance from H that is > d. This set which cer¬ 
tainly exists provided d be sufficiently small, is a closed set. For let [P,,] 
be a convergent sequence of sets of points of that has P for its limiting 
point. 

The distance of P from H cannot be less than d. for if it were, for a 
sufficiently great value of n, P„ would be at a distance from H less than d, 
which is not the case. If d have the values in a sequence dy, d^. ... 
which steadily converges to zero, the closed sets ... ... are 

such that each is contained in the next, and any point of 0 belongs to all 
of the closed sets, from and after some value of n. Thus 0 is the outer 
limiting set of the sequence of closed sets. 

In case the open set is unbounded, the theorem may be deduced from 
the case in vrhich it is bounded. In this case the closed sets may have 
parts of their frontiers at infinity. 

The theorem may also be proved by considering the set of circles {(/»} 
such that every point of 0 is an interior point of one or more of the circles, 
and that every point in, or on the circumference of, each circle belongs 
to O. For we may consider the closed set M (Oi, ... 0„) = then O 
is the outer limiting set of the sequence {(?„} of closed sets. 
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A closed set is the inner limiting set of a sequence of open sets. 

This is at once deduced from the last theorem by considering the 
complementary sets. 

110 . JSavi'ng given a non-finite family of sets of points^ there exists at 
least one point such that^ in its arbitrarily small neighbourhood, there are 
points belcmging to an infinite number of sets of the given family. Such a 
point may be an adjoined point ai infinity. 

In the case in which each of the sets of points consists of a single point 
this theorem reduces to that of the existence of the limiting point of a 
set of points; and thus the theorem may be considered to be a general¬ 
ization of the fundamental theorem of § 52. 

In case all the sets of the family are contained in a linito fiindamentai 
cell, the theorem is proved exactly as that in § 52. A system of nets being 
applied to the fundamental cell, a sequence of meshos , dg, ... each con¬ 
taining the next, and belonging to the successive nets, is obtained, and 
each of which contains points belonging to an infinite number of the sets 
of the given family. The point defined by the sequence {d„} is a point 
which satisfies the condition of the theorem. In case there is no finite 
fundamental cell, the theorem is proved by the method of correspondence 
with a family of sets in a finite cell. In this case the point determined 
may be an adjoined point at infinity. 

It is easily seen that all the points that satisfy the condition of the 
theorem form a closed set; the points at infinity, if any, being included 
in the set. 

In case aU the sets are open domains, we have the following theorem: 

Having given a non-finite {enumerable or unenumerable) family of ..open 
domains, there exists at least one point such that, in its arbitrarily S7nal[ 
neighbourhood, there are contained domains which are portions of an infinite 
number of the domains of the given family. Such a point may be an adjoined 
point at infinity. The set of all such points is a closed set. 

111 . The theorems in § 82 can be extended to the case of a set of two 
(or more) dimensions. 

Instead of intervals Si, §2 9 ..., each containing the next, and 

converging to the point p, we take a convergent set of cells. Instead of 
intervals contiguous to the perfect, or the closed, set Po, we take the set 
of contiguous domains. The procedure in the proofs is then otherwise 
unaltered. 

In case the sets p 2 3 P 3 , ... P®, ... consist of the successive derivatives 
of a closed set Pj^, if a set Pjs does not exist, the previous set P/ 8 _i consists 
of a fimte set of points, and in case there is a number j 8 such that 
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Pp = P/s-fi 5 the set Pp is perfect. We thus obtain a proof of the theorem 
already established in § 89, that every p-dimensional set is the sum of a 
perfect set and an enumerable set. A proof has been* given by de la Vallee 
Poussin of the second theorem of § 82, applicable to closed sets in any 
number of dimensions, in which the theorems of § 75 are employed. 


112. Eve^'y set of points can be expressed as the sum of a set ivJiicli ns 
dense in itself, and of an enumerable set which is non-dense in every perfect set. 

In the first place, if a set is non-dense with respect to every perfect 
set, it is enumerable. For, if a set is not enumerable, there is a set of 
points of unenumerability which is perfect, and contains points of the 
set and, in general, others not in the set. The given set would be every¬ 
where dense in this perfect set, contrary to the hypothesis that it is non- 
dense in every pei^fect set. 

Let E be a given set and consider a point p. wlietlier belonging to E 
or not, \'\ ]iic‘h is such that, in eveiy neighbourhood ot p, there a perfect 
set With respect to which E is everywhere dense 


Let P be the set of ail such points p. Any perfect set in which E i> 
everywhere dense must be contained in P; hence P has no isolated points. 
moreover P is clearly a closed set, and therefore it is perfect. It will be 
shewn that E is everywhere dense in P. If a perfect set be contained in 
any interval, or domain, contiguous to P, and E were dense with respect 
to such perfect set, it would be everywhere dense with respect to some 
perfect portion of such set, and this portion would therefore belong to P, 
which is impossible; hence E is non-dense in any perfect set contained in 
a domain contiguous to P. HE were not everywhere dense in P, the part 
of P in some interval, or cell, would contain no points of E. Any point 
of P belonging to this part would have a neighbourhood free from points 
of E, w’hich is contrary to the definition of P. Hence E is everywhere 


dense in P. Let 


P = JD (P, P) -f- Po: 


so that P 2 consists of those points of P which do not belong to P. It will 
be shewn that Pg is non-dense with respect to every perfect set, and con¬ 
sequently enumerable. If there were a perfect set in which Pg were not 
non-dense, it would be everywhere dense in a perfect set R, a portion of 
the former one. If R have points not belonging to P, P, and therefore Pg, 
is not everywhere dense in P. If P is contained in P, Pg has no points 
in P. Therefore Pg is non-dense with respect to every perfect set. 

In the case of a closed set, the part that is dense in itself is the perfect 
set which is a part of the closed set; the other part, which is irreducible 
in every interval, or domain, contiguous to the perfect set, is non-dense 
in every perfect set. 


Inligrales de LAesgue, p. 113. 



156 Descriptive PropeHies of Sets of Pointa [ou. n 

Denjoy*, to whom the above theorem is due, has indicated a method, 
in the general case, of obtaining by a successive process the enumerable 
set that is non-dense with respect to every perfect set. 

113. If be any plane set of points, and, corresponding to each 
point P, of O, a ceU with centre P, and sides all equal to 27?., be contem¬ 
plated, the set of all points which belong to one or more such cells, when 
the cells for all the points P, of 6r, are considered, is said to be a neigh¬ 
bourhood [h) of the set 0. The neighbourhood (/a) of the set G is said to 
be complete, or incomplete, according as the cells are taken to bo closed, 
or open. 

Every point of the incomplete neighbourhood (7a), denoted by //, of 
a given set G, is an interior point of H, For any point Q, of the set //, 
is an interior point of a cell, all the interior points of wliicli belong to 11 , 
hence a neighbourhood h/ (< h) of Q can be determined so t hat all its 
points belong to H. Thus the incomplete neighbourhood (/a) of any given 
set G is an open set. 

{a) The, complete neighbourhood (7a), denoted by /f, of a closed {bounded) 
set G, is a closed set. 

For, if Qi, Qgj be a sequence of points of JET which converges to a 
point and if be denoted by {Xn^^\ there exists a 

point P„ of G, such that | |, j |^are 

both ^ 7a. The set of points {P,^} has at least one limiting point P (5^^^ 
which is necessarily a point of G. A sequence of increasing integers 
mi, m 3 , ... can be so chosen that the sequence ... con¬ 

verges to P as its sole hmiting point. 

»Since 

- A ^ imP 's + h, and ~h< + /i, 

for every value of s, we have 

- 7a g s + 7 a, and - A ^ ^ ^( 2 ) 

It now itollows that Q is in the complete neighbourhood of G. Therefore 
the set ff is closed. 

( 6 ) If Gi, Gg be two {bounded) closed sets which have no 'pointin common^ 
a neighbourhood of G^ can be determined which contains no points of x 

If cZ be the distance between the sets G^, Gg, the complete, or the in¬ 
complete, neighbourhood (7a), where h<. d|^/2, of Gi, contains no points 
of Gg. 

The following theorem can be deduced; 

(c) If the (pounded) closed set G consists entirely of interior points of a 

* See his memoir “Siir les ixombres derives,” Jtmm. de Math. (7), vol. i (1915), p 235. 
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set H, a neighbourhood (A) of O, complete, or incomplete, can be so deter¬ 
mined that it consists entirely of interior points of 

The points of G have a maximum distance p from the point (0, 0). 
Choose a number />' (> p), and let be that part of H that consists of 
points at a distance ^ />' from the point (0, 0). 

It is clear that every point of G is an interior point of Let L be 
the set of points on the boundary' oi L is then a closed set. A neigh¬ 
bourhood (A) of G can be determined which, whether complete or incom¬ 
plete, contains no points of L. Everj’^ point of tliis neighbourhood (h) is 
an interior point of and therefore of H. For any such point Q is in 
the neighbourhood (7i) of some point P, of G. If the neighbourhood (A) 
of P does not consist entirely of interior points of it must contain 
one or more points of L \ and this is not the case. Therefore Q is an interior 
point of //i*. 


TJIE OJLASSIEICATIO]Sf OF A FA3IIJLY OF SETS OF POIXTS 

114. It has been shewn, in § 56, that the set M (O^, Oo, ... ...), 

of points each of which belongs to one at least of the open sets 

is itself an open set. Oi, O 2 , ... 0„, 

Let us consider a set D (Oj, Og, ... Oa. ...) wliich, when it exists, con¬ 
sists of all the points common to the open sets of the sequence Tliis set 
belongs to a class of sets which may be denoted by so that each set 
of the class is obtained from some sequence of open sets. A set which can 
be exhibited as M ••■) belongs to a class of sets which may be 

denoted by O'*’". In the same w^ay, a set which can be exhibited as 
D ■■•) belongs to a class wliich may be denoted b 3 ’ 

By continuing this process we can obtain an indefinite number of classes 
of sets; of these, the first is the class O of open sets, the second is the 
class of sets the third is the class of sets the fourth the class 

of sets ; and so on. The class oj may be defined as the class of ser.-s, 
each of which consists of the points common to aU the sets of a sequence, 
each member of which belongs to one of the classes 1, 2, 3, .... The class 
o) H- 1 consists of sets each of which consists of the points belonging to 
one or more of the sets belonging to a sequence of sets of class co; the 
class CO + 2 consists of sets each of which consists of the points common 
to all the sets of a sequence of sets belonging to class a> -I- 1. 

Proceeding in this manner, we may contemplate the existence of a 
class corresponding to any ordinal number of the second class. 

* See Hobson, Proc, Ijtmd. Math. Soc. (2), vol. xiv (1914), p. 150. The theorem (c) was first 
proved by Bolza in a different maimer; see Vorlesungen vber Vasnatiansrechnung, p. 155. 
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This classification has been given by Hausdorfi:^^ who applies the term 
Borel-set to denote any member of any of these classes, all of which he 
shews exist. He has proved that eveiy Borel-sot is either eiuinierable 
(or finite), or has the cardinal number of the coiitiiiLium. This is a general¬ 
ization of the theorem that every closed set, w'hicli is an lias one of 
the cardinal numbers a and c. For the whole class tlio tJicorem was 
established by W. H. Young (see § 97), in connection Avith the theory of 
ordinary inner limiting sets. The result obtained by Haiisdorfi settles the 
question as to the possible cardinal numbers of sets of poiiits, in tiie case 
of sets belonging to a very extensive class. 

A detailed treatment of the possible jieculiarities oi structure of sets 
of points in plane space, or in space of higher dimensions, is of tlic iiighest 
importance in relation to the application of the principles of the theory of 
sets of points to abstract geometry. As a development of this character 
is beyond the scope of the present work, reference is here made to the 
accomit given by Sclioenfliest, where references to the literature of the 
subject Avill be found. A memoirJ by W. H. and G. C. Young, ‘^Oii the 
internal structure of a set of points in space of any number of dimensions,* * * § ’ 
may also be here referred to. Information on the subject wiR also be 
found in W. H. Young’s treatise “On the theory of sets of points.’' Re¬ 
ference may also be made to G. Watson’s tract, “Complex integration 
and Cauchy’s theorem,” where a proof wiU be found of Jordan’s funda¬ 
mental theorem, that a plane is divided into two distinct open connex 
domains, by means of a closed Jordan curve. Another proof § lias been 
given by Brouwer. 


SETS OE SEQUESrCES OE INTEGERS 

115. A theory of sets of sequences of integers, of wliich the formal 
character is simRar to the theory of sets of points in any number of 
dimensions, has been developed by Baire||, with a view to application to 
the Theory of Fimctions. 

A group of integers (oi, of order p, consists of a system of 

p positive integers arranged in a definite order. 

The group (oj, Uj, ... of order p, is said to be contained in each of 
the groups (oi), (oi, Og), dg, o^), ... (cq, ... of orders 1, 2, 3, 
... p “ 1, respectively. 

* Math. Anndkafif vol. Lxxvn (1916), p. 430. 

t See his ETitwickelung der Lehre von den PunJetinannT^aitigk&iten, vol. n, chap. iv. 

% Proc. Land. Math. 8oc. (2), vol xvi (1917), p. 337. 

§ MatK AnndUny vol. Lxrx (1910), p. 169, and vol. t.tcttt (1912), p. 314. 

!l Comptea Meaidua, voL oxxix (1899), p. 946. 
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A sequence of integers ... ..•) consists of an infinite number 

of integers, defined in any manner, and arranged in an order similar to 
the sequence 1, 2, 3, .... This sequence is said to be contained in each of 
the groups (cq), (cq, ceg), ... (c^, P be a set of such se¬ 

quences of integers, and let A be any other sequence of integers; then if. 
for every there are sequences in P, other than A itself, which are con¬ 
tained in the same group, of order n, as A itself, that is sequences having 
their first n integers the same as the first n integers in A, then the sequence 
A is said to be a limit of the set of sequences P. The sequence A may, 
or may not, itself belong to P. 

The set P is said to be closed, in case all its limits belong to it. The 
set is said to be perfect w’^hen it is closed, and also every sequence in the 
set is a limit of the set. 

A set E, of groups of integers, is said to be compJete if, when g is axLy 
group of order p, belonging to E, the groups of orders 1, 2, 3, ... p — I, 
which contain g, also belong to E. 

A complete set E, of groups of integers, is said to be closed, if ever\' 
group g, belonging to E, contains at least one group of higher order than 
itself, u'hich is also contained in E. 

Having given a complete set of groups E, a sequence A may exist 
such that all the groups containing A belong to E. The set P, of all 
sequences such as A, is said to be determined by the set of groups E. The 
set P, if it exists, is closed. 

Every closed set of groups E determines a closed set of sequences P, 
and conversely, every closed set of sequences P is determined by a unique 
closed set of groups E. In case P is perfect, E is also said to be perfect. 
In order that E may be perfect, it is necessary and sufficient that every 
group belonging to E should contain at least two groups of one and the 
same order superior to its own order, and belonging to E. 

If P is a set of sequences, then the set P' of those sequences which are 
limits of the set P is said to be the derived set of P, and may be denoted 
by P'. The derived set P' is closed. 

The successive derivatives P”, P'", ... P^"^ ... P^•^^ of finite or trans- 
finite orders, are then defined as in the theory of sets of points. If P is 
a closed set of sequences, there exists a number a of the first or the second 
class, such that P^*^ = pt'*+i>. Unless P is an enumerable set, it can be 
resolved into the sum of an enumerable set and a perfect set. 

Let us consider a perfect set of groups E determining a perfect set of 
sequences P. A set P, of sequences aU belonging to P, is said to be non- 
dense in P, or in E, provided that every group of E contains at least one 
group of E which contains no sequence of P. 
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A set of sequences P, all belonging to F, is said to be of the first 
category, relative to F, if there exists an enumerable sequence of sets 
••• -Pns ••• > of which is non-dense in F, and such that each 

sequence of P is part of one at least of the sets Pj^, P 2 , ... _ The 

set obtained by removing the set P from F is said to be of the second 
category relative to F. The same generic distinction between sets of the 
first and of the second categories holds, as in the theory of sets of 
points. 



CHAPTER III 


THE METRIC PROPERTIES OF SETS OF POINTS 

116. In Chapter ii an account has been given of those properties of 
sets of points which are called descriptive, in order to distinguish them 
from the metric properties which we now proceed to discuss. In the in¬ 
vestigation of descriptive properties the notion of the distance between a 

('i \ 

pair of points x, x\ defined arithmetically by -S has been 

employed, but, although the descriptive properties of a set are invariant 
for a large class of transformations, the distance between a pair ot points 
a*, x' is not invariant in such transformations. 

The earhest theory of the metric properties of sets was originated, ror 
the case of linear sets, by Hankel*, and was further developed by Harnack '-, 
StolzJ, and by Cantor§, who extended the conception ot the content oi 
a set to the case of sets of points in a domain of any number of dimensions. 
Although this theory of content has now been almost entirely superseded 
by the later theory of measure, developed by Borel|j and Lebesgue^, we 
proceed to give an account of it, not only for historical reasons, but aKo 
in order to point out the respects in which it ha-s defects which are 
remedied in the later theory of the measure of sets of points. A very 
general theory of measure has been given by Caratheodory**. 

THJi CONTENT OF A SET OF POINTS 

117. Suppose a linear set of points G to be contained in the finite 
interval (a, 6). Let a system of nets be fitted on to the interval (a. 6). 
In this case it will be convenient to take the meshes of the nets to be 
closed at both ends. In the net of order r, let there be n^. meshes, and of 
these suppose contain points of G within them, or at their ends. Let 

b — a) denote the sum of the breadths of the meshes. It is clear 
that ^ scqueuce of numbers 

9 *'2 j ■ • ■ *'r * *" » 

* Mcah ATinaL&n, vol. xx (1882), p. 86. t AnncUeti, vol. xxv (1885), p 241. 

% Math. AnnaZen, vol. xxm (1884), p. 152; see also Pasoh, Math Annalen, vol. xxx (1887), 
p. 142. § Math. AnncUen, vol. xxm (1884), p. 473. 

II See LeQona sur la thior%e des fonctions (1898). 

^ See the memoir “Integrale, longueur, aire,” Annali di Mat. (3), vol. vn (1902), p. 231; 
also Le/Qxms sur V%ntigrait‘ion (1904). 

** See Gottinger NacTurtchten, 1914, p. 404. 
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which are ail > 0, has a definite limit S, which is such that 0 -c S ■== 6 — a. 

The number — S may be made as small as we please, by taking r 

sufficiently large. 

It will be shewn that the number S is the same whatever closed 
system of nets is employed. Suppose two systems of nets to give the 
values Si, Sg, of S, respectively. We may denote by „^(a) the 

values of the sum for the two systems of nets, 

If a net of one system be superimposed on a net of the 

other system, we obtain a net which may be denoted by 

If G denote the sum of the breadths of those meshes of that 

contain points of G, it is clear that a ^ 

Let r be so large that — Si< c, an arbitrarily chosen positive 

number; and let s be so large that the greatest of the breadths of the 
meshes in the nets is < ij, an arbitrarily chosen positive number. 
Of the meshes in the sum the number that are not also meshes 

in the sum g is at most % — 1 ; hence < cr + n^iq. Therefore 

S 2 "1“ ~r" €' “h 

Now e and rj are arbitrarily small, and it therefore follows that Sg < . 

It can similarly be proved that ^ Sg; and from the two relations it is 
inferred that Therefore S is a definite number, independent of 

the particular system of nets employed in defining it. 

We have now established the following theorem: 

If G be any given set of 'points in the interval {a, b), there corresponds to G 
a definite number S, which is svxdi that all the points of O are interior points 
of a definite number of intervals whose sum exceeds S by less than an arbi¬ 
trarily chosen positive number €, the number of the intervals depending on c. 

The number S is called the content of the set G, and the content may 
have any value in the closed interval (0, b — a). 

Those sets of points for which the content is zero are of special im¬ 
portance in the Theory of Functions. A set of zero content is said to be 
an unextended, or a discrete, or an integrable set of points. 

It is clear that the definition, and the proof of existence given above, 
are applicable in the case of a bounded set of points in space of any number 
of dimensions, provided intervals are replaced by cells, and the breadth 
of an interval is replaced by the product of the lengths of the sides of a 
cell, which is regarded as the content of the cell. A point of the set that 
is on the boundary of a cell is also in one adjacent cell at least. 

118. The, covdent of a set of points is the same cbs the consent of its de¬ 
rivative. 

Let S' be the content of G', the derivative of a set G; then the points 
of G' may be included in a finite set of intervals, or cells, the sum of 
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whose contents is less than S' -f S, where 8 is an arbitrarily chosen positive 
number. There can be only a finite number of points of G which do not 
fall within the intervals, or within the cells, that include the points of G '; 
and this finite number of points may be included in intervals, or cells, 
the sum of the contents of which is arbitrarily small, say e. All the points 
of G are now included in a finite number of intervals, or cells, of total 
content less than S' -f- 8 -f e; and a series of diminishing values may be 
assigned to 8 and e; each sequence having the limit zero. Therefore both 
S' -r 8 -i- € and S' + 8 converge to the value S', which proves the theorem. 

It foUows, from this theorem, that the content of any set is the same 
as that of any of its successive derivatives. In the case of a set which is 
of the first species, one of the derivatives contains onh^ a finite number 
of points, and consequently the set must be of zero content. 

119. A definition of the content of a linear set' of points has been 
given by Cantor* wiiich, though diiiering in form from that of Hankel 
and Harnack, is in reahty equivalent to it. Instead of enclosing the polnt^ 
of the set (r in a finite number of intervals, Cantor encloses each point 
of G in an interval 2/), of which the point is the middle point, the number p 
being the same for each point of the set, those parts of intervals 2p w’hich 
do not lie vdthin (a, b) being disregarded. We have in this manner 
obtained an infinite number of overlapping intervals which contain all 
the points of (?, and, as is clear, all the points of G', which is a closed set. 
If we replace tins set of intervals by the set of non-overlapping intervals 
with the same interior points, each interval of this latter set is ^ p. The 
set, which is non-overlapping, and equivalent to the infinite set, is conse¬ 
quently a finite set, the sum of whose lengths may be denoted by 11 {p, G). 
When p is diminished indefinitely, the number 11 (/>, G), which cannot 
increase as p is diminished, must have a definite lower limit, wliich defines 
the content of either of the sets G and G'. Since the infinite set of intervals 
w’hich has been employed only covers a fimte number of detached lengths, 
this definition is equivalent to that of Hankel and Harnack. Cantor 
applied this definition to the case of a set of points in a jj-dimensional 
continuum, by enclosing each point in a “sphere” of radius />, with its 
centre at the point; the content is then the lower limit of the volume made 
up of the points contained within the spheres. 

The essential point in the above definition of the content of a set of 
points is that all the points are contained in a finite number of intervals, 
or cells, which therefore contain aU the limiting pointst; and the lower 
limit of the sum of the contents of these intervals, or cells, is taken as 
defining the content of the set. If the points are contained, from the 

* Maih. Annaien, voL xzni (1884), p. 473. 

t See Hamack, Mafh, Anrudm, vol. xxnr (1884), p. 241. 
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commencement, in an infinite number of intervals, or cells, which are of 
unequal span, in accordance with some prescribed law, and the spans of 
these intervals, or cells, are then diminished, each one in a prescribed 
manner tending to the limit zero, then the limit of the sum of those parts 
of the fundamental interval, or cell, which are included in the infinite set 
of intervals, or cells, is not necessarily equal to the content, as above 
defined. For example, let us consider the set of rational points in the 
interval (0,1). These points can be arranged in enumerable order Pj, P^, 
Pg, : now enclose Pi in an interval of length e/2, Po in an interval e/22, 
&c., P„ in an interval of length e/2’‘, and so on; the total content of these 
intervals cannot exceed eSl/2", or e; and this has the limit zero, as e is 
diminished towards zero. On the other hand, the content of the set of 
rational points is the same as that of the derived set; but this consists of 
all the points of the interval (0, 1), and is therefore unity. In general, 
any enumerable set of points can be contained in an infinite number of 
intervals, or cells, which have a total content that is arbitrarily small, 
and has the limit zero; whereas the content of the set is not in general zero. 

A completely satisfactory definition of the content of a set of points 
of the most general character should satisfy the condition of affording a 
consistent generalization of the notion of the length of a continuous linear 
set of points, .or of the notions of area and volume, in the case of sets of 
points in two, or in three, dimensions. In the case of closed sets, the 
definition given above leaves nothing to be desired in this respect; but in 
the case of unclosed sets, the definition leads to consequences which are 
at variance with the fundamental properties of lengths, areas, and volumes, 
as understood for the case of continuous domains. If Gi, are two 
complementary-sets of points in the continuous interval (0, 1), then, in 
order that the contents of the sets ffg ^^7 accord with a generalization 
of the notion of length, their sum should be unity; however, when 
and ©2 are unclosed, this condition is in general not satisfied by the de¬ 
finition given above. For example, if consists of the rational points, 
and (?2 of irrational points, each of the two sets ©i, G 2 has its content 
unity, the same as that of the interval (0, 1) itself. Again, let us consider 
an everywhere dense set of non-overlapping intervals contained in (0, 1); 
then the internal points of these intervals form an open set Gj , of which 
the derivative consists of all the points of the interval (0, 1); the external 
and the end-poiuts of the intervals forming a non-dense closed set G^- It 
will be shewn subsequently that the everywhere dense set of non-over¬ 
lapping intervals can be so chosen that the limit of the sum of their lengths 
is an arbitrary number Z, where I is subject to the condition 0 < Z ^ 1; 
whereas the content of the set is, in accordance with the definition 
given above, always unity, and therefore may differ from the sum of the 
contents of the sets of points contained in the separate intervals. To 
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obtain the content of the closed set ©29 cut off, from each of the intervals 
which define the l/27ith part of its length at each end; the limiting 
sum of the intervals, so restricted, is Z (1 — l/n). Of these restricted 
intervals, a finite number can be so taken that their sum is > Z (1 — l/?i) — e, 
and < Z (1 — l/n), where e is an arbitrarily chosen positive number. All 
the points of are now enclosed in the finite set of intervals which is 
complementary to the finite set of restricted intervals. The sum of these 
complementary intervals < 1 — Z (1 — l/?i) + e, and > 1 — Z (1 — l/n ); the 
sum has for its lower limit the number 1 — Z, which is therefore the content 
of 0-2. The sum of the contents of O^, Go is therefore not equal to unity, 
which is nevertheless the content of 

-r ^2 = (^9 f)• 

THE PROBLEM OF MEASURE 

120. The problem of assigning definite numerical measures to sets of 
points defined in linear, plane, solid, or p-dimensional. space is taken to 
require that the measure of a set shall satisfy the following conditions: 

(1) . The measure of a set shall be in accord with the usual notions of 
length, area, volume, of an interval, a rectangle, or a cell in three or more 
dimensions. 

Accordingly there must exist separate systems of measures for linear, 
plane, or p-dimensional, sets of points, corresponding to generalizations of 
the measures of length, area, or volume. 

(2) . The linear measure of the set of points in a linear interval (a, b) 
is taken to be 6 — a, whether the set includes neither, one. or both, of 
the end-points a and 6, of the interval. 

The p-dimensional measure of the set of points in the cell 

... ... b^^^) 

is taken to be the product 

(6(1) - a(i)) (6(2) _ ^(2)) (6(P) _ 

whether the set of points includes none, some, or all, of the points on the 
boundary of the cell. 

Thus, when p = 2, the measure of the set of points in the rectangle is 
in agreement with the ordinary measure of its area; when p = 3, the 
measure of the set of points in the rectangular parallelepiped is in agree¬ 
ment with the ordinary measure of its volume. 

It will be observed that, in accordance with this postulation, the 
p-dimensional measure of a g^-dimensional cell, when g < p, is zero. Thus 
a linear interval has the plane measure zero; and a plane rectangle has 
the three-dimensional measure zero. 
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(3) . The measure of a set of points is to be a number dependent on 
the set, such that the measure of the sum of two sets, which have no 
point in common, is the sum of the measures of the two sets. It then 
follows that the measure of the sum of any finite number of sets, no two 
of which have a point in common, is the sum of the measures of the sets. 
The measure of a set being regarded as a function of the set, is thus 
required to be an additive function, Le. a function such that its value for 
the set -f E^ is the sum of its values for E-^ and E^^- 

It follows that, if a set F he Si component of a set E^ the measure of 
the set ^ — -P is to be the excess of the measure of E over that of F. 
In case E and F have the same measures, the set — Z’ is lo have the 
measure zero. 

In particular, the p-dimensional measure of a (p — l)-dimensional set 
is zero. For such a set may be taken to be on the boundary of a j-^-dimen- 
sional cell; and, in accordance with (1), the measure of the set of points 
interior to the p-dimensional ceU is unaltered by addition of the {p — 1 )- 
dimensional set on its boundar 3 ^; consequently the p-dimensional measure 
of this last set must be zero. 

(4) . The measure of the sum of an enumerably infinite sequence of 
sets, no two of which have a point in common, is to be the limiting sum 
of the measures of the sets, whenever that limiting sum exists. This maj^ 
be expressed as the postulation that the measure of a set shall be a 
completely additive function of the set. 

(5) . The measures of two sets such as are obtained from one another 
by a congruent transformation are to be identical. 

Congruent sets are such that, to each pair of points P, Q, of one of 
the sets there corresponds a unique pair of points P', Q\ of the other set, 
such that the distance of P' from Q' is the same as that of P from Q. 

In order that a system of measurement of sets may be set up, for each 
number of dimensions, which shall satisfy the above postulates, defini¬ 
tions wiU be introduced which will apply to a certain category of sets, 
called measurable sets, and which, for sets of this category, will be shewn 
to provide a function of the set that satisfies the above postulates. It 
will appear that the class of measurable sets, in linear, plane, or higher 
dimensional, space includes aU the sets which are defined by certain 
prescribed methods. The possibility of extending the theory to cases of 
non-measurable sets will be left out of account*. 

* A defimtion of a non-measurable set has been given by Van Vleck, Trans. Amer. Mccth. 
Soc. vol. IX (1908), p. 237, but this definition requires an infinite number of arbitrary acts of 
choice. Such sets have also been defined by Lebesgue, Bull, de la soc. math, de Frartce, vol. xxxv 
917), p. 20 9. 
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THE MEASURES OE OPENS’ AND CLOSED SETS 

121. A linear set of points 0, open relatively to a linear interval (a, b) 
which contains the set, is the sum of a unique enumerable set of open 
intervals. 

In accordance with (3), the measure of O must be taken to be the 
limiting sum of the measures of the intervals of this set. That this limiting 
sum is finite, and cannot exceed Z, the measure of (a, 6), is seen by con¬ 
sidering the first n of the intervals, as arranged in order; the sum of 
these n intervals is less than Z by the sum of the lengths of the finite set 
of intervals complementary to them, and this holds good however large 
n may be. 

Every open interval may be regarded as consisting of the points of an 
enumerable set of closed intervals, no two of wliich overlap one another, 
although they may have an end-point in common; therefore a.ny open set 
may be regarded as consisting of the points of an enumerable set of non¬ 
overlapping closed intervals. The measure of the open set can then be 
regarded as the limiting sum of the measures of such a system of non¬ 
overlapping closed intervals. 

In accordance with (1), it makes no difference that pairs of the interval^ 
may have an end-point in common. 

If 0 be any closed linear set in (a, 6), the complementary set C {G) 
open relatively to (a, b), and in accordance with (2j, the measure of (r 
must be given by m (O) = l — m{G ((?)}; where the measures of G and 
G (O) are denoted by m {G) and m {G ((?)} respectively. 

122. It has been shewn in § 109 that, in space of any number of 
dimensions, an open set 0, in a cell (a, b), is constituted by the points oi 
an enumerable set of closed cells. In accordance with (3), the measure 
of O must be the limiting sum of the measures of these closed cells. That 
this limiting sum is finite, and does not exceed the measure Z, of the cell 
(a, b), is proved as in the case of a Imear set. 

If ff be a closed set, in the cell (a, 6), the measure of Q must, in 
accordance with (2), be given by m {G) = l — m{G (©)}; the set G (G) 
being open relatively to (a, b). 

Since the set of closed cells, or intervals, which constitutes a given 
open set 0 is not unique, it must be shewn that the measure of O, defined 
as the limiting sum of the measures of the closed ceUs, or intervals, is 
independent of the particular sets of such cells, or intervals. In order to 
shew this, the following theorem, somewhat more general than is required 
for this particular purpose, will be proved: 

If an ojptn set 0 coTisist of oZZ the 'poivlis of an enumerable set {A^}, of 
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Tuyn-overlapping closed cells, amd if {A»'} be any otlie/r set of non-overlapping 
dosed cells such that every point of O belongs to at least erne of the closed cdls 
{A„'}, the limiting sum of the measures of {A„'} canned be less than that of 
the measures of {A„}. 

Assume, if possible, that the limiting sum of the measures of the cells 
of {A„} exceeds that of the measures of {A„'}- A finite set Ai, A^, ... A,„, 

r nt 

of the cells may then be so determined that S m (A^) is greater 

r 1 

than the limiting sum of the measures of the cells {A,/}. 

A cell A^' containing A„' in its interior, and with the same centre, can 
be defined such that m (A/) — m (A/) = e/2"; where e is any chosen 
positive number; and this can be done for each of the cells {A„'}. The 
limiting sum of the measures of the cells {A^'} exceeds that for the cells 

r - m 

f>y If € be sufficiently small, S m (A^) is greater than the limiting 

r 1 

sum of the measures of the cells {A^'}. The set of points in A^, Ag, ... A^ 
is a closed set and since each point of is interior to a cell of {A„'}, 
from the Heine-Borel theorem (§ 74) it follows that a finite set of the cells 
{A^'} can be determined so as to contain all the points of • The total 

r lit 

measure of the cells of this finite set cannot be less than S m (A^); and 

r I 

this is contrary to the supposition made above. 

It follows from this theorem that, if {A„}, {A^'} be two sets of closed 
non-overlapping cells, each of which constitutes a given open set O, the 
limiting sums of the measures of the cells of each set must be the same; 
for, by the theorem, it is impossible that either of these should be less 
than the other. 

The unique measure of an O'Pen bounded set O is thus defined"^ as the 
limiting sum of the measures of the closed cells, or intervals, of a set, all the 
points of which constitute the set 0. 

The measure of a hounded closed set G is then defined to be the excess of 
the measure of the fundamental cell, or interval, in which Q is contained, 
over the measure of the open set G {O), which is the complement of G with 
regard to the fundamental cell, or interval, 

AH the points of the closed set G are in the finite set of cells, or intervals, 
complementary to the cells, or intervals, Ai, Ag, ... A„. Thus m {Q) is 
the lower limit of the sum of the measures of this finite set, as n is inde¬ 
finitely increased. It is thus seen that the measure of a closed set as here 
defined is identical with the content of such a set as defined in § 117. 
It has been seen that an'y o'Pen set O contains a closed set whose measure 
is arbitrarily little less than m (0). 

* de la Vallee Poussin, Intigrales de Lebeague, p. 22. 
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123. It follows, as a particular case of the theorem proved in § 122 , 
that, if O 2 be an open set which contains another open set 0 ^, 

m (O 2 ) ^ ^ (Oi). 

Por, if O 3 L is constituted by a set of closed cells {A„}, and Og by a set of 
closed cells {A„'}, the limiting sum of the measures of the cells A„' cannot 
be less than that of the measmes of the cells A„; and thus m (Og) cannot 
be less than m (Oi). 

U Oi, 0.2 9 ... be a sequence of open sets, all contained in a finite 

cell, or interval, then 

m {Of) -h m {O 2 ) -f ... + m {On) + ... ^ m [31 (O^, O^, ... 

It has been shewn in § 56 that M {0^. Oo, ... 0^ .-.) is an open set; 
let {A^} be a sequence of closed cells which constitute it. Let On be con¬ 
stituted by a set of closed cells {A,,to}, where m = 1, 2, 3, .... 

The set of cells {A„to}j where n and m have all integral values, is an 
enumerable set of cells, the limiting sum of whose measures is 
m (Oi) -f m {Of) -h ... -I- m {On) — .... 

By the theorem proved in § 122 , this cannot be less than the limiting 
: 3 um of the measures of Aj, Ag, ... Ato, ...; or than the measure of 

31 {Oi, O 2 , ... On, .••)• 

It has here been assumed that if {c„to} is a double sequence of positive 

QC OC 

numbers, S S is unaltered by changing the order of the terms. 

/I -1 i/i -1 

U O 2 , 0„, ,,, be a sequence of open sets, all contained in a finite 

cell, or interval, and such that no two of them have a point in common, then 
^ (^ 1 ) "5“ ^ (^ 2 ) ... -r w- (0„) -f- ... = [31 {Oi, O 2 , ... 0„, ...)]. 

In this case, no two of the cells A^^ overlap one another, and the set 

3 £ {Oi, O23 ... On, ...) 

is constituted by the enumerable set of cells A^^j where 
n = 1, 2, 3, ...; m = 1 , 2, 3,_ 

00 

Both S m {On) and m [M {0^, O 2 , ...)] are equal to the hmiting sum of 

n — l * 

the measures of the cells A„to • 

It has thus been shewn that, for open sets, the measure is a completely 
additive function; thus satisfying the postulates (3) and (4), of § 120. 

THE CONTENT OR MEASURE OF A CLOSED SET 

124. In a linear interval, of length I, there can be defbaed a set 
of non-overlapping intervals, everywhere dense in the interval, and such 
that the sum of the lengths of the intervals is less than an arbitrarily 
chosen number c. To establish this apparently paradoxical theorem, let us 
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consider an enumerable set of points ... x,,, ... everyvvliere dense in 

the interval; for example, the rational points of the interval. With each 
point Xn as centre, an interval of length c/ 2 ” may be defined; any part 
of the interval which is not in the fundamental interval may be omitted. 
The overlapping set of open intervals obtained by taking all the values 
of n is equivalent to a non-overlapping set of open intervals A, of total 
measure less than c, which is everywhere dense in the fundamental interval. 
The points of that interval complementary to the set A form a non-dense 
closed set of content, or measure, greater than I — e. This can be made 
arbitrarily near to Z, by taking c small enough. 

The following general theorem will be established: 

Tilt content of a non-dense linear closed set is zero, in case the set is 
enumerable', and, in case the set is unenumerable, its content may be zero, or 
may have any value less than the length of the interval in which the set is 
contained. 

The content, or measme, of a closed set is the sum of the measures of 
its perfect component and of its enumerable component; and this last is 
zero. If the set is enumerable, it has no perfect component, and therefore 
its content is zero. 

Let 8 i, 8 a, 83 ,... denote the lengths of the intervals contiguous to a 
non-dense closed set 6 r, in a fundamental interval of length Z. 

Let Si = A^Z, 82 = Ag (Z — 8 ^), 83 = A 3 (Z — 8 ^ — 83 ), ... 
and generally, S„ = A,^ (Z - 81 — 83 - ... - 8 „^i); 
where the numbers A^, Ag, ... A,^, ... are all between 0 and 1 . 

We find at once 

and hence ^ (1 ■” (1 ~ Ag) --- (1 — A„_i) Z 

Z - (Si 4- 82 + ... + 8 J = (1 - Ai) (1 - Aa) ... (1 - AJ Z. 

The content of the set G is therefore* Z multiplied by the limit of the 
product (1 - Ai) (1 - Aa) ... (1 - A„). 

The values of A^, Ag, ... A,i, ... can be so chosen that the content of 
the set is zero; for example if Aj = Ag = A 3 =_ 

If Ai = 0®, Aa = ... An = d^ln\ ...; where 0 < 0 < 1 , the content of 

the set is Z sin {irO)j7Td. By choosing a sufficiently small value of 9, this 
may be made as near as we please to Z. By proper choice of 9, the content 
may have any value less than Z. 

125. Any linear closed set O that has interior points contains a non-dense 
cUised set H, such thU m ((?) — m (ff) is less than an arbitrarily chosen 
number e. 

The set O may contain a finite, or an enumerable, set of closed intervals, 
* See Hamack, MaOi. Annal&i, vdI. xcc (1882), p. 239. 
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§ 1 , § 2 , ... 8„, — Remove from O all the interior points of S„. except those 
belonging to a non-dense closed set of content greater than m (S,i) — e/2'^. 

The .set which consists of G, with the interior points of all the intervals {S,J 
removed, except the points of ^2 3 , is a non-dense closed set 

such that m {G) — m {H) < e. 

Similar results hold for plane closed sets, or for closed sets in space of 
any number of dimensions. It will be sufficient to consider the case of 
plane closed sets. 

In a cell an everywhere dense set of cells can be 

defined, of which the total measure is either that of the given ceU, or has 
any less value > 0. 

In the linear interval 6^^^) an everwhere dense set of intervals 

can be defined, as in § 124, of wliicli the total measure has a prescribed 
value > 0, and not exceeding Similarly a set of intervals {§,,'} 

may be defined in the linear interval 6^-^), of total measure > u, and 
not exceeding 

Consider a cell for which the projections of the sides on the two axes 
of coordinates are S„, : where n and n' are any pair of integers. The set 

of all such cells is everywhere dense in the fundamental cell, and the sum 
of their measures has a value > 0, and not exceeding the measure of the 
fundamental cell. The set of cells may clearly be chosen so that the total 
measure has any such prescribed value. The set of points wliich is com¬ 
plementary to the set of open cells so defined is a closed non-dense .set, of 
Avhich the measure may be zero, or may have any prescribed value less 
than the measure of the fundamental cell. 

A closed plane set G, that has interior points, contains a non-dense closed 
component H, S'lich that m {G) — m (H) is less than an arbitrarily prescribed 
number e. 

It has been shewn, in § 106, that such a set as G contains a finite, or 
an enumerable, set of closed connex domains {X)„}. The interior points 
of Dn are constituted by an enumerable set of closed cells. Hence the 
interior points of aU the domains {D^ together consist of an enumerable 
set of closed cells {A„}. We can remove from A„ aH its points except those 
of a non-dense closed set of measure > m (A„) — c/2". When this has been 
done for all the cells {An}, we have remaining a part H, of G, such that 
m (G) — m (H) is less than c; for the sets of points removed have a total 
measure < Se/2", or c. The set H is non-dense in the fundamental cell. 

EXAMPLES 

1. The perfect set of points defined by a;=^+p + ...+^ + ..., where the numbers 

Cl, C 2 ,... have each one of the values 0, 2 (see Ex. 1, § 83), has the content zero. For the 
limit of the sum of the lengths of the complementary intervals is unity. 
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2, The non-dense closed set considered in Ex. 3, § 83, has the content zcto. For, after 
h operations, the sum of the exempted segments is 

m m-* m® wi* \ tti J 

When h is increased indefinitely, the limit of the sum of the free intervals is 1. 

3. The non-dense closed set considered in Ex. 4, § 83, has a content between 0 and 1. 
After k operations, the sum of the exempted segments is 

1 m-'i , (? >a-l)(w®-l) , ( m-1 ) ... -1) 

m® ^ m® *** 77iite(fc+i) ’ 

The limit of the sum of the exempted intervals is 1 - n therefore the content 

of the set of points is II » which is between 0 and 1, depending upon the value 

fc«l\ 

of m. By taking m sufficiently great, the content of the set may be made arbitrarily near 
to unity. 


THE EXTERIOR A^-D IlfTERIOR MEASURES OF A SET 

126. Let O be any linear set of points in a given interval (a, b), and 
let a finite, or an infinite, set of non-overlapping open intervals be defined, 
such that every point of G is in one of these inteivals. The point a is 
regarded as an interior point of any interval of which it is an end-point; 
and a similar remark applies to 6. The set of inteiwals constitutes an 
open set which contains O. The sum, or limiting sum, of tiie lengths of 
the intervals has a definite value, not greater than 1. The lower boundary 
of this sum or limiting sum, for all possible such sets of intervals, is a 
number which is called the exterior measwre of tlie set G; and this may be 
denoted by {G). 

Alternatively, the exterior measure (G), of the set G, may bo defined 
as the lower boundary of the sum, or limiting sum, of the lengths of the 
intervals of a set of non-overlapping closed intervals such that every point 
of P is in a closed interval of the set, being either an interior point, or an 
end-point, when all such systems of closed intervals are taken into account. 

To shew* the equivalence of the two definitions, let , Lg denote the 
lower boundaries defined in accordance with the first, and the second, 
definition respectively. A set of non-overlapping open intervals con- 
taming G can be defined, such that the sum, or limiting sum, of their 
lengths is + where e is an arbitrarily chosen positive number. 
Since each open interval is constituted by an enumerable set of non¬ 
overlapping closed intervals, the set of open intervals can be replaced by 
a set of closed intervals which contain G\ and the limiting sum of the 
lengths of the intervals is the same in the two cases. This shews that 
■^2 ^ since we have a set of closed intervals satisfying the requisite 
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condition, the limiting sum of whose lengths is < L^-r e. Again, it is 
impossible that Xg < for if a set of non-overlapping closed inter\-ais 
containing aU the points of O existed, the limiting sum of whose lengths 
is < 2 / 1 , vre could enclose each of these intervals in an open interval, of 
length exceeding that of the closed interval by less than an arbitrarily 
chosen number, and in this way we could obtain an overlapping set of 
open intervals containing G, and such that the hmiting sum of their 
lengths would be < L^. This overlapping set might be replaced by the 
equivalent set of non-overlapping intervals, and the limiting sum of the 
latter intervals cannot exceed that of the former, as has been shewn in 
the first theorem of § 123. We should therefore have a set of non-over¬ 
lapping open intervals, enclosing 6r, the hmiting sum of whose lengtli^ 
would be < contrary to the fact that is the lower boundary of all 
such limiting sums. 

Let G [G) be the complementary set of G, relatively to the interval 
(a, b) of length Z, in which G is contained. If [C {G)} denote the exterior 
measure of C {G), the number Z — {C {G)) is taken to define the inter tor 
measure of the set G\ and this interior measure may ])e denoted by m, 

127. In the case of a set G contained in a finite cell of any number 
of dimensions, a connex open domain takes the place of an open inteiwai: 
and thus the exterior measure (G) is defined as the lou er boundary of 
the limi ting sums of the measures of connex open domains winch form a 
finite, or an infinite, sequence containing all the points of G, when all 
such sets of connex open domains are taken into account. Again, >iiice 
any open set is constituted by a sequence of closed cells, the exterior 
measure (G) may also be defined as the lower boundary of the limiting 
sums of the measures of sequences of closed cells, each sequence con¬ 
taining all the points of G in the interior and on the boundaries of the 
cells, when all such sequences are taken into account That this second 
form of the definition is equivalent to the first may be shewn in exactly 
the same manner as in the case of a linear set: for every sequence of closed 
cells forms part of a sequence of open cells, such that the difference of tiie 
sums of the measures of the cells in the latter sequence and in the former 
is arbitrarily small. 

As before, the interior measure m, ((?) of G is defined by 

{G)^l-m,{G (G)}; 

where I is the measure of the cell in which G is contained. 

The above definitions of the exterior and interior measures of a 
bounded set of points in any number of dimensions are equivalent to the 
following statements: 

The exterior* measure (G) of a hounded set Q is the lower boundary 
* This form of the definition is due to de la Yallee Poussin, see Jnt^rales de Lebesgue, p. 22. 
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of the Tneasures of open sets which contain O. The mterior^ ineasure m, (G) 
of a bounded set G is tlhe upper boundmy of the measures of closed sets con¬ 
tained in G. 

For, as the exterior measure {G (G)} is the lower boiuidary of open 
sets which contain G (G), it follows that I — {0 (G)} is the upper 

boundary of the measures of the closed sets complementary to these 
open sets. 

If a set Gi contains a set Ga, it is clear from the definition that 

(Gi) ^ (Ga). 

MBA.SUBABLE SETS OF POINTS 

128. It appears from the above definitions that every bounded set of 
points has definite exterior and interior measures. 

When the exteruyr and interior measures of a set G, of points in p dimen¬ 
sions, are equal to one another, the set O is said to be w.easurable, and the 
number (G) = m, (G) is defined to be the measure of G. When G is 
measurable its measure is denoted by m (G). 

It is clear from this definition that, if G is measurable, so also is G (G). 

It will be shewn that this definition satisfies the conditions stated in 
§ 120, whenever it is applicable. If a is a set of non-overlapping cells, or 
intervals, enclosing a set of points G, measurable, or not, and is a 
similar set for G (G), then all the points of the fundamental cell, or interval, 
are enclosed in the set made up of a and jS. It follows that m (a) - j- m (jS) ; 
and since (G), {G (G)} are the lower boundaries of m (a), m (jS), re¬ 
spectively, we have (G) -f- m^ {G (G)} ^ I, and therefore (G) (G). 

The condition that a set G is measurable, in the sense above defined, 
may be stated in either of the following forms: 

A set of points G is measurable if an open set 0, containing G, and a 
closed set H, contained in G, can be so determined that m (O) — on (H) is 
less than an arbitrarily prescribed positive number e. 

A set of points G is measwrahle if its points can be enclosed ioi a finite, 
or an infinite, set a, of open intervals {in the case of linear sets), or of open 
connex dmnains (in the case of sets in space of higher dimensions), and if 
G (G) can be similarly contained in a set p, such that the sum, or limiting 
sum, of the measures of the open intervals, or connex domains, which contain 
all those points which are common to a and p is arbitrarily small. 

The set of points D (a, p) forms an open set (§ 56) which, if the con¬ 
dition be satisfied, may be^taken to have its measure < e. As is easily 
seen by considering the three sets a, p, D (a, p), we have 

m (a) -f m (P) =^m{D {a, p)} -l- 1; 

* See W- H. Young, Proc. Lond, Math. Soc. (2), voL n (1905), p. 28. 
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where I is the measure of the cell, or interval, in which the given set is 
contained. It then follows that 

{m {a) - m, {G)} {m (j8) - m, [G (©)]} < e. 

Since m (a) — (G), m (]8) — [C (ff)J are not negative, it foRows that 

each of them is < €; also m (a) ^ (G) ^ (G), hence (G) — {G) < e. 
Since this holds for every value of €, we have {G) = {G) ; and thus 
the condition stated is sufficient that the set G may be measurable. If G 
be assumed to be measurable, a and jS can be so chosen that 

m (a) — m {G) < ^€, 

and —m \G (G)] < 

we then have m (a) + m (j8) < € 4- 1, which is equivalent to the condition 
that m {D {a, jS)} < e; and thus the condition is necessary. 

129. It must be shewn that the definitions, given in §§ 120 and 122, 
of the measures of open, closed, or partly closed, cells or intervai>. and of 
open and closed sets, are consistent with the definition of a measurable 
set given in § 128, that is, that these sets have their exterior and interior 
measures equal to one another. 

The cell ... ... is contained in the ceil 

0(1) - (id) _ 0(1)), a(«> - (6(« - a(i'), ...; 

L ~ ~ L ~ - 

and contains the cell obtained by writing — n instead of 7i. 

( 1 ' 3 > / i\p 

1 -f ^^ ~ respectively, and 

thus differ from one another by < e, if be chosen sufficiently large. 
Therefore the exterior and interior measures of a cell are identical with Z, 
the measure of the ceU, as defined in § 120. 

It is clear that the exterior measure of an open set 0 is identical with 
the measure of the set, as defined in § 121, for it has been shewn that 
no open set of measure less than that of the set can contain 0. Also 0 
contains the closed set formed by a finite number of the closed cells, or 
intervals, which constitute 0, and the sum of the measures of these cells, 
or intervals, converges to the measure of O; thus 0 is contained in an 
open set, consisting of 0 itself, and contains a closed set, such that the 
difference of the measures of the open and closed sets is arbitrarily small; 
therefore both the exterior and interior measures of 0 are identical with 
the measure of O, as defined in § 121. Since a closed set is the complement 
of an open set O, it follows that the closed set is measurable. It has thus 
been proved that: 

Every boimded o'Pen set, and every hownded dosed set, is measurable. 
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It will now be shewn that: 

Every enumerable set of 'points is measurable, and its measure is zero. 
Let Pi, Pg. ... P» 5 ... denote the points of the sot. Each point P, can 
be enclosed in an open cell, or interval, wdth P,. as centre, and of measure 
€/ 2 ^. In accordance with a theorem proved in § 123, the open set of points 

consisting of all the points belonging to one or more of tliese cells, or 

00 

intervals, has its measure 2 c/ 2 ^, or e. It follows that the exterior 

r -1 

measure of the set is zero, and thus that the interior measure is also zero, 
and that the set is measurable, with measure equal to zero. 

130. is an enumerable {or a finite) sequence of 

measurable sets, all contained in a finite cell, or interval, the set 

which consists of all points that belong to one or more of the sets, is measurable. 

Let (?i and G {G^ he contained in open connex domains, or open 
intervals, of sets c^, pi, of such domains, or intervals, so defined that the 
measure of D (cci, j 8 i) is < Je. Let ojg, jSg be similar sets of connex open 
domains, or intervals, which contain G^ and G (G^) respectively, and are 
such that m [D {a^, jSg)] < e/2^. Let af = D {a^, and ^ 83 ' — D jSi). 
For Gz and G {Q^ we similarly consider sets ag, jSg, of open domains, or 
intervals, such that m [P (ag, jSg)] < e/23; ^nd let 

oz'= D {az, Pz'), Pf-D{Pz,p2ll 

and so on, for all the sets © 4 , 6 ?g, . The points of M (Gi, 63 , ...) are 

all contained in the sets of domains, or intervals, a^,a 2 ,af, and 
G {M ((?!, (? 2 j •••)} is contained in jS/, whatever value i may have. 

The two sets of domains, or intervals, which enclose M {G-^, & 2 , ...) 
and its complement, have in common a set of points of which the measure 
is less than 

e/2 + e/23 _l ^^2* -|- m (a't+i) m "I" — 

The series Sm (a') is convergent, since each term is positive, and the 
sum of any number of terms is less than a fixed finite number. Therefore 
the number i can be so chosen that m + m (a'^+g) + ... is less than e. 

Now ( 6 ri, Crg? ••■) s-^d its complement have been enclosed in sets of 
intervals, or cells, such that the set common to both sets has measure < 2 c. 
Since € is arbitrary, it has been proved that M {G^^Q^, satisfies the 
criterion that it is measurable. 

If 6ri, Ggj measurable sets in linear or higher dimensiorial 

space, all contained in a bounded domain, and no two of the sets have a point 
in common, the measure of Gj^+ G 2 + is the limiting sum of the measures 
of the sets. 
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That is measurable is a particular case of the 

theorem. 

In accordance with what has been shewn above m -f- Gg 
differs from the measure of the set consisting of all the sets aJ. ... 

by less than €. Also Gg, G 3 , ... are all parts of G (G^); so that Gi is enclosed 
in ai, Gg in Gg in ttg', ...; hence m (Gj) differs from m (oi) by less than i-e. 

m (Gg) differs from m {a^) by less than ~ e, and in general m (Gj differs 

CO 

from m ( 05 /) by less than c/2*. Therefore S m (GJ differs from 

2=1 

m (oi) + ni (a^) -f- ... -f m (a/) -h ... 

CO 

by less than c. It follows that S m (G,) and m (G. — Go ...) differ from 

2-1 

one another by less than 2€. and, since e is arbitrarily small, the theorem 
is established. 

It should be observed that although, for each set G ,. a pair oi sets of 
intervals can be so determined that the measure of D {a,, pj is le&s 

than the prescribed number e/2*, there are an infinite number of such 
pairs which satisfy this condition, and one such pair is selected out 

of this infinite number. It is however assumed, in the above proof, that 
an indefinite number of such selections is made, nameh’ one for ea'di 
value of i. It may not be possible to give a law which determines how' 
this selection is to be made for every value of i, unless the given sets a^e 
of some particular nature such that we are able to assign such a law. 
Consequently, the existence has been assumed ot the sets cc^, 0^, for 
i = 1, 2, 3, ..., independently of whether we are able to define these £et< 
or not. This assumption is a particular case of an axiom which wiH be 
discussed in Chapter iv, and which is known as Zermeio's axiom, or as 
the general principle of selection. A corresponding remark is applicable 
to another proof of the above theorem wliich has been given’^^ by de la 
Vallee Poussin. This proof depends upon the fact that a measurable set 
is the sum of a closed set and of a set , of v/hich the exterior measure 
is less than an arbitrarily small number €„. For an enumerable sequence 
of sets, the choice of the sets F^ requires the use of Zermeio’s axiom 
(see § 197). 

131. If a measurable set contains another measurable set Go, the set 
Gi — Gg is measurable, and its measure is m (G^) — m (Gg). 

The complement of Gi — Gg consists of Gg together with G (G^), hence 
Gi — Gg is measurable. Further, since Gi = (G^ — Gg) + Gg, we have 
^ (®i) = (Gi — Gg) -f- m (Gg). 


See IntigraLes de Lebeague, pp. 22-23. 



178 Metric Projjerties of Sets of Points [cii. iii 

If ^^easnrable sets, the set D {G^, G.^, ... G^, ...) 

of 'points common to all the gioen sets is also measurable. 

For the complement of D (^u G^, ...) is M {O (Gt), C {G 2 ), ...}; and 
since G (Gj), C (G 2 ), are all measurable, it follows that the complement 
of i) ((?!, (? 2 , ...) is measurable, and therefore that the set itself is 
measurable. 

If*H is the set of points each of which belongs to an infinite number of 
the measurable sets G-^^G^, G.^, , the set H is measurable 

For the set 0 {H) consists of those points which belong to none, or 
only to a finite number, of the sets Gi, 62 ? •■■3 hence O {li) consists 
of the points belonging to one or more of the sets Li, ... ..., where 

Ln denotes the set D {G (6r„), C (Gn+x), ---}. The sets are all measurable, 
and hence G (H) is measurable; and therefore H is measurable. 

If*K is the set of points each of which belongs to all the measurable fsets 
Gm •••5 where n has a definite value for each point of K, the set K is 
measurable. 

For the set G {K) is the set of points each of which belongs to an infinite 
number of the measurable sets G (Gf), G {G.^, .... and hence, by the last 
theorem, G {K) is measurable. Therefore if is a measurable set. 

If Go, is the inner limiting set of a sequence {6?„} of mecumrable sets G^^, 
each of which contains the next, m {G^) = lim m (O^). 

For 4- (G^ — G3) + ... ~ G-y — G^ 

and m ((?„ - G„^y) = m (<?„) - m 

hence m (Gj) — lim m ((?„) =m {Gy — GJ) = m (Gy) -- m {GJ), 

n«-oo 

and therefore m (6r„) = lim m (G„). 

W-woo 

If G^ is the outer limiting set of a sequence of mecbsurable sets 
each of which is contained in the next, and if 6r„ is a hounded set, 

m (6„) = lim m {Gr^. 

For Gy + ((?, - Gy) 4 - {G^ - G^) + ... = G^ 

and therefore m ((?„) = lim m (G„). 

Tl'^ao 

••• ® sequence of sets such that 

lim M (G^, G„+y, ...) = lim D (G„, G„+y, ...), 

ri'^oo fi'^co 

then, if either of these limits be denoted by 0^,m (©„) = lim m ((?„). 

* See Boiel’s Lemons sur lesfonctions de vandbles rdeUea, p. 18. The set H is named by Borel 
the ** ensemble hmite complet,” and the set K the ensemble limite zestreint” of the given 
sequence of sets. 

t See de la Vallee Poussin, Trans. Am&r, Math. Soc. voL xvi (1915), p. 437. 
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The sets M {G^, G^^^, ...) axe such that each contains the next, and 
therefore m {G„) == hm m {M (6?„, ©n+x, ---)] ^ li“i m (6r„); and the sets 

7i'^oo 

D (G„, ...) 

are such that each is contained in the next, and therefore 

m {GJ) = limm [D ((?„, G„+i, ...)] ^ Hm m {G„)-, 

71'^oc 7l~ao 

we thus conclude that m {GJ) = hm m (0^). 

W'-OO 

In general lim Jf Gn+n -•-) is called the upper limit of Gn, and 

9l'^0O _ 

may be denoted by ]imGn\ and limi> (©„, •■•) is called the lower 

/Z.'^co 

limit of Gn, and may be denoted by hm6^„. In the case contemplated 

/A-*-3C 

in the theorem, G^ has a unique limit denoted by hm . or G ^. 

n~=o 

SETS THAT ARB MEASURABLE (B) 

132. All the sets w’hich have been shewn to be measurable, in accor¬ 
dance with the definition of a measurable set given in § 128, are obtained 
from the single point, the single interval, or cell, open or closed, by taking 
a finite, or enumerably infinite, set of such fundamental sets, and by 
taking the set common to a finite, or an enumerably infinite, number of 
the sets so obtained, or by taldng the complements of the sets so ob¬ 
tained. All sets defined in this manner are said to be measurable (B), 
since they were the only kind of measurable sets contemplated by Borel 
in his original treatment of metric properties. Thus the complement of 
any set that is measurable (B) is so also; the set which is common to any 
finite, or enumerably infinite, number of sets all measurable (B) is also 
measurable (B); also closed and completely open sets are all measurable 
(B). It can be shewui however that measurable sets may exist which are 
not measurable (B). For example, any component whatever of a perfect 
set, of measure zero, has its external measure zero, and is therefore 
measurable. The question whether a valid definition can be given of a 
set which is not measurable will not be here discussed, as the question of 
the validity of such definitions depends upon debatable questions in the 
abstract theory of aggregates. The relation of measurable sets in general 
to those which are measurable (B) is contained in the following theorem: 

Any meotSurcMe set G is c<mtained in a set G^ which is measurable (B), 
and such that m {O^) ~ m (6r); and G contains a set G^ which is measurable 
(B), and swch that m {O^ = m (6r). 

If {€„} denote a sequence of decreasing positive numbers converging 
to zero, the set O can be enclosed in a set of non-overlapping intervals, or 
open domains, {«„} of total measure < m ((?) -f 
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The inner limiting set of the sequence of sets of intervals, or domains, 

is measurable (B), and its measure is m {G), as has been shewn in § 131; 
also contains C? as a component. The set O^ — Q has measure zero, and 
its points can be enclosed in a set of intervals, or domains, , contained 
in and therefore of measure < The inner limiting set II, of all the 
sets is measurable (B), and its measure is zero ; and the set G — 11 
is measurable (B), and has m (G) for its measure. Moreover is contained 
in G. 

A classification of sets of measure zero has, on account of the funda¬ 
mental importance of such sets in the theory of functions, been under¬ 
taken* by Borel. 

COKGRtTENT SETS 

133. The definition of the measure of a set, given in § 128, having 
been shewn to apply to the class of measurable sets, it has been shewn 
that, so far as such measurable sets are concerned, wo have a metric 
system which satisfies the postulates (1), (2), (3), (4), of § 120, namely 
that the measure of such a set is a completely additive system, and that 
it is in agreement with the elementary theory of the measure of lengths, 
areas, and volumes, of intervals and cells. It only remains to be sliewn 
that (5), of § 120, is satisfied by the definition which has been introduced 
and developed. 

A congruent transformation of a set of points is, expressed in geo¬ 
metrical language, equivalent to a translation together with a rotation. 
That a translation does not affect the metric properties is obvious from 
the fact that it only consists of an addition of fixed numbers ?Iq, ...h,, 
to the numbers os^, X 23 ... Xj, which represent a point; and in all the defini¬ 
tions and proofs connected with the metric properties of a set, only the 
differences a;/ “ £Ci, x^ — ... for pairs of points are involved. So far 

as a transformation by rotation is concerned, it is only necessary to shew 
that a cell when rotated has a measure which is equal to that of the original 
cell. It will be observed that all the cells employed in the descriptive 
properties of sets, and so far in the metric theory, are orientated alike. 
We cannot therefore, ab initio, consider the set of points of a coll, as having 
its measure unaltered when the cell is rotated, and when it is therefore 
no longer a cell in the original sense of the term. For simplicity the case 
of the rectangle, or plane cell, will here be considered. 

The original cell may be taken to be the set of points {x, y) ior which 
— a^x^a, —h^y^b. 

Corresponding to {x, y) we have in the congruent set, obtained by rota¬ 
tion through an angle a, x' — x cos a y sin a, y' = — x sin a y cos a. 

* See Bu£L de la aoe. math, de Frcmce, vol, tt.t (1913), p. 1. 



132-134] Congruent Sets 181 

Thus the points of the cell correspond to the points of the three sets 
defined by 

— sec a{a -r y sin a) ^ a; ^ cosec a(J> y cos a) 

— a sin — 6 cos a^y ^ — a sin a -f- 6 cos a, 
cosec a {y cos a — b) ^ cosec a {y cos os -f 6) 

— a sin os -f 6 cos a^y ^ a sin os — 6 cos os, 
h cos a — a sin a^y ^ a sin a -rb cos a 

— oosec a(b — y cos os) ^ a; ^ sec a{a — y sin os), 

provided tan a >bla. 

In the first of the above sets, divide the interval of y into n equal parts; 
and consider the part for which y is in one of these parts (— c^, — Cr+i)> 
where . The corresponding part of the set includes the rectangle 

of which the measure is 

(c^+i — Cr) {a sec os + 6 cosec a -I- Cy (tan os + cot a)}, 
and is included in the rectangle of which the area is 

(Cy^i — Cr) {a sec os + 6 cosec a -h (tan os -|- cot os)}. 

The difference of these is (c^+i — c^)^ (cot a -f tan os). 

The sum of aU such differences is less than (cot os 4- tan os) 46^ cos® os, 
which can be made arbitrarily small by sufficiently increasing n. The 
measure of the set is then easily shewn to be 26® cot os. Similarly it can 
be shewn that the measures of the other two sets are 

(a sin os — 6 cos os) 46 cosec os, and 26® cot a ; 
thus the sum of the measures of the three parts is 4a6, which is the 
measure of the original cell. 

The case in which tan os has a value < 6/a may be considered in a 
similar manner. The method here adopted is clearly capable of extension 
to the case of a cell in any number of dimensions. 

THE MEASURE OF UK-BOUNDED SETS 

134. Let G be an unbounded set of p dimensions, and let it be such 
that the component of Q which is in any finite p-dimensional cell is 
measurable. Consider a sequence of such cells, each of which is contained 
in the next, and such that if (a„^^^ a„t®^ ... 6„^^^ 6„t®^ ... bj^^) is 

the nth cell of the sequence, ... all have the limit — oo, 

and all have the limit + oo, as 92. is indefimtely in¬ 

creased. If Gn be the component of (? in this cell, the sequence of numbers 
m (Gn) is non-diminishing. Consequently m (G„) either converges to a 
fiboite limit, or becomes indefinitely great, as 9^ is indefinitely increased. 
If lim m ((?„) is finite, the set G is regarded as measurable, and m {G) is 

defined to be equal to the limit. If the limit is indefinitely great, G is 
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measurable, but of infinite measure. If J? bo any bounded measurable 
set of points, it is contained in tbe nth cell, if n be sufficiently great. The 
set D {0, H) is the same as D H), and this set is measurable. Also 
m [D (ff, H)] ^ m (GJ. If H be identified successively with the sets 
of a sequence, such that Hf is contained in , we have 
m [D {6, H,)-] £ m ((?„,) ■' m {G), 

where n, is an integer cori’esponding to r. The sequence of numbers 
m [D {G, AT,.)] is monotone, non-decreasing, and has a limit £ m (G). This 
holds good, even if lim m [H^) is indefinitely gi-eat. Thus the part of G 

that is contaiiied in any measurable set H is measurable, if O be so, and 
its measure does not exceed m (6r). 

The theorem m (Oj) -h m (6r2) + i^i “i" •■■)» whore G^, ... 

are measurable sets, no two of which have a point in common, and such 
that 6ri + ©2 + a jSnite measure, holds good when Gj^, Go, ... are 

unbounded measurable sets, of finite measure. For, if A„ denote the cell 
employed above, we have 

m [D (A,„ G,)] ^m[D (A,, G,)] + ... = m [D (A„ G\ H- G.^ -h ...)]. 

If r be so large that m + m + ... < e, we have also 

m [D (A^, G^+i)] -f m [D (A^, G^+a)] + ... < e, 
for every value of 9^. 

Hence, we have 

m \P (A„, GJ] + m [i> (A„, Ga)] -f ... -f ^ [D (A,,, G,)] 4- 

= m [D (A„, G\ -I- Go -j- ...)], 

where 9n is such that 0 < < 1. 

It follows, by letting n increase indefinitely, that 

m (Gi) + m (Gg) + m (G^) -f = m (G^ + Gg 4- ...), 

where 0 is such that 0 ^6% 1. Since e is arbitrary, it follows that 
(Gi) 4- m (Gg) 4- ... converges to m (Gi 4- 

It is easily seen that, if the unbounded measurable set G is the outer 
limiting set of a sequence {G„} of bounded measurable sets, each of which is 
contained in the next, then m (G) = lim m (G„). 


THE MEASURE OF SETS RELATED TO A SYSTEM OF SETS 

135. It has been shewn in § 131 that, for a sequence {G,^} of measurable 
sets, each of which contains the next, if m (G„) is, for every value of w, 
greater than a fixed positive number G, the measure of the inner limiting 
set is ^ G. 

In case the sets Gj, each of which contains the next, are not 

assumed to be measurable, the corresponding result holds as regards the 
interior measures of the sets. We can obtain the following theorem: 
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* ®i 3 ^25 ••• ^ Sequence of sets of points, each of ivhich contains the 

next, and if the interior measure of each set is greater than a fixed positive 
number G, then the interior measure of the inner limiting set is ^ C. 

Closed components, — of the sets 0^,0^, G^, ... can be so 

determined that 

m (Pi) > m, (G^i) - I e, w (Qa) > (ffi) - i €, m (Qg) > ?«., (G3) -e,...; 

where € is an arbitrarily chosen positive number. The set Q 2 has a closed 
component P^=D (P^ Qo), of measure 

m (Pa) = m (Pi) + m (Q^) - m [J/ (Pi, 0 ,)]. 

Since M (Pj, Q^) is a closed set contained in its measure does not 
exceed 7 n^ (G^), hence we have 

m (Pj) > m (Pi) 4- tn (Q^) - m, (Gi) s m, (&.) - .y^j 

Next, bj’' considering P^ = D (Pi, Q^), it can be shewn as before thaT 
m (P 3 ) m, (G,) - g + + 1) 

and so on. We have now a sequence of closed sets Pi, P 3 , Pg,_each 

of which contains the next, and such that the measure of each of them 
is > C — €. Therefore the measure of P„, their inner limiting set. is 
^ (7 — €; and P„ is a component of (?„. It follows, since e is arbitiarily 
small, that (©„) > C. 

136. We are now in a position to establish the following general 
theorem • 

//* &i, 633 ••• -■* ^ sequence of sets of points, each of which sets 

is a component of a closed set, of finite content I, and if the interiot' measure 
of each of the sets G^, is greater than a fixed number C, then 

there exists a set of points, of interior measure O, and of the power of the 
continuum, such that each point of the set belongs to an infinite number of 
the given sets. 

Choose a closed component of each of the given sets, of content > C; 
let these components he Q^, Q 2 , ... Qn^ — Choose an integer m such that 
mC ^ I < {m 1) G, and let us consider the first n {> m — 1 ) of the sets 

Qi, Q 2 ,_ The points common to*any pair of these closed sets form a 

closed set, and the set which contains aU the points which belong to at 
least two of the n closed sets is also a closed set „ of content /i„. Those 
points of Qi.„ which belong to form a closed set of content ^ hence 
there is a set of points of Qi, of measure ^ I (Qj) -lu., which do not 
belong to any of the sets ... Qn\ and the measure of this set is 

> G — Ii^. Similarly, each of the sets Qz.Qz, ... Qn hajA a component of 

* W. H. Young, Proc. Land. Mcdh. Soc. (2), vol. n (1905), p. 25. 
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measure > C — consisting of points which do not belong to any of 
the other sets, or to Qi- The measure of all these sets added together is 
^n(G — Iin ); ajQ^d must be less than I, since the sets do not contain 
any points common to two of them, and they are all enclosed in a set 
of measure 1. Hence 

n(G - Ii„) < (tn + 1)G, or Ii„> - G. 

It has thus been shewn that the closed set Qx. n lias the power of the 
continuum, since its content is proved to be positive; and this holds for 
every value of n which is > m + 1. Considering now the next n sets 

Qn+i> Qn+i, Qin, there is a closed set of content > (l “ 

sisting of points each of which belongs to two at least of the sets; and a 
similar result holds for each system of n sets Qm+u Qm+i> Q(r i-i)n- 


We have now an infinite sequence of closed sets 

Qltny ^2*415 ^r,wa ••• 

each of which has content points of each of 

them belong to two at least of the given sets. By applying similar 
reasoning, and taking n' sets at a time, we see that there are an infinite 

number of sets each of content > f 1 — f 1 — ^ G, and such 

V n J \ n' J ' 

that each point of any one of them belongs to four at least of the given 
sets. Proceeding in this manner, we obtain sets of points, each of content 

> (* - (* - (■ - *) - (' - “Jr) 

and such that each point of each set belongs to at least 2«+i of the given 
sets. Now let n, n\ ... be so chosen, that 

m+1^1 m+l_l m+1^ 1 


then the content of each of the sets which contains points belonging to 
at least of the given sets is 


^ ^ “ r) “ i®) ~ 2^^) > ^ i ^0} 

> C- (1 - e).- 


The process can be carried on without limit; and we see that the set 
which consists of all points belonging to 2*+^ at least of the given sets 
contains closed components of content > (7 (1 — e). Considering the 
sequence Pi, P^, ... of sets such that Pi contains aU points that belong 
to two at least of the given sets, contains all points that belong to 2* 
at least of the given sets, and so on, it is clear that Pi contains Pg, and 
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P 2 contains P 3 , etc. But the interior measure of each set is > (7 (i — c); 
hence, in accordance with the theorem of § 135, there exists a set of points 
common to all the sets Pi, ^ 2 * ---j oi interior measure ^ (7 (1 — e). Tliis 
set consists of points which belong each to an infinite number of the given 
sets; and its interior measure is ^ G, since e is arbitrarily small. The set 
has the power of the continuum, since it contains closed components of 
content greater than zero. It should be observed that the employment 
of the sets involves an infinite number of acts of choice. 

The theorem that has been now established is of considerable im¬ 
portance on account of the applications of it which can be made m various 
parts of the theory of functions, it is due* to W. H. Young. That par¬ 
ticular case of the theorem in which the sets are aU measurable was first 
statedj, without proof, by Borel. 

An important case of the theorem arises if we suppose each of the 
sets to consist of a finite, or an enumerably infinite, set of closed intervals; 
in which case the sets are all measurable. The theorem may then be stated 
as follows: 

If there he given an infinite number of sets of intervals, in a finite segment, 
each set consisting of a finite, or an enumerably infinite^ number of non- 
overlaj^ping intervals, and if the measure of each set of intervals is greater 
than soyne fixed positive nuynber G, then there exists a set of points, having 
the power of the continuum, and of measure ^ C, such that each pohit of the 
set beloyigs to ayi infiyiite number of the given sets of intervals. 

This theorem contains the completion, and generalization, of a theorem 
due to Arzelaf which is stated by him as follows • 

Let 2/0 be a limiting point of any set of numbers (y). and let 

be a sequence of numbers of {y) which converges to the limit . Assuming 
the variables to be orthogonal coordinates of a point in a plane, let the 
set of straight lines 2/ = 2/13 2/ = 2 / 2 » 2^ = 2/33 dra\\ni, and let a set of 

intervals he taken on the portion of each of these straight lines which is 
in the interval (a, b), of x. Suppose that each set of intervals is finite in 
number, and that this number is variable from one straight line to another, 
but increases indefinitely with the index s, of 2/s- sum of the 

intervals § 1 , 3 , 82,53 --- on the line y = ys, be If for every value 
of s, d^ is greater than 0 , a determinate positive number, there necessarily 
exists at least one point in the interval {a, b), such that the straight 
line X = intersects an infinite number of the intervals 8. 

* Proo. Lond. MaOt. Soc. (2), vol. n (1904), p. 26. 

t CompUa Rendua, vol. cxxzvn (1903), p. 966. 

t Rend, ddl' Ac. dei Lineei, (4), voL i (1885), p. 637; a second proof, which is however not 
rigorous, has been given by Aizelh in the Memorie deUa R. Acc. d Sc. di Bologna, (5), vol. vm (1899). 
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Arzeli subsequently removed the condition that each sot of intervals 
is a finite one. 

VITAIil’S THEOREM 

136^ An important theorem has been given* by Vitali vvhicli may bo 
regarded as an extension, in relation to metric properties, of the descriptive 
theorem of Heine-Borel and its extensions, discussed in §§ 73-77. 

The follo^ng preliminary theorem will be first established: 

Let G denote a set of cells in p dimensions, not necessarily enumerable^ 
such that each cell has its sides of equal length, and such that the measures 
of the cells have a finite upper boundary h^. Let it he assumed that ea.ch csll 
of C has at lea>^t one point in common with each cell of some non-finite set 
of cells, all belonging to C. Let H be the set of points equivalent to 0; and 
let it be assumed that H has its measure finite. Then a finite set of cells 
exists, all belonging to C, such that no two cells of the finite set have a point 
in common, and such that the sum of their measures is greater than 

§5 W - 6 = 

where e is a prescribed positive number. 

A cell Cl, belonging to C, exists such that m (Cj) > /’i - e; let 

denote the part of G such that each cell of (7i has at least one point in 
common with c^; such part exists by hypothesis. The points of the set Li- 
equivalent to G-^, that do net belong to Cj have a measure (3^^ — 1) 

Let ^2 be the upper boundary of the measures of the cells G — G-y\ then 
there exists in G — a cell c ^, which necessarily has no point in common 

with Cl, and of which the measure is > ^ e. Let Gg denote the part 

of G — Gi of which each cell has at least one point in common with Cg. 
The set of points Lg equivalent to Gg that do not belong to Cg has measure^ 
^ (3® — 1) ^2 • Proceeding in this manner, we form a sequence c^,c^,c^, ... 
of cells such that their total measure is not greater than m {H)', and 
therefore «, / v 

00 

Since S is accordingly convergent, we have lim = 0; it then follows 

31=1 n.'^oo 

oo 

that G = 2 G„ , for if a cell c existed in G which for no value of n belongs 

71=1 

to G^i every value of would be ^ m (c), and thus would not converge 
to zero. Let G denote the sum of c^, c^, ... c„, ..., and let L denote the 

* AUi d. 22. Acead. d Torino, vol. xun (1908), p. 229. A somewhat difieient, and very general, 
statement of the theorem is given by Caratheodory, Vorleaungen vber reeZZc FunUionen (1918), 
p. 299. 
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set of points equivalent to the totality of the sets . Then 

H = C L] also m {U) < S m (L) ^ (3^ — 1) S k „. and therefore 

n-l » «1 

m {H) <3^ S . 

_ CO 

Also we have m (G) > T, k^ — -|e, and therefore 

n = l 


An integer can be so chosen that ni (c^ -i- c, -r ... -r c„J > m (C*) — 
then m (Cj) -f- m (Co) ... -i- m {c„^ > — m (H) — e: thus the required cells 
Cl, Ca, ... exist. 

The main theorem given by Vitali is the follo^^ ing: 

Let G denote a set of cells in p dimensions, each of which has sides of equal 
length. Let denote that part of G which consists of cells each of which has 
its measure < r}, such part being assumed to exist for each posdive value ofr^; 
and let O be the inner limiting set of the sets of points equivalent to 
G^^i\ ... where {rj^} is a diminishing sequence of numbers 

convergi'ng to zero; and let G be assumed to have finite yaeasure. Then 
an enumerable^ or a finite, set of cells exists, all belonging to C, such that no 
two of them have a point in common, and such that their total measure 
is ^ m (G). 

Since G has finite measure, the set of points equivalent to must 
have finite measure, provided rj is sufficientlj’’ small. There exists therefore 
a part G^, of G, consisting of a part G^^^, for some value of tj, such that. 

is the set of points equivalent to G^^. m (H-fj has finite measure. In 
accordance with the last theorem a set c^,c^, ... c^^, of cells belonging to C-^ 
exists such that no two of them have a point in common, and such that 

^ (-ffi) - ie > ^ - -W. 

First, let it be assumed that every cell of Ci has a point in common 
with one at least of.the cells Cj, Cg, c„^. If, for some sufficiently small 
value of G^^^ contains no cells partly outside the cells Cj, Cg, ... all 
the points of G must be in one of the cells of this finite set; and in that case 

r =7ii 

2 m (c^) > m (ff), 

r=l 

and the set required has been obtained. If, for every value of I, however 
small, there are cells of G^^ partly outside the cells Cj., aH these cells must 
be contained in neighbourhoods of the cells c^ whose measures diminish 
indefinitely with f; therefore there can exist no points of O exterior to 
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r=ni 

all the cells c,. Hence, as before S m (c,.) > m {G), and c^, c«, ... is 

r-l 

the required set. 

Nest, let it be assumed that a set G^, a part of exists such that 
no cell of Og has a point in common with any of the cells Cj, Cj, ..., c„j. 
Let the set be the inner limiting set of the sequence where 

Cgt’'«> consists of those cells of whose measure is <tj„; and let H, be 
the set of points equivalent to C^. We have then the relation 

m ((?g) ^m{G) — S m (c,). 

Ill C2 a finite set of intervals c„^+2, exists, no two of winch 

have a point in common, and such that 

r“«2 1 11 1 

(c,) > ^ m (Hg) - ^ € > ^ m (Gg) - e. 

In case every cell of has a point in common with one at least of the 
cells 0^1+2, 3 it can be shewn as before that 

r-w- 

S m(Cr)>m((?2); 

r-nH-l 

then we have from the relation given above 

r-Wa 

S m (4) > m (G), 

and thus the required set of cells exists. If however, there exists a set 
which is a part of 0 ^ such that no ceU of has a point in common wdth 
any of the cells c^^+i, c„^a.2, ... and 0 ^ be defined as in the preceding 
definition of Gg, we have 

r=7i, 

m (Gg) ^ m (Gg) — S m (c^). 

r=»i+l 

We can proceed indefinitely in this manner, or until the process ceases 
at some stage. We obtain then, either a finite set of cells having the 

CO 

required property, or else a sequence of cells {c^}. The series S 7 n (c^) is 

r -1 

r=ivp 

convergent, since S m (c^) < m {H ^; consequently the series 

. * 

IS convergent, where G^ =G; and therefore, the series S m (G^) being 

r-l 

convergent, we have litn m (G^) = 0. Since 

T'^QO 

m {Of) stm{G) — iTm (c,), 

OQ 

we now have, as r 00, S m (c,) ^ wi (G). The set {cj, of cells, accordingly 
satisfies the conditions of the theorem. 
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It is clear that, in the general case, the solution of the set [c„] , in the 
foregoing theorem, requires an application of the multiplicative axiom, 
but in particular cases, in which the definition of the set (7, of ceils, is of 
a special character, the use of the axiom may be dispensed with, by the 
assignment of a law of selection. 

Important applications of VitaU^s theorem can be made in the case 
when, starting with a given measurable set of points K, with each point P, 
of K, a set of cells, with P as the centre of each cell (with equal sides), 
is defined, and so that the lower limit of the measures of the cells is zero; 
the set may consist either of an enumerable sequence (P), such that 

lim m [A,, (P)] = 0, 

ri'^co 

or of a continuous set consisting of aU such cells of which the measure 
has a finite upper hmit. The set C, in the theorem, will then be taken to 
be the totality of the sets of cells corresponding to aU the points P, of the 
given set K. The inner limiting set G will then consist of the set /t, 
possibly increased by the addition of a set, all the points of which are 
limiting points of K, This has been shewn to be the case for Knear sets 
in § 98, and the reasoning there given can be at once adapted to the case 
of sets in any number of dimensions. In case K is a closed set, we have 
O = K. If K is an open set, and all the colls C are interior to K. the 
set O can contain no points that do not belong to K ; and since 'ZCj. cannot 
have its measure greater than that of it follows from the theorem that 
the sum of the measures of all the cells c. is equal to m (/vT). Hence the 
set of cells {c,.} contains every point of K, with the exception of a set of 
which the measure is zero. We have accordingly the following theorem ■ 

If, at each point P of an open set K, of finite measure, a set of cells, each 
with equal sides, is defined, all the cells being interior to K, ami the lower 
limit of their measures being zero, an enumerable set of cells exists, all belonging 
to the complete set so defined, and no two of which have a point in common, 
which contains all the points of the open set K, except those belonging to a 
set of measure zero. The set with centre P may form a sequence, or he uii- 
enumerable. 

The following corollary from Vitali’s theorem is useful in applications: 

If E be a measurable set of points, of finite measure, a finite set of cells 
can be determined, no two of which have a point in common, which includes 
all the points of a part of E of measure > m {E) — q, where tj is an assigned 
positive number, and such that the sum of the measures of the cells is <. m [E). 

The set E contains a closed set H, of measure > m (P) — and < m (P). 
Taking the set G of cells to be interior to an open set K of measure < m (P) 
containing H (see § 127), G is equivalent to a set of points that has measure 
< m (P), and the inner limiting set Q consists, as above, of almost all the 
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points of K, The enumerable set{cj contains almost all the points of K, and 
therefore almost all the points of H ; and its total measure is w, {K) < m {E). 
Hence a finite set Ci, , ... of these cells exists the sum of whose measures 

is < m {E) and it contains a part of B of measure > in (E) — y. 

TUB METRIC DENSITY OE A SET OB POINTS 

137. Let P be any point in linear, plane, or ^-cliinensioiial spiujo, and 
let 6r be a measurable set of points in that space. TIic [xmit u;ay, or 
may not, belong to G. Suppose the interval, or cell, A;, to have the point P 
as its centre, and to have all its sides of equal length //; let be the 
part of G contained in A;*. 

If a definite number pp (G) exists such that 

where e is an arbitrarily chosen positive number, for all sucli cells A/^ for 
which h<he, a number dependent on e, then the number pp ((!) is said 
to be the metric density of the set G at the point P. It is clear that, unless 
P is a limiting point of 6r, whether it belongs to G, or not, tlu‘ inelric 
density at P is zero. The definition is equivalent to 

m (A;^) 

whenever the limit exists as a unique number; the coll A;j having equal 
sides, and the point P being at its centre. 

It may however happen that such imique limit does not exist, there 
may be different sequences of values of li, all converging to zero, for which 
the above ratio converges to different values. There is then an upper, 
and a lower, limit of the values to which m {G^j^jm (A;J may converge. 
These two numbers are both in the closed interval (0, 1), and the greater 
of them is called the upper metric density of G at P, and may be denoted 

PP (®); smaller of the two numbers may bo called the lower metric 
density of G at P, and may be denoted by pp ((?). Thus we have 

fc~o ^ m (A/J 

At every point P, of Q, or G\ we have pp [Q) ^ gp (G?) ; when the sign of 
equality holds, there is a metric density pp [G) at P. 

If C (G) be the complement of G relatively to a cell, or interval, in 
which G is contained, we see that 

^( 0 ^,,) w{C(g)}^^ 

m(A») ^ m(A») 

and thence it follows that 

pp (Gf) + gp {O {(?)} = 1, gp (G) + pp (C (O)} = 1; 



191 


136 ^- 138 ] Metric Density of a Set of Points 

and in case the metric density of O, at P, exists^ that of C {G), at P, also 
exists, and the sum of the two is unity. It is clear that, if pp {Q) = 0. 
then also pp (G) exists, and has the value zero. 

More general definitions of the upper and lower metric densities at a 
point may be obtained by employing, instead of the special set of cells 
Aft, other more general sets of points which satisfj^ certain conditions; 
this was done* by Lebesgue. We shall however make no use of this more 
general definition. 

It is however necessary to employ the conception, duej to de la Vallee 
Poussin, of the upper and lower metric densities at a point relatively to a 
system of nets. 

If a system of nets {Z)„} be fitted on to the indefinitely great hnear, or 
p-dimensional, space in which the set G is defined, a point P is defined 
uniquely by the set ... ... of meshes of i),, ... ... which 

contain it (see S 51). The upper and the lower limits of a?s 

m {d ,) 

~ CO, are defined to be the upper and lower snetric densities of <?, 
at P, relative to the system of nets. AVheii the two have the same 
value, they define the metric densitj^ of G, at P, relative to the system 
of nets. 

138. A set G is said to be metrically dense at a point P, whether or not 
P belongs to <?, if, in every cell, or interval, according to the dimensions 
of the space in wliich the set is defined, which contains P in its interior, 
there is a set of points of G of measure > 0. A point at wliich G is metrically 
dense must belong to G'. 

The metrical density of O may be zero at a point at which G is 
metrically dense; for m (6r_^) may be > 0 for every cell A, and j^et the 
limit m {G^)lm (A) may exist, and have the value zero. 

The terms metrical density, metrically dense are employed because the 
terms dense and non-dense have already been used in a descriptive sense. 
A set may be everywhere dense, and yet nowhere metrically dense, as is 
the case, for example, for the set of rational points in the linear interval 
( 0 , 1 ). 

The set of all points at which a set G is metrically dense is closed. 

For if, in every neighbourhood of a point P, there are points at which 
G is metrically dense, it is clear that, at the point P, is metrically dense. 

Those points of a measurable set G at which the set is not metrrically dense 
form a component of G, of measure zero, provided that component exists. 

* AnrudM sc. de Vecole normoLe, (3), voL xxvn (1910), p. 387. 

t Iniegrcdes de Lebesgue, pp. 63, 71; also Trans. Amer. Math. £foc. voL xvc (1915), p. 488. 
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Apply a system of nets to the cell, or interval, in which O is contained. 
Let he the first of the nets which has one or more meshes each of which 
contains only a part of G of measure zero, let denote those meshes 
of for which this is the case. Let > 9^l) bo the first net which 

has meshes, not contained in jD„/, in each of which the component of 0 
has measure zero; let jD„/ denote these meshes. Proceeding in this manner, 
we define a sequence ... each of wliich consists of a set of meshes 

belonging to ... respectively, and such that docs not belong 

to jDn,,/, for any value of r. Every point P, belonging to G, at wliich G 
is not metrically dense belongs to one of the meshes of the sots , 

each of which contains a set of points of G of measure zero. ISince the set 
of all points of G contained in all these sets of meshes is of measure zero, 
it follows that the component of 6r, at each point of which G is not metri¬ 
cally dense, has measure zero. 

A set of points is said to be metrically dense in itself wdien e^very point 
of the set is a point at which the set is metrically dense. 

If, from any set (?, such that m (Q) > 0, those points at which the set 
is not metrically dense be removed, there remains a set 11 such thai 
m (H) = m ((?), which is metrically dense in itseK. For, in the aibitrarfiy 
small neighbourhood of any point of J?, there is a set of points of *'r of 
measure > 0, and therefore a set of points of H of measure 0. The 
following theorem has therefore been established: 

Any measurable set, of measure > 0, is the sum of a set of measure zero^ 
which may he non-existent, and of a set that is metrically dense %n itself. 

In case the set 0 is closed, we may add to H its limiting points, all 
of which belong to (?; we thus obtain a closed component H of O, where 
m (if) = m (6r). The set H has the same property as H ; for, in the neigh¬ 
bourhood of a limiting point of H, there must be a set of points of H of 
measure > 0. It is clear that H has no isolated points, hence it is a perfect 
set. It has thus been proved that: 

A closed set G, of measure > 0, is the mm of a perfect set H, of measure 
equal to that of 0 , and metrically dense in itself, and of a set of measure zero. 

Any measurable set G contains a non-dense closed component, of 
measure arbitrarily less than that of G (§ 126). This non-dense closed 
component contams a perfect set, aJso non-dense, which is metrically 
dense in itself, and of measure equal to that of the component. We have 
thus proved the following theorem, due to Lusin; 

Any measuraMe set, of measure > 0, contains a ncm-dense perfect set, 
metriccMy dense in itself, and of measure differing by an arbitrarily small 
amount from that of the given set. 
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139. With a view to the establishment of the fundamental theorem 
in the theory of metrical density it is convenient to mtroduce the con¬ 
ception, due* to de la Vallee Poussin, of conjugate systems of nets. 

Let us first consider a net Z)i, all the meshes of which are of equal 
length, 6Z, fixed on to the indefinite interval (—co, cxj) on the a:<^^-axis. 
Let Z>2 be the net obtained by dividing each mesh of into three equal 
meshes of breadth \d\ we proceed to obtain by dividing each mesh 
of -Dg i^ito three equal parts, and so on indefinitely. We have thus a 
symmetrical system of nets, such that the breadth of each mesh of Z)„ is 
Next consider the net of which the end-points of the meshes 
are the middle points of the successive meshes of : from we form a 
symmetrical system of nets {D^} in exactly the ^aine manner as 
was formed from It is then easily seen that the end-points of the 
successive meshes of ai*e the middle points of the successive meshes 
of Z>^. The two systems of nets {Z)„}, are then said to be conjugate 
to one another; they have the iiroperty that any interval of length < -yJ 
is contained within a mesh of one at least of the two nets Z)„, Z>,/, pro¬ 
vided its length is < 

Next, let systems of linear nets, precisely similar to be 

fitted on to the a;<®^-axis, and let straight lines of indefinite length, be 
drawn parallel to the a;<^^-axis and the as^^^-axis, intersecting those 
at the end-points of the meshes of the two pairs of conjugate lineai 
systems of nets. In this manner we obtain four systems of symmetrical 
nets fitted on to the unbounded plane of thej’ are said to form 

four systems of nets, am^ pair of which are conjugate to one anotiier. 
Let us consider any square, with its sides parallel to the axis, of side «, 
< \d, in the plane; the projections of two sides on the a;‘^*-axis fall vithin 
a mesh of at least ohe of the two nets provided a< 

also the projections of the other sides fall within a mesh of at least one 
of the two corresponding nets on the a;^-^-axis. Consequently the square 
is entirely contained in one at least of the four plane nets of order n. 
belonging to the four systems of nets which have been fitted on to the 
plane. The same holds for any cell, provided its greatest side is < 

Proceeding in a similar manner, 2» conjugate systems of nets can be 
fitted on to the -dimensional space, and a cell, whose sides are a (< \d) 
is contained within a mesh of at least one of the nets of order n, belonging 
to the 2^ sets, provided the greatest side of the cell is < |d/3””^. We 
may suppose, as in § 51, that all the meshes of aU the nets are semi-closed, 
so that any point is defined uniquely by the set of meshes of any one of 
the systems in which it is contained. 


H 


* IntdgraUs de Lebesgue, p. 64. 
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The following theorem will be established: 

If E and F are two measuraMe sets of points, in any number of dimen¬ 
sions, and those points of E at which tlw upper metric density of F is greater 
than smnepositive number c,form a component E^, of E, such that m {Ef) > 0, 
then a system of nets can be so determined that those points of E at which the 
npper metric density of F relatively to the system of nets is c/A form a 
set Ei such that m (E^ > 0, where A is a fixed number properly chosen. 

Suppose that, at a point P, of E^, the upper metric density of F is 

> c, then a sequence of cells exists, each one of which has its sides 
equal to h, and with P as its centre, and each cell of the set containing 
the next, which converges to the point P, and is such that, in each cell, 
the ratio of the measure of the part of F in the cell to the measure of the 
cell is > c. Consider a set of 2 ” conjugate systems of cells, as defined 
above. For any value of h (< J-d), there exists an integer n, such that 

d ^ j d 
27^1 > AS 

The cell is then interior to a mesh of one of the 2 ^ conjugate systems, 
the length of a side of this mesh being The ratio of the nioasiire 

of the part of F contained in this mesh to the measure of the mesh is 

> —. Since this is the case for aU the values of h in a certain sequence, the 

upper metric density of F at P, relatively to one at least of the 2^^ systems 

of nets, must be > r? where A is a number > 6®. This is the case for each 
A 

point P belonging to the set of which the measure is > 0; lihore must 
therefore be a part E^, of E^, of measure > 0, such that the upper metric 
density of P, at every point of E^, relatively to one of the 2’’ systems of 
nets is > c/A. That one of the conjugate systems of nets is a system of 
nets such as is required. 

140. The following fundamental theorem will now be established: 

The metric density of a measurable set E exists, and is equal to unity, at 
all points of E, with the possible exception of the points of a component of 
which the measure is zero; and the metric density of E exists, and is equal 
to zero, at all points of G {E), with the possible exception of points of a set 
of measure zero. 

We shall first suppose that JS? is a bounded set. It will be shewn that 
the points of E at which the upper metric density of G (E) is > 0 form a 
set of measure zero. 

Let us suppose, if possible, that the measure of the component of E, 
at each point of which the upper metric density of C (E) is greater than 
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a fixed positive number a, is > 0. A system of nets can then be so de¬ 
termined that the upper metric density of G {E), relatively to the system 
of nets, is > a/X, at all points of a component E^, of E, such that m {Ea) > 0. 
Let £1 be an open set of points which contains E^,, and is such that 
m {£ 1 ) — m {Ea) is less than an arbitrarily chosen positive number t]. 

Any point P, of E^, is contained in a unique sequence of meshes of 

the nets, one in each of the nets ... Pn?_ From and after some 

value s, of n, all these meshes are contained in £2. Of these meshes 
^s-5-iJ ■••5 there must be one of lowest rank such that the measure 

of the part of 0 {E) that it contains is > ^ When has been 

determined, we may suppose it to correspond to each of the points P, 
of Ea., which it contains. To any other point P', of not contained in 
there corresponds a similar mesh An enumerable set of such 

meshes will contain all the points of E^^ and it is contained in il. The 
measure of the part of 0 {E) contained in this enumerable set of meshes 

IS > ^ m (Pa). But the measure of the set of meshes is < (Ea) -f and 

therefore the measure of the part of C (E) contained in the set of meshes 

is < 7 j. Now 7 ) can be so chosen as to be < ^ w (Pa); hence the assumption 

that in (Pa) > 0 leads to contradiction. It follows that m [Ea) ==■ 0. Taking 
for a the values in a decreasing sequence of numbers that converges to 
zero, the set of points of P at which the upper metric density of C (P) is 
> 0 is the outer limiting set of the sets Pa, all of which have measure zero. 
Therefore those points of P at which the upper metric density of C (P) 
is > 0 form a set of measure zero. With the exception of this set, at every 
point of P the metric density of G (P) is zero. 

It then follows that, at every point of P not belonging to a component 
of measure zero, the metric density of P is unity. Since P and C (P) can 
be interchanged, we see that the metric density of P at all points of C (P) 
is zero, except at points of a component of G (P) of measure zero. 

In case the set P is unbounded, we may consider the parts of it in cells 
of a sequence each of which contains the preceding one, and of which the 
measures increase indefinitely. Fach of the cells may contain an excep¬ 
tional set of measure zero, at which the metric density of the component 
of P in the ceU either does not exist, or is not equal to unity. The outer 
limiting set of these exceptional sets has also the measure zero: hence 
the theorem holds for the unbounded set P. 

The above theorem was first established, for the case of linear sets, by 
Lebesgue, who employed the theory of integration. Other proofs, inde¬ 
pendent of the theory of integration, have been given, for linear sets, by 

I3-S 
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Denjoy*, and by Lusin and Sierpibskif. The above proof is founded on 
the treatment of the subject by de la VaMe Poussin, who established the 
bheorem for the case of sets of points in any number of dimensions. 


THE EBSOLTJTION OF SETS OF POTSTTS ACCORDANCE WITH 
METRICAL PROPERTIES 

141. It was sheAvn in § 91 that every set of points can be expressed 
IS the sum of an enumerable (or finite) series of sets which have certain 
iescriptive properties. We proceed to analyse a given measurable set into 
the sum of parts which have certain metrical properties. 

It will be shewn that : 

Any b(M7ided measurable set can be expressed as thp. sum of an enumerable 
sequeTice of perfect sets, together loith a set of which the measure is zero. 
Moreover^ the perfect sets can be so chosen as to be all non-dense, and such 
that each of them is metrically dense in itself. 

If be a measurable set, it has been shewn in § 125 that it contains 
a perfect set such that m (S) — m (JBj) < 6/4. If is not non-dense 
it has a non-dense perfect component ©i, such that m {Hf) — m {Gf) < €14:; 
therefore m (S) — m ((?i) < c/2. The perfect set Gi has a perfect component 
(§ 138) L^, of the same measure as Crj, and metrically dense in itself. We 
have now S = + Mi; where m (S) — m (Lf) < e/2; or m (Mi) < e/2. 

The set Mi may be similarly resolved into L 2 + M^; where is perfect, 
non-dense, and metrically dense in itself, and where m (Mf) < e/ 22 . This 
procedure may be carried on successively, and terminates only if one of 
the sets M^ is either absent or has the measure zero. In case M„ exists 
for every value of n, its inner limiting set is M^, which has the measure 
zero, since hm m (M„) = 0. We have therefore, in this case, 

S = £1 H- £2 +•••“!“ £n Mfl,, 

where the series £ 1 , £ 2 , ... of perfect sets, all non-dense and metrically 
dense in themselves, is either finite, or forms an unending series. 

It will be observed that the set M„ is a residual set, relatively to 8^ 
although it has the measure zero. In particular, the set of aU the points 
of a cell can be resolved in this manner into a sum of sets; the residual 8^ 
being everywhere dense, and of cardinal number c, although its measure 
is zero. 

* Journal de Math. (7), vol. i (1915), p. 132. 

t Bend. d. Circ. Mai. di PalermOt vol. XLH (1917), p. 167. See also Sierpinski, FuTidamenta 
Mat. vol. rv (1923), p. 167. 
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142. A definition has been employed by Jordan*, and by Peanof, of 
the measure of a set of points, which differs from that, developed by 
Borel and Lebesgue, which has been employed in the present Chapter. 
It is applicable to sets of points in space of any number of dimensions, 
and is of utility in the theory of quadratures. 

Let a set O be in the interior of a closed cell (or interval) A; and let a 
system of nets with closed meshes be fitted on to A. Let be the sum 
of the measures of those meshes of J>„ which are such that every point 
of each of them is an interior point of G, and let be the sum of those 
meshes of which are such that each of them contains either an interior 
point of 6r or a point on the frontier of O and C [G). It can be shewn that 
converges, as n ^ co, to a number aS^, and that E,/-* converges to 
a number S^, w’here 8-^ and 8^ are independent of the particular system 
of nets fitted on to A 

The number 8-^ is called the interior extent of the set G, and 82 is called 
the exterior extent of G When 8-^ = ^2, the set is said to be measurable 
(J), and the number 8^ = 8^ is said to be its measure (J). The exterior 
extent of a set is identical vdth its content, as defined by Harnack and 
Cantor (§118). 

In accordance with this definition, any set which contains no interior 
points has its interior extent zero. For example, the interior extent of the 
irrational points of the linear interval (0, 1) is zero, and its exterior 
extent is 1. 

A set O consists, in general, of interior points forming a set /, and of 
points , all of wdiich belong to the frontier F. The interior extent of G 
is identical with the measure of the open set /, and the exterior extent of 
G is identical mth the measure of the closed set I -r F \ the measures of 
these sets being defined as in § 122. It is then clear that the necessarj’' 
and sufficient condition that a set G should be measurable (J) is that its 
frontier, which is a closed set, should have the measm'e zero. Accordingly, 
a set that is measurable {J) is also measurable in accordance with the 
definition here adopted (§ 128), but the converse does not hold. 

THE SECTIONS OF A CLOSED SET 

143. If Q be any closed set of points in a rectangle ABCD, and through 
the points P, of AB, straight lines PP' are drawn perpendicular to AB, 
and if / (P) denote the linear content of the linear component of G which 
is on the straight line PP', and which may be termed the section of G 

* Journal de Math. (4), vol vin (1892), p. 78; also Cours ^Analyse, vol. i, p. 28. 
t AppUcaztoni geom. del. calc, infinit. (1887), p. 153. 
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by PP', then the set of points P, on AB, which is such that f (P) s a, is a 
closed set; v denoting any positive number. 

Let Px be a limiting point of the set; and if possible, let the Ihiear 
content of that component of O which is on PjPi' be < or; we can then 
determine a finite number of intervals Sj, S^, ... 8„ on PiPf, whose sum 



A Px Q P B 


Pig. 2 

is > AD — cr, and which are free in their interiors and at theii’ ends from 
points of O. On each of these intervals S we can describe a rectangle which 
contains no points of G within it or on its boundaries: this may be done 
on either side of Pi-Pi'; for each point of S can be enclosed in a rectangle 
free from points of 0 \ and by the Heine-Borel theorem, a finite number 
of these rectangles, enclosing all the points of S, exists. Take a point Q 
belonging to the set of points for which / (Q) ^ cr, and let PiQ be less than 
the breadth of all the rectangles described on the intervals {8} on one 
side of PiPi'. On QQ' there is a finite number of intervals free from 
points of 0 , whose sum is > AD — <y, by the assumption as to Pi Pi'; 
hence the linear content of the component of O which is on QQ' must be 
< CT, which is contrary to the hypothesis. It follows that / (Pi) ^ o-; hence 
the set of points on AB is closed. 

It will now be shewn that, for a closed set of points Cr, i//or every position 
of P, on AB, the linear content of the section of G by PP' is < a, then the 
content of Q is < a.AB. 




199 


143 ] Sections of a Closed Set 

TaMag any point P, of AB ; on PP\ a finite number of intervals, whose 
sum is > AD — o-, can be found which are free from points of G\ and on 
each of these intervals a rectangle can be drawn on each side of PP\ 
containing no points of G in its interior or on its boundary. We can nov,' 
draw two straight lines pp\ qq\ one on each side of P, so that each of 
them passes through the interiors of all the rectangles so described. We 
have now found an interval pq containing P, such that in pqq'p' there is 
an area > pq {AD — a) free from points of G. Corresponding to each 
point P, of AB, such an intervalpg can be found: and, in accordance with 
the Heine-Borel theorem, a finite number of these intervals can be selected, 
such that every pomt of AB is in the interior of one at least of them. 
The end-points of these intervals divide AB into a finite number of parts, 
such that, above any one part, of length a, there is an area > a {AD — cr) 
free from points of G; and hence there is altogether an area AB {AD — c-; 
free from points of G. It follows therefore that the content of G is < AB. a. 

We shall now establish the following theorem, which is of iniporta.nce 
in the theory of double integration : 

If O be a closed set, and if the linear content of the set of points P, o?i AB. 
for which the linear content of the section of G by PP' is ^ a, have the value 
zero, for every positive value of a, then the set G is of zero content. 

The points on AB, for which / (P) ^ a, can be enclosed iii a finite 
number of intervals whose sum is < e, where e is an arbitrarily sma:l 
number; and in each of the remaining parts of AB, the value of f \P) 
is < o-; hence by the foregoing theorem the content of G is 

< G {AB — e) -r e.AD; 

and since this holds for arbitrarily small values of or and e, it follows that 
the content of G must be zero. 

Conversely, it may be shewn that. 

If G be a closed set, of plane content zero, the set of points P, on AB, for 
which the linear content of the section of G by PP' is s a, has, for every 
positive value of a, content zero. The linear measure of ike set of pomts P 
for which the linear content of the section of Q by PP' is greater than zero 
is zero. 

Let I denote the linear content of the set (P) for which / (P) ^ o-; 
divide AB into n equal parts, and AD also into n equal parts, and through 
the end-points of these parts draw straight lines dividing the rectangle 

into equal parts each of area ^^.AB.AD. Then the sum of those parts 

of AB which contain points of the set (P) is always greater than I ; and 
in each such part there is at least one point P, such that the sum of the 
parts of PP' which contain points of © is > a. It follows that the sum of 
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those lectaagular portions which contain points of (? is > al, however 
great n may be; and hence that the content of is > al. Therefore it 
follows that G cannot have zero content unless 1 is zero. 

The second part of the theorem is proved by giving to a the values in 
a sequence {cj which converges steadily to zero. We have then only to 
consider the outer limiting set of the sequence of sets which correspond 
to the values of o- in the sequence {an}. 

EXAMPLES 

1 . Let a set of points {x, y) in the rectangle for which Q : xf 1, 0 " 7 / " 1, bo defined 
as foUoAVs*:—^The numbers x, y are expressed m the dyad scale, and only those values of x 
and y are taken which are expressed by terminating radix-fractions, the number of digits 
being the same for x as for y. If x' denotes a terminatmg radix-fraction, there is only a 
finite number of points (x\ 1 /') of the set on the straight Ime x=x'\ similarly if y' denotes 
a terminating radix-fraction, there is only a finite number of points of the set on the 
straight line y = 2 /'. The two-dimensional set is however everywhere dense; for, considermg 
a straight line y=x+a, where a is a positive, or a negative, radix-fraction with a finite 
number of digits, Ave see that, corresponding to any number x expressed by a finite number 
of digits greater than the number of digits by which a is expressed, there is a point (x, y) 
on the straight line belonging to the set. The component of the set on the straight line 
y=x being everj'where dense, and the values of a being evci’yAvhere dense in the interval 
( - 3,1), it follows that the set is everywhere dense in the rectangle. 

This example shews that an everywhere dense two-dimensional set may be linearly 
non-dense on each straight line belonging to two parallel sets. It also shews that a two- 
dimensional set may exist which is extended, but is unextended on straight lines belongmg 
to either of two parallel sets. 

2. Let a crosst formed by Wo pairs of straight lines parallel to the pairs of sides of a 
square be constructed, and so that the remainder of the square consists of four equal squares 
at the corners. Let the intenor points of the cross be removed from the square, and then 
let a similar cross be removed from each of the remaining four squares. Proceeding in this 
manner, let the crosses be so chosen that the area of each square after the mth stage of the 

process is ah 2w times the area of each square after the preceding stage. The sum of the 
areas of the squares which remain after the wth stage is 

where Q is the area of the original square. A non-dense closed set of points is defined as 
the points which remain when this process is carried on indefinitely. The limit of the sum 
of the crosses is that of _ / 1 \n 

and this is Q, or < Q, according as a ^ it follows that the closed set has content zero, 
if a < but if a=the content is 6"® Q. 

* Pnngsheim, Siizungaherichte d. Muiufh. Ahad, vol. xxix (1899), p. 48. 
t Veltmaim, ScMdmilch'a ZeiUch. vol. xxvn (1882), pp. 178, 314. 



CHAPTER IV 

TRAKSFINITE XTOIBERS AXD ORDER-TYPES 

144. A preliminary account has been given, in Chapter n, of the 
theory of transfinite ordinal and cardinal numbers; it was shevTi that the 
introduction of such numbers was suggested by the exigencies of the 
theory of linear sets of points, and that, in particular, the necessity for 
the use of transfinite ordinal numbers arises whenever a convergent se¬ 
quence of points is transcended by adjoining to the points of the sequence 
their limiting point and any further points which it may be desirable to 
regard as belonging to the same set as the points of the sequence. The 
fundamental discovery of G. Cantor, that the rational points of an inten^al 
form an enumerable set, whereas the set of points of the continuum is 
unenumerable, by establishing the existence of a distinction between the 
characters of Uvo infinite sets, suggests the development of a general 
theory of cardinal numbers of infinite aggregates. The procedure we 
adopted, of introducing the fundamental notions of transfinite ordinal 
and cardinal numbers in connection ^vith the theory of sets of points, is 
in accord with the historical order in which the whole theory of transfinite 
numbers and order-types was developed. The account of the theory of 
transfinite numbers given in Chapter n is in general agreement with 
Cantor’s earlier presentation* of his ideas; his latert, and more abstract, 
treatment of the subject is the one upon which the account given in the 
present Chapter is founded. 

In order that the reader may be put into a position to form his own 
conclusions as to the validity of a scheme which must be regarded as still, 
to some extent at least, in the controversial stage, it has been thought 
best to postpone any discussion of the difficulties of the theory, until after 
the conclusion of the detailed account of the theory in its constructive 
aspect. 

In the latter part of the Chapter, some critical remarks upon the 
logical basis of the theory will be made; these must necessarily be of an 
incomplete character, partly from considerations of space, and also because 
any complete criticism of such a scheme as Cantor’s theory of transfinite 

* See his “Gruudlagen einer allgememen Mamugfaltigkeitslehre,” Leipzig, 1883, or Math. 
Annahvif vol. xxi (1883), p. 545; see also Zeitschnft fur Phil, und phil. Kritih, vols. Lxxxvm, 
xci and xcii. Cantor's ideas were foreshadowed in a paradoxical form by Bolzano m his Para- 
doxien des Unendhchen, Leipzig, 1851, and although infimte numbers had been discussed by 
earlier writers, Bolzano is the only real predecessor of Cantor m this department of thought. 

t This is contained in the two articles “Beitrage zur Begnindung der transfimten Mengen- 
lehre,” m the Math. AnruUen, vol. XLVi (1895), and vol. xLix (1897). 
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numbers would involve the consideration of questions of an epistemological 
character, which for obvious reasons cannot be adequately dealt with in 
a work of a professedly mathematical complexion. Objections which may 
be urged against some parts of the theory will however be fully stated. 
Some consideration will also be given to the question, whether, and how 
far, the theory is indispensable as a logical basis of continuous Analysis. 

THE CARDINAL NUMBER OP AN AGGREGATE 

145. A collectim^ of definite distinct objects which is regarded as a single 
ivhole is called an aggregate. 

An aggregate may be denoted symbolically by a large letter iif, the 
elements of the aggregate by small letters m \ and the constitution of the 
aggregate may be denoted by the equation M = {m}. 

The consideration of questions which arise in connection with this 
definition, as to the mode in which the objects of the aggregate must be 
specified in order that the aggregate may be adequately defined, and as 
regards the conditions, if any, which must be satisfied in order that a 
collection may be regarded as a whole, or aggregate, of such a character 
'that it can be an object of mathematical thought, will be postponed. For 
the present, it is sufficient to remark that an adequate definition of any 
particular aggregate, which is not necessarily finite, must contain, as a 
minimum, a set of rules or specifications by means of which it is theoretically 
determinate, in respect of any object whatever, whether such object does, 
or does not, belong to the aggregate. The set of prime numbers, for 
example, is regarded as an aggregate although, when a particular number 
is presented to us, we may be practically unable to decide whether that 
number is prime or not. In this case, however, a finite number of processes 
will suffice to decide the question. If however, we take the case of the 
algebraical numbers, the state of things is different; for we are not in 
possession of any general method which enables us to decide whether a 
given number is algebraic or not. Nevertheless, the question being re¬ 
garded as having a logically determinate answer, the algebraical numbers 
are regarded as forming an aggregate, in the sense here employed. 

An aggregate does not depend, for its validity as a mathematical 
entity, upon the possibility of producing all its members, successively or 
otherwise, but upon the sufficiency of the rules by which its elements are 
to be distinguished, as belonging to it, in that particular kind of objects 
to which they belong; that is, upon the sufficiency, in this direction, of 
its definition of membership. 

* This definitioii is given by Cantor, Math. AnnaXen, vol. xlvi (1895), p. 481, as follows:— 
“XJnter einer *Menge’ veistehen wir jede Z uaaTn m anfn.Hg«Tig M von bestiminten wohl unter- 
scbiedenen Objecten m nnserer Anscbauung oder unseres Denkens (welche die * Elemente * von M 
genannt werden) zu einem Ganzen.” 
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Tavo aggregates Jf, N are said to be equivalent to one another when 
they are such that a law of correspondence can be established between 
the elements of one aggregate, and those of the other, so that, to each 
element of one of the aggregates, there corresponds one, and only one, 
element of the other aggregate. 

This relation of equivalence between two aggregates M and X may be 
expressed symbolically by If ~ N, or N ^ M. 

It is clear that, i£ each of two aggregates is equivalent to a third, the 
two aggregates are equivalent to one another. 

Aggregates which are equivalent to one another are said to have the same 
power^ or cardinal number. 

A cardinal number is accordingly characteristic of a class of equivalent 
aggregates. 

The question whether two defined aggregates have, or have not, the 
same cardinal number, is thus equivalent to the question whether it is. 
or is not, possible to establish a systematic (1, 1) correspondence between 
the elements of the two aggregates, in accordance with, the above definition 
of equivalence. 

A particular aggregate can ordinarily be shewm to be equivalent to 
itself. The law of correspondence between an element and another element 
which can be set up is in general of a character Avhich admits of a certain 
arbitrariness. The cardinal number is accordingly regarded as independent 
of the notion of order in the aggregate. 

The power, or cardinal number, of an aggregate 31 has been defined 
by Cantor as the concept w^hioh is obtained by abstraction when the nature 
of the elements of M, and the order in which they are given, are entirely 
disregarded. 

Cantor regards the fact that equivalent aggregates have the same 
cardinal number as a deduction from this definition. 

The cardinal number of j3tf is a characteristic of 31 which may be 
denoted by M, to indicate that both the order of the elements, and their 
precise individual nature, are irrelevant as regards the cardinal number. 

The relation of equivalence 3 i ^ N, betw’’een two aggregates, implies 
the equality M = N; and this equation expresses the necessary and sufS.- 
cient condition for the equivalence of 3 f and N. 

Since Cantor regards the cardinal number of M as independent of the 
precise nature of the elements of M, we may, in accordance with this view, 
substitute for each element the number unity. We have thus a new 
aggregate which is a collection of elements each of which is the number 1, 
and is equivalent to M; and this new aggregate is r^arded by Cantor as 
a symbolical representation of the cardinal number M. 
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THE RELATIVE ORDER OE OARDI^^'AL NUMBERS 

146. Every aggregate Jfi, which is such that all its elements are also 
elements of M, is called a or sub-aggregate, of M. 

If is a part of Ifi, and i¥i is a part of M, then is a part of M. 

A finite aggregate cannot be equivalent to any of its sub-aggregates; 
but as will be seen in detail further on, an infinite aggregate always possesses 
sub-aggregates which are equivalent to itself. This is the characteristic 
distinction between finite and infinite aggregates, and has in fact been 
employed by Dedekind and others to define an infinite aggregate as one 
which is equivalent to one of its parts. 

If two aggregates M, N, with the cardinal numbers a = M, j8 = N, 
are such that, (1), there exists no part of M which is equivalent to N, and 
(2), there exists a part of N, which is equivalent to M, it is clear that 
the corresponding conditions are satisfied for any two aggregates which 
are equivalent to M, N respectively; and thus the two conditions char¬ 
acterize a relation between the cardinal numbers a, of the two aggregates. 
When the above conditions are satisfied we say that a is less than jS, and 
that j8 is greater than a \ which is expressed symbolically by a < jS, j8 > a. 
This is the definition of inequality for two cardinal numbers, and of the 
relations greater and less, in the purely ordinal sense in which they are 
here used. 

The condition contained in the definition is inconsistent with the re¬ 
lation of equality between a and j8 being satisfied. For if a = j8, then 
M ^N\ hence since M, we have N: therefore, since M N, 
there must be a part of M, say M^, such that M, which would in¬ 
volve N ; but this is contrary to one of the conditions contained in 

the definition of inequality. 

It is easily seen that if a < jS, and ^ < y, then a< y. 

147. It has been seen that the three relations a = p, a < p, a> P are 
mutually exclusive; but the question arises whether any two cardinal 
numbers a, j8 whatever must satisfy one of these relations. An affirmative 
answer to this question would be required before it could be maintained 
that all cardinal numbers can be regarded as being alike capable of having 
relative rank assigned to them, in a single ordered aggregate. 

Two aggregates M, N, of which we may denote parts by M^, Ni, 
must satisfy one, and only one, of the following four conditions; 

(1) . M, N have parts Jkfi, JV'i, such that ^ N, and ^ M. 

(2) . M has a part such that Mi^N\ but no part of N exists 
which is equivalent to Jf. 
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(3) . There is no M-^ which is equivalent to N ; but there is an which 
is equivalent to M, 

(4) . There exists no M-y^ equivalent to N ; and also no equivalei^ to 21 . 

It will be proved that, if the condition (1) is satisfied, then 21 = N. 

The condition (2) expresses the relation defined as M > N. The condition 
(3) expresses the relation defined as M < N. 

In case is a part of N, II is itself equivalent_J:o a part of X, and 
thus either (1) or (2) is satisfied; and therefore M ^ X. 

It has not been proved that the relation (4) is an impossible one; 
except th^, in_the case of finite aggregates, it may be easily seen that it 
involves M = N. Until this point is cleared up, it cannot be maintained 
as an established fact that the cardinal numbers a, jS of anj- two aggre¬ 
gates whatever satisfy one of the three relations a = j8, « > ;3, cc < jS. 

Two aggregates which are such that their cardinal numbers a, ^ stand 
to one another in one of the relations a p, a > /S, or a < 6, niaj" be 
said to be comparable with one another. Otherwise they are incomparable 
with one another. 

THE ADDITION AXD MULTIPLICATION OE CARDINAL NUMBERS 

148. If M, N are two aggregates which have no element in common, 
then the aggregate which has for its elements all those of 21 and all 
those of N is called the sum of the two aggregates 21 , X, and may be 
denoted by (M, N). A similar definition applies to the case of the sum 
of any number of aggregates, no two of which have an element in common. 

If Jf', N' are two other aggregates with no element in common, such 
that M ^ M', N ^ N\ it is clear that (M, N) (M', X'); and thus the 
cardinal number of {M, N) depends only on those of 21 and X. 

If M = a, N — p, we define the result of the operation of addition of a 
and j8 to he (M, N), 

From the independence of cardinal numbers of the order of elements, 
we deduce a + p = p + a, a + (jS + y) = (a + )8) + y; 

thus the operation of addition of cardinal numbers obej’s the commutative 
and associative laws. 

149. If an element m, of be associated with an element n, of X, 
so as to form a new element (m, n), the aggregate of aU possible elements 
which can be formed in this way is called the product of M and N, and 
may be denoted by {M .N). 

li M ^ M\ N N', it is clear that, to each element (m, n), of {M .N)y 
there is a corresponding element of {M\N')y hence (M.N) {M'.N'); 

and thus (M.N) depends only on M and N. 
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The, cardinal number of the product-aggregate {M.N) defines the product 
of the cardinal numbers of M and N, 

The product of M and N may also be defined as the cardinal number of 
the aggregate which is obtained by substituting for each element of N an 
aggregate which is equivalent to M, 

It is seen on reflection that this definition is equivalent to the first one. 

Since, as can be shewn from the definition, 

{M.N) ^ {N.M), {M.{N.R)) ^ {{M.N).R) 
and {M.{N, R)) {{M.N), {M.R)), 

we see that cardinal numbers satisfy the relations 

a.j8 = jS.a; a.(^.y) = {a.p) y\ a (^ + y) = -f ay. 

It has thus been shewn that the multiplication of cardinal numbers 
obeys the commutative, associative, and distributive laws. 

The definition of multiplication may be extended* to the case in Avliich 
the number of factors is not necessarily finite. Let us consider a class of 
aggregates M, where the class contains either a finite, or an infinite, number 
of aggregates, and suppose no two of the aggregates have an element in 
common. Let a new object consist of an association of elements of the 
aggregates in the given class, one element belonging to each of those 
aggregates. All such objects may be regarded as the elements of a new 
aggregate. This new aggregate is said to be the product-aggregate of the 
given class of aggregates, and its cardinal number defines the product of 
the cardinal numbers of all the aggregates of the given class. 

CARDINAL NUMBERS AS EXPONENTS 

150. If we have two finite aggregates M, N, containing x and y ele¬ 
ments respectively, we may suppose that, to each of the y elements of N, 
one element of M is made to correspond, so that the same element of M 
may be used any number of times; any such particular correspondence 
we call a distribution of N upon M. The total number of ways of dis¬ 
tributing N upon M is x^. To put the matter in a concrete form, the 
total number of ways of distributing y things among x persons, where 
any number of the y things may be given to one person, is a:’-'; any par¬ 
ticular mode of distribution is what we have called a mode of distributing 
the aggregate of y things upon the aggregate of x persons. 

The definition of distributing an aggregate N upon an aggregate M is 
immediately extensible to the case of infinite aggregates. As before, the 
distribution denotes any system by which, to each element of N, is made 
to correspond a particular element of Jfef, the same element of M being 

♦ See Whitehead, Amenrican JowmaL of Math. voL xsrr (1902), p. 367, where the theory of 
cardinal nniiiberB is treated by the Peano-Rnasell symbolical method. 
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employed any number of times, or not at all. Denoting by each 

particular mode of distributing N upon Jf, we thus form the new aggregate 
{NjM) which contains as its elements aU such distributions. 

It is seen at once that, if M M\ N then {NjM) -- {N'iM'). 

Thus the cardinal number of {NjM) depends only on the cardinal numbers 
of M and N, 

The cardinal number of the aggregate {Njll), each element of which 
is a distribution of N on Jf, and in which every possible mode of such 
distribution occurs as an element, is denoted by the symbol c®, where 

« = Jf, j 8 = N\ thus = {NjM), 

It is easy to shew that 

{(NIM),{RIM))^{{N, R)I21) 

({R/M).{R/N))^{R/{iMN)) 

mN/M))^{{R,N)l2I), 

Hence ii M = Uj N = R = y, we see that, in accordance with the 
above definition of exponentials, 

and thus the same laws hold as for exponents in which only finite cardinal 
numbers are involved. 

THE SMALLEST TKAtstSEIHITE CARDINAL NUMBER 

151. The cardinal number of the aggregate of ail the finite integers 

1 , 2 , 3 , ... 71,.is called Alef-zero, and is denoted by Xq; thus = {ff}. 

The number i^o is identical with the number which has previously been 
denoted by a. 

If we add to {w} a new element e, we obtain the sum-aggregate ({«}, e), 
and this is equivalent to {n}, for we may make e in the first of these aggre¬ 
gates correspond to 1 in the second, and in general n to n l \ and thus 
({^}> ^ W- E’rom this, we obtain Kq -f 1 = Xq ? ^ relation which differ¬ 

entiates from all the finite cardinal numbers. 

The cardinal number greater than all the finite cardiiial numbers, 
and no transfinite cardinal number exists that is less than Ko • 

Since the finite aggregate ( 1 , 2 , 3 ,... i) is a part of {n}, but no part of 
the finite aggregate is equivalent to {n}, we have, by the definition of 
inequality, ito > k. 

Let us suppose, if possible, that a = {M} < then there is no part 
of {M} equivalent to {ri), but there is a part of {n} equivalent to {M}. 
Now every part of {w} is either finite, or else is equivalent to {w}. For, 
consider a part , of {n ^; this must contain some number n ; either n is 
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the number of lowest ranlc in or there are in N-^ numbers of lower 
rank than n. In either case iVi contains a part which is a part of the 
finite aggregate 1, 2, 3, ... ri. In accordance with the definition in §2, 
jVa has a number , of lower rank than all the other numbers in 2, 3,... w; 
this number has lower rank than all the other numbers in Re¬ 
moving from we now have a part of 0^}, and it may be proved 
as before that there exists a number of lower rank than all the other 
numbers in N^. Proceeding in this manner, wo obtain a set 71^, 71 ^, ... 

of numbers all belonging to each one of which is of lower rank than 
the next. If this sequence terminates at some number is a finite 

aggregate; if it does not terminate, it is a sequence equivalent to {n}. 
Since every element of N-^ must occur as one of the numbers {n^}, it thus 
follows that iVi is equivalent to {n}. It now follows that, either {M} is a 
finite aggregate, in which case its cardinal number is < ^0 > or else {1/} 
is equivalent to { 72 .}, in which case its cardinal number is Xqj contrary to 
the hypothesis that it is < . It has thus been shewn that the cardinal 

number of any infinite aggregate is either ^ Xq, or else that it is incom¬ 
parable with i^o- 

The following more stringent theorem was proved by Cantor : 

The cardinal number Kq is less than any other transfinite cardinal number. 

The proof of this theorem, unlike that of the foregoing one, requires 
the employment of an infinite process of choosmg particular elements 
from an aggregate. It is equivalent to the theorem that every non-finiie 
aggregate contains a part which is equivalent to {n}, the aggregate of finite 
numbers, that is, a part whose cardinal number is Kq . 

If M be any non-finite aggregate, the process of choosing a first, 
second, ... 7^th element from the aggregate can be continued indefinitely 
without Umit. Thus M contains a part that is equivalent to {n}, and 
therefore (§ 147) its cardinal number is ^ Kq . Thus every cardinal number 
that is not finite, and is different from is > Ko- 

152. It has been shewn that a- similar proof would shew 

that + 71 = where n is any finite integer. 

In accordance with the definition of addition, -f Ko is the cardinal 
number of the aggregate (1, 3, 5, ... 2, 4, 6 , ...), for Ko is the cardinal 
number of each of the aggregates (1, 3, 5, ...) (2, 4, 6, ...); hence, since 
the cardinal number of (1, 3, 5, ... 2, 4, 6 , ...) is the same as that of {n}, 
we have t?o + = ^5 which we may wrrite as 

Ko .2 = 2 .Ko = «o- 

Prom this relation, by repeated addition of K© to both sides of the identity, 

Ko-» = ».J<» = Ko. 
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In order to express the product ^ve form the aggregate {(%, )} 

of which the elements {n, n') consist of every pair of finite cardinal numbers. 
Let n -i- n' = s, then s has the values 2, 3, 4,: and for any fixed va!;ie 
of s the numbers n, n' have a definite number of sets of values. Let s = 2; 
we then have one element (1, 1): let s = 3, we then have two element® 
(1, 2), (2, i): for s = 4, we have (1, 3), (2, 2), (3, 1), and so on. The 
elements of {{n, oi')} may thus be arranged in order so that the element 
(n, n') is at the pth place, where 

20 = n -\- I (n + n' — 1) (/i — h' — 2): 

thus the aggregate {(%, 7 i')} is equivalent to {p}, which has the cardinal 
number Kq . 

It has now been proved that ISq . , or ^ and from this 

the theorem follows, by repeated multiplication b^’ . 

The theorems == express in a symbolical form 

results which have been proved in § 58. that a finite, or an eniimerahiy 
infinite, set of enumerable aggregates makes an enumeiable aggregate. 

THE EQUIVALENCE THEOREINI 

153. The proof referred to in § 147 will now be given, that, if M. X 
are any two aggregates such that M contains a part Mj, which is eoiii- 
valent to N, and N contains a part equivalent to J/, then Al = !>'. 
This theorem, which may be called the equivalence theorem, was first 
proved by Schroder* and independently by Bernstein-j-; but the form in 
which the proof is here given is due to ZermeloJ. 

Lemma 7. If a cardinal number a remains unaltered by the addition 
of any one of the enumerable set of cardinal numbers ••• Pn: ■ • • ? 

it remains unaltered if all these cardinal numbers p are added to it at once. 

Let M, Pi, Pg, ... Pn 5 .. • be aggregates of which the cardinal number? 
are ••• i a,nd such that Pi, Pg, ... are all parts of J7. 

We have then, 

M = (Pi, ikfi) = (Pa, M^) = ... = (P„, J/J = ...; 
where ifeTi, Jfg, ... are all parts of M, and in virtue of the hypothesis made 
in the statement of the theorem, 

_¥ = ^1 = ^2 = ... = = -- 
for p„ -f = Pn + -^n- 

* See Jdkresbericht d. deuUch. math. VereimguT^g, vol. v (1896), p. 81; also Nova Acta Leap. 
vol. liXXi (1898), p. 303. 

t See Boiel’s Lepons sur la thdorie des fonctions, p. 103. 

t Qottinger Nachrichten, 1901, p. 34, “Ueber die Addition transfiniter Cardinalzahlen.” For 
rismarks upon these proofs see EZorselt, Math. Annalen, vol. lxx (1911), p. 294. 
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We may denote the (1, 1) correspondence winch can be set up (see 
§ 145) between M and M„, by M„ = and this for every n. Now it 

is clear that this relation of correspondence is such that 
4>M = m =.... 

Hence M = (Pi, M^, 

= (^P*. M^'), 

whore Pg', M^’ arc those aggregates which correspond to Pg, ikfg, respec¬ 
tively, in the correspondence denoted by <jyy. 

Also, with a similar notation, 

Jfg' = = (^^gPg, mm = {Pz, M^), 

...J 

JfV-l = ^1^1 ••• = {^1^2 ^r-l-Pra ••• <l>r-l^^r) = {Pr\ ^r)- 

From these results we deduce 

and no two of the parts P 2 , of have elements in 

common. This process of division of M can be continued indefinitely; 
and we then have ^ 

where P^, for every r, is included, and MJ consists of those elements 
which belong to M/ for every value of r. From this we see that 

® = Pi + P2 + Ps "i" • • • + ; 

where a' is the cardinal number of M^'. 

Let us now consider the special case of the lemma which arises when 
Pi,P 2 j equal, say to p In this case, we see that, from the 

hypothesis a = p -h ce, the result a = i^p + a' follows, where Xq denotes 
the cardinal number of the series of finite integers. 

Now since we have KqP 4- «' = 2Kojp -|- a' == J<oP + it has 

thus been shewn that, iE a = a + then a = a -h l^oP- 

Rieturning to the general case, we have 
a = a -f ii^pi = G 4- 

it now follows that a = 4 i^oPi + ... 4 g", 

where a" is the value which a' takes when ^Pi, i^oP 2 > ••• substituted 
forpi,^)2,.... 

Hence we have 

G = 24^3 (jpi 4 P 2 4" ■ • ■) "h ~ ® + ^0 (pi 4 Pa 4 . ■ -) 

= (Ko4 l)(Pi4p2 4 ...)4a" = G4Pi4P24 
and therefore the lemma has been established. 

Lern/nui II, If the sum of two cardinal numbers p and g, when added 
to G, leaves a unaltered, then a is unaltered by the addition of either p or q. 
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For if a a p q, 

we have seen that a = a 4- Ho (jp -{- g); 

lienee a = a + (Hq -h 1) -f Ho^, 

and also a = a + Hoi> -i- (Hq -h 1) q\ 

from these equalities we have 

c£ = a + jp, and a = a ^ q. 

We are now in a position to prove the equivalence theorem. If 
a = )8 -f p, and P = a q, 
we have a = a + p + gr, 

and hence, by Lemma II, 

a = a-{-p = a-i-q=P, 

therefore, if M has a part equivalent to N, and X has a part equivalent 
to M, it follows that M = a-[~p = a-{-q = N; where a is the cardinal 
number of the part of M that is equivalent to N, and p is that of the 
part of N that is equivalent to M. 

In case M is itself equivalent to N, which will in particular happen if 
ilf is a part of N, we have p = 0 , and the theorem holds good. 

In case the condition os = ^ -f p holds, but there is no corresponding 
condition = os + we have in accordance with the definition in § 147, 
« > j 8 . It follows that the sum of two or more cardinal numbers is greater 
tliariy or equal to, any one of the cardinal numbers. 

The follomng theorem may be established ; 

If the cardinal number a is unaltered by the addition of p, and if ^ a, 
the cardinal number j 8 is mmltered by the additioyi of q, where q^ p. 

For let ^ = a + y, p^q^^r; then, from a = a’Tp = a~-q — r, we 
deduce that a = a q. It then follows that 

P = a-{-y = a-\-q~^y = a-\-r-j-y = P-rq = p-^i\ 

154. A proof has been given by Cantor* that, if an aggregate exists of 
which the cardinal number is os, then an aggregate exists of which the cardinal 
number is greater than a. 

The proof is a generalization of the second proof, given in § 60, that 
the cardinal number c, of the continuum, is greater than that of the rational 
numbers. The proof may be put into the following form: 

Suppose M = {m} to be an aggregate, of cardinal number os; this 
aggregate M may be supposed to be simply ordered (see § 157) in any 
manner. In M let each element m be replaced either by A or by JB, where 
A, B are two given objects; then M is replaced by a similar aggregate 
(see § 157), in which each element is either A or B. An infinity of such 
* See JcJhrtsh&rwM d. deutach. math. Veretnigung, 1897. 
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aggregates will be obtained, differing from one another in respect of 
whether A ov B has been put in the place of each element of M; denoting 
the aggregate of all such possible aggregates M_ib, by it will be 

shewn that the cardinal number of {Mab} is greater than that of M. In 
the first place, it can be seen that the cardinal number of {Mab] is equal 
to, or greater tlian, that of {m}; for, taking any one element Wq, of {m), 
replace it by -d, and all the other elements by B ; we have then an element 
of {Mab}, and there is such an element corresponding to each element 
of {m}\ thus those elements of {Mab} hi which there is only one A, form 
an aggregate of cardinal number equal to that of {/ii}. Next, let us assume 
that, if possible, all the elements of {Mab} are placed in ( 1 , 1 ) corre¬ 
spondence with those of {m}-, it wxU then be shewn that an Mab can 
always be defined which is not included m the correspondence. Each 
M^ab, hi {Mab}, now corresponds to a definite in form a new 
aggregate M'ab hi the following manner:—^Por each element M^ab- in 
{Ma^, in w-hich A takes the place of mo, in {m}, substitute B\ and for 
each element M^ab, in {Mab}, in which B takes the place of m-o, in {wz}, 
substitute A ; in this manner we form an aggregate M'ab in which each 
element is either A or B, which is similar to {m}, and which is not identical 
ivith any Mab that occurs in the correspondence between {Mab} and {m). 
It has thus been shewn that the cardinal number of the aggregate of all 
the Mab is greater than that of M. If Jf is the aggregate ,... 

which is similar to the aggregate of integral numbers, and if, for A and B, 
we take 0 and 1 respectively, then the aggregate {ifeToi} niay be interpreted 
as the aggregate of all the rational and irrational numbei's between 0 and 1 , 
in the binary scale; and this aggregate is thus shewn to be unenumerable. 

Instead of replacing the elements of {m} by two letters A^ B, we might 
have taken any finite number of letters, without altering the principle of 
the proof. In § 60, the ten digits 0, 1, ... 9 were taken instead of A and B. 
It will be observed that, even if {m} is normally ordered (see § 165), the 
new aggregate {M} is not given as a normally ordered aggregate; and in 
default of proof it cannot be assumed that it is capable of being arranged 
in normal order. 

To replace all the elements of an aggregate either by -d, or by B, is 
equivalent to taking a part* of the given aggregate. The theorem has 
thus been established that, the cardinal number of the aggregate^ each 
element of which is a jpart of a given aggregate^ is greater than the cardinal 
number of the given aggregate^ all possible parts being contained in the nev) 
aggregoite. 

155. An important question relating to cardinal numbers in general 
arises as regards the sum, a + j8, of two transfinite cardinal numbers. 

* See Bezel, Lemons sur la thiorie des fonctions, p. 108. 
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If a P ^ y. it may be the case that y is greater than both the 
numbers a, or that it is equal to one of them; it being assumed that 
a, jS are comparable cardinal numbers. Whether the first case can arise, 
or not, has not been definitely settled*, even in the case in which a = (3; 
thus it is not known whether 2a is necessarily equal to a, as is the case 
when a = c, or when cs = . 

In case a = 2a = a -i- a, it then follows, by applying Lemma I of 
§ 153, that a = a -f + 1) a; and thus that a = i^ct. 

The special case in which a is the cardinal number of a set of points 
in space of any number of dimensions has been referred to in § 90, where 
the hypothesis has been alluded to that, if x be the cardinal number of such 
set, then ax = x. That this holds good, involves the assumption that 
2x = x\ which is equivalent to the assertion that, if there exists a set, of 
cardinal number x, in each of two noii-overlapping colls, the cardinal 
number of the combined set is also x 

DIVISION OF CARDINAL NUMBERS BY FINITE NUMBERS 

156. If two aggregates have the same cardinal number, and if each 
of the two aggregates be divided into the same finite number n, of parts, 
such that the n parts of the first aggregate all have the same cardinal 
number, and also the n parts of the second all liavc the same cardinal 
number, then it can be proved that the cardinal number of one of the 
parts of the first aggregate is the same as that of one of the parts of the 
second aggregate. Symbolically, the theorem may bo stated in the form ■— 
if a, j8 are cardinal numbers such that na = n^, then a = j8. 

This theorem has been proved by Bernsteinf. It will be sufficient to 
give the detailed proof in the case n = 2, as the proof in the general case 
is obtained by generalization of that employed in the particular case 

Since an aggregate is equivalent to itseK, any special mode of exhibiting 
such equivalence, by which each element is made to correspond to a 
definite other element, may be called a transformation of the system into 
itself. As regards all such possible transformations the following pro¬ 
positions may be seen to hold: 

(1) . The transformations of an aggregate M into itself form a group <f>M . 

(2) . Let l,xi 7 X 2 iX 3 J — denote a sequence of transformations of M 
into itself, 1 denoting the identical transformation, and let this sequence 
form a group which is necessarily a sub-group of then the condition 
that the sequence forms a group is that, corresponding to any two integers 

* See Schoenflies, Die EntmckeluTig..., vol. n, p. 9; also Jourdain, Phil. Mag. (6), vol. vi 
(1903), p. 323. 

t Inaugural Dissertation, “Untersuchungeifc aus der Mengenlehre,” Halle, 1901. This is 
reproduced in Math. AnnoUen, vol. IXL (1905), p. 117. 
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m, n, there is a third r, such that = X» • Further, let us suppose that, 
to every Xn. there corresponds a definite such that XnX'n == 1- If be 
an element of M, such that m ^Xn (^^)3 fo^ ^= 1 , 2 , 3 , then 

Xn ^ Xn» 

where n and n' are any unequal integers. 

(3) . If m and m' are any two distinct elements of M, and Xu 

for - 1 , 2 , 3 , , then Xn M ¥= X«' (^')- if x« M ■= X«' we 

should deduce that m = x'Xn (^0 = x'Xn' (^') = Xu" which is contrary 
to the hypothesis made. 

(4) . If 5^2 3 parts of M, such that each 7 ’ has no element in 

common Avith another T, we may say that the T's form a system of 
separate parts of Jf. 

If T == {Q is a part of M, and ift^Xn (^')> f®^ ^ ^ i > 2 , 3 , ..., then the 
equivalent aggregates T, Xi X2 (^)3 ••• ^ system of separate parts 

of i¥. 

(5) . If T is a part of M which satisfies the condition stated in ( 4 ). 
then M 

For T, xi {¥), X2 {¥),. - - are all parts of M having the cardinal number T : 
and if is the part of M which remains when all these separate parts are 

tauoY«l, w. have ^ + 

hence -¥ + 7 = 7 ? + (Kq + 1) T 

= S + Ko.f = !■. 

After these remarks we can proceed to the proof of the theorem:—^Let 

(a) , Jf = + I2 = ^3 + ^43 

(b) , ^*1 = ^2 3 


{C), ^3 = ^43 

then it is required to shew that ^1 = 53; which involves ^2 = ^4 • 

The three equations (a), (6), (c) may be regarded as denoting that there 
are three reversible transformations of the aggregate M into itself, which 
may be denoted by <!>& respectively; the reversibility of these trans¬ 
formations is expressed by _ ^2 ^ 

The transformation involves = (a;i3, 0:14), where x^ are those 
elements of oci which are transformed into elements of x^, and a?i4 those 
which are transformed into elements of ; on the whole we have 

CXi = (a;j3, 


( 6 ). 


^2 ~ (^23 3 ^24)3 
== (2^313 3:32), 


where a:,*. = 57*1. 


1^4 — (^413 ^42)3 

If Ti is any part of o^, and an equivalent part of x^, we may denote 
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which belong to with those of which belong to T^\ we have then a 
similar set of equations to (6) for the new starred aggregates, and Sj* ^ , 

^2* = ^2 3 ^3* = ^3 3 ^4* = ^4- Thus if the theorem be proved for the" 
starred aggregates, it holds for the original ones. 

We have to shew that, after suitable transformations, a system of 
division of the aggregates into parts, of the form in (6), can be found, 
such that ^13 + and + ^3^ = ^33. For, from these equations, 

we deduce = X2 = ^14, ^3 = ^4 = ^233 and then the aggregates a;,, x^ are 
such that each has a part which is equivalent to the other; and conse¬ 
quently, in accordance with the equivalence theorem, rcg, 0:4 are equivalent 
to one another, or = ^4. It has in fact to be shewn that can be so 
chosen that it is negligible with respect to cardinal number, in coinpaiiscn 
both with Xi^ and with ^'23. 

We form the systems of transformations 

= X23 <^ 6 ^c = X43 <t>b^c<l>b ~ X 69 ”-3 
0c-=X33 0c<^6-=X53 <l>c^b(/>c = X7i ---I 

each transformation x ha this system has one inverse, given by the scheme 
X4/iX4n+i = I3 X4n+2X4r*+2 = I3 Xin^zX^n^ = 1; thus the traiisformatioiis x form 
a group of reversible transformations of 31 (= (x^, X2)) into itself. 

An element 613, of is either, (i) transformed into an element of 
by a transformation x> with finite index, or else, (ii) is not transformed 
into an element of by any of the transformations x- Suppose then tliat. 
for every element C13, of iCja, the second of these cases arises, then Xin X^i-i 
transform the elements of ^13 into aggregates wdiich are respectively in 

and x^i, and in them these aggregates form an enumerable system of 
separate parts of each. For, in the case contemplated, xi transforms x.. 
into a part of a;23 > hy X4 3 the elements of x^^ become elements of asg or . 
consequently, in accordance with (ii), x^i^is) 

manner it is seen that 0:13 is transformed, by every xdi s i^^to a part of 
and by every i^^to a part of x^^. It then follows, by proposition ( 5 ). 

that ^13 H- ^14 = fi4, li3 -L- ^23 = ^23 3 ^'^^d the theorem is thus completely 
established. The remainder of the proof consists in she^Ting that, by an 
exchange of elements of x^q with elements of 0734, it is possible to arrange 
so that the case just considered always arises. 

Suppose a'lg' are those elements of ocj^ which are transformed by X2 hito 
elements of 0:24; let x^s" denote those elements, different from x^^', which 
are transformed, by xz 3 elements of a;24 which were not affected by X2 3 
and so on; we thus obtain the scheme 



X2 

in 2:24, 


X 2 (^is') ^ Xz ) 

ina; 24 . 


Xz (^laO ^ Xjz (^^0 ^ X4 (^13 ) 

in 2 : 24 , 


Xz (^13 ) ^ Xz ••• ^ Xn +1 

in 2:24. 
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We take now the equivalent sums 

\x^ = S and = S Xn+i 

n - I 

and we carry out an exchange of [33^] with [iTodlJ then have 
^’i 3 ~ [^lil [(^13)]j ^’24 ~ [^‘24] "f" [(^24)]' 

When the exchange has been made^ of the elements of [^13] with those 
of >'34], we denote the new aggregates by starring the original ones; we 
have then, in accordance with the formulae (6), expressions for ajg*, 
rt’a*’'. and we can, as has been shewn above, attend to these, instead 
of to the original x'a, x^. Now no element of x^^^' is transformed 

into an element of 3:34* by any of the transformations x, it being understood 
that the transformations x ^ot to affect the substituted elements; 
and thus, by the reasoning which has been given above, for the case in 
wliich no element of a;i3 is transformed into an element of 3:24, the theorem 
is established. Bernstein has also proved that, if 2 a = a -r p, where a, jS 
are cardinal numbers, then 

THE ORDEE-TYPE OF SIMPLY ORUERED AGGREGATES 

1S7. An aggregate M is said to be a simply ordered aggregate when each 
dement m has a definite rank relatively to the other dements of M, so that, of 
any two dements m, m' whatever, it is known which has the higher and which 
has the lotver rank. 

If m has a lower rank than m', the fact is denoted symbolically by 
m < 7 n '; and if a higher rank, by m > m'. 

If an aggregate is given, at first unordered, it may be possible to order 
the aggregate in a variety of essentially distinct ways. If the aggregate 
is finite, the ordering of it may be accomplished by arbitrarily assigning 
to each element its rank relatively to the others. In case the aggregate is 
an infinite one, the ordering of it consists in the setting up of some general 
rule which suffices logically to assign the relative order of any two elements. 

Besides simply ordered aggregates there exist also doubly, or trebly, 
ordered aggregates, or also aggregaftes with higher degrees of multiplicityt 
of order. Each element of such an aggregate possesses two, three, or more 
distinct characteristics of an ordinal character. Only simply ordered 
aggregates will be considered here. 

Two simply ordered aggregates M, N are said to be similar when a (1, 1) 
correspondence can be established, in accordance with some law, such that, 
to any two definite dements m, m', of M, there correspond two definite ele¬ 
ments n, n\ of N, in such a manner that the relative order of m, m', in M, 
is the same as that of the corresponding dements n, n\ in N, 

j- Multiple order-types have been considered by P. Riesz, McUh. Annahn, vol. LXI (1905), 
p 406. 
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This relation of similarity may be represented symbolically by JI — iV', 

Every simply ordered aggregate is similar to itself. 

Two simply ordered aggregates which are similar to a third are similar 
to one another. 

All simply ordered aggregates which are similar to one another are said 
to have the same order-type. 

An order-type is accordingly characteristic of a class of similar aggre¬ 
gates. 

The order-type of a simply ordered aggregate M is defined by Cantor 
as the concept which is obtained by abstraction when the nature of the 
elements of M is disregarded, their order being alone retained. The order- 
type of M is then denoted by M. This definition ^\'ill be further discussed 
in § 191. That similar aggregates have the same order-type is regarded 
by Cantor as a deduction from this definition. 

If, in ilf, we further disregard the order of the elements, we obtain J/, 
the cardinal number of M. 

The order-type of M is, from Cantor’s point of view, regarded as a 
.simply ordered aggregate similar to Jf, such that each element is the 
number 1. If any order-typo be denoted by «, the corresponding cardinal 
number is denoted by a. 

Corresponding to any given transfinite cardinal number, there is a 
multiplicity of order-types which form a class; each such class of order- 
types is characterized by the common cardmal number of all the order- 
types of the class. 

The order-types which belong to the class corresponding to a cardinal 
number a form an aggregate which has a cardinal number a'. It will 
appear that a' is always greater than a. 

If the order of every pair of elements in a simply ordered aggregate M 
be reversed, the aggregate in the new order is denoted by *i/. 

If M = a, then the order-type is denoted by 

The order-type of the aggregate of aU the finite integers, in their 
natural order (1, 2, 3, ...), is denoted by oi. This is therefore the order-t 3 T)e 
of every aggregate (%, ... •-•) which is similar to (1, 2, 3, ...). 

The aggregate (... ... ag, ag, Oi) has the order-type 

THE ADDITION AND MULTIPIJCATION OE ORDER-TYPES 

158. If Af, N denote two simply ordered aggregates, and if the aggre¬ 
gate (M, N) be formed, in which all the elements of both M and N occur, 
and which is such that any two elements of M have the same relative 
order as in AT, and that any two elements of N have the same relative 
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order as in iV, and further that each element of M has a lower rank than 
all the elements of N, then the new simply ordei-ed aggregate {M, N) is 
said to be the sum of the two simply ordered aggregates M and N. It is 
clear that il M~ M', N - N', then (M, N) - (M', N'), and thus that 
the order-type of (M, N) depends only on the order-types of M and N. 

If M = a, X = tlie sum a + jS is defined to be the order-type oj the 
sum {M, N) of the two simply oo'dered aggregates, as defined above. 

This defines the operation of addition of order-types. It will be seen 
that the addition of order-types does not obey the commutative law. For 
if a = if, jS = y, then « -i- /3 = {M, N): but j8 -}- a = (N, M); and the two 
order-tjTpes {M, N), {N, M) are in general different from one another. 

If n denotes a finite integer, co -h 7 i is the order-type of the ordered 
aggregate (ey,e^,e^, whereas 7 i to is the orcler-tj^pe of 

'--/wj ^5 ^23 ^3- is clear that the first of these aggregates is 

not similar to (^u [/aj ■■«)» if we make fi,fo, .--fn correspond to 
--dn, then to e^ to g ^^^,... and in general e„, to 
it is seen that the second of the above order-types is similar to (gj, (/a, ,...). 

It thus appears that n co = w, but w co, 

159 . In the simply ordered aggregate N, let us suppose that, in the 
place of each element, there is substituted a simply ordered aggregate 
similar to if, whereby a new simply ordered aggregate is formed; this 
may be denoted by M.N. It is clear that if M-M\ N — N', then 
M.N^ M' .N'; thus the order-tj^pe oi M.N depends only on the order- 
types of if and N. 

If a = M, ^ ^ N, the product a.p is defined to he M.N, the (n'der-type 
of M . N, as just defined. 

It wiU be seen that the product a.jS is in general different from j8.a, 
and thus that the multiplication of order-types does not obey the com¬ 
mutative law. For example, co. 2 is the order-type of the aggregate formed 
by substituting in (Oi, ^a) for each of the two elements an aggregate of 
type «>; w .2 is therefore the order-type of {b^, feg, 63, ... q, Cg, C3, ...), in 
which there is no last element, and no element immediately preceding Ci . 
On the other hand, 2.0) is the order-type obtained by substituting for 
each element in Ug, ag,...), an aggregate consisting of two elements; 
and 2. o) is thus the order-type of the enumerable aggregate 

(%1? ® 2 l 3 ® 32 a •••)> 

which is similar to (61, 63^ naay be seen by making a^ correspond 

^ hn-i anda„2 to ftgn• It has thus been shewn that 2.= co, but o). 2 =^cu. 
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THE STRUCTURE OF SIMPLY ORDERED AGGREGATES 

160. An examination of the structure of a simply ordered aggregate Jd 
can, in general, only be attempted by considering the nature of those 
aggregates which are its parts, and in each of which parts the order of 
the elements is the same as that of the same elements in the whole aggre¬ 
gate. The simplest transfinite part of an ordered aggregate is that which 
has one of the types oi. * 01 . Such parts we speak of as ascending sequences, 
and descending sequences, respectively, contamed in M. 

Two ascending sequences {a,}, contamed in 21, are said to be 

related to one another, provided that, corresponding to any element a,^, of 
the first, there are elements of the second, buch that < a\,\ and 
provided also that, corresponding to any element «,/, of the second, there 
are elements a,,/, of the first sequence, such that rf,/ < 

Two descending sequences {6„}, {h,'], contained m 21, are said to be 
related to one another, provided that, corresponding to any element 
of the first sequence, there are elements //„ , of the second, siicli that 
provided also that, corresponding to any element of 
the second, there are elements of the first sequence, such that 

An ascending sequence |a„} and a descending sequence {6,,}, contained 
in M, are said to be related to one another, if for every n and n' ; 

and further, provided there exists in Jf no element, or only one element //?, 
which is such that < m < , for everj?- n. 

Two sequences contained in an ordered aggregate, which are both 
related to a third sequence, are related to one another. 

Two sequences in an ordered aggregate, which are both ascending, or 
both descending, and of which one is a part of the other, are related to 
one another. 

161. Suppose that, in an ordered aggregate M, there is an element 
which satisfies the following conditions, with respect to an ascending se¬ 
quence contained in M : 

(1) , for every n, < mo; 

(2) , for every element m, of M, which is < there exists a number n 

such that ... are all > m; then the element is said to be 

the limiting element, or limit of {«„} in M ; and is said to be a principal 
dement of M. 

Similarly, if we suppose that, in M, there is an element m^, which 
satisfies with reference to a descending sequence {»„}, contained in M, the 
following conditions: 

(1) , for every 71, a„ > mo; 

(2) , for every element m, of M, which is > mo, there exists a number n 
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such that ... are all < m; then the element is said to be 

the limiting dement^ or limit of {a^ in M ; and Wq is said to be a principal 
element of M. 

A sequence contained in M can never have more than one limiting 
element in M. 

If a sequence in M has a limiting element mo, in AT, then m^ is the 
limiting element of every sequence in M which is related to the first one. 

Two sequences which have the same limiting element, in M, must be 
related to one another. 

It is clear that, if M, M' are similar ordered aggregates, an ascending, 
or a descending, sequence in M corresponds to a sequence of the same 
kind in ilfTo every principal element in M there corresponds a principal 
element in M\ 

A 7 i ordered aggregate which is such tlwLt every element is a principal 
element is said to be dense in itself. 

If, in an ordered aggregate, every sequence ivhich is contained therein has 
a limiting element in the aggregate, then the ordered aggregate is said to be a 
closed aggregate. 

An ordered aggregate which is dense in itself, and also closed, is said to 
he perfect. 

An ordered aggregate which is such that, between any tiuo whatever of its 
elements, there are other elements of the aggregate, is said to be everywhere 
dense. 

The properties of an ordered aggregate, thus defined, are also properties 
of any similar aggregate; hence the terms may be applied to the order- 
types which are symbolized by replacing the elements of the ordered 
stggregates by 1; there can exist therefore an order-type which is dense in 
itseH, or closed, or perfect, or everywhere dense. 

The terms which have been here employed for the purpose of describing 
certain peculiarities which may exist in an ordered aggregate, or in the 
corresponding order-type, are identical with those which we have em¬ 
ployed in analogous senses in Chapter n, in the case of sets of points, or 
numbers. There is however a distinction which must be noticed between 
the use of the terms in the two cases. To illustrate this distinction, let 
(Pi, P2, P35 P„, ...) be a sequence of points on a straight line, which 

sequence has a limiting point P„, on the right of the points P„; then if Q 
be any point of the straight line on the right of P„, the two ordered aggre¬ 
gates (Pi, Pj, P3, ... P^, ... P„), and (Pi, Pg, P3, ... P^, ... Q), are similar, 
and have the same order-type a> 4- I. In the first of these aggregates, 
P„ is the limiting element of the sequence (Pi, Pg, ... P^, ...); and, in the 
second aggregate, Q is the limiting element of the same sequence; and 
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therefore both the ordered aggregates are closed, in the sense explained 
above. The first of these aggregates forms a closed set of points, in the 
sense of the term defined in Chapter n; but the second does not, buice Q 
is not a limiting point of the set of points {P„} The distinction rests upon 
the different use of the terms limiting element and limiting point, in the 
two cases of an ordered aggregate of elements in general, and that of a 
set of points in the continuum. The question whether an element is a 
limiting element of an aggregate to which it belongs, or not, in the sense 
defined above, is answered by examining the structure of the ordered 
aggregate itself. In the case of a set of points in the contmuuii!. a par¬ 
ticular point maj' be a limiting element of tlie aggregate of points con¬ 
sidered merely as an aggregate of elements with a particular order-type; 
but the question as to whether the same point is a limiting point of the 
set of points, considered as chosen out of tlie continuum, can only be 
answered after an examination of the ordinal relation of the point to other 
points of the continuum which do not belong to the set, in fact, the ^^eT 
must be regarded, for this purpose, as an aggregate whicli is only a part ot 
another aggregate, the continuum. It is noiv clear that a set of points, 
considered solely as an ordered aggregate of elements, without reference 
to the fact that it is essentially a part of the continuum, may be closed, 
or perfect; and yet that the same set of points need be neither closed nor 
perfect, in the sense of the terms employed in the tiieory of sets of iioints, 
which has been dealt with m Chapter n. 

THE ORDER-TYPES rj, d, 7T 

162 . Certain order-types which are of special importance will be now 
examined. 

The first of these is the order-type t], of the set i?, of rational numbers 
between 0 and 1 (both exclusive), in their order, as defined in Chapter i. 

It will be shewn that the order-type rj is exhaustively characterized 
by the following properties: 

(1) . ^ = Ko = a. 

(2) . There is in 17 no lowest, and no highest, element. 

( 3 ) . 7 ] is everywhere dense. 

In fact, every simply ordered aggregate M, which has these three 
characteristics, is similar to the aggregate E, 

To prove this, we first observe that, on account of the condition (1), 
the order of the elements in both M and E can be so altered that each of 
them is reduced to the order-type cu. Let this be done; and denote by 
Mq, Eq the new ordered aggregates 

^0 = •••)> 

Eq = (/i, ^2, 
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We have to shew that M—E\ and to do this we have to shew ]iow to 
establish the requisite correspondence between the elements m, of if, 
and r, of R. Let be made to correspond to )\; then there arc an in¬ 
definitely great number of elements of if, which have the same relation, 
as regards order, to as has, in jff, relatively to '/’i; of all these elements 
choose that one which has the smallest index as it appears in M^\ 
and let be made to correspond to rg. Of all the elements of M, which 
are related to and in the same manner, as regards order in if, 
as ^3 is related to and as regards order in R, choose that one 
which has the smallest index as it appears in ifo; make correspond 

to 7-3. 

Proceeding in this manner, w^e make the elements r -^, , 73, ... of R, 

correspond, to the elements m^, ... of M ; and so far as these 

elements are concerned the relations of rank are preserved in the corre¬ 
spondence; wo proceed then to choose, in the same manner as before, the 
element which is to be made to correspond to and thus we 

obtain, for every the corresponding It must however bo shewn 

that this process exhausts all the elements m, of if, that is to say, that 
in the sequence 1, €3, every integral number ^ occurs in some 

definite place. This can be proved by the method of induction. Let us 
assume that the elements ... all occur in the correspondence 

that has been set up between the whole of R and at least a part of if; 
then we shall prove that also occurs. Upon this assumption, let A 
be so great that, among the elements 7% , , ... , all the elements 

... occur. Then, if 77^,^+! is not also among those elements, 
choose out of 7\^i, ... that element with the smallest index, 

which has the same relation to rj, ... as regards order in R, that 
has relatively to 7%, 771,3, ... as regards order in if. Then 

the element 771,1+1 l^sis the same relation to , 7 ?^e^, 97^,3, 

regards order in if, as rx+a has to rg, ... as regards order in R. 

It thus appears that 77i„+i is element with the smallest index as it 
appears in ifo, which has, in if, the same relation as regards order to 
TTii, 7 »e^, ... relatively to 7*1, rg, ... R; hence 

= ^n+i l ibat is, the element 77i„+i occurs in the correspondence which 
has been established between if and R. It has now been shewn that if 
and R are similarly ordered aggregates. 

Examples of the order-type tj are the following; 

(1) . The aggregate of aU negative and positive rational numbers, 
including zero, in their natural order, 

( 2 ) . The aggregate of all rational numbers which are greater than a, 
and less than 6 , where a, 6 are two real numbers such that a < b. 
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(3) . The aggregate of all real algebraical numbers in their natural order 
in the continuum, or of all such of these numbers as lie between two real 
numbers a, b. 

(4) . The aggregate of a set of non-abutting linear intervals which are 
such that their end-points and the limiting points of these end-points 
form a non-dense perfect set of points in a linear interval. 

The rational numbers of the interval (0, 1), including 0 and 1, form an 
aggregate of the order-t57pe I -r 1. 

163. We now proceed to the consideration of the order-type 6, of 
points forming a linear closed continuum. 

It will be shewn that any simply ordered aggregate M is similar to the 
aggregate X of all real numbers of the continuum (0, 1), in their natural 
order, provided (1), JfcT is perfect, and (2), in M, an aggregate S, with the 
cardinal number is contained, which is so related to M, that, between 
any two elements mo, of M, there are elements of S. 

If S has a lowest and a highest element, these can be removed without 
affecting its relation to M ; and thus we may suppose S to be of the type t?. 
of the aggregate li of rational numbers which lie between 0 and 1, both 
exclusive, in their natural order. 

Since 8 — jR, wc may suppose the elements of aS to be made to corre¬ 
spond in order to the elements of E; and it will be shewn that this 
correspondence enables us to establish a correspondence between the 
elements of M and X. 

We suppose that each element of M, which belongs to *9, corresponds 
to that element of X which belongs to R, just as in the correspondence 
of 8 with R ah'eadj^ established. Any element ??z, of M, which does not 
belong to 8, is the limiting element of a sequence {m,i} of elements of 8 
To this sequence {m„}, there corresponds a sequence {r„} in X, all the 
elements of which belong to R, and this sequence {r„} has a limiting 
element x, in X, not belonging to jB; we take therefore ??i, in JI, to corre¬ 
spond to X, in X, If we take a different sequence which has the 
same limiting element m as before, in M, then there corresponds to it a 
sequence {r„'} in R, which has the same limiting element x as before, in X. 
It will now be shewn that, in the correspondence so established between 
the elements of M and of X, the relative order of two elements of M is 
the same as that of the corresponding elements of X. This clearly holds 
of any two elements of M which are also elements of 8. Consider next 
two elements m and a, of Jf, the first of which does not, and the second 
of which does, belong to 8\ and let a?!, r be the corresponding elements 
of X. If r < there exists an ascending sequence in R, of which is 
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Jie limiting element, such that all its elements are > r\ then, to this 
sequence there corresponds an ascending sequence in S, all the elements 
of which are > s, and of which m is the limiting element; hence s < m. 
If r > cci, it can be shewn, in a similar manner, that s > m. The proof 
that, corresponding to any two elements mg, of M, which do not belong 
to 8, the elements of Z, are such that ^ according as 

is of a precisely similar character to that just given. It has thus been 
shewn that M and X are similar aggregates, and that the type 6 is charac¬ 
terized by the conditions (1) and (2). 

The above characterization^ of the type d contains Cantor’s ordinal 
theory of the constitution of the linear closed continuum. 

A non-dense perfect set of points in a linear interval has not tiie 
order-type 6, but the set of complementary intervals together with the 
limiting points of their end-points does form an aggregate of order-type 9, 
when the elements, consisting partty of points, and partly of intervals, are 
taken in the order in which they occur in the continuum. 

164. The order-type -h co may be denoted by tt, and is the order- 
type of the negative and positive integers in their natural order. This 
order-type has properties distinct from those of co. Vov example, v - o> 
has been shewn to be identical with oj, where is a finite integer; but 
n -f TT is not identical Avith tt. From either of the equations n tt = m -r tt, 
or TT + n = 7T -f- m, there follows m = n, or more generallyJ: 

If n, n* are finite integers, ^ and other order-types, from the equation 
74 -{- TT -h C = + TT -f there follovrs n = n', I = S'. 

To prove this theorem, we observe that, if the tw-^o aggregates be 
placed into similar correspondence, the lowest elements correspond to 
one another, then the second, and so on; hence n = n' is proved at once: 
and we now have tt -h ^ = -n- -f 

When two simply ordered aggregates -f Z, of order-types 

77 -h TT + Tj are placed in correspondence in order, either M„ corresponds 
to jWfl., or M„ corresponds to a part of or else corresponds to a part 
of Jf,r. lu the last two cases the order-type tt must be split up into 
77 = 77i 4- 772, whcro TT = 77i, aud 772 somo other order-type; but from the 
definition 77 = *a) -f- co, it is clear that every mode of dividing 77 into tAvo 
parts, without altering the relative order of the elements, leaves it in the 
form *00 4 - CO; hence it is impossible that 77 = 77^ 4 - 773, and 77 = 77^; and 
therefore corresponds to Hence also Z corresponds to Z'\ or 

t See Russell, PHii^iplea of MaihemaUcs, vol. i (1903), p. 303, also Veblen, Trans. Am&r. Math, 
Soc. vol. VI (1905), p. 166 and Huntington, Annals of (2), vols. vi (1904), p. 151 and vii 

(1905), p. 15. 

t Ttprastem, loc. cifc p. 9. 
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NORMALLY ORDERED AGGREGATEM 

165. The order-type of a simply ordered aggregate is, as we have 
already seen, such that the structure of the aggregate, as revealed by an 
examination of the sequences contained in it, may be of the most varied 
character; the various sequences may be ascending or descending ones, 
and may, or may not, have a limiting element within the aggregate. 

Of all the possible order-types, those are of especial importance which 
have been defined by Cantor as the order-types of normally ordered 
aggregates (wohlgeordnote Mengen). 

A norvmlly ordered aggregate M is one which satisfies the following 
conditioyis : 

( 1 ) . M has an element m, of lower rank than all the other elements. 

( 2 ) . If is any part of M, and- if M contains one or more elemeuts 
which are of higher rank than all the elements of , theyi there exists one 
element m\ of Jfcf, which immediately follows the part-aggregate il/j, so that 
there are no elements of M lohich are intey'mediate in rank hetweeyi yn* ayid all 
the elements of . 

The special case of ( 2 ) which arises when JfcTi consists of one element, 
shews that a normally ordered aggregate is such that each element has 
one which immediately follows it, unless the element is the highest element 
of M. It is however not necessarily the case that M has a highest element. 

If , 62 , Cg, ... , ... be an ascending sequence of elements contained 

in M, and such that elements exist, in M, which are of higher rank than 
every then there exists an element e', of Jf, which is higher than all 
the and such that every element e", of i¥, which is lower than e' is 
lower than , for some definite value of n. 

Every part of a normally ot'dered aggregate has a lowest elemeyii. 

Let be a part of if contains ttIi, the lowest element of J/. 
then mjL is the lowest element of If does not contain consider 
that part of M which contains ah those elements every one of wliich is 
of lower rank than all the elements of this part of M must have an 
element which immediately follows it; and this element belongs to 
and is its lowest element. 

If a simply ordered aggregate M itself, and also every part of M, Ms a 
lowest dement, then M is ThcyrnmUy ordered. 

The condition (1) is fulfilled. Let be a part of M such that M 
contains elements which are higher than all those of ; let these form the 
aggregate ^ and let m be the lowest element of Then m is the 

element which immediately follows and thus the condition ( 2 ) is 
satisfied. 
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This property of a normally ordered aggregate, that every part of it 
as a lowest element, might he adopted as the definition of a normally 
)rdered aggregate. 

A somewhat simpler property, which might be employed to define a 
lormally ordered aggregate, is the following: 

An aggregate M is normally ordered^ if, and only if, it contains no part, 
of which the order-type is *a). 

If M is not normally ordered, at least one part of it must have no 
lowest element, and this part contains a sequence whose order-type is *co. 
This follows from the theorem of § 151, that every aggregate that is not 
finite contains a part, of cardinal number . Such part can be ordered 
according to the type cu, when it has no highest element, and according 
to the type *a), when it has no lowest element. An aggregate which has a 
lowest element, and is also such that each element has one that imme¬ 
diately succeeds it, is not necessarily normally ordered, even if each 
element has one immediately preceding it. This can be seen by considering 
an aggregate with the order-type a> + *a). 

166. The following properties of normally ordered aggregates can be 
proved in a very simple manner: 

Every part-aggregate of a normally ordered aggregate is itself normally 
ordered. 

Every ordered aggregate which is similar to a normally ordered 
aggregate is itself normally ordered. 

If, in a normally ordered aggregate M, there be substituted for the 
elements normally ordered aggregates, in such a manner that, if 
are the aggregates substituted for any two elements m, m', then g Af^,, 
according as w g m', the resulting new aggregate is normally ordered. 

167. The part of a normally ordered aggregate M which consists of all 
those elements which are of lower ranJc than an element m, of M, is called 
the segment of M determined by the element m. 

The aggregate which remains when the segment of M, determined by 
the element m, is removed from M, is called the remainder of M deter¬ 
mined by an element m. The element m is the lowest element of the 
remainder. 

If is the segment of M, determined by m, and R is the remainder, 
then M = {8, R). 

The segment of M determined by the lowest element of M contains 
no element, but it may be regarded as existent, and being the null-seg¬ 
ment. The remainder, determined by the lowest element, is the aggregate 
M itself. 

t See Jourdain, Phil. Mag. (6), vol. vn (1904), p. 65. 
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Of two segments S, S* determined by the elements m, m', of which 
m < m', we say that 8 is the smaller, and S' the larger segment, or j8 < S'. 

It can easily be seen that, if M, Mj^ are two similar normally ordered 
aggregates, a segment of M corresponds to a similar segment of the 
element by which the segment of M is determined corresponding to the 
element of by which the segment of is determined. 

A normally ordered aggregate is not similar to any of its segments. 

Assume that, if possible, 8 - M, and suppose the elements of 8, M are 
put into correspondence. To the segment 8, of there must correspond 
a segment 8^^ of 8^ so that 8^, - M - 8, where < 8. Since 8^^ - AT, 
we find in a similar manner a segment 8^< 8 which is similar to M, 
and so on; and in tliis way we obtain an unending sequence 

8 > 8j^> 82 > ... > 8n> ... 

of segments of M, which are all similar to M. Let m, ...m,,, ... 

be the elements which determine the segments 8, 8^, fifg, ... ...; then 

> mi > m2 > ... > m„ >_ 

The aggregate (.m^, ... mi, wzi, m) would be a part of 31 which 

has no lowest element, and is of type *a>; this is impossible if 31 is normally 
ordered. 

If M is an infinite normally ordered aggregate, it always has parts 
which are similar to 3^, although such a part cannot be a segment. 

A normally ordered aggregate camiot be similar to any part of one of its 
segments. 

Let us assume that, if possible, 8' a part of a segment 8, of 31, is 
similar to 31. Since 8' — 31, we can place the elements of 8', 31 in corre¬ 
spondence, then, to the segment 8, of 31, there will correspond a segment 
/Si, of 8', where 8j^- 8; let then 8^ be determined by the element gj, of 8'. 
Since % is also an element of 31, it determines a segment 31^^, of 31, of 
which /Si is a part, and which has a part similar to 31. Proceeding in the 
same manner, we determine a segment M^, of 31^^, which has a part that 
is similfl.r to 31 ; and in t.bia way we obtain an unenduig sequence of 
segments of 31, all similar to 31, so that M > 31^ > 31 ^ > ... > 31 ^ > — The 
elements which determine these sequences form a part of 31 which is of 
type ; and this is contrary to the hypothesis that 31 is normally ordered. 

Two different segments of a riormally ordered aggregate cannot he similar - 

For one of these segments is a segment of the other. 

The aggregate of which the dements are the segments of a normally ordered 
aggregate M, can be so ordered that it is similar to 31. 

For each element of 31 corresponds to a single segment of 31, and 
thus the aggregate of segments can be so ordered as to be s imila r to 31. 

i5-a 
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There is only one mode of ^putting the elements of two similar nonnally 
rdered aggregates into correspondence, so that the relative orders of the 
lements are unaltered in the carrespcmdence. 

For if, in two inodes of placing the aggregates in correspondence, two 
lements /, /of one aggregate M, correspond to one element e of the 
)ther M\ the segments of M determined by /, /' are each similar to the 
legment of M' determined by e \ but it has been shewn to be impossible 
,hat M can have two different segments which are similar to one another. 

A segment of one of two normally ordered aggregates is similar to at most 
me segment of the other aggregate. 

If 8 , S' are similar segments of tw’o normally ordered aggregates 
M, M', then, to every smaller segment 8 ^ < 8 , of M, there corresponds a 
similar segment Sj^ < S', of M'. 

If 8 i , 82 are two segments of the normally ordered aggregate M, and 
Si, 82 are two similar segments of a normally ordered aggregate M', 
then if S^' < 8 ^, it follows that 82 < 82 . 

If a segment 8 , of M, is not similar to any segment of another normally 
ordered aggregate M', then no segment S' > 8 , of M, is similar to any 
segment of M', nor to M' itself; and the same holds of M itself 

If M, M', two normally ordered aggregates, are so related that, to any 
segment of either, there corresponds a similar segment of the other, then 
M - M', 

Any element e, of M, determines a segment of M which corresponds 
to a similar segment of M'. Let this latter be determined by an element e', 
of Af'; we then take e to correspond to e'. To every element of M we 
therefore find a corresponding element of M', and it is seen by applying 
the foregoing theorems that the relative order of the elements is preserved. 

168. If two normally ordered aggregates M, M* are so related that, (1), to 
every segment 8 , of M, there corresponds a similar segment S', of M', and 
(2), at least one segment of M' exists, to which there is no corresponding 
similar segment of M; then there exists a definite segment S^', of M', such that 
81 ' M, 

Consider all those segments of M' which do not correspond to similar 
segments of M. Among these, there must he one 8 ^^, which is the least of 
all; this follows from the fact that the elements which determine these 
segments of M' form an aggregate which has a lowest element, and this 
lowest element determines the segment 81 '. Every segment of M' which 
is greater than 8 ^' is such that there esdsts no corresponding similar 
segment of Mi but every segment of M' which is less than S^' has a 
corresnanding similar segment of M. Since, to every segment of M, there 
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corresponds a similar segment of and, to every segment of /S^', there 
corresponds a similar segment of M, it follows that M - 8 -^'. 

If the norinally ordered aggregate M' has at least one segment to which 
there corresponds no similar segment of JfeT, then, to every segment of M, there 
corresponds a similar segment of M'. 

Let 8 i be the smallest segment of M' to which there corresponds no 
similar segment of M, If there exist segments of M to which no corre¬ 
sponding similar segments of M' exist, let 8 ^ be the smallest of all such 
segments of M. To every segment of 8 ^ there corresponds a similar 
segment of 8 ^, and conversely; hence 8 ^ - 8 i\ which is contrary to the 
hypothesis that there exists no segment of M which is similar to /Sj'. 

If M, M' are any two normally ordered aggregates, then either {1), M 
and M' are similar, or, (2), there exists a segment 8 \ of M\ which is 
similar to M, or, (3), there exists a segment 8 , of Jf , which is similar to M' ; 
cind these possibilities are mutually exclusive. 

The following four possibilities may be contemplated, as regards the 
relation of M to M' : 

(1) . To every segment of either M or M' there corresponds a similar 
segment of the other aggregate. 

(2) . To every segment of M there exists a corresponding similar seg¬ 
ment of M' ; but there is at least one segment of M* to which no similar 
segment of M corresponds. 

(3) . To every segment of Jf ' there corresponds a similar segment of M ; 
but there is at least one segment of M to which no similar segment of M' 
corresponds. 

(4) . There is at least one segment of M to which no similar segment 
of M' corresponds, and also at least one segment of M' to which no similar 
segment of M corresponds. 

It has been shewn that (4) is impossible. In the case (1), it has been 
proved that M - M'. In the case (2), it has been shewn that a definite 
segment 8/, of M', exists, such that Sf — M; and in the case (3), that 
there is a definite segment 8 -^, of M, such that 8 - 3 ^ - M\ 

It is impossible that, at the same time M — M\ and also M 8 -^' \ 
for, in that case, M' - 8 ^'; and it has been shewn to be impossible that 
M' should be similar to one of its own segments. 

It is also impossible that M — 8 f, and also M* =■ for there must 
then exist a segment of 8 -f which is similar to 8 -i , and therefore to M '; 
but this is contrary to the theorem that a normally ordered aggregate 
cannot be similar to one of its segments. 

If any part of M is such thal that part is not similar to any segment of M, 
then that part is similar to M itself. 
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Any part Afi, of M, is normally ordered; if then be similar neither 
to M nor to any segment of M, there must exist a segment of of 
which is similar to M ; and is a part of that segment of M which is 
determined by the same element that determines the segment Jfi', of 
Therefore M would be similar to a part of one of its segments, which has 
been shewn to be impossible. 

THE THEORY OE ORDINAL NUMBERS 

169, The order-type M, of a normally ordered aggregate M, is said to be 
the crt'dinal number which belongs to M; all similar normally ordered aggre¬ 
gates have consequently the same ordinal number. 

If M, M' are two normally ordered aggregates such that M has a segment 
tvhich is similar to M\ whilst M' has no segment which is similar to M, then 
the ordinal number a = M is said to be greater than the ordinal number 
j8 = M; and this relation is denoted by a > If M has no segment similar 
to M\ blit M' has a segment similar to M, the ordinal number a is said to he 
less than j8, and the relation is denoted by a < 

It follows from these definitions, in conjunction with the theorem of 
§ 168, that, if a, P are any two ordinal numbers whatever, they satisfy 
one, and one only, of the relations a a> P, a< and that if « > j8, 
then p < a. 

Further it is seen that, if a < j8 and P < y, then a < y ; hence the 
aggregate of aU ordinal numbers is a simply ordered aggregate, when 
arranged in such a manner that any one a, which has been defined as less 
than another one j3, precedes it. 

The sum a -f jS o/ two ordinal numbers is, in accordance ivitli the general 
definition of the sum of two order-types, the order-type of the ncn^mally ordered 
aggregate {M, N), where M, N are two noriryally ordered aggregates such that 
a 

Since M, N both contain no part of type *q), the same is true of 
(M, N). Hence the aggregate {M, N) is normally ordered; and thus 
a 4- jS is an ordinal number. 

Since Af is a segment of {M, N), we see that a < a + 

^ is a remainder of {M, N) determined by the lowest element of N, 
hence N may be similar to (Jf, N ); or, if not, it is similar to a segment 
of (jSf, N) ; thus either jS = a + jS, or jS < a + jS. 

The addition of ordinal numbers obeys the associative law, but not 
in general the commutative law; thus (a + j8) + y = a + (^ + y), but 
a + jS is in general not the same as + a. 

170. The product a.jS, of two ordinal numbers, is, in accordance with 
the definition of § 159, the order-type of the aggregate obtained by sub- 
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stituting for each element of an aggregate of order-type jS, an aggregate 
of order-type a. In accordance with the theorem of § 1(56, the aggregate 
thus obtained is normally ordered^ and of type dependent only on a and , 3 . 

In general a.jS is not equal to jS.c. 

It is easily seen that a.jS > a, provided jS > 1 ; and that, if aS = ay. 
then jS = y. 

If a, P are two oidinal numbers such that a < jS, there exists an ordinal 
number y svxdi that a -i- y = P; and this mvniher y is defined to be p a. 

For, il M_= p, there is a segment of M which may be denoted by M^, 
such that a\ let then M = (M^, S), therefore Sf = -f S, and 

P — a = 

171. Let p^i ... pn: denote a simple sequence of oidinalnumbers, 
and suppose ... ... arc aggregates of which the order-tvpe^ 

are respectively the numbers of the sequence. The aggregate 

(Jaft, M^, ... M„. ...), 

which is obtained by replacing each element of the normally ordered 
aggregate ( 1 , 1 , 1 , ...), of type o), by a normall}^ ordered aggregate, is. in 
accordance with the theorem of § 166, itself normally ordered; and its 
type defines the sum -f- 182 + ••• + Pn If «« denotes the sum 

jSi -f j 82 + ... + i 8 „, we see that = (Jfj, ... i/„): and it is clear that 
®n+i > • bence 

Pi = cq, ^2 = «2 - j Pn = «« ~ «/*-3 * 

It will now be shewn ( 1 ), that P > a^, for every value of n; and ( 2 ), that, 
if P' is any ordinal number < p, there is some definite value of n such 
that (Zn, «n+i 5 ••• are all > P'. 

( 1 ) follows from the fact that each is the ordinal number of a 
segment of (Jf^, ... ...) of which p is the ordinal number. 

To prove ( 2 ), we observe that a segment of (ifeTi, ... -3/^, ...) exists, 
of which P' is the ordinal number, and therefore the element which de¬ 
termines this segment must belong to one of the aggregates 

■^1 > - 3^2 5 • • • j • ■ • 5 

say Mn ^. It follows that the segment is also a segment of (ifi, ,... -ilm) 5 

and therefore, P' < or > p\ n being ^ n ^. 

It has thus been proved that P is the ordinal number which im¬ 
mediately follows all the ordinal numbers cq, ... ocns -• -» Q-^id it may be 
spoken of as the limit of the sequence aj, oq,... a„, — 

Thus every ascending sequence oq, a 29 --- ordinal numbers de- 

termines a limiting number p = lim a„, which iminediately follows alt the 

n'^00 

numbers of the sequence. 
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THE ORDINAL NUMBERS OF THE SECOND CLASwS 

172. Every finite ordered aggregate is normally ordered, and its order- 
type is the ordinal number of the aggregate. The finite ordinal numbers 
may be spoken of as the ordinal numbers of the first class; to each such 
ordinal number there corresponds a single cardinal number, and the 
properties of the finite ordinal numbers arc identical with those of the 
finite cardinal numbers, the terms ordinal and cardinal simply defining 
the two uses of the same number. In the case of translinite aggregates 
there is no such identity between ordinal and cardinal numbers; in fact 
the arithmetic of the one kind of numbers is essentially different from 
that of the other kind. 

Corresponding to a single transfinite cardinal number there is an in¬ 
finity of transfinite ordinal numbers; all those transfinite ordinal numbers 
which correspond to aggregates that have one and the same cardinal 
number a are said to form a class Z (a), the class of normal order-types 
which have the cardinal number cc. 

The ordinal numbers of all those order-types which have the same 
cardinal number as the aggregate of finite numbers, are said to bo of 
the second class Z (Hq). 

The ordinal number cd = lim n, and is the smallest number of the second 

7I,«-00 

class. 

If M denotes the aggregate ( 7 %, mg, ... ...), then M = a>, and 

S = Xq . Any number jS, which is < cu, must be the order-type of a seg¬ 
ment of M, and M has only segments (m^, m^, ... m„) with finite ordinal 
numbers n; thus p must be a finite number; and therefore the only ordinal 
numbers < to are finite ones. 

Every number a, of the second class, has a number a -f 1 immediately 
following it. 

For if a ^ M, a = Kq, we have a -h 1 = (AT, e), where e is a new 
element; and since AT is a segment of {M, e), we have a -h 1 > a. Also 

a+l = a+ l = + 1 = 

It has thus been shewn that a -f- 1 is a number of the second class. Every 
number < cc -f 1, is the order-type of a segment of (M, e); and such 
segment can only be , or a segment of Jhf ; hence no number < cc -h 1 
is > cc: therefore a H- 1 is the next number greater than a. 

If cci, 02 , On, ... be any sequence of numbers of the second class, there 
is a number lim , also of the second class, which is the smallest number 

H'^OO 

tlmt is greater than every number a„ of the sequence. 
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If, as_m § 171, we write = ... = a„-i, ..., 

then if (?„ = we have lim a„ = (Gi, G^, ... G„, ...); and this number 
lim a„ has been shewn to be the smallest number which is > for every 
value of 71. To shew that this number lim is of the second class, we 
have, since /3„ ^ Hq, for every value of n, lim a,, g Kq.Ho ^ Kq; and, since 

n*^oo 

lim an is not finite, it must therefore = 

n^aa 

Two sequences {a,,}, {«'„}, o/ 7iU7ni>ers of the second class, have the sa7ne 
limiting number, when, and only when, the seque 7 ices a 7 'e related to one 
another, in accordance with the definition of § 160. 

Let y be the two limiting numbers, and first assume that the se¬ 
quences are related to one another. If j8 < y, then for some value of n, 
a\ > <^'n+i > P, and hence, for some value of n', we must have 
«n' > an ' 4-1 > ^3 ... 3 which is inconsistent with ^ being the limit of the 
sequence {«„}. 

If we assume p = y, then, since an < y, for some fixed number r we 
must have a\ > a^, «'r 4 .i and similarly, since a'^ < jS, for some 

fixed number s we must have as > a'„, > a'„, hence the tw'-o 

sequences are related to one another. 

If is a finite ordinal number, and a a number of the second class, 
then n a = a, and hence a — n = a. If ct be a non-limiting number, it 
is however convenient to denote the number immediately preceding a 
by [a - 1]. 

For n o) == oj, 

since + a; = ( Ci,C 2 , ... 

^ (9^1 J 9^2> 9ny 9n+l: 

where = e^, g.^ = e^, ... gn == e,,, gn+i =/i, g „^2 =/ 2 . ■ 

Further, n-^a=^n + <o +{a — w) = a}-\-{a — a)) = a. 

If 71 is a finite number, then nw = o}. This is seen by taking an aggre¬ 
gate of the tj^e o), and replacing each element by 7i new elements; then 
it is clear that the new aggregate is also of type a>. 

It can be easily proved that {a n) cj = aco, 'where a is of the second 
class, and n of the first class. 

173. If a is any number of the second class, then those numbers of the first 
and second classes which are less than a form a noronally ordered aggregate 
of type a, when they are arranged in order as defined above. 

If M is an aggregate such that M ^ a, and ifjx' is an ordinal number 
< a, then there is a segment M', of M, such that M' = a'; and, conversely, 
every segment of M determines a number of the first, or the second, class 
which is < a. For, since M = i<o, any segment M* must have either a 
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finite cardinal number, or else must have for its cardinal number. If 
is the lowest element of M, a segment M' is determined by an element 
c' > Ci; and every element e', of M, determines a segment M\ If e', e" 
are two elements of M, both > and M\ M” the segments of M deter¬ 
mined by these elements, and a\ a" their order-types, then if e' < e", it 
follows, by § 167, that M' < M"; and hence a' < a". 

If then M = and to the element c', of M\ we make the 

element a', of {a'}, correspond, the two aggregates M' and ar^ placed 
in the relation of similarity. It has thus been shewn that {a'} = M'; now 
jl-/' = os — 1 = a, hence {os'} = os. 

Since a = we have {?} = and therefore the following theorem 
is established: 

The aggregate {os'} o/ aU those numbers of the first and second classes, 
which are ordinally smaller than a number a, of the second class, has the 
cardinal number . 


174. Every number a, of the second class, is either (i), such that it is 
obtained from a number of the same class immediately preceding it, by the 
addition of unity, or else ( 2 ), smh that there exists a sequence {os„}, of numbers 
of the first or second class, having a for its limit. 

Let a — M\ then, if M has a highest element e, M = {M\ e), where 
M' is the segment of M determined by e; thus iW = ilf' H- 1 , or 


os = [os — 1 ] -h 1 . 

If M has no highest element, then the aggregate {os'}, of all numbers 
< os, which is similar to M, has no greatest number; and this aggregate 
{os'}, being of cardinal number Ho, can be re-arranged as an aggregate {cs'J 
of type o). In this aggregate {os'J, some of the numbers a^', ... will in 

general be less than os^', but others must be greater than ; for camiot 
be greater than all the other numbers of the aggregate, there being in {a'} 
no greatest number. Let a'^^ be that number of {os'J, with the smallest 
index, such that a'p^ > ; similarly let be that number, with the 

smallest index, such that os'^^ > , and so on. We have now an infinite 

sequence ^ 

3 ® 3J2 3 ® 3)3 3 • • • 


of numbers, such that they are in ascending order, and such that their 
indices are also in ascending order. Since n^;pn, we have ^ 
hence, for every number a' which is less than a, there exists a number oc'p,j 
which is > a'. Since a is the number which follows next after aU the 
numbers a\ it is also the number which follows next after aU the numbers 
Oi', a'j^, a' 3 , 3 , ..., which we may write as a^, Oa, a^, ... a„, ...; thus 


a == lim a„. 

n'^ao 

It has thus been shewn that there are two kinds of numbers of the 
second class, ( 1 ), those which have an immediate predecessor in the aggre- 
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gate of all such numbers arranged in ascending order, and (2), those which 
have no such immediate predecessor, and are called limiting numbers. 

A number of the first kind is obtained by means of the first principle 
of generation, (see § 65), from the immediately preceding number. 

A number of the second kind is obtained by the second principle of 
generation, as the number a which next follows all the numbers of 
some sequence {a„} of numbers of the second class. 

THE CARDINAL NUMBER OE THE SECOND CLASS OE ORDINALS 

175. The totality of the numbers of the second class, arranged in ascending 
order, forms a normally ordered aggregate. 

If denotes the ordered aggregate of all those numbers of the second 
class which arc less than the given number a, then A* is normally ordered, 
and of type a ~ ca. For the aggregate {«'} of numbers of the first and 
second classes, which consists of {n} and A a, has been shewn, in § 173, to 
be normally ordered, and thus 

_ = 

hence {a'} = {n} + or Za = a — w. 

Let M denote any part of the aggregate {a}, of all the numbers of the 
second class, such that, in {a}, there are numbers which are greater than 
aU the numbers in M\ and let ccq be one such number, then AI is a part 
of Aoo^i, which is such that all the numbers of M are less than at least 
one number ccq, of Aoq+i. Since Aa^+i is normally ordered, there must be 
a number a\ of Aa^+i, being itself consequently a number of {a}, which 
is the next greater number than aU the numbers of 21. Thus, since {a} 
has a lowest number co, the conditions are satisfied that {a} is a normally 
ordered aggregate. 

It follows, by applying the results of § 165, that: 

Every part of the aggregate {a}, of all numbers of the second class, 
has a least number. 

Every such part, in order, is normally ordered. 

It will now be shewn that the aggregate {a}, of all the numbers of the 
second class, has a cardinal number greater than K©. 

Consider the two aggregates {a} and {ri), where n denotes the fimte 
integers. The aggregate {a} has a part, viz. that consisting of 
oj + 1, oj + 2,... cu -f- , 

that is equivalent to {n}. It has been shewn in § 151 that every part of 
{n} is either finite, or that it is equivalent to {n} itself. In order to shew 
that the cardinal number of {a} is greater than Koj therefore only 
necessary to shew that it is not equal to i<o. 
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If {a} = Ko, the numbers of {a} could be arranged in the form 

yi> 725 ••• yn> •••> 

of type o), in which of coiu'se the order would not bo that of generation. 
Starting from , let be the y, with the smallest index, which is such 
that y^^ > yii then let y^,^ be that y, with the smallest index, such that 
YPi > Ys>- 5 obtain in this manner a sequence 

Yl 3 Yp2 5 Ylia 3 ■ ■ ■ 

in ascending order, the indices l,P 2 ,P 3 , being also in ascending order. 
In accordance with § 171, there must be a definite number 8 of the second 
class, namely 8 = limyj^^, such that 8 > yp„, for every p^, and conse- 

quently such that 8 is greater than every y„, but thisJs imi)ossible, since 
{y„} contains every number of the second class; hence {a} cannot equal 
and is therefore > Kq . 

Every part of tlie aggregate {a}, of all numbers of the second class, has 
either the cardinal number of {a}, or else the cardinal number Kq, unless it 
is a finite part. 

Every such part, when the elements of it are in order of generation, 
being part of the normally ordered aggregate {a}, is either similar to {a}, 
or else to some segment of {«}; hence the cardinal number is either 
that of {«}, or is A^ = Oq — oj, and this last is either 3 finite. 

The cardinal number of {a} ^5 the cardinal number next greater than - 

If there exist a cardinal number less than {a}, and greater than Ko, it 
must be the cardinal number of some part of {«}; but it has been shewn 
that every such part of {a} has either the cardinal number of {a}, or is Kq, 
or is finite. 

The cardinal number of {a}, or of Z {Kq}? is denoted by . 

THE GE-STBRAL THEORY OF ALEPH-SnJMBERS 

176. It has now been shewn that the ordinal numbers of the second 
class, in their order of generation, form a normally ordered aggregate, of 
which the cardinal number is the next cardinal number to The 
ordinal type of the normally ordered aggregate {a} of all numbers of the 
second class, is a number Q, which is the smallest number of the third 
class. In analogy with the definition of the second class, and in accordance 
with what Cantor has denominated the principle of limitation (Hemmungs- 
prinzip), the third class is taken to include aU the ordinal types of normally 
ordered aggregates, of which the cardinal number is and this class is 
consequently denoted by Z The number Q, which is the order-type 
of all the numbers of the first and second classes, in the order of genera- 
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tion, and which comes after all those numbers, is not the limiting element 
of any sequence oii, « 2 j oi numbers of the second class; for, as 

we have seen, every such sequence has a limiting number within the second 
class. From the point of view adopted by Cantor in his earlier writings, 
and explained in § 65, in which the successive ordinal numbers are regarded 
as successively generated, in accordance vdth postulated principles of 
generation, the number O must be regarded as generated by a third 
principle of generation, different from the two principles of generation 
employed in the case of the numbers of the first and second classes. This 
third principle of generation affirms that every set of ordinal numbers 
similar to the aggregate of all the nmnbers of the first and second classes, 
in their order of generation, is immediately succeeded by a new number, 
ordinaUy greater than all the numbers of the set, so that every number 
which is less than this new number is also less than some of the numbers 
of the set. When, proceeding from O, the numbers 

£2-r l,Q-h2, ...O-f- ... 

are formed, all three principles of generation will be required, in forming 
the numbers of the third class. 

From the point of view adopted later by Cantor, and explained in the 
present chapter, Q is simply defined to be the order-type of the totality 
of the numbers of the first and second classes, in their normal order. The 
numbers higher than Q are then defined in the same manner, each one 
as the order-type of the totality of the preceding numbers in normal 
order. 

The existence of a whole series of classes of order-types of normally 
ordered aggregates, i.e. of ordinal numbers, has been speculatively asserted 
by Cantor*, who has however, in his published works, confined his detailed 
investigations to numbers of the first and second classes. 

To each of the successive classes of numbers, there corresponds a single 
cardinal number, that of the totality of the ordinal numbers up to, and 
mcluding all the ordinal numbers of that class. The first ordinal number 
of each class is the order-type of all the numbers of the preceding classes, 
in their order of generation. A new principle of generation is required for 
the first number of each new class, since that number cannot be regarded 
as the limitiTig number of any sequence of which the ordinal number is 
less than that of the number in question. All the successive principles of 
generation are however included in the one principle, that an aggregate of 
normally ordered ordinal numbers has itseK an order-type which is a new 
number; and thus, from this point of view, aU the principles of genera¬ 
tion, from the second, onwards, are replaced by this one principle. 

• See Math Annalen, vol. xxi (1883), pp. 587, 588, also vol. xlvi (1895), p. 495. 
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177. Ill accordance with this theory, there exists an ordered aggregate 

1, 2, 3, cOj oj + Ij o)^j ... ... H + 1, ... y, . 

which contains every ordinal number of every class; and there also exists 
a similar aggregate 


1, 2, 3, ... n, ... i?oj ^*^ 2 , ... --- ••• 


of cardinal numbers, each element of which is the cardinal number of a 
single class of numbers of the first aggregate. 

That the first of these aggregates is normally ordered may be seen by 
remarking that, if it contained any part, of the type then such part 
would also be part of the normally ordered aggregate formed by the 
numbers 1, 2, 3, ... to, ... a; where a is the highest number in the hypo¬ 
thetical part, of type *eo. This is impossible, and hence the first aggregate 
is normally ordered. 

Cantor has given a proof that Xq is less than, or equal to, the cardinal 
number of any transfinite aggregate, and that is the cardinal number 
next greater than Xq . In his proof the possibility of two cardinal numbers 
being incomparable was disregarded. Accordingly, the first theorem m 
§ 151 has been made to precede Cantoris theorem, which has however 
also been given. A proof has been given by Jourdaint, ^2 is the next 
greater cardinal number than who has also considered, in some detail, 
the ordinal numbers of the third class, and has given indications of ex¬ 
tension to the higher classes. 

The question whether every transfinite cardinal number is necessarily 
an Aleph-number, which is equivalent to the question whether every 
aggregate is capable of being normally ordered, has engaged a considerable 
amount of attention. That the answer should be an aflfirmative one, was 
regarded by Cantor as probable. Some discussion of attempts which have 
been made to settle this matter, will be considered in § 203. A case of 
great importance is that of the continuum, which is defined as a simply 
ordered, but not as a normally ordered, aggregate. No proof has yet been 
discovered of the correctness of Cantor’s view that c = In case c 
occurs at all in the aggregate of Aleph-numbers, the continuum is capable 
of being normally ordered. The possibility has also been contemplated 
that c may be greater than all the Aleph-numbers. 


THE AHITHMETIG OF OHDIHAL IHJMBERS OF THE SECOND CLASS 

178. The ordinal numbers of the second class have been defined as 
the order-types of normally ordered, enumerably infinite, aggregates; and 
the operations of addition and multiplication have been defined for these 
numbers, in §§ 169 and 170. It now remains for us to define exponentials, 

t See PhiL Mag. (6), voL vn (1904), p. 294, “ On the tiansfinite nardiTial numbers of number- 
classes in general.*’ 
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for numbers of this class; and the definition is founded upon the following 
theorem: 

If ^ is a variable of which the domain consists of the numbers of the 
first and second classes^ including zero, and if y, 8 denote two constants 
belonging to the same domain, such that 8 > 0, y > 1, then there exists a 
single-valued determinate fmiction / (^), which satisfies the conditions 

(1) . /(0) = S. 

(2) . If fI" are any two values of f such that fthen/ (f') </(f'')- 

(3) . For every value of ^:, / (^ -f i) = / (^) .y. 

(4) . If is a sequence, of which f is the limiting number, then 

{ / (fn)} is a sequence, of which / (f) is the limiting number. 

In the case 8=1, the function/(^) is denoted by y' \ and then/(|J, 
satisfying the above conditions, defines the exponential function y^, for 
aU numbers y, ^ of the first and second classes. 

To prove the theorem, in the first place wc have 

/(l) = 8y, / (2) = 8y^...,/00 = Sy«: 
thus / (1) </(2) </(3), ...; and the function is determined for every 
i < oj. Next assume that the function is determined for every f < g, a 
number of the second class. If a is not a limiting number, 
/(G)=/[G-l]y>/[G-l]: 

and thus / (a) is determined. If g is a limiting number, and is preceded 
by the sequence {aj, then {f{^n)} is a sequence, and j {a) = lini/((',). 

If {dn} is another sequence such that a = lim a,/, then the two sequences 

{/ {/ (« 7 i')} related to one another, and therefore have the same 

limit; and thus/(a) is uniquely determined, f {$) is now determined for 
every f: for if there were values of a for which it v/ere not determined, 
there must be a smallest of such values; the theorem would then hold for 
f < G, but not for ^ ^ a; which is contrary to what has been proved above. 

179. If a, j8 are numbers of the first or second class, y^^^ = y' .y®. 

The function <f> (^), = y*'^^, satisfies the conditions 

(1), <!> (0) = y“. 

{3),i>{S+i) = 4>(i)-Y- 

(4), If is a sequence such that lim then <f> (i) = lim (f„). 

n~oo 

It follows by § 178 that, if we take S = y*, then ^ (i) = y*y^; hence if 
^ = )3, wehave 

Again, if a, jS are two ntunbets of the first or second class. 
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I£ we put / (i) = y*^, we find by appljdng the theorem of the last 
section, that/(|) = {-f-y, where y“ replaces y. 

y being > 2, it can be proved that, for every f, y‘ ^ i. The theorem 
holds for I = 0, f = 1; and if it be assumed to hold for all values of f 
which are less than a given number a, then it holds also for ^ = a. 

Tor, first let a be not a limiting number; then, if [a — 1] ^ we 

have 

hence y“ & [c — 1] + [a — 1] [y — 1]- therefore since I« — IJ and [y — 1] 
are > 1, and [a — 1] + 1 = a, we have y* a a. If a is a limiting number 
= linn On, then since a„ s, y-n we have lim a„ s lim y“H, or « ' y. If there 

71^00 /4~co 

were values of ^ such, that ^ > yf, there would be one of such values which 
is the least of aU; and if this were cc, then ^ if ^ < «, but « > y": 
which is contrary to what has been proved above. 


180. Of aU the numbers of the second class, the smallest ones are 
those which are algebraical functions of cu, of the form 

-r --- + ^'Pi + Pos 

where p^yPi, Pn ^^re finite numbers. If we write 

ctJi = cu", CO2 = CO3 = ... 


then we obtain the number = hm . This number €q is the smallest 

of a species of numbers of the second class which are characterized by the 
property € = cj®, and which Cantor has designated e-numbers. Cantor has 
shewn that the e-numbers form a normally ordered aggregate, of type Cl, 
and therefore similar to the whole second class of numbers. He has further 
shewn that every number a, of the second class, is uniquely representable 


in the form 


a = a>®ofCo + -f ... + of-rK^,^ 


where a^, a^, a^, are numbers of the first or second class which satisfy 
the conditions (jcq > aci > «a > ... > ^ 0, and Kq, k^, k^, ... r -h 1, are 

numbers of the first class which are different from zero. For the detailed 
investigation of the normal form, and for that of the special class of 
€-numbers, we must refer to Cantor’s original discussion*. 


THE THEORY OF ORDER-PUHCTIOHS 

181. A method of representation of any mode of ordering a given 
S'ggTGgate M has been given by Bernstein*)". When the elements of the 
si're numbers, this method lends itself to a diagrammatic repre¬ 
sentation of the aggregate, as ordered in any particular order-type. 

* Math. Annalen, voL yttv (1897), pp. 235-246. 

+ See his Dissertation, also W. H. Young, on ‘‘dosed sets of points and Cantor's numbers,’* 
Proc. Loud. Math. Soc. (2), voL i (1903), p. 230. 
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An aggregate M. is ordered, in the most general sense of the term, wl.en 
it is known as regards every pair of elements a, 6, whether a \ bur a 
particular mode of ordering the aggregate can be represented by means 
of a function / (a, 6) of the pairs of elements, which is defined by 
/ {a, 6) = 1, if a < 6;/(a, 6) = - i, if a > b\ aiidfia, a) = 0. 

This function / (a, h) may be denominated an order-function of the aggre¬ 
gate M ; and there is one order-function for each possible mode of ordering 
the aggregate. The function must satisfy the condition that, if 

/(«. =/(&, c), 

then each is equal to / (a, c). 

Two order-functions/i (a, b),j\ {a, b), of a given aggregate 21, represenr 
two methods of ordering the aggregate in one and the same order-type, 
provided there exist a reversible transformation of the aggregate 
into itself, such that/i {cf> (a), <f> (6)} =^2 6)- 

All those order-functions of a given aggregate 21, vrliich correspoiit: 
to an arrangement of M in one and the same order-type, constitute a 
family of order-functions; and there is one such family of order-function< 
corresponding to each order-typo in which the given aggregate 21 can be 
arranged. 

It is clear that the order-functions of a family corresponding to Sf 
form an aggregate with the same cardinal number as the group of trans¬ 
formations of M into itself. 

If, in particular, the aggregate 21 is that of the positive integers, then 
a pair of elements (a, b) is represented by a cross-point of the rectangular 
treUis formed m the positive quadrant by dra^ring all the straight lines. 
X = i, y = i, for positive integral values of i, referred to rectangular 
Cartesian coordinates x, y. 

The natural order of the numbers 1, 2, 3, ... will be represented by 
/ («, y), defined for aU the cross-points, so that / {x, y) = 1, when x< 
and / (a;, y) = ~ 1, when x> y, and such that / {x, x) = 0. 

Any particular mode* of ordering the numbers 1, 2, 3,... will be re¬ 
presented by marking one set of cross-points 1, and another set — I, 
those on the diagonal x = y being marked zero. 

It is, however, not every mode of so marking the cross-points that 
represents a possible ordering of the aggregate. That a mode of marking 
may represent a possible order, two conditions must be satisfied. First, 
we must have f {x,y) = —f {y, x ); and thus points which are optical 
images, relatively to the diagonal y = x, must be marked with unities of 
opposite sign. Secondly, the condition that, if / {a, b-^ =/(6i, c), then 

* Some ft-g- fl-m plft H of order-types represented m this manner are given by VT. H. Tonne, Pto^', 
Land. Math. Soc. (2), vol. i (1903), p. 244. 
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each = / [a, c), must be satisfied. This condition may be expressed as 
follows:—Join every cross-point which is marked + 1, or 0, with every 
other such cross-point, then the resulting figure may be called the positive 
frame-work; join similarly all the pairs of points marked — 1, 0; in this 
way we obtain the negative frame-work. Let lines joining the two pairs 
of "points (a;x,yi), (^ 2 , 2 ^ 2 ) and (Xo,yi) be called conjugate lines. 

The condition which must be satisfied is that no side of the positive 
frame-work can be conjugate to a side of the negative frame-work. It can 
easily be seen that the condition so stated is necessary and sufficient. 

THE CARDIXAIi NUMBER OF THE CONTINUUM 

182. The arithmetic continuum has been defined as an aggregate of 
the order-type 9 (see § 163), and it is thus not normally ordered. It has 
been held by Cantor* that this aggregate, and perhaps every aggregate, 
is capable of being arranged as a normally ordered aggregate; but no 
universally accepted proof of the correctness of this view' has been ob¬ 
tained. If the continuum be capable of arrangement as a normally ordered 
aggregate, its cardinal number c must be identical with one of the Aleph- 
numbers; and in fact Cantor believed that c = the cardinal number 
of the aggregate of all the order-types of normally ordered enumerable 
aggregates. As evidence of the probable truth of this view, the facts may 
be cited that all the sets of points which have actually been defined in 
connection with the theory of sets of points have one or other of the two 
cardinal numbers smd that no such set of points has been defined 

of which it is knowm that the cardinal number is > i<o This 

negative evidence is however clearly insuflheient to settle the question 
whether every part of the continuum has one of the powers Nq c, a 
question which has hitherto defied all attempts to obtain a conclusive 
answer. It has been shewm by Konig that the cardinal number of the 
continuum cannot be an Aleph-number of which the index is a limiting 
number. As has already been pointed out, it cannot be assumed that 
every two cardinal numbers are such as to be comparable wdth one another; 
but a proof has been propounded by G. H. Hardyf that c, and presumably 
any cardinal number w'hatever, must either be an Aleph-number, or else 
be greater than all the Aleph-numbers. The mode of reasoning is a 
generalization of that employed by Cantor in his proof (see § 151) that 
is less than any other transfinite cardinal number. 

Because c ^ it is possible to take elements from the number-con¬ 
tinuum corresponding to all the numbers of the first and second classes 
of ordinals. For, if this process came to an end, we should have c = 

* jUatk. Annalen, vol. xxi (1883), p 550. 
t Quarterly J. of Math. vol. xxxv (1903), p. 87. 
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which has been proved by Cantor not to be the case. It follows that a 
set can be selected from the continuum equivalent to the aggregate of 
ordinal numbers of the first and second classes. Now if a set could be 
selected from this aggregate equivalent to the continuum, it would follow 
from the equivalence theorem, proved in § 153, that c = and if no such 
set could be selected it would follow from the definition of inequality in 
§ 146, that c> thus it follows that If now c> a similar 

proof would shew that and so on. If c> for every finite n, 

then c ^ ^o), and this process may be continued indefinitely through the 
Aleph series. The validity of this proof depends upon considerations which 
will be discussed in § 198 

It is known that ever 3 ^ infinite closed linear set of points has one or 
other of the two cardinal numbers and if a set of points can exist 

of which the cardinal number has neither of these two values, it must be 
unclosed, and may without loss of generality be taken as dense in itself. 
The difiiculties of dealing with unclosed sets, dense in themselves, are so 
great that attempts to find a contradiction involved in the assumption of 
the existence of such a set, possessing a cardinal number different from 
both Hq and c, have liithorto been a complete failure. 

183. A very remarkable relation has been given b 3 ’’ Cantor between 
the cardinal number of the continuum and that of the integral numbers 
This relation is expressed by c = 2^o, or more generally c = where 
% is a finite integer. 

This theorem was applied by its discoverer to obtain a simple arith¬ 
metical proof that the Xo"^^®^sional continuum has the same power as 
the one-dimensional continuum. 

In accordance with the definition of an exponential, given in § 150, 
2^0 is the cardinal number of the numbers in the dyad scale. 



where every b is either 0 or 1. In this aggregate, each number of the form 
< 1, where p and q are integers, occurs twice; hence 

A® 

2‘<o = { 8 ^), 

where X is the aggregate of real numbers between 0 and 1, and s is an 
enumerable aggregate. 

It follows from the above, that 2^o = c -h Kq ■ Now c -H No = ® » 

since No = therefore c = c + Nq; whence we have 2^o = c. 

From thia theorem, we deduce c.c = 2^o.2*^o = 2^^o = 2^o = c; and 
hence by repeated multiplication by c, we find c" = c, where n is any finite 
integer. 


16-2 
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A g a.iTl C«o=( 2 *<o)Ko = 2 «o-»«. = 2 «o = C, 

and therefore the contiaunm of finite, or of enumerable, dimensions is 
equivalent to the one-dimensional continuum. 

The aggregate defined by aU possible modes of distributing the numbers 
of the continuum upon themselves, has the power = /; and this number / 
is greater than c. This has been proved in § 154; for a part of the new 
aggregate is equivalent to that obtained by replacing the numbers of the 
continuum either by or hy B, and taking aU possible aggregates v'hich 
arise in this way. Since this part has been shewn to have a cardinal 
number greater than that of the original aggregate, it follows then that 
f>c, 

INI ore generally, if a is any cardinal number, we have > a. 

If the continuum he divided into any finite number n, of parts, such that 
all the parts have the same cardinal number, then that cardinal number is 
the same as that of the continuum^. 

The parts may consist of sets of points of any kind. 

The theorem may also be stated thus:—^if na = c, then a = c. 

To prove it, we have na = c = nc; and therefore, by applying the 
theorem of § 156, it follows that a = c. 

184. The continuum is equivalent to the aggregate of all possible 07 'der- 
types of simply ordered aggregates of cardinal number Nq . 

This theorem points the contrast between the aggregate of all order- 
types of simply ordered enumerable aggregates, which is of power 2^o, 
and the aggregate of aU the order-types of normally ordered enumerable 
aggregates, which is The latter aggregate is, of course, a part of the 
former one, and thus the theorem ^ 2^o can be deduced. 

The theorem may be also stated in the form: The total number of ways 
of ordering the integral numbers 1, 2, 3 , ... is c. 

If /X is the order-type of an enumerable aggregate, arranged as a simply 
ordered aggregate, then a part of an aggregate of the type 17 , considered 
in § 162, can always be determined, which is of the type /x. To establish 
this, it can be shewn that an aggregate of type /x can always be changed 
into one of type tj, by insertion of^^new elements. If, between every pair 
of elements m^, oi y., there are other elements, then /x is of one of the 
types 77 , 1 -r 17 + 1 , 1 H- 77 - 1 - 1 ; so that /x is reduced to 17 by the removal 
of the lowest and the highest elements, when such elements exist. In any 
such case, if we add to /x aggregates of type 77, at the beginning and at 
the end, we obtain an aggregate of type 77 + /x + 77, which is of type 77, 
whichever of the types 77 , 1 + 77,77 + 1 , 1 + 77+1 may be identical with fx. 

* Bemstein, Zoc. cit. p. 31. 



183, 184] 


Cardinal Number of the Continuum 


245 


If pairs of elements exist in the aggregate of type fi, such that there are 
ho elements between them, an aggregate of type can be inserted between 
eveiy such pair, until a new aggregate of one of the types 1 -f 77 , tj -f- 1 , 
1 -f -h 1 , is obtained; then, as before, by adding aggregates of type tj, 
at the beginning and end, we obtain an aggregate of type tj. It has thus 
been shewn that any aggregate of type ]ll is a part of another aggregate 
of type 7j. Since the rational numbers in then totality naturally exist in 
the order-type rj, it follows that an aggregate of any type /a can be made 
by taking a part of the aggregate of rational numbers, of type rj. It follows 
that the aggregate of aU types fjL has a cardinal number less than, or equal 
to, that of the aggregate of all part-aggregates of the set of rational 
numbers, arranged in type rj. 

Now every aggregate r^, ...), of which all the elements are rational 
numbers, corresponds to a single point of a continuum of an enumerable 
number of dimensions, of which the coordinates are = r^, as = 

Hence the cardinal number of the aggregate of all part-aggregates of the 
set of rational numbers is less than, or equal to, the cardinal number of 
the Xo-dimensional continuum, that is, ^ c; and therefore the cardinal 
number of the aggregate of all types /a is ^ c. 

It will now be proved that c g the cardinal number of the aggregate 
of aU types fL, To every real number between 0 and 1 , there corresponds 
an infinite sequence 6162^3 •••j where every h is either 0 or 3. expressing 
the number in the dyad scale. After each 6 , insert an aggregate of type tt, 
and we then have an aggregate h^Trh^Trh^TT , of type 

Here, some of the 6 's may be zero, and these may be simply omitted; 
thus 7 r-f- 0 -{- 7 r = 7 r-!- 7 r. Hence, to any real number x, between 0 and 1 , 
there corresponds the type 

V = 7T + .... 

It is now necessary to shew that the two order-types v, v, which 
correspond to two different numbers, a?, x\ are necessarily distinct from 
one another. If v = v\ we can write the equality 

Cl + TT -f- Si = Cl' -f 77 + ^ 1 ', 

where Ci, Ci' are each either 0 or 1 ; and from this we obtain, by means 
of the theorem of § 164, Ci = C/, and ^i = C/. The last equation can 
bewritten C7, + tt + C, = 0,' + 77 + 

and from this we conclude that = Cg', = ^ 2 '** and we can proceed 
onwards in the same manner. From b^ = 61 ', b^ = b^', , we conclude 

that X = x\ It has thus been shewn that {a;} — {v}; and from this we 
conclude that c ^ the cardinal number of all order-types fi. 
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This part of the theorem is due to Cantor*, and the first part to 
Bernstein. By combming the two results, the complete theorem is estab¬ 
lished. 

This important result may also be expressed by saying that the. totality 
of all permutations of the sequence of positive integers has the poiver of the 
continuum. 

It may also be shewn that the totality of all parts of the sequence 1,2,3,... 
has the power of the continuum. 

For, if we form a sequence, by ^vriting 0 for each of the numbers 
1, 2, 3, ... which does not occur in a given part of (1, 2, 3, ...); and 1 for 
each number which does occur in the given part, then the sequence of O’s 
and I’s, thus obtained, corresponds to a real number expressed in the 
dyad scale, and therefore the numbers of the continuum are put into 
correspondence with the parts of the sequence (1, 2, 3, ...). 

It was thought probable by Cantor that 2^o = but no proof of the 
correctness of this hypothesis has been obtained. The hypothesis has 
been discussedf by Sierpinski. 

185. It can be shewn that the aggregate of all sets of points in the 
n-dimensional continuum has a cardinal number greater than c. 

For, m the aggregate {P} of all points in an 9^-dimensional continuum, 
we can substitute 0 for each point P which does not occur in a given set 
of points of the continuum, and 1 for each point P which does occur; 
we then obtain an aggregate consisting of O’s and I's: but it is kno'wn that 
the totality of aU such aggregates has the power 2®, which is > c. 

On the other hand, the totality of all closed sets of points in the n-dimen- 
sional continuum has the same power c as the continuum. 

Every closed set is the derivative of an enumerable set of points; and, 
to every enumerable set of points, there corresponds a single closed set. 

It follows that the cardinal number of the totality of closed sets is 
£ the cardinal number of the totality of enumerable sets of points chosen 
out of the continuum. To shew that the latter is c, we observe that it is 
^ the aggregate of all combinations of points of the continuum in sets of 
i^o elements, that is, ^ c^o, or ^ c. 

Again, every single point of the i^-dimensional continuum corresponds 
to a single point of the one-dimensional continuum, and this point is an 
enumerable part of the continuum; hence the totality of enumerable sets 
of points of the 7i-dimensional continuum is ^ c. On combining this with 
what has been proved above, we see that the totality of all enumerable 
sets of points in the 7^-dimensional continuum is c; hence the totality of 
aU closed sets of points in the 72.-dimensional continuum is ^ c. 

* See Bernstein’s Dissertation, p. 7. 


t FundaTnefOa Math. vol. v (1924), p. 177. 
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Again, the totality of all closed sets of points in the 7i-dimensionai 
continuum is ^ c. For one such closed set can be taken in each of an 
infinity of the domains = a, where is one of the n coordinates which 
determine the position of a point in the n-dimensional continuum; and 
the aggregate of all possible values of a has the power c. We thus obtain 
an aggregate of closed sets which has the power c; and it follows that the 
aggregate of all closed sets in the w-dimensional contmuum is > c. 

Since the totality of all closed sets of points in the 7^-dimensional con¬ 
tinuum is ^ c, and at the same time is ^ c, it must have the cardinal 
number c. 

Since* every curve, or surface, in a continuum is formed by a closed 
set of points, we see that every possible curve, or surface, corresponds 
uniquely to a single definite real niunber. 

186. A method of constructing a set of points of which the cardinal 
number is , has been givenj by G. H. Hardy. 

If we start from the sequence 

1, 2, 3, 4, 5, . (1) 

of integral numbers, a new sequence 

2, 3, 4, 5,. (2) 

is formed by omitting the first term. 

Continuing this process, we form 

3, 4, D, 6,. (3) 

4, 5, 6, 7,. (4) 

5, 6, 7, 8, . (5) 

We now form a new sequence 

1, 3, 5, 7, 9,. H 

by traversing the above infinite array of sequences diagonally. Then 

we form 3 ^ 5, 7, 9, 11,. (o) -h 1) 

5, 7, 9, 11, 13,. (o) -h 2) 

7, 9, 11, 13, 15,. (c^ ^ 3) 

9, 11, 13, 15, 17,. [a> -h 4) 

1, 5, 9,13,17, . (c^.2) 

5, 9, 13, 17, 21, . (ai.2 + 1) 

9, 13, 17, 21, 25,. (cd.2 + 3) 

1, 9, 17, 25, 33,. (co.3) 

Thus sequences corresponding to all the numbers . /x -f-can be formed. 
* Bernstein, loc. cit. p. 43 

t Quarterly Journal of Math. vol. xxxv, 1903, "A theorem concerning the infinite cardinal 
numbers.” See also Hausdorff, Letpz. Ber. vol. ux (1907), p. 155. 
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To form the sequences corresponding to co®, we take the array of 


sequences 3 ^ 5 ^ 

7, 

9 ,. 

(to) 

1 , 5 , 9 , 

13, 

17,. 

(to. 2) 

1 , 9 , 17, 

26, 

33,. 

(to. 3) 

1, 17, 33, 

49, 

66,. 

(to. 4) 

1, 33, 65, 

97, 

129,. 

(to. 5) 

aud traverse it diagonally; we 

thus obtain 


1, 5, 17, 

49 , 

129, . 



Generally, if 6 *, ... is the sequence corresponding to jS, the 

sequence 63 , 64 , 65 , ... corresponds to j 8 -h 1 . To obtain a sequence 
corresponding to a number y which is a limiting number of the second 
class, we take the array of sequences corresponding to any ascending set 
of numbers ft, jSg, ... of which the limit is y, and traverse it diagonally. 
It is clear that, in this manner, a sequence can be found for any given 
number of the second class; but that the set of sequences so obtained 
is not unique. For example, co might have been taken as the limit of 
1, 3, 5, 7, , or a>® might have been taken as the limit of 

cti -|- l,co .2 -f" 2, CO. 3 Hh 3, .... 

It will be shewn that the sequences ft, 63 , 63 , ... can be so chosen that 
in every case < 63 < ft < --■ 3 and that, if the sequences 61 , 62 ^ ••• and 
ft', ft', ... correspond to any two numbers jS, jS', where j 8 < ) 8 ', then there 
exists a number N such that , for 71"^ N\ and thus that the se¬ 

quences are distinct from one another. 

Let us assume that sequences, corresponding to all numbers < y, have 
been constructed in such a manner that this condition is satisfied. First, 
let y be a non-limiting number, so that y = y' -h 1. Then if j8 < y', there 
is a number N such that , for n'^N, where ,a^' , ... form the 

sequence which corresponds to y'. But it a^, ... form the sequence 

which corresponds to y, we have = a'„+i > a^' > for tz, ^ N. 

Hence, if the construction is possible for all numbers < y, it is possible 
for aU numbers ^ y, where y is a non-limiting number. 

Next, let us suppose that y has no immediate predecessor, and that 
y = hm then also y = lim (ftj -h v^), where the are finite numbers. 

m~oo m'^aa 

Now there is a number such that 62 ,n> ft .«5 for where 

denotes the nth number in the sequence corresponding to A fortiori, if 
Vm = we have = ft,n+.., > ft,n > ft,n; for n ^ where 

is the nth number in the sequence corresponding to y^^. But if we take 
^2 > ft,A-i-i> we have = ft.„+va ^ n + vg > ft,jv^i_i > for n < and 
hence we have > ft,n> for aJl values of n. Similarly, can be so chosen 
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that 73 > 72 9 and > 03 ,^, for all values of n\ and so on generally. If 
we write for and Cj, „ for 61 .^, we have a doubly infinite array 


^,19 

^.29 

^ 1,3 9 ••• 

^.19 

^,29 

^ 2.39 

^ 3,1 > 

^,29 

^,39 


and we define the sequence corresponding to y, by traversing it diagonally, 
so that . If then jS < y, we can find m so that ^ <yral then there 

is a number K, such that for n>K. But ii n>m, we have 

0,1 = <^n,n>‘ n I and thus, if is greater than the greater of the two 
numbers m, K, we have > 6 , 1 . It has thus been shewn that, if the 
construction is possible for all numbers < y, it is possible for all numbers 
^ y, whether y is a limiting number or not. 

In this manner, a sequence is obtained which corresponds to any 
assigned number y of the second class, and this sequence is distinct from 
those which correspond to the numbers < y, such sequence.s being also 
distinct from one another. 

The sequences may be correlated with points in the linear continuum 
( 0 , 1 ). To correlate a sequence , 62 , ^> 3 , , we may take the binary radix 

fraction in which the 6 ith, 62 th, 63 th, ... figures are all 1 , and the remaining 
figures all 0 . In this manner a set of points is shewn to exist, such that 
one point of the set corresponds to each number of the first, or of the 
second, class. This amounts to the construction of a set of points of 
cardinal number Just as an enumerable set of points is determinate, 
when the point which corresponds to any assigned number ?^, of the first 
class, is determinate, so the set of cardinal number is determinate, in 
the sense that a definite point is determined, corresponding to any assigned 
number jS, of the first, or of the second, class. 

It may be remarked that a set of points of cardinal number Xj, or of 
any cardinal number > j 'U)Tien arranged in normal order, cannot possibly 
be in the order in which they occur in the cordinuum. 

For, if a set of points, in the order in which they occur in the con¬ 
tinuum, forms a normally ordered aggregate, each point and the next 
succeeding one define a linear interval of which they are the end-points. 
We have thus a set of intervals which must have the same cardinal number 
as the given set of points. Each interval of the set abuts on the next 
one, and thus the end-points together with their limiting points define an 
enumerable closed set. Hence the given set must be enumerable. 
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GENERAL DISCUSSION OF THE THEORY 

187. Cantor's definition of an aggregate, given in § 145, implies that 
the elements of an aggregate are logically prior to the aggregate itself. 
The definite and distinct objects are, by an act of synthesis, regarded as 
a single collection, or aggregate. Such an act of synthesis involves a 
postulation, which is subject to the law of contradiction. It appears to 
have been fully recognized by Cantor himself, in connection with a certain 
so-called “inconsistent” aggregate, to be discussed below, that this is the 
case. The postulations of the existence, as single objects, of the aggregate 
of integral numbers, and of that of real numbers, are instances of such 
an act of synthesis. A somewhat different view of the nature of an aggre¬ 
gate is however widely spread. In accordance with this view, the elements 
of an aggregate consist of all objects that satisfy some prescribed condition 
or conditions; and thus the aggregate consists of a certain class of objects; 
and there.has been a tendency to identify the conception of aggregate 
with that of “class,” employed in Formal Logic. The aggregate itself is, 
from this point of view, logically prior to the elements it contains; in 
fact, in any given case, it may be doubtful whether any such elements 
exist; or it may even be knovm that no element exists, in which case the 
aggregate, or class, is called a null-aggregate, or null-class. Thus the 
relation of the aggregate to its elements is inverse to that which is in 
accordance with Cantor's synthetic definition. The following form of 
definition expresses this view of the nature of an aggregate; 

All objects which are such as to satisfy a prescribed norm are said to 
belo7ig to an aggregate defined by that norm. The norm consists of a set of 
specified conditions, or of a set of alternative specified conditions; and this 
norm must be sufficient to render it logically determinate, as regards any 
particular object whatever, whether that object belongs to the aggregate or not. 

In the case of a finite aggregate the norm may take the form of indi¬ 
vidual specification of the objects which form the aggregate, but such 
exhaustive individual specification of the elements of a non-finite aggregate 
is not possible. The condition that it must be logically determinate whether 
a particular object is an element of a particular aggregate, or not, covers 
cases in which effective determination is not possible, either because such 
determination is impracticable, on account of the length of the process 
which would be requisite actually to make the decision, or because we are 
not in possession of the requisite means for making the decision. For 
example, the determination of the millionth digit in the value of the 
number tt is merely impracticable, although it can be carried out by a 
finite process. Again, the question whether a particular number, such as 
Mascheroni’s constant, belongs to the aggregate of transcendental numbers, 
has a logically determinate answer, although we may not be in possession 



251 


387 , 188 ] General Discussion of the Theory 

of a method by which that answer can be obtained. The definition admits 
the logical determination as sufficient when effective determination is 
impossible or difficult. There may even be cases in which the effective 
determination of the question whether a defined aggregate is a null- 
S'ggregate, or not, is impossible, by the employment of existing means, or 
is so difficult as to be impracticable. 

It is clear that the elements of an aggregate, being subject to a common 
norm, must have a certain community of nature, their class mark, whicli 
constitutes the ground of the aggregation 

188. The discussion of the theory of aggregates which has taken place 
amongst mathematicians, since the publication of Cantor’s theories, has 
led to the examination of certain aggregates which aiipear to satisfy, 
prima facie, the definition of an aggregate, and yet wiiich are such tiiat 
their existence, at all events if they are regarded as possessing cardinal 
numbers or order-types, involves certain contradictions. In this manner, 
what are known as the antinomies of the tlieory of aggregates have arisen. 
Both Cantor’s definition of an aggregate, and the definition, given above, 
of an aggregate as a class, lead to antinomies of this kind, the most im¬ 
portant of which will be discussed below. It was, however, recognized 
by Cantor'*’* that the collection of elements into an aggregate is only valid 
provided a conception free from contradiction is the result of such syn¬ 
thesis. Suggestions have been made in various quarters, in the direction 
of limiting the concepts of the theory by means of postulates, in such a 
manner that the antinomous aggregates w*ill not arise. At the present 
time however, no such generally accepted scheme of postulations and 
axioms is in existence. The final goal of such investigations would be 
attained if we were in possession of a definition of an aggregate, of such a 
character that it could be shewn a priori to be free from contradiction, 
without waiting for the discovery of antinomies. Such a definition should 
also be sufficiently wide; so that all aggregates, which are fitted for em¬ 
ployment in a mathematical theory, would fall under it. 

On systems of axioms which are suited for the building up of a theory 
of aggregates of such a character that no contradictions will arise, the 
writings of Hilbertt, ZermeloJ, Russell §, Schoenflies||, and Huntington*! 
may be consulted. Developments of the theory which go beyond those 

* See Jourclain, Phil Mag. (6), vol. vn (1904:), p. 67. 

t VerhaniL. d. Math. Kongress z Heidelberg (1904), p. 174; Jakresber. d. Malh. Vereinigung, 
vol. VIII, 1 (1900), p. 180; Math. Annalen, vol xcv (1926). p. 161. See also Mollemp, Math. 
Annalen, vol lxiv (1907), p 231. 

t Math. Anruilen, vol. lxv (1908), p. 261; Acta Math vol. xxxii (1909), p. 186. 

§ Proc Land. Math Soc (2), vol. iv (1906), p. 29. 

(I Math. AnnaUn, vol. t.vvtt (1912), p. 551, vol. Lxxxra (1921), p. 173, and vol. lxxxv (1922), 
p. 60. 

^ Ann. of Math. (2), vol. vi (1904), p. 151, and (2), vol. vn (1905), p. 15. 
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of which an account is given in the present chapter will be found in the 
writings of HausdorfE^, Hessenbergf, Schoenfliesf, Bernstein §, Jourdain|| 
and Whitehead^. A treatise has been published by Konig**, in which the 
subject is treated from his own point of view. 

An interesting discussion of the objections which have been raised in 
various quarters against Cantor’s theory of aggregates has been givenff 
b}^ Fraenkel, who has also developed in some detail the ‘‘axiomatic” 
treatment of the theory due to Zennelo, in which no direct definition of 
an aggregate, such as that of Cantor, is employed. 

189. It is not clear that an aggregate, defined as a class of objects, is 
necessarily capable of being ordered at all. For example, it is difficult to 
see that such an aggregate as that of “aU propositions” could con¬ 
ceivably be ordered; where it is assumed that the meaning of the word 
“proposition” is taken as so definite, that this aggregate has a norm in 
accordance with the definition above. Again, to take an example among 
aggregates of the kind usually considered in Mathematical theory, we may 
consider the aggregate obtained by distributing the aggregate of real 
numbers upon itself. This aggregate which has the cardinal number / = c'’, 
is equivalent to the aggregate of all the functions of a real variable; it is 
difficult, if not impossible, to see how order could be effectively imposed 
upon this aggregate. If then, a transfiaiite aggregate is to be given as an 
ordered aggregate, or is to have an order imposed upon it, or rather dis¬ 
covered in it, it would appear to be necessary that the norm, which 
constitutes the definition of the aggregate, should be of such a character, 
that a principle of order is contained therein, or can at all events be 
adjoined thereto; so that, when any two particular elements are con¬ 
sidered, the conditions which they satisfy in virtue of their belonging to 
the aggregate, when individualized for the particular elements, may be 
sufficient also to allow of relative rank being assigned to those elements, 
in accordance with a principle of order. This is in fact the case in such 

* GniTidzuge, d&r MengenUhre, Leipzig, 1914; also Math. AnnaUn, vol. Lxv (1908), p. 435, and 
vol Lxxv (1914), p. 428; Leipz. Ber vol. Lin (1901), p 460; vol. Lvm (1906), p. 106, and vol. les 
(1907), p. 84; Jahresber. d. Math. Vereirngung, vol. xm (1904), p. 570. 

t Grundbegriffe der MengenUhre, Gottingen, 1906. 

X Math. AnnaZen, vol. Lvnr (1904), p. 195; vol. lix (1904), p. 129; vol. lx (1905), p. 181, and 
p. 431. 

§ Math. Ammlm, vol. lxi (1905), p. 117. 

II P^iZ.3/agr.(6),vol.ix(1905),p.42;(6),vol vi (1903), p. 323, and vol. vii(1904), pp 61and294. 

Am&r. J. of Math. vol. xxiv (1902), p. 367, and Archiv d. Math. u. Physik (3), vol. x (1906), 
p. 254; ako Quarterly Journal, vol. vmrnc (1908), p. 375. 

*• Neue Orundlagen der Logih, Arithmetik und MengeiJehrz, Leipzig (1914), also Math. Anyuden, 
vol. LX (1905), p. 177, and p. 462. Also Gompies Eendue, voL cxim (1906), p. 110, and Verhand d. 
Math. Kongresa z. Heidelberg (1904), p. 144. 

tt See his work, Einleitung in die Mengenlehre, 2nd ed., Berlin (1923). See also Chwistek, 
Math. Zeitachr. vol. xxv (1926), p. 439. 



188-190] General Discitssion of the Theory 253 

aggregates as those of the integral numbers, the rational numbers, or the 
real numbers. In the case, for example, of the positive rational numbers, 
the relative ranh of any two particular elements (^, ^), is assigned 

by the system of postulations, contained in § 12, which defines the aggre¬ 
gate. It ma,y, of course, also be possible in other cases, as in this one, to 
re-order the aggregate, in accordance with some other law, extrinsicaiiy 
imposed upon the aggregate; but the nature of the elements must be such 
that this is possible. 

We can now state that: 

In order that a transfinite aggregate, defined as in § 187, may be oajyable 
of being ordered, a principle of order must he explicitly or implicitly contained 
in the norm by which the aggregate is defined. 

The relative order of any two elements chosen from an oidered aggregate 
depends upon the individual characteristics of those elements, in accotdance 
with the principle of mder. 

In the definition of order-type given by Cantor (see § 157), according 
to which the order-t37pe of an aggregate is obtained by making abstraction 
of the particular nature of the elements of the aggregate, it is assumed 
that the aggregate is given as an ordered aggregate. Again, in his definition 
of cardinal number (see § 145), Cantor has assumed that the aggregate is 
given as an ordered one; the cardinal number there appears as the re^ult 
of a double abstraction, viz. of the particular nature of the elements, and 
of the order in which they are given. The question however arises, whether 
the definition of cardinal number should not be such as to be aho appKc- 
able in the case of aggregates which are not given as ordered aggregates. 
Cantor has himself, in fact, in his theory of exponentials involving traii>- 
finite cardinal numbers, contemplated certain aggregates as having cardinal 
numbers, whilst such aggregates were not given as ordered aggregates, 
and prima facie, at all events, are not capable of being ordered. 

190. Taking the case of an aggregate defined as an ordered aggregate, 
we now approach the consideration of the fimdamental question, whether, 
and under what conditions, if any, such an aggregate can be regarded as 
having a definite order-type, and a definite cardinal number. This is 
equivalent to asking whether, or when, meanings can be given to those 
terms, in accordance with general definitions, of such a character that 
they can be treated as permanent objects for thought, or as mathematical 
entities which may themselves be elements in aggregates. 

With reference to Cantor’s definition (see § 145), of the cardinal number 
of a transfinite aggregate, by abstraction, in accordance with which the 
cardinal number is represented by replacing each element by an abstract 
unity, it must be observed that such a substitution would replace the 
given aggregate by another one which had no longer any intelligible 
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relation with the norm by which the original aggregate is defined. The 
abstract unities would be indistinguishable from one another, and the new 
aggregate would be indistinguishable from any other non-finite aggregate 
of such imities. It would be impossible to decide, as regards any par¬ 
ticular abstract unity, whether it belonged to the aggregate or not; in 
fact, to make complete abstraction of the individual nature of the elements 
of an aggregate is to destroy the aggregate. A definition by abstraction 
could be justified only by the interpretation that abstraction is made of 
those characteristics only, in which the elements of the aggregate differ 
from the corresponding elements of all possible equivalent aggregates. 
Thus the existence of aggregates equivalent to the given aggregate would 
appear to be essential, if the latter is to be regarded as having a cardinal 
number to which any definite meaning can be attached. On the grounds 
stated, the definition of a cardinal number, as the characteristic of a class 
of equivalent aggregates, is to be preferred to the definition given by 
Cantor. Accordingly, an aggregate has a cardinal number, only when it 
is one of a plurality of equivalent aggregates, distinct from one another. 
In all cases the correspondence between equivalent aggregates must be 
definable by some norm. 

We are thus led to the following statement, containing a definition of 
cardinal number: 

The members of any particular class of equivalent aggregates have a quality 
in common in virtue of their equivalence. This quality is the cardinal number^ 
and may be regarded as characteristic of each aggregate of the particular class. 

A cardinal number has been defined* by B. Russell to be a class of 
equivalent aggregates. It may then be urged that such a class may contain 
only one member, and that this is sufficient for the existence of the cardinal 
number of that member. In fact, Russell inferst the existence of the 
number 7i 1 from that of the numbers 0, 1, 2, 3, ... 7i. Russell objectsJ 
to the conception of a number as the common characteristic of a family 
of equivalent aggregates, on the ground that there is no reason to think 
that such a single entity exists, with which the aggregates have a special 
relation; but that there may be many such entities, and that there are in 
fact an infinite number of them. The mind does, however, in point of fact, 
in the case of finite aggregates at least, recognize the existence of such a 
single entity, viz. the number, or degree of plurality, of the aggregate; 
and this creation, by abstraction, is a valid process, subject to the law of 
contradiction. 

191. In Cantor’s definition of the order-type of a simply ordered trans- 
finite aggregate (see § 157), abstraction is made of the nature of the 
elements, their order in the aggregate being alone retained. The order- 

* Princi^ of MathenuOics, voL i (1903). pp. 111-116. f p. 497. J Ibid. p. 114. 
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type is then regarded* as represented by an aggregate of abstract unities, 
in the order of the elements of the given aggregate. In any ordered 
aggregate, it is however the individual characteristics of any two elements 
which determine their relative order in the aggregate, in accordance with 
some principle of order, valid for the whole aggregate. If complete ab¬ 
straction be made of the characteristics of the various elements, order has 
then disappeared from the aggregate. It must be supposed that, in 
Cantor’s representation of the order-type, there are attached to the abstract 
unities marks of some kind, which may in particular cases be marks 
indicating position in space or time, by which the order of the various 
abstract unities is denoted, the given aggregate is then really replaced by 
an aggregate of these marks, and the abstract unihes are superfluous. 
These marks, by which order is determined, must also have been associated 
with the elements of the original aggregate. It thus appear.^ that, in a 
definition by abstraction, it can be only those characteristics (if anv) of 
the various elements which are irrelevant in determining the order, cjf 
which abstraction is made. thus the aggregate is really replaced by a similar 
one. On these grounds, that definition of an order-type is to be preferred, 
in which the order-type is defined as the characteristic, or class-name, of a 
class of similar aggregates. Accordmgly, in order that a given aggregate 
may have an order-type, to which a definite meaning can be attached, it 
is necessary that the aggregate be one of a plurality of similar aggregates. 

We may accordingly state that 

The members of any particular class of similar aggregates have a qualify 
in common, in virtue of their relation of similarity. This quality of mutual 
similarity possessed by the aggregates is their order-type, and ynay be repre¬ 
sented by a name or symbol, regarded as characteristic of each aggregate of 
the particular class. 

The considerations above adduced may be applied in the case of an 
aggregate which is a segment of the h 3 ^othetical aggregate of all ordinal 
numbers. In this case it is impossible to make abstraction of the nature 
of the individual elements of the aggregate, without destroying the order, 
because the elements are themselves nothing more than marks indicating 
order. 

192. The question has frequently been discussed whether the con¬ 
ception of an ordinal number is necessarily prior to that of a cardinal 
number. The view is held that the very earliest conception of a number 
was developed as the result of immediate intuition of the degree of plurality 
in a very small group of objects, for example of a pair, or of a triplet, or 
of the unity in a single object, without recourse to the process of counting. 
In this manner the conception of the first few integral numbers may have 

* See Math Annalen, voL 3XVi (1895), p. 497. 
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arisen, and the conception would be that of cardinal number; the objects 
in a group not being regarded as in any particular order. This mode of 
apprehension of the number of objects in a group must certainly have 
been extremely limited in its scope, and the conception of numbers, after 
the first few, must have arisen, as explained in § 1, in connection with the 
process of counting, in which the objects are taken in some definite order; 
thus leading in the first instance to the ordinal number of the group. It 
appears certain, then, that the actual order of development of Arithmetic, 
except for the case of the first few numbers, must have been one in which 
the ordinal number has a certain priority to the cardinal number. 

In the systematic development of the theory of numbers, finite and 
transfinite, the notion of an ordered aggregate has certainly been funda¬ 
mental, and not derivative. A reversal of the historical procedure, in which 
ordered aggregates, having definite ordinal numbers or order-types, were 
first considered, and afterwards the notion of the cardinal number has 
arisen, would lead to probably insuperable difficulties. It is no doubt 
possible to define the cardinal number of a transfinite aggregate, as has 
in fact been done above, in such a way that the notion of order docs not 
explicitly appear, but the question of the comparability of cardinal numbers 
so defined at once arises, and the consideration of ordered aggregates would 
appear to be indispensable for the development of any systematic aiith- 
metic of cardinal numbers. Cantor’s Aleph-numbers, as forming an ordered 
family of cardinal numbers, are essentially dependent upon the theory of 
the order-types of normally ordered aggregates. It is difficult to see, for 
example, how it could be known, in respect of a particular aggregate, that 
it has the cardinal number unless a correspondence of the elements of 
the aggregate with the ordered set of finite numbers could be shewn to 
exist. It may be asserted that, since any non-finite part of an enumerable 
aggregate is itself enumerable, there may exist a part of the integer se¬ 
quence 1, 2, 3, ... “Ji, ... which cannot be defined by means of a finite set 
of rules, and yet that such an aggregate must have the cardinal number 
Xq . A distinction is accordingly drawn, by some writers*, between those 
enumerable aggregates for which a correspondence with the integer se¬ 
quence 1, 2, 3, ... can be effectively defined, and those for which this is 
not the case. It can, however, be shewn that there exists no part of the 
integer sequence {9^} which is inherently incapable of finite definition. It 
has been shewn, in § 63, in the case of the numbers of the continuum, that 
those numbers, in any interval, that are capable of finite definition, form 
^ ^-ggregate which has all the properties of the continuum itself^ and in 
view of the theory of the order-t 3 rpe of the continuum given in § 163, 
that aggregate is identical wdth the continuum. 


* See, for example, Borel, Annciles ac. de r&ole normoZe, (3), vol. xxv (1908), p. 447. 
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Any non-finite part of the integer sequence {n} can, however, be made 
to correspond with a particular number of the continuum in the interval 
(0, 1); we take such a number expressed as a radix fraction in the binary 
scale, defined by the rule that the mth digit is 0 or 1, according as the 
integer m occurs, or does not occur, in the part of the integer sequence 
which is under consideration. Since there is a (1, 1) correspondence be¬ 
tween the parts of the integer sequence and the numbers of the continuum 
wdthin the interval (0, 1), it follows that, since, as has been shewn in § 63, 
no number of the continuum is inherently incapable of finite definition, 
the same is true of the parts of the integer sequence. It thus appears that 
no enumerable aggregate is inherently incapable of being placed into 
correspondence with the numbers of the integer seciuence, by a finite set 
of rules, although a particular fixed apparatus of definition may be in¬ 
sufficient for this purpose. 

193. We proceed to consider those aggregates tvhich consist of ordinpd 
numbers in their order of generation. 

There are two distinct methods of establishing the existence of a 
of mathematical entities. 

(1) . Their existence, as definite objects for thought, may be shewn to 
follow as a logical consequence of the existence of other entities already 
recognized as existent, or of principles already recognized as valid; so that: 
the existence of the new entities in question cannot be denied without 
coming into contradiction with truths already known, or at all events with 
postulations already made. This method may be termed the genetic method. 

(2) . The existence of the entities may be directly postulated; and their 
mutual relations, and their relations with other entities already assumed 
to exist, may be defined by means of a complete sj^stem of definitions and 
postulations. Accordingly, the objects in question are a relatively free 
creation of our mental activity. The validity of the scheme thus set up 
is established when it is shewn to be free from internal contradiction. Its 
utility is to be judged by its applicability to the general purposes of the 
science, and by the light it may throw upon the fundamental principles 
of that science, in virtue of the scheme containing a generalization of whar 
was previously known. This method may be termed the method of postu- 
lation. It may, however, be urged that the failure to discover contradic¬ 
tions within a scheme of postulations is no proof that such contradictions 
do not exist, and that such proof can only be supplied by the exhibition 
of a system of entities already assumed to exist, such that the relations 
between them are in accordance with those postulated in the scheme in 
question. 

Both these methods have been employed by Cantor in his theory of 
transfinite numbers and order-types. In his earlier treatment of the subject. 
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he employed the second of the above methods. The existence of the new 
number oj, and of the limiting numbers of the second class, was postulated, 
in accordance TOth the second principle of generation. Freedom from 
contradiction, and utility in connection with the theory of sets of points, 
wliich suggested the postulations, vrere relied upon as the grounds upon 
which the system of new numbers was to be justified. The first number Q, 
of the third class, w^as introduced by a new postulation. 

In his later and more abstract treatment of the subject, an account of 
wliich has been given in the present chapter, Cantor applied the genetic 
method. The existence of the number o is not directly postulated, but is 
taken to foUow from the existence of the aggregate {n}, of integral numbers; 
oj is defined to be the order-type of this aggregate, and it is assumed that 
such order-type is a definite object which can itself be an element of an 
aggregate. The successive ordinal numbers of the successive classes are 
obtained by assuming as a general principle, that an ordered aggregate 
necessarily possesses a definite order-type which can be regarded as itself 
an object, the ordinal number coming immediately after all those that 
are the elements of the aggregate of which it is the order-type. 

It will be seen later that the assumptions that an ordered aggregate 
necessarily possesses a definite order-type and that it also possesses a 
definite cardinal number, both of which can be regarded as objects, lead 
to the contradiction pointed out by Burali-Forti. It appears, therefore, 
that the class of entities, which is constituted by the ordinal numbers of 
aU classes, and the similar aggregate of Aleph-numbers, do not satisfy the 
condition of being subject to a scheme of relations which is free from con¬ 
tradiction. In fact, the principle, in accordance with which their existence 
is inferred, conflicts with the definition of the aggregates as containing 
respectively every ordinal number and every Aleph-number. It would 
then appear that the genetic process which led to the definition of the 
aggregates of all ordinal numbers, and of aU Aleph-numbers, cannot be a 
valid one without some restriction. Thus the principle that every ordered 
a-ggregate has a definite order-type, which may be regarded as a permanent 
object of thought, cannot be accepted as a universal principle to be used 
in a genetic mode of establishment of the existence of a class of entities. 
A denial of the validity of this principle does not however preclude the 
less ambitious procedure of postulating the existence of definite ordinal 
numbers of a limited number of classes, in accordance with Cantor’s earlier 
method. So long as the postulation of the existence of ordinal numbers 
does not go beyond some defibnite point no contradiction wdll arise, and 
the validity of the scheme, for purposes of representation, will suffice to 
justify the postulations which are made. An attempt to examine the 
structure of such a class of ordinal numbers, as that of the cuth class, with 
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cardinal number or that of the Dth class, with cardinal number 15a, 
^dll lead to the conviction that such conceptions are unlikely to prove 
capable of useful application in any branch of Analysis or of Geometry. 


THE PARADOXES OF BTJRALI-FORTI A^S^D RUSSELL 


194. In accordance with Cantor’s general theory of ordinal numbers, 
and of Aleph-numbers, there exist two aggregates 


1, 2, 3, ... n, ... oj, 60 + 1,... Q, + 1, ... j0, 

^03 ... Hq, Hqj-i, ... 


the first, the aggregate of aU ordinal numbers, which may be denoted 
by W ; and the second, that of all ^ cardinal numbers. These aggregates 
are similar to one another, and they contain, respectiv'ely, every ordinal 
number, and every cardinal number which belongs to a normally ordered 
aggregate. 

The aggregate W is normally ordered. Por, if be any part of W, 
such that W contains one or more elements of higher order than all the 
elements of it foUows that IPj is a part of some segment of V/ that 
also contains one or more such elements. Since such segment is normally 
ordered, there exists one element of that segment, and therefore of W, 
which immediately follows the part-aggregate IFi. It is thus seen that, 
since the conditions of § 165 are satisfied, W is norinallj^ ortLered. In 
accordance with the principle which is fundamental in the whole theory, 
that every normally ordered aggregate has a definite order-type, which is 
its ordinal number, and has also a definite cardinal number, the aggregate 
W has an ordinal number y, and a cardinal number Ky. The ordinal 
number y must itself occur in the aggregate IF, and must therefore be 
the greatest ordinal number, i.e. the last element of IF. There can. how¬ 
ever, be no last ordinal number; for, on the assumption of the existence 
of y, an aggregate, of ordinal number y -I- 1, can be formed, by adding 
to IF a new element e, of higher rank than all the elements of IF. Therefore 
a contradiction has been arrived at. 


This contradiction in the conception of the aggregate Tl", of all order- 
types of normally ordered aggregates, was pointed out by Burah-Porti*, 
but as is stated by Jourdainf, it was discovered by Cantor in 1895, and 
communicated by him to Hilbert in 1896, and to Hedekind in 1899. The 
contradiction has been discussed by various writers, and the conclusions 
they draw from its existence are not in full agreement vdth one another. 
Burali-Porti inferred from it that ordinal numbers are not comparable 
with one another, but this is refuted by Cantor’s theorem in § 168. Jourdain 
shews that PF is normally ordered, but concludes that it possesses neither 

* JRend. dd circoilo mcU. di Palermo, vol. xi (1897), p. 184. 
t PhtL Mag, ( 6 ), voL vn (1904), pp. 67, 70. 
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order-type nor cardinal number. He describes W as an “inconsistent’’ 
aggregate, a term which had been previously employed by Cantor in the 
same connection. It would thus appear that there are aggregates which 
have no order-type, and no cardinal number, and that the above aggre¬ 
gates belong to such class. Such aggregates are called inconsistent aggre¬ 
gates, in virtue of the fact that the act of synthesis, by which they are 
formed, cannot be carried out without leading to a conception which contains 
an element of contradiction. 

It was pointed out by Schoenflies* and by Bernsteint, that the hypo¬ 
thetical aggregate W lacks one property that belongs to all its segments, 
and to all normally ordered aggregates, viz. that a new normally ordered 
aggregate can be formed by the addition of a new element, of higher rank 
than all those of the original aggregate. In fact the first principle of 
generation of the successive ordinal numbers in Cantor’s scheme is that 
to each ordinal number there follows a next one, and it is clearly impossible 
that the aggregate of all ordinal numbers can have an ordinal number that 
is subject to this principle. It thus appears that W can have no ordinal 
number, or order-type. This being so, the question, whether W can be 
properly said to be an aggregate, or not, depends on the precise meaning 
assigned to the term aggregate. It would appear desirable that such a 
limitation should be given to the definition of the term that such hypo¬ 
thetical aggregates as W would not fall under the definition. All ordinal 
numbers form a class, and thus doubt is thrown upon the advisability of 
making the term aggregate synonymous with that of the “class” of Logic. 
Moreover, it would appear desirable that the definition of an aggregate 
should be so restricted that every aggregate has a cardinal number and, 
if normally ordered, an order-type. It has been pointed out J by MiiTmanofi 
that the antinomy of Burah-Forti would arise, even if the existence of all 
the ordinal numbers in the scheme of Cantor be not admitted. Instead 
of the hypothetical aggregate of all existing ordinal numbers could be 
contemplated, and the same reasoning would shew that it would be con¬ 
tradictory to ascribe an ordinal number, or order-type, to this aggregate. 
Let us assume, for example, that the finite ordinal numbers were the only 
ordinal numbers whose existence was admitted; it would then be contra¬ 
dictory to regard the totality of all these ordinal numbers as having an 
ordinal number, or order-type; in fact this totality would be an “incon¬ 
sistent” aggregate, in the sense employed by Cantor and Jourdain. 

The mode of generalizing the ordinal numbers in Cantor’s scheme re¬ 
quires a fresh postulation of existence, in the case of the lowest numbers 
of each of the successive classes. Although the contradiction of BuraH- 
Forti cannot be invoked to shew that such a postulation leads to contra- 

* Bericht, 2ter TheU, p. 27. f Bernstein, Math. Annalen, vol. lx (1905), p. 187. 

} See Uenseignemeant mat., Jan. to March, 1917. 
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diction, as long as we refrain from considering such an aggregate as that 
of all ordinal numbers, or of all existing ordinal numbers, it cannot be 
directly shewn that at no stage of the successive postulations does some 
contradiction arise. It would appear then that the validity of the whole 
scheme, being subject to the possibility of the discovery of contradictions 
at some stage or other, the existence of the numbers in Cantor’s scheme 
must be regarded, from the point of view of the Mathematician, only as a 
working hypothesis. The utility of such hj^othesis must be judged by its 
consequences and its applications in Analysis. 

195. The antinomy* of Russell depends upon the consideration that 
two species of aggregates msbj be contemplated. An aggregate M, of the 
first species, does not contain M itself as an element, but an aggregate 

of the second species does contain M itself, as an element. An example 
of an aggregate of the second species is the aggregate of all aggregates. 
It is clear that an aggregate of the second species contains an element 
which is itself an aggregate of the second species It follows that an 
aggregate, aU of whose elements are aggregates of the first species, is itself 
of the first species. The aggregate which contains, as elements, all aggre¬ 
gates of the first species is a notion essentially affected vuth contradiction. 
For it must be itself of the first species, since all its elements are of that 
species; on the other hand, it must be of the second species, since it must 
contain itself as element. for the aggregate itself is one of the aggregates 
of the first species. 

It thus appears that the aggregate of all aggregates of the first species 
cannot exist as a notion free from contradiction. 

This contradiction may be considered in relation both to Cantor’s 
definition of an aggregate, and to the definition of an aggregate as a class. 
In accordance with Cantor’s definition, the elements of an aggregate, being 
logically prior to the aggregate, must be definable in a manner which does 
not make use of the aggregate itself in the definitions: and thus it would 
appear that no aggregate which contained itself as an element would fall 
under Cantor’s definition of an aggregate. On the other hand, the defini¬ 
tion of an aggregate as a class would not prima facie preclude the contem¬ 
plation of such a conception as the class of all classes. 

It is clear that the proper definition of an aggregate should be such 
as to exclude all hypothetical aggregates which contain elements that 
cannot be defined without employing the aggregate itself; in the language 
of Poincare, non-predicative definitions should be excluded. 

196. With a view to the elucidation and generalization of the anti¬ 
nomies of Burali-Porti and Russell, a classification of aggregates has been 


See Princyplea of McUhemaiica, vol. i (1903), chap. x. 
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given* by Mirimanoff, according to the modes in which their elements are 
composed of other elements. The elements m, of an aggregate M, may be 
simple elements which are not decomposable into other elements. On the 
other hand, an element m may itself be an aggregate composed of elements e; 
thus m = {e}. Again, the elements e, of which m is composed, may them¬ 
selves be aggregates composed of other elements e'; thus e = {e'}. 

It is clear that this process of decomposition of the elements of an 
aggregate into aggregates of other elements, and of these elements into 
aggregates of other aggregates, may proceed until only simple elements, 
no longer decomposable, are obtained; or on the other hand the process 
may go on indefinitely. 

An aggregate is said, by hCrimanofi, to be an ordiTiary aggregate, when 
each element m is such that, after a finite number of decompositions, 
simple undecomposable elements are obtained. An aggregate which does 
not possess this property is said to be an extraordinary aggregate. 

Two aggregates are said to be isomorphic when (1), they are equivalent, 
ie. when there is a (1, 1) correspondence between their elements, and 
(2), when, m, m* being two corresponding elements, which are decom¬ 
posable, there is also equivalence between the two aggregates of which 
they consist, and when such equivalence also holds in ca^ further de¬ 
composition can take place, and so on, so long as any continued decom¬ 
position of elements can be made. 

An aggregate is said to be of the first species if it is not isomorphic 
with any of its elements, and it is said to be of the second species if it is 
isomorphic vdth one at least of its elements. The hypothetical aggregate, 
which consists of all aggregates of the first species, or also that of all 
ordinary aggregates, involves the same contradiction as in the case of 
Russell’s antinomy. 

An aggregate of the second species is an extraordinary aggregate, but 
an aggregate of the first species may also be extraordinary. 

THE ]VITJLTIPLIGATIVE AXIOM 

197. An axiom, known variously as the “multiplicative axiom,” the 
“principle of Zermelo,” and the “'general principle of selection,” which 
can be expressed in several equivalent forms, was first stated explicitly 
in connection with a proof given by Zermelof, in 1904, that every aggre¬ 
gate can be ordered in normal order; although it had been implied in the 
reasoning of various writers in connection with special theorems in the 
theory of sets of points, and in the theory of functions. The axiom has 
been stated^ by Zermelo in the foUowing form: 

* Venseignement mat , Jan. to March, 1917, p. 42. 

t Math. AnncHen, voL ux (1904), p. 514. + Math. Annalen, vol. Lxv (1908), p. 110. 
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An aggregate S, which falls into an aggregate of separate parts A,B,C . 

each of which contains at least one dement, possesses at least one part S, lohick 
has in common with each of the parts A,B,G, exactly one element. 

In accordance with the definition, given in § 149 , of the product of a 
finite, or infinite, set of aggregates, as an aggregate of which each element 
consists of an association of elements, one from each of the aggregates of 
the given set, the above principle is equivalent to the assertion that the 
product of the aggregates of the given set contains at least one element; 
and thus the principle may be termed the “multiplicative axiom,” in that 
it asserts the existence of the product. 

The principle can bo stated in the less objective form that a choice 
can be made of a single element, from each one of a set {J/} of aggregates 
M ; an aggregate thus being formed by an infinite number of such acts of 
choice. When viewed in this manner the principle is spoken of as the 
“general principle of selection” (das Prinzip der Auswahl). 

In the discussions to which this principle, or axiom, has given rise, 
much divergence of opinion on the part of mathematicians has emerged. 
Borel, who pointed out that Zermelo’s proof that an aggregate can be 
normally ordered simply establishes that this theorem is equivalent to the 
principle of selection, distinguished* between an enumerable and an un- 
enumerable set of acts of choice, and rejected, as outside the domain of 
Mathematics, all reasoning founded upon the supposition of an unenumer- 
able set of acts of choice. The impossibility of proving the principie 
expressly stated by Zermelo, and emphasized by Borel, and by Peanc^. 
Poincare, in the course of his discussionj of the “Logistic” of Peano and 
Russell, expressed the view that the principle, although incapable of proof, 
is an indispensable axiom. 

198 . By some Mathematicians, the employment of an infinite set of 
acts of choice, even if that set be enumerable, is rejected as outside the 
domain of Mathematics, on the ground that the hypothetical entity, the 
existence of which is asserted in such a case by the principle, is not properly 
defined. 

In the course of a discussion § by Hadamard, Borel, Baire, and Lebesgue, 
the distinction was taken into account between independent acts of choice 
and such as are dependent upon acts of choice that have been previously 
made. 

In those special cases in which the aggregates are of such a nature that 
it is'possible effectively to define an aggregate which consists of one element 

* See Math. Annalen, vol. lx (1905), p. 195. t -Bww/a d% Mat. voL vm, No. 5, p. 145. 

t See the Reoue de Mitaphysi^e et de Morale, vols. xm (1905), p. 816 and xrv (1906), p. 866. 

§ “Gin(i lettres sur la throne des ensembles,” BuR. de U soc. math, de France, vol. xxxm 
(1905), p, 261. 
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belonging to each of the given aggregates, the principle is not required as 
an axiom, but such special cases may be regarded as instances in which 
the truth of the principle is verified. In a case in which we are unable to 
give such effective definition, the principle amounts to an assertion of the 
existence of the aggregate in question, apart from any (Question of effective 
definition, and at least asserts that we arc warranted to Tiiake the same 
deductions as if we were in possession of such effective definition. In this 
connection it ma^y be pointed out that there is a certain relativity in the 
notion of effective definition, as has already been shown (§ 63) in the case 
of the definition of numbers of the arithmetic continuum; in fact, the 
possibility of effective definition of an object is relative to an apparatus 
of definition which cannot be considered as once for all, and finally, fixed. 

Even it the number of aggregates from which the selection is to be 
made be finite, there remains a question as to the scope of the axiom. It 
is sufficient to consider whether, and in what sense, it is always possible 
to select a single element from a single given aggregate. Whether this can 
be done effectively will depend upon the mode in which the aggregate is 
defined. For the possibility of such choice, it must in the first place be 
known that the aggregate is not a null-aggregcxte, i.e. that it contains at 
least one element. The assumption of this knowledge being made, the 
effective determination of an element may be impracticable, or difficult; 
but this ^vill not affect its logical possibility. It appears, however, that 
there are cases in which even the logical possibility of determination 
caimot be demonstrated; and in such cases recourse must be had to the 
axiom of existence, if an element of the aggregate in question is required 
for the purpose of any process of reasoning in which such element is em¬ 
ployed. 

Some of the objections raised to the axiom amount to the assertion 
that the axiom is meaningless, if it is interpreted as asserting the existence 
of an aggregate of which the elements cannot, even in theory, be effectively 
defined. The difference of opinion upon the point, as to whether, or not, 
an aggregate can be said to exist, when none of its elements can be effec¬ 
tively defined, would appear to reveal a fundamental difference of view 
on a matter of Ontology, which cannot be resolved within the domain of 
Mathematics, as it involves an irreconcilable divergence of attitude in 
general Philosophy. It was pointed out by Hadamard (loc. cit.) that the 
real question at issue is whether it is possible to demonstrate the existence 
of mathematical entities which cannot be precisely defined; a question 
which Hadamard himself answers in the affirmative, though with this 
answer the other writers do not appear to be in agreement. By some 
mathematicians, the principle is accepted in a pragmatic sense, as a useful 
instrument of Mathematical research, and as a guide which suggests results 
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that may be verifiable by other means, although the principle cannot be 
regarded as standing upon an absolutely firm basis. 

The case for the acceptance of the axiom rests partly upon the fact 
that the postulation of its validity had been implicitly made, as self- 
evident, by many writers, in various investigations in the theory of sets 
of points, and in the theory of functions, before it was stated explicitly; 
and that it has since not only proved fruitful in many further developments 
of those theories, but that results obtained by its use have been verified 
in many important cases. A detailed analysis has been given* by Sierpiiihki 
of general results in the theories of sets of points, and of functions, which 
cannot be established without the aid of the axiom, and of other cases in 
which the employment of the axiom is not necessary. The method of 
G. H. Hardy (§ 1S6), for the construction of a set of pomts of cardinal 
number is a case in which the principle of selection is required, since 
there exists an indefinite number of sequences of the ordinal numbers, 
preceding a limiting ordinal number y, of each of which y is the limiting 
number. It is not possible to give a norm by which these sequences can 
be determined. 


199. A limiting point P, of a set of points (?, has, in § 52, been defined 
as a point such that in every neighbourhood of P there are points of G. 
It has been pointed out by SierpinsM that, in the general case, the inference, 
from this definition, that there exists a sequence Pj, Pg, ... P^, ... of points 
of 6r, which converges to P as sole limiting point, so that the distance PP„ 
converges to zero, as n is indefinitely increased, cannot be made without 
having recourse to that case of Zermelo’s axiom in which the selections 
are made from an enumerable sequence of sets of points. 

For simplicity, let us consider the case in which ff is a linear set: this 
differs in no essential respect from the case in which G is a set in p dimen¬ 
sions, where ^ > 1. Let us suppose that the point rr = 0 is a limiting point 
of Q, in accordance with the definition of § 52. Let G^ be that part of G 

which consists of points x that satisfy the conditions ^ j - ^ [ a; | < -. 


Thus is in the two half-closed intervals ^ n q-1) ‘ 

Consider now the sequence of sets (?i, (? 2 j which the sum is 

the relevant part of G. The axiom of Zermelo asserts the existence of a 
set of points P,., Pr+u ... Pnj ; such that P„ belongs to for all the 
values r, r -h 1,... of 7 ^. Unless it is possible to define by a norm such a 
set of points, its existence can only be assumed in virtue of the axiom. 
This set of points is a sequence such as is required, which converges to 
the point a; = 0. 


* BvJL de Vacad. dea sciences de Gracovie, April—May, 1918. 
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There is one important case in which Zermelo’s axiom is not required, 
viz. when O contains a ktlo^vn enumerable set J?, for example the set of 
rational points, that is everywhere dense in O. The point P„ may then 
be defined as that point of H, of lowest ranlc when H is arranged in enu¬ 
merable order of type cd, which belongs to . 

It has been shewn conversely by Sierpinski that the following theorem 
follows as a consequence of the assumption that, if P be a limiting point 
of a set Q, in accordance with the definition in § 52, there exists a sequence 
{P„}, of points of 6 r, which converges to P as its sole limiting point. 

If GijQ^, ... G^, ... be sets of points, no tioo of loldch have an element in 
common, there exists a sequence Pj, Pg, ... P„, ... of points, such that each 
one belongs to me of the sets of {G^ and that no two of them belong to the same 
set of {G J. 

By means, for example, of the transformation 

^ 2n (n + 1 ) | + -f l), 

the set Gn can be put into correspondence with a set » s,U the points f 

of which are interior to the interval ^ , V Let Q denote the set of 

n + 1/ 

points i, given as the smn of all the sets Qi^ Q 2 , Qn^ 5 then the point 
^ = 0 is a limiting point of the set Q. 

Now let it be assumed that there exists a sequence of points of Q, 
which converges to | = 0 as its sole limiting point. We may suppose that 
there is only one of these points in any one set for, if belongs to 
a set of {QJ to which any one of the points q^^q^^ ... qm-i belongs, we may 
remove q^ from the sequence of points. Let us suppose that q^ belongs 
to Qn\ then by applying the inverse transformation to that of x into 
we have a sequence of points Pi, Pg, ... P„, ... which belong to the sets 

Gi, G 2 5 • • • G-ji, ... 

respectively. 

200 . The question of the justification of the assumption that every 
infinite aggregate contains an enumerable aggregate as a part is related 
to the principle of selection. It was assumed by Cantor that it is always 
possible to pick out of a given aggregate, successively, elements that 
correspond to the numbers of the integer sequence. In a large class of 
cases this can be effected by means of a suitable norm, but in the general 
case an i nfinit e number of acts of choice, each of which is affected by the 
choices already made, are required. In case, however, a given aggregate M 
can be divided into an enumerable set of parts M-y, M^, ..., no two 
of which have an element in common, one element may be selected from 
each of these parts, in accordance with the principle of selection; and thus 
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th.6 existence of th.e en'ui]GLer8;lDle psirt of M follows as a consequence of tlie 
principle. In case M is an aggregate of points, in one or more dimensions, 
an enumerable set of non-overlapping cells, or intervals, may be defined, 
each of which contains a part of M ; and we may take the parts 

-^2 J , 

of M, to be those parts that are contauied in the cells, or intervals, of 
the set. 

3ITJLTIPLE CORRESPONDENCE 

201. A pyopos of a criticism^, by Levi, of Bernstein’s proof (see § 185), 
that the aggregate of all closed sets in the p-dimensional continuum has 
the power c of the continuum, Bernstein j has endeavoured to avoid the 
difficulty involved in the use of a correspondence whicJi cannot be efiec- 
tively defined, by introducing the conception of ‘‘multiple equivalence." 
Thus, if there are two aggregates M and N. for wliich an aggregate O = {6] 
of reversible (1, 1) correspondences ^ exists, in which no element is bpecial 
(ausgezeiclinet), then t^ two aggregates are said to be multiply equivalent. 
The cardinal number O = / is then termed the multiplicity of the corre¬ 
spondence. In case the multiplicity is unity, the aggregates are said to 
have a one-valued correspondence. The difficulty of this conception is 
the same as that in the multiplicative axiom itself, viz., that the aggregate 
O employed is such that no single element of it is capable of definition, and 
that the elements are consequently indistinguishable from one another. 

THE NORMAL ORDERING OF AN AGGREGATE 

202. It was regarded by Cantor as highly probable that every aggre¬ 
gate is capable of being normally ordered; and this is equivalent to the 
theorem that every transfinite cardinal number is an Aleph-number. If 
this principle could be accepted as valid, the particular theorem would 
follow, that the arithmetic continuum is capable of being normally ordered; 
and the only question which would remain open, as regards this aggregate, 
would be as to which particular Aleph-number is the cardinal number c 
of the continuum. 

No proof of the correctness of his surmise was published by Cantor 
himself, but a proof was given by JourdainJ, which depends upon an 
argument in which the “inconsistent” aggregate W (§ 194) was employed 
to shew that no cardinal number can be greater than every Aleph-number. 
Apart from the employment of the concept of the aggregate IT, which 
has been shewn to be affected with contradiction, this proof involved 
implicitly the principle of selection. 

* Lomh. lat. Rend. (2), 1902, p. 863. f Qottinger Nachrichten, 1904, p. 557. 

t Phil. Mag. (6), vol. vn (1904), p. 67; see also Math. Annalen, vol. LX (1905), p. 465. 
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A second, and more cogent, proof was given* by Zerinelo, in connection 
with which the axiom associated with his name was explicitly stated as 
necessary for the purpose of his proof. He has later publishedf a new 
form of the proof, together with a reply to criticisms of his earlier proof. 

It is assumed that, in each part M\ of a given aggregate M, one 
element m\ called the special (aiisgezeiclinetes) element of M\ can be 
chosen. The possibility of doing this for all the parts of M follows from 
the axiom. Each element M\ of {M'), corresponds to a special clement m' 
w’hich belongs to M ; and this particular mode of distributing the elements 
of M upon the elements of {M'} is called a ^"covering” y; the employment 
of a particular “covering” y is essential to the proof. A y-aggregate is 
then defined as follows:—^Let My be a normally ordered aggregate con¬ 
sisting of different elements of Af, such that, if a bo any arbitrarily chosen 
element of Myy and if A be the segment of My defined by a, which segment 
consists of all the elements of My that precede a, then a is always the 
special element ol M — A. Every such aggregate My is a y-aggregate. 
If every element of M which occurs in a y-aggregate be called a y-element 
of M, it is shewn that the aggregate Ly, of all y-elements, can be so ordered 
that it is itseK a y-aggregate, and contains aU the elements of the original 
aggregate M, It follows that M can be normally ordered. 

It will be observed that the theorem that any aggregate can be 
normally ordered does not assert the possibility of effectively carrying 
out, in the case of any given aggregate, the process of arranging the 
elements of the aggregate in normal order. The theorem must rather be 
regarded as an existence theorem, deduoible from certain postulates which 
include the multiplicative axiom. 

In the later form of his proof, Zermelo states the theorem in the 
following manner: 

If there corresponds to each part of the aggregate M, one element of 
that part, its special element, then the aggregate TJ (AT), which contains 
as its elements all parts of Af, has one and only one element M, such that 
there corresponds to each part P, of M, one and only one element Pp, 
of itf, such that Pp has P as a part, and an element of P as its special 
element. The aggregate M is normally ordered by means of Af. 

The existence of the aggregate U (Af) as a valid conception is assumed. 

THE COMPAEABmiTY OF AGGREGATES 

203. From the theorem that every aggregate can be normally ordered, 
it would follow that the cardinal number of any infinite aggregate must 
be an Aleph-number, or the equivalent theorem of the “comparability of 
8*ggregates,” that of any two aggregates one at least is equivalent to a 

* Math. AnnaUn, voL Eix (1904). p. 514. t Annalen, vol. isv (1908), p. 107. 
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pBiTt of tliG other. It has been proved* by Hartog, conversely, that if the 
comparability of every pair of aggregates be assumed, the theorem that 
any aggregate can be normally ordered can be deduced. This theorem is 
established on the basis of a system of axioms given’}' by Zermelo. 

It follows from Hartog’s result, combined with Zermelo’s theorem, 
that the three principles of selection, of comparability of two aggregates, 
and of the normal ordering of an aggregate, are completely equivalent to 
one another, in that any two of them can be deduced from the third. In 
case none of the three principles is assumed to be valid, Hartog’s investi¬ 
gation proves that there exists no aggregate whose cardinal number is 
greater than all the Aleph-numbers. The proof depends upon a classifica¬ 
tion of all the normally ordered aggregates of v hicli the elements are also 
elements of a given aggregate M ; the validity of the conception of the 
aggregate of all such normally ordered aggregates, correspondmg to a given 
aggregate M, being assumed. 

204. The discussion of the fundamentals of the theoiy of aggregate'-, 
given in the latter part of the present chapter, in winch the divergence of 
view amongst mathematicians, as regards some parts of the theory, has 
been indicated, makes it clear that, for some time to come, a critical 
attitude is likely to be maintained in some quarters as regards the theory 
of the transfinite, at least in some of its developments. The extreme 
sceptical attitude has been expressed by Poincare, in the words! "*I1 n‘y 
a pas d’infini actuel; les Cantoriens Pont oublie, et ils sont tombes ddii.-- 
la contradiction.” Even if the general theory of classes of order-types and 
of Aleph-numbers be regarded by many mathematicians as still in the 
region of speculation, nevertheless the debt which Mathematical Science 
owes to the genius of G. Cantor wiQ not be materially' diminished. The 
fundamental distinction between enumerable and unenumerable aggie- 
gates, the interpretation of the arithmetic doctrine of limits, the ordinal 
theory of the arithmetic continuum, and the conception of the ordinal 
numbers of the second class, with their application to the theorj' of .sets 
of points, remain as permanent acquisitions, independently of the accept¬ 
ance of the whole of the higher developments of the abstract theory of 
aggregates. This order of ideas has become indispensable, for purposes of 
exact formulation, in Analysis and in Geometry; it is constantly receiving 
new applications, owing to its admirable power of providing the language 
requisite for expressing results in the theory of functions with the highest 
degree oif rigour and generality. Cantor’s creations have rendered in¬ 
estimable] service in formulating the limitations to which many results in 

♦ Math. Annalm, vol. lxxvi (1915), p. 438. 

f Math. Annalmy vol. lxv (1908), p. 261. 

J Itevue de Mdtaph. et de Mornde, voL xiv (1906), p. 316. 
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Analysis, formerly supposed to be universally valid, are subject. The 
outlying parts of the theory, although they open up a most interesting 
field of investigation, from which much may be hoped for in the future, 
do not appear as yet to be comparable in importance, for the general 
purposes of Analysis, with those parts which are accepted as fully estab¬ 
lished by all except the most extreme finitists. The fact that the general 
theory of Aleph-numbers, as an abstract development of the theory of 
order, has received but few applications in the theory of functions, differ¬ 
entiates it from the theory of normally ordered enumerable aggregates, 
which has now become a most useful instrument of discovery in the theory 
of functions of one or more variables. AU aggregates of points of a con¬ 
tinuum, which are defined by the methods in ordinary use, have either 
the power of the aggregate of rational numbers, or else that of the arith¬ 
metic contmuum itself. The theories of these two kinds of aggregates, 
including as they do a complete arithmetic theory of hmits, would thus 
appear to afford a sufficient basis for all the ordinary parts of Analysis. 



CHAPTER V 

b'UNOTIOXS OF A REAL VARIABLE 

205. If we suppose that an aggregate of real numbers is defined,, the 
a^ggregate being either enumerable, or of the power of the continuum; 
such an aggregate is said to be the domain, or field, of a real variable. 
It is necessary for the purposes of Analysis to be able to make statements 
applicable to each and every real number of the aggregate, and which shall 
be valid for any particular number that may, at will, be selected. This is 
done by emplo 5 rLng the real variable, denoted by some symbol other than 
those used to denote real numbers, and the essential nature of the variable 
consists in its being identifiable with any particular number of its domain. 
The symbols used for denoting variables differ from those employed in 
the case of numbers in being non-systematic. Operations involving real 
variables ,,,, with, or without, particular numbers, are 

carried out in conformity with the same formal laws as hold in the arith¬ 
metic of real numbers. The result of any such operation is itself a variable 
with a domain of its own, which may, or may not, be identical with that 
of any of the constituent variables. 

The numbers being used to designate in the usual manner the point.^ 
of a set on a straight line, the variable may then be taken to refer to the 
points of the set. 

If the given set of points be bounded, in the sense explained in § 47, 
then the domain of the variable is said to be limited, or hounded. When 
the domain of the variable is not Kmited, it is said to be unltTnited, or 
unbounded, in one or in both directions. ' 

The variable is said to be continuous, in a given interval {a, b), w'hen 
all the points of the interval, including a and b, belong to the domain of 
the variable. If the points a, b do not belong to the domain, but every 
internal point of the interval does so belong, the variable is said to be 
continuous in the open interval {a, b), or within the interval {a, b). The 
corresponding definitions apply to the case of an aggregate of any number 
p of dimensions, which is regarded as the domain of ^ independent variables 
x^^\ ... x^^K In this case a closed, or an open, coimex domain of p 
dimensions takes the place of a closed, or an open, interval. A variable 
point ... of such a domain, is often conveniently repre¬ 

sented symbolically by a single variable x. 

The term “variable” has been commonly associated with the con¬ 
ception of a point moving in a straight line or in a curve. It has however 
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been pointed out in the course of the discussions of the continuum, con¬ 
tained in the earlier Chapters, that the continuum cannot legitimately be 
regarded as a synthetic construction formed by a set of points determined 
successively. Successive determination is applicable only in the case of 
any enumerable se(juence which may be defined within the continuum, 
and such a sequence may represent a succession of positions of a point 
moving in a straight line. It is however unnecessary to proceed to a 
detailed analysis of the conception of motion, because tiie Theory of 
Functions has no need of the conception of temporal succession. The 
theory makes continual use of simply infinite sequences determined in the 
continuum; and any such sequence may be regarded as a series of distinct 
determinations of the variable in which the elements arc in logical suc¬ 
cession, each element after the first being preceded and succeeded by 
definite elements. 


THE injHCTIOlsrAL RELATION 

206. If, to each point of the domain of the independent variable x, 
there be made to correspond in any manner a definite number, so that all 
such numbers form a new aggregate which can be regarded as the domain, 
or field, of a new variable y, this variable y is said to be a (single-valued) 
function of x. The variables x, y are called the independent and the de¬ 
pendent variable respectively; and the functional relation between these 
variables may be denoted symbolically by the equation y = f (x). In this 
definition no restriction is made a priori as regards the mode in which, 
corresponding to each value of x, the value of y is assigned; and the 
conception of the functional relation contains nothing more than the notion 
of determinate correspondence in its abstract form, free from any impli¬ 
cation as to the mode of specification of such correspondence. In any 
particular case, however, the special functional relation must be assigned 
by means of a set of prescribed rules or specifications, which may be of 
any kind that shall suffice for the determination of the value of y corre¬ 
sponding to each value of x. Such rules may, in any particular case, be 
embodied in a single arithmetic formula, from which the value of y 
corresponding to each value of a; is arithmetically determinable; or the 
rules may be expressed by a set of arithmetic formulae each one of whicn 
applies to a part of the domain of the independent variable. In case these 
formulae be reducible to a set of mutually independent formulae, that set 
must be a finite one. In case the function be defined by an enumerably 
infinite set of formulae, each appHcable to a part of the domain, these 
formulae cannot be mutually independent, but must be subject to some 
norm. 

It should be observed that when, for any particular value of x, the 
corresponding value of ^ is given by means of any arithmetic formula, the 
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numerical value of 2 / is in general only formally determinate; for only a 
finite number of elements of a convergent aggregate which defines the value 
of y can in general be actually found, and thus the value of y can be 
specified only to any required degree of approximation, but it is still 
regarded as perfectly determinate. 

The domain of x consisting of a set (P) of points, the values of y, in 
the case of a given functional relation y = f {x), maiy be represented hj 
points Q on linear interval; ail such points forming a linear set (Q). The 
set (Q) is said to be the functional image of the set (P), determined by 
the function / {x ); to each point of (P) there corresponds a single point 
of (0), if / (x) be a single-valued function; but to each point of (Q) there 
may correspond a finite, or an infinite, number of points of (P). 

If X be employed to denote a variable point P ... in a 

p-dimensional field, all that has been said will apply to the case of a 
function y, of p independent vaiiables. The linear set (Q) will be the 
functional image of the p-dimensional set (P). 

The perfectly general definition of a function which has been given 
above is the culmination of a process of evolution which has proceeded 
largely in connection with the study of the representation of functions by 
means of trigonometrical series. By the older mathematicians, a function 
was understood to mean a single formula, at first usually only a power of 
the variable; but afterwards it was regarded as defined by any one 
analytical expression, and was extended by Euler to include the case in 
which the function is given implicitly by a formal relation between the 
two variables. In connection with the problem of the determination of 
the forms of vibrating strings, which led to the discussion of functions 
represented by trigonometrical series, the conception arose of a single 
function defined in different intervals by means of different analytical ex¬ 
pressions. The arbitrary nature of a function given by a graph was dis¬ 
tinctly recognized by Courier; thus the notion of a function was emanci¬ 
pated from the restriction that an a priori representation of it is necessary 
by a single formula. 

The idea that a function can be defined complete^, in the case when 
the domain of the independent variable is a finite continuous interval, by 
means of a graph, arbitrarily drawn, leaves out of account the essentially 
unarithmetic nature of geometrical intuition. A cuiTve that is drawn is 
indistinguishable by the perception from a sufficiently great number of 
discrete points; and thus aU that is really given by an arbitrarily drawn 
graph consists of more or less arithmetically inexact values of the ordinates 
at those points of the a;-axis at which we are able to measure ordinates. 
In order that a curve may be really known, sufficiently to serve for the 
purpose of defining a function, a series of rules must be prescribed, bj” 
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means of which the values of the ordinates can be formally determined 
at all points of the ri;-axis. It is sometimes said, in order to illustrate the 
generality of the functional relation, that a function is definable in the 
form of a table which specifies values of y corresponding to values of x, 
this table being of a perfectly arbitrary character. The inadequacy of 
such illustration is manifest, if we consider that, even if the table were 
an endless one, as has been remarked in § 187, no aggregate of ^/-values 
can be defined by an endless set of numbers, apart from the production 
of a norm by which those numbers are defined. Moreover, even if the 
table were subject to a definite norm, it could only theoretically suffice to 
define a function of a variable 'whose domain consisted of an enumerable 
set of points, and 'would be totally inapplicable to the case in which the 
variable has a continuous domain, 'unless some special restrictive assump¬ 
tions as to the nature of the function be introduced, by means of which 
the values of the function are made determinate at the remaining points 
of the continuous domain. 

It thus appears that an adequate definition of a function for a con¬ 
tinuous interval (a, 6) must take the form first given to it by Dirichlet*, 
viz. that y is a shigle-valued function of the variable x, in the continuous 
interval (ai, 6), when a definite value of y corresponds to each value of x such 
that a,^xsb^ no matter in what form this correspondence is specified. 
A particular function is actually defined when y is arithmetically defined 
for each value of x. 

The theory relating to the properties of functions which retain their 
complete generality, in accordance ■with the abstract definition given 
above, has been, at present, but little elaborated, since comparatively few 
deductions of importance can be made from that definition which will be 
valid for all functions. When, however, the nature of a function is in some 
way restricted, either in the whole domain, or in the neighbourhoods of 
special points of that domain, there is room for the development of a 
detailed theory which shall deal ■with the peculiarities that follow from 
such restriction upon the complete generality of functions. 

207. The functions defined in accordance ■with the above definition 
are kno'wn as single-valued functions, since, to each value of x in the domain 
of X, there corresponds a single value of y. The definition may be so 
generalized as to be applicable to multiple-valued functions. This is done 
by replacing the requirement that, to each value of a; in the domain of £c, 
there shall correspond a single value of y, by the more general statement 
that, to each value of x there shall correspond a definite aggregate of 
values of y. The aggregate of values of y may, for any particular value 
of X, consist of a finite, or of an infinite, set of numbers. A particular 


* See ninclilet's Werhe, voL i, p. 135. 
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function is then defined when the aggregate of values of y is arithmetically 
determinate for each value of a;, in accordance with the criteria for the 
determinancy of a linear aggregate which have been developed in the 
theory of aggregates. Although the Theory of Functions, as developed 
in the present work, is mainly concerned with single-valued functions, it 
is necessary, or at least convenient, in the course of the examination of 
particular functions and classes of functions, to make use of auxiliary 
functions which are multiple-valued at certain points of the domain of 
the independent variable. Moreover, Dirichlet’s definition, in its original 
form, has the inconvenience that it excludes from the category of functions 
those represented by analytical expressions which, for particular values 
of the independent variable, cease to define a single number. For example, 
an infinite series which, for particular values of the variable, either diverges, 
or ceases to converge to a single definite limit, does not define a bingle- 
valued function in accordance wdth Dirichlet’s definition, for the whole 
domain of the variable, and yet it is convenient so to extend the meaning 
of the term function ” that a function may be defined for the whole domain 
by such a series. 

The distinction has been considered in detail by Broden* between those 
functions for wdiieh the relation between the dependent variable y and the 
independent variable x is formally the same for the whole domain of x. 
and those functions for which the domain of x is dhusibie into a plurality 
of parts, for which the forms of the relation betAveen x and y are ditierent, 
He remarks that the distinction is one relating to the character of the 
definitions rather than to the nature of the functions themselves; in the 
former case the function is said to be homonomically defined, and, in the 
latter case, to be lieteronomically defined. Broden has given a formal proof 
that, when a function is heteronomically defined, the number of parts 
into which the domain of x can be divided, so tha,t the relations of ^ to a; 
in any one part are completely independent of the relations in the other 
parts, must be finite. 

The Theory of Functions of a Beal Variable is concerned with the 
classification of functions, according as they possess various special pro¬ 
perties, e.g, continuity, differentiability, integrability, throughout the 
domain of the independent variable, or at, or near, special points ■which 
form part of that domain. The theory requires the introduction of precise 
arithmetical definitions of the scope and meaning of these characteristic 
properties, and is largely concerned with the determination of ciiteria 
which shall sufiS.ee to decide, in the case of a function defined in some 
special maimer, what can be inferred as regards the possession by such 
function of properties other than those that are immediately apparent 

* Acta Ufiiv. Lund. voL tttttt (1897). “Functioneiitheoretische Bemerkungen wad Sarze.” 
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from the definition itself. Much of the theory is concerned with a minute 
examination of functions, and of classes of functions, which possess pro¬ 
perties that do not occur in the case of those fimctions which are employed 
in ordinary analysis and in its applications to Geometry and Physics: 
and the theory has in consequence frequently been described as the 
Pathology of Functions. It appears however, from the theory itself, that 
many of those peculiarities, which from the point of view of traditional 
Analysis would be described as exceptional, have no claim to be so 
described; that in fact it is in the functions of ordinary Analysis that the 
abnormalities really occur, such functions occupying an exceptional posi¬ 
tion in relation to a scientific analysis of the properties of functions in 
general. An important result of the labours of those who have developed 
the modern theory of functions of a real variable has been that restrictive 
assumptions, which had previously been unconsciously made in the pro¬ 
cesses of ordinary Analysis, have been placed in a clear light; and it has 
been shewn that modes of reasoning which had their origin in an uncritical 
application of ideas obtained from spatial intuition would fail to yield 
correct results when applied to cases of unrestricted generality; the un¬ 
soundness of the logical basis of such reasoning being thereby demon¬ 
strated. 

In ordinary Analysis the domain of the independent variable is taken 
to be a limited, or unlimited, continuous interval. In the theory of 
functions, on the other hand, it has been found advantageous to consider 
also the properties of functions defined for a domain which is not a con¬ 
tinuous one. It appears, in particular, that a non-dense perfect set of 
points, or more generally any closed set, is well suited to be the domain 
of a function, inasmuch as, for such domains, the principal peculiarities 
of functions, such as continuity, differentiability, &c., are capable of 
precise formulation, and can serve for purposes of classification, exactly 
as in the case of functions defined for a continuous domain. Much of the 
recent progress in the subject is due to a recognition of the parity of all 
perfect sets of points, not only as regards their internal structure, but also 
in relation to their fitness for forming the domains in which functions can 
be defined, without loss of any of the characteristic properties that serve 
for the classification of functions of a real variable, or of several such 
variables. 

EXAMPLES 

1. A function / (a:) may be defined for the interval (0,1) as follows: 

/(a;)=^a;*, and for a; = 0,/(O) =1, 

7h denoting any positive integer. In this case, the norm by which the function is defined 
is expressible by an enumerable set of formulae which are however not independent of 
one another. 
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2. A function may be defined as follows; 

for 1 aa:>|, /(a;)=|; for|sj:>i, /(a;)=|; forga»>=|. 

11 X 

and in general, for - ^a: > 

where denotes the ?zth of the prime numbers 2, 3, o, 7, .... If the funcuon is to be 
defined at the point a;=0, this may be done by assigning to /(O) any arbitrarily chosen 

value we please. It will be observed that the values are in this case not representable 

by a smgle expression w^hich involves n and x only, though they are definite single-valued 
functions of these. 


3. Any number x, of the interval (0, 1), except 0, can be uniquely expressed in the form 

h: JL?!r J, ■ ^ ■ 

2 ‘ 22 • • • "^ 2 " ‘ ’ 

where has, for every value of n, one of the values 0, i, and it is stipulated that all tne 
are not to be zero from and after any fixed value of n. 

1 

A multiple-valued function* may be defined by y=a.*", where « has all positive integral 
values for which = This is a homonomic definition, although no analytical expression 
of a unitary char«icter can be given for the representation of y. 


FUNCTIONS OF A VARIABLE AGGREGATE 

208. The conception of the functional relation, as it lias been described 
above, has been restricted to that of a determinate correlation of the points 
of a domain, linear, plane, spatial, or p-dimensionai, forming the domain 
of the independent variable, with a set of numbers, or points, forming the 
domain of the dependent variable. The modern development of the notion 
of the functional relation has extended it to the more general ease in which 
a prescribed family of objects of any specified kind takes the place of the 
field of the independent variable. If {0} denotes a family, or aggregate, 
of objects defined in accordance with some norm, and if we have also a 
norm by means of which a definite number is made to correspond to each 
member 0, of the family, a variable y, identifiable with each such number, 
is regarded as a function of the objects 0 of the given family. The ordinary 
definition considered above of a function of a variable x, or of a number p 
of variables, is the particnlar case of the more general conception of a 
function, which arises when the objects 0 are single numbers, or points, 
belonging to a prescribed linear, or p-dimensional, domain. Another case 
of the functional relation which has recently become of considerable im¬ 
portance in Analysis is that in which each of the objects O consists of an 
enumerable set of numbers ... x^'^\ _ Thus the functions con¬ 

sidered may be regarded as fimotions of a point in space of an infinite 
number of dimensions; the field of the independent variable being any 
specified domain in such space. The particular case in which the numbers 

* Brod^n, loc. cit. p. 4. 
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a;( 2 ) ^.(n)^ g^ 3.0 go restricted that the sum of their squares forms 

a convergent series, in which case the domain of the point is said to be 
in Hilbertian space, has recently been applied in connection with the 
theory of integral equations. A theory of functions in Hilbertian space 
can be developed in tliis connection. 

In arithmetical analysis the most general conception of a function is 
that in which the independent variable has as its field a family of sets of 
points, either linear, plane, spatial, or p-dimensional Having given, by 
moans of an adequate definition, a family of sets of points, either discrete 
or continuous, a function of the sets is defined by a norm which assigns a 
definite number to each set of points of the given family. An important 
ease is that in which the sets of points are all measurable; the measure of 
a set, as defined in accordance with the theory developed in Chapter m, 
is then a function of the variable set in a given family of such measurable 
sets. 

In connection with the modem theory of integration, more general 
functions of measurable sets of points will emerge. The theory of functions 
of cim^es of prescribed families, developed by Volterra and others, comes 
under this head. 

The Calculus of Variations deals with the theory of maxima and 
minima of functions of continuous sets of points; the functions taking 
the analytical form of integrals wliich determine a set of numbers corre¬ 
sponding to the continuous sets of points belonging to prescribed families. 

In the present work the ordinary case of functions of one variable, or 
of a finite number of variables, will, for the most part, be the only one 
dealt with, but incidentally, as in the case of the theory of integration, 
functions of sets of points will be considered. 

The present Chapter is concerned, in the first instance, with the pro¬ 
perties of functions of a single variable, of which the domain is an interval, 
or other linear set of points. The case of functions of two or more variables, 
i.e. of points belonging to a domain in plane, or higher dimensional, space, 
will also be considered; especially in those respects in which the properties 
of such functions are not an immediate extension of the properties of 
functions of a single variable. 

THE UPPER AND LOWER BOUNDARIES AND LIMITS OP FUNCTIONS 

209. A function y =f (a;), being defined for the domain of x, we have 
seen that the values of y form a set of points, determined as usual upon 
a linear interval, which is called the functional image of that set of points 
which forms the domain of x. In case the set of points, which represent 
the values of is a bounded set, the function / (x) is said to be houTided 
in the doTTiai-n of x. 
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When the set of values of is bounded, either boundary may be a 
limiting point, or only an extreme point, of the set. For convenience, and 
in accordance with usage, the terms “ upper limit” and “ lower limit'' will be 
applied to denote the upper and lower boundaries of the derivative of 
this set. Thus the upper and lower limits are the extreme limiting points 
of 2 / hi the domain of x. Accordingly we may say that: 

If the set of points which represents the functional image of a function 
f (re), defined for a given dorruiin of x, have an upper and a lower boundary, 
then the function f (x) is said to be a bounded function, and the boundaries 
are said to be the upper and lower boundaries of f (a;) in the domain of x. 
The upper and lower limits of the function are the upper and lower boundaries 
of the limiting points of the set of points y. 

The upper limit of a function / (a*) for its given domain may. or may 
not, be attained, i.e, there may, or may not, be a value of x. in the domain 
of X, for which the functional value is equal to the upper, or to the lower, 
limit This is the case whether, or not, the upper, or the lower, limit is 
identical with the upper, or the lower, boundary. An upper, or a lo'^ er, 
boundary that is not identical Avith the upper, or the lower, limit, mu^t 
be attained. 

In case y have no upper boundary, or no lower boundary-, for the 
domain of x, the function / (a;) is said to be an unbounded function. In 
this case there exist values of the function, of one .sign, or of both sig^v. 
which are numerically greater than any arbitrarily assigned nuinber .4. 

When y has no upper boundary in the domain of x, the fiinctio.i i.- 
said to have the improper boundary -f oo, in the domain ot x Similarly, 
when y has no lower boundary, it is said to have the improper boundary 
— CO. It is frequently said, for the sake of brevity, that the upper or tiie 
lower boundary of the function is infinite. 

The excess of the upper boundary of a function, in Us domain, over It'S 
lower boundary, is called the fluctuation (Schwankung) of the function h 
the domain. 

In case the upper or the lower boundary is infinite, the function is said 
to have an infinite fluctuation in its domain. 

Instead of the whole of the domain of x, we may consider that part 
which lies in a given interval {a, h), closed or open, and the preceding 
definitions may be applied to this portion of the domain; thus: 

The upper boundary of a function f {x) in an interval (a, b), closed or 
open, is the upper boundary of the function when only tJwse points of the 
dornain of x which lie in the interval {a, b) are taken into account. A similar 
definition applies to the case of the upper limit, and also to the cases of 
the lower boundary and the lower limit. 
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The excess of the upper boundary of f (x), m the closed, or open, interval 
{a, b), over its lower boundary in that interval, is called the fluctuation of 
f (x) in the closed, or open, interval (a, b). 

In case one. or both, of the boundaries is infinite, the fiuctuation of 
the function in (a. b) is said to be infinite 

If the upper boundary of / (x) in {a, b) is attained, i.e. if there exists 
a value c of x such that f (c) is the upper boundary, where c is a point of 
the domain in {a, b), then this upper boundarj?^ is said to be the upper 
extreme of the function in (a, b) ; and a similar definition apphes to the 
lower extre?7ie. 

If the end-points a, b oi the interval be left out of account, in case 
they belong to the domain of x, the fluctuation is called the fluctuation 
in the open interval (a, 6). This is sometimes spoken of as the inner 
fluctuation of the function in (a, b), and is determinable as the limit of the 
fluctuation in the interval (a -r e, 6 — e), when e is indefinitely diminished. 

Precisely similar definitions are apphcable to the case of a function 
of p variables; a cell (a, b) taking the place of an interval (a, b). 

210. In accordance with the definition which has been given for a 
function in any domain, the value of the function at any particular point 
of the domain has a definite finite value. It may happen that a point P, 
of the domain of x, is such that, in any arbitrarily small neighbourhood 
of P, either the upper, or the lower, boundary of the function, or both, 
may not exist; so that, in any neighbourhood of P however small, there 
exist functional values numerically greater than any number that may be 
assigned. In that case, the point P is said to be an infinity, or point of 
infinite discontinuity of the function', although the function has a definite 
finite value at the point P itself. 

Although / (a;) is not properly defined at a point P (ar^), unless a definite 
numerical value be assigned to / (a^Q), nevertheless an improper definition 
of the functional value at the point P is sometimes admitted, of the form 

„ = 0: in this case the function is said to possess an infinity at P. 

J 

This infinite discontinuity is said to be removable, provided that, when the 
functional value at P is altered to some finite value, the function have 
finite upper and lower boundaries in a suflS.ciently small neighbourhood 
of P. 

There are other cases in which an improper definition of the functional 
value at a point of the domain of x is admitted. The function may be 
defined by means of an infinite series, of which the terms are given func¬ 
tions of X, This series may diverge at the particular point Xq\ but it is 
nevertheless frequently convenient to regard the series as defining the 
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function for all values of x in some interval which includes Xq, The 
functional value at Xq is then regarded as infinite, -j- oo, or — cx). 

In accordance with strict arithmetic theory, the function is regarded 
as undefined at points w^here no definite finite value of the function is 
specified. For the most part, in the theory which will be developed here, 
this restriction will be rigorously adhered to. It will be found, how’ever, 
that in cases, such as in the theory of infinite series, in which it is con¬ 
venient to admit improper definitions of functions at particular points, 
no essential change in the main results of the theory will be necessary. 

In some cases it will be found convenient to remove the restriction 
that at each point of the domain of the independent variable the function 
shall be single-valued, and to define the function in such a manner that, 
at single points, or at each point of some set belonging to the domain of x, 
the function may possess finite, or infinite, multiplicity. It will be found, 
in the cases in which it is convenient to make this extension of the ineamng 
of a function, that no difficulty arises as regards the use of results primarily 
applicable to functions which are single-valued at all points or the domain 
of the variable, without exception. 

THE CONTINUITY OF FUNCTIONS 

211. Let the domam of the independent variable x be continuou.s. 
and either bounded or unbounded; and denote the function y. at the 
point X, hy f (x). When the domain of x consists of the points of a con¬ 
tinuous interval {a, b), that interval wdll be taken as closed unless the 
contrary is stated. 

The function f (x) is said to be continuous at the point a of the domain 
of X, if, corresponding to any arbitrarily chosen positive number e ?chateve?\ 
a positive number 8, dependent on e, exists, such that 

|/(o +•>?) -/(a) 1 < 

fo-r all positive or negative values of rj icliich are numerically less thayi 8. and 
which are such that a t] is in the domain of x. At an end-point of a limited 
domain, the values of rj will have one sign only. 

In accordance with this definition, a neighbourhood (a — 8, a nr S) of 
the point a exists, such that the function, at any point in the interior of 
this interval, differs numerically from its value at a, by less than e. It 
follows that the inner fluctuation of the function in (a — 8, c -f S) is less 
than 2e, and it is obvious that the fluctuation in any interval interior to 
(a _ 8, a -f 8) is less than 2c. The condition of continuity of the function 
f {x) at the point a may thus he stated to be that a neighbourhood of the 
point can he determined in which the fluctuation of the function is as small 
as we please. 
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The above definitioii of continuity at a point is that due to Cauchy, 
and is a particular case of the definition of continuity for a function of 
any number of variables. If we denote by / ... a function 

of the variables ... defined for any continuous domain, the 

condition of continuity at the point ... is that, corresponding 

to every arbitrarily chosen positive number e, a number S, dependent on e, 
can be found, such that 

|/(qj(1) ^ 72,(1). ^(2) ^ 7^(2)^ ... ^ipy + 7^(2») ... a<^^) | < e, 

provided ... have any values which are numerically less 

than S. In this case, a neighbourhood (« — S, a H- 8 ), of a point of a linear 
domain, is replaced by an equilateral cell, which is a square in the case 
of a two-dimensional domain. 

The definition of continuity has been stated by Heine* in a form winch 
depends upon the notion of a convergent sequence of numbers or of points. 
Let (Pi,P 2 5 -Pns ••■) be a convergent sequence of points in the given 
domain, and of which P is the limiting point. The condition of continuity 
of the function at P is that, for every such convergent aggregate which 
has P as limiting point, the numbers /(Pi),/(P 2 )j form a 

convergent sequence which represents the number / (P). It is easily seen 
that a function which is continuous in accordance ^vith Cauchy’s definition 
is also continuous in accordance with that of Heine. For if the sequence 
Pi,Pa, ... P„, ... of points of the domain of x converges to P («), we may 
define a sequence of numbers ••• Vm corresponding to these 

points, such that 0, as n oo, and such that PF^ < I it then follow’s 
by Cauchy’s definition that, for a sufficiently large value of n, 

for all the values of x which correspond to the points Pn, P^+i, .... Since 
this holds for all values of e, we see that the sequence { / (Pn)} converges 
to/(a). 

That a function / (a;), which is continuous at the point a, in accordance 
with Heine’s definition, is also continuous in accordance with that of 
Cauchy, cannotf be proved in the general case without the employment 
of Zermelo’s axiom (see § 197). To establish this equivalence, with the 
assumption of the axiom, let denote the set of points within the 

interval (a — tj, a -i- tj) for w>^hich | / (au) — / (a) | ^ e. Assuming that there 
exists a set of points (tj), of the domain of x, with e fixed, however 
small 7j may be, (which will be the case if Cauchy’s definition is not 
satisfied), we may consider a monotone sequence { 17 , 1 } of values of rj con¬ 
verging to zero. It is impossible that the sets (ly^) should be aU 
identical, from and after a fiLxed value of n, for the intervals (a — 77 ^, a + 'rjn) 

* Crdl^a Journal, voL ixsiv (1872), p. 182. 

t See Sieipinski, Comptes Residua, Paris, voL CLxm (1916), p. 688. 
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have no points common to an infinite number of them, except the point a 
which does not belong to the sets. We may conseqiienth% without loss 
of generality, assume that the sets {t],,) are all different from one 
another. Considering the sets 

irj,) - - FW (^3),... H(-) . 

a set of points Pj, ••• Pm exists in accordance vith the axiom, such 
that pn belongs to (tj^) — for every value of n. We have 

now I / (p,j) — f (a) I s €, for ever 5 ’^ value of n: and thus a sequence [p,,} 
of points convergmg to a exists, such that {/{p„)} does not converge to 
/ (a), and hence Heine’s defimtion of continuity at the point a is not 
satisfied. It follows that, if Heine's definition is satisfied, the set (r) 
cannot exist for all values of t) ; and thus that for a sufficiently small value 
of 7), Cauchy’s condition | / (^) — / (a) | < e is satisfied ii .r — 
for all points x. of the domain of x. 

A function which is not continuous at a point a may satl.'^fy the co*:- 
dition that, in a neighbourhood of a. on the right the fluctuation of tiie 
function is as ^uiall as we please when the neighbourhood is small enough: 
the function is tlien said to be continuous on the right at c. A snnilar 
defimtion applies to continuity on the left. 

A fmiction is said to be continuous in the interral (a, h) if it «‘a^i^fies the 
condition of continuity at every point in the intervcii. 

For a function that is continuous in the closed inteiwal (c.', h). the i;pper 
boundary is identical vdlh the upper limit, and the lower boundary 15 
identical vdth the lower limit of the function in the closed interval. This 
does not necessarily hold for an open interval. 

212. The domain of the independent variable has hitherto been v.-cn- 
sidered to be continuous, it is however clear from a considerarion of the 
definition of continuity, either in Cauchy’s or in Heine's form, that the 
defimtion is applicable in case the domain of the independent variable i? 
not continuous, but consists of any set of points which contains limiting 
points that belong to the set. It is, of course, only at such a limiting 
point that the question of continuity arises; for, at an isolated point of 
the aggregate, there are no values of the fmiction, other than that at the 
point itself, in any sufficiently small neighbourhood of the point. If P 
he a point of the domain of x which is a limiting point of the domain, the 
function is continuous at P when Cauchy’s definition of continuity is 
satisfied, those points onty, in any neighbourhood of P, being taken into 
account, which belong to the domain for which the function is defined. 
If the function be continuous at every limiting point of the domain of x 
it is said to he continuous relatively to the given domain: and thus the 
notion of continuity of a function is applicable whatever be the domain 
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of the independent variable, except when it comdsts of an isolated set of 
points. 

Let Pi, P 2 , P 3 , ... be a convergent sequence of points of the domain 
of X, of which P„ is the limiting point; and let P„ also belong to the 
domain of x. Supposing the functional image, corresponding to / (a;), to 
contain the points ••• which correspond to Pi, P^, P 3 , , let 

Qi! Q 2 > Qs^ ••• ^ convergent sequence of which the limiting point 

corresponds to P^. If this condition be satisfied, however the convergent 
sequence be chosen in the domain of x, the aggregate (Q), of values of 
is said to he a continuous functional image of the domain (P) of x. 

It is clear that the continuous functional image of a closed domain is 
itself closed. For there corresponds to the points of a convergent sequence 
(Qi, 62 , Qsj •••). (Q), an aggregate (Pj, Pg, P 3 , ...), in (P), which must 

have at least one limiting point, and all such limiting points belong to 
the domain (P), and must correspond to the limiting point of ((2i, 62 > Qs j • ■ ■) j 
w’hich therefore belongs to the aggregate (Q). Moreover if (P) be perfect, 
the continuous functional image (Q) is perfect also; for, corresponding to 
any particular point Q', of (Q), we may take a point P', of (P), for which 
Q' is the image. P' is the limiting point of a convergent sequence of points 
of (P), and to this convergent sequence there corresponds a convergent 
sequence in (Q), of which Q' is the limiting point. It has thus been shewn 
that (Q) contains no isolated points, and therefore (Q) is perfect. 

If (Q) be a continuous functional image of the closed set (P), and if 
only one point of (P) correspond to each point of (Q), then (P) is a con¬ 
tinuous functional image of (Q). 

To the points of any convergent sequence (Ou Q 2 > ■••)> (0)> which 

Qat is the limiting point, there corresponds a convergent sequence 

(P15 P2s P 35 •••)? 

in (P), of which P„ is the limiting point; and P„ is the functional image 
of 

213. The theorem has been given by Weierstrass that, if (a, b) be any 
interval containing points of the domain of a function, then one point at least 
exists in the interval, which is such that, in any arbitrarily small neighbour¬ 
hood of that point, the upper boundary of the function is the same as the upper 
boundary of the function in the whole interval [a, b). 

This theorem holds for all functions without restriction, and it makes 
no difference whether the whole interval (a, b), or only a set of points in 
that interval, belongs to the domain of the independent variable. 

Let a system of nets with haK-closed meshes be fitted on to the 
interval {a, 6 ). If be the upper boundary of the function in that part 
of the domain of the independent variable contained in the closed interval 
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a, 6), it is clear that in none of the meshes of can the upper bonn- 
Lary of the function be greater than and that m one at least of the-^^e 
neshes the upper boundarj^- of the function must be M. Take the mesh 
of lowest rank in for which this is the case. In one at least of the 
neshes of that are contained in the upper boundary of the function 
nust be M \ if there are more meshes than one that satisfy this condition. 
:ake that one which is of lower rank than the others, and let thi'> 
mesh be CZ 2 • Proceeding in this manner, we obtain a sequence of meshes 
di, dg, ... ... each containing the next, and such that in each of them 

the upper boundary of the function for all the parts of the domain in 
the mesh is M. The single point P defined hy this sequence of meshes 
satisfies the prescribed condition; for any neighbourhood A, of P. v.’iil 
contain all the meshes d„, from and after some value of ??: therefore in 
this neighbourhood the upper boundary of the fimction is J/. 

A smiilar result holds for the lower boundary ot a function. 

It is clear that this proof can be apphed, in the case of function^ of 
more variables than one. to prove the corresponding theorem that one 
point exists in a domain such that in its arbitrarily small neighbourhood 
the upper boundary of such a function is the same as in a ceil. 

In the ease of a function which is continuous in the interval (a. b). ir 
follows from the foregoing theorem that the upper and lower boundarie'- 
of the function in (a, b) are both fimte, and thus that a pihciion ichicJi 
continuous in an interval is bounded %n that interval. 

For consider that point in (a, 6), in the arbitrarily Miiali neigh¬ 

bourhood of which, (^1 — €, a*! €), the upper boundary has the same value 
as for the whole interval (a, 6). Since the function is continuous at a--, 
corresponding to a given number S, a number e can be determined such 
that \f{x) — / (ail) I < S, provided x lies in (.a’l — e, Xi — e). consequently 
the upper boundarj^ of / (ic) in this interval must be finite, and hence / [x] 
has a finite upper boundary in (a, b). It may be shewn in a similar manner 
that the function has a finite lower boundary. 

A function which is continuous in the closed interval (fli. b) is such that 
its upper limit a/nd its loiver limit are each actually attained at one point at 
lecbst in the interval. 

For suppose, if possible, that/(a:;i) has a value ^4. different from J/: 
and consicier an arbitrarily small interval -i- c) for which M is 

the upper limit of the values of the function; then points exist in this 
interval for which the function differs by less than an arbitrarily small 
number S, from M, These values of the function would differ from / (a?i) 
by an amount which is not arbitrarily small, and this would be incon¬ 
sistent with the condition of continxdty of the function at the point 
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It follows that we must have / (a;i) = M, Similarly it may be shewn that 
the lower limit m is reached at least once in the interval {a, b). 

A function that is continuous in an open interval (a, b) may have no 
upper, or no lower, boundary. 

OONTIXirOUS JUNCTIONS DEFINEn FOR A CONTINUOUS INTERVAL 

214. It will now be shewn that, iff {x) be contimious in the closed interval 
(fl, 6), and if f {a), f (b) have opposite signs, then there is at least one value 
of X in the interval, for which f (x) vanishes. 

Let us suppose that / (a) < 0, f{b)>0; and let a system of nets be 
fitted on to the interval (a, b). Since /(6) > 0, in a sufficiently small 
neighbourhood {b — e, b) of the point b, f {x) must be everywhere positive. 
If n be sufficiently large, one or more meshes of are interior to {b — e, 6), 
and in these meshes / (x) is positive. There exists consequently a mesh 
of lowest rank in jD„, for which / (x) is negative at the left hand end-point, 
and such that / {x) is positive at the right hand end-point; unless / (a;) = 0 
at the left hand end-point, in which case a point such as the theorem 
requires is determined; we assume that this latter case does not arise. 
There is then among those meshes of i)n+i which are contained in , one 
of lowest rank, such that / (a;) is negative, or zero, at its left hand end¬ 
point, and is positive at its right hand end-point. Proceeding in this 
manner, we obtain a sequence ... ... of meshes, each of 

which contains the next, and such that, either, for some value of m, 
/ (x) is zero at the left hand end-point of or else, such that, for the 

unending sequence of values of m, / (x) is negative at the left hand end¬ 
point of dn+m 5 SL'^id is positivo at the right hand end-point. In this latter 
case, there exists a point c, in all the meshes (^) were negative, 

in a sufficiently small closed neighbourhood of c,/ {x) would be everywhere 
positive; and this is not possible, because d^+m would be interior to that 
neighbourhood, provided m were sufficiently large. In a precisely siimlar 
manner, it is seen that / (c) cannot be positive. Therefore / (c) = 0, and 
thus the theorem is established. 

From this theorem we can deduce that, whcutever values f (a), f (b) may 
have, there must be in the interval {a, b) at least one value of x, for which 
f {x) has any prescribed value lying between f (a) and f (b). 

Let this value be O, and suppose f (a) < G <f (b); then the function 
f {x) — C is continuous in the given interval, is negative when x = a, and 
positive when x = b; thus it vanishes at least once in the interval {a, b). 

A continuous function has frequently been defined as a function such 
that, if / (a), / (5) be its values at any two points a and b, then the function 
passes through every value intermediate between / (a) and / (b), as x 
changes from a to b. The property contained in this definition has been 
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shewn above to hold of every function which is continuous in accordance 
Tr^ith Cauchy’s definition; but the converse theorem does not, in general, 
hold. The definition just referred to is accordingly not equivalent to that 
of Cauchy, which is here adopted as the basis of the treatment of con¬ 
tinuous functions. As an example of the non-equivalence of the two 

definitions, we may consider the function defined bv y = sin for x $ 0 , 

X 

and by 2 / = 0 , for x = 0 . For this function there are values of x between 
' a (< 0 ) and b (> 0 ) for which / (x) has any assigned values c lying bet^^’■een 
/ {a) and / (b) ; but the function is not continuous, in accordance ivith 
Cauchy's definition, in any’ interval (a, b) which contains the point 0 . It 
is, in fact, easily seen that the point 0 is a point of discontinuity’ of the 
function; for an arbitrarily small neighbourhood of tlie point 0 contains 
points at which the function has all values in the interval (— 1 , i). 

As another example* of a fmiction which hatihfies the condition re¬ 
ferred to, but is discontinuous in accordance i^nth Cauchy’s defimtioii, let 
the number x in the interval ( 0 , 1 ) be expressed as a decimal 

•aiUgUj... ...; 

then consider the decimal -cija^a^a^.... If this last decimal is not periodic, 
we take / (x) = 0 ; if it is periodic, and the first period commences at 02^-1 • 
we take / (a') = •a 2 „a 2 n+ 2 <^ 2 /i-i 4 ••• ■ The function so defined for the interval 
( 0 , 1 ), of X, has every value between 0 and 1 , in every arbitrarily’ small 
interval in the domain of x; thus the function is discontinuous at every 
point. A value of x for which/ (a*) has any prescribed value • ■ ■ 2 ?,* ■ - • i- 

... K(l2n-iPl^2nP±^2n-r2 * • • 

where ‘aiUs ... is any periodic decimal, the first period of which begins at 
® 2 n-is A, B, ... K are arbitrarily chosen digits. Nevertheless there are 
values of x, between a and jS, at wliich the function takes any- assigned 
value intermediate between / (a) and / (jS). 

CONTINUOUS FUNCTIONS DEFINED AT POINTS OF A SET 

215. It wiU now be shewn that, if a function f (a;), having prescribed 
values at each point of an infinite set of points in the interval {a. b), be con- 
tinuous in that interval, then the values of the function are determinate at each 
point of the derivative of the set. 

Suppose Oi, 02 , 03 , ... ... to be a convergent sequence of points, for 

which a?! is the limiting point, and suppose / (£q),/ (og), -../(££«). to be 
known; it will be shewn that these functional values form a convergent 
sequence whose limit is / ( 3 ^ 1 ). An interval (xi — S, -f- S) can always be 
found, corresponding to any fixed number e, such that the function at 

* See Lebesgue, Legona sur VinUgratum, p. 90. 



288 


H iinctions Of a Meat variaote 


[CH. V 


any point of this interval differs from / (xj) by less than the arbitrarily 
small number e ; this follows from the continuity of the function. A number 
n can be found such that all the points a^, ^n+i: lie within the 

interval — S, x^ + S). It follows that 

I / M - f (««) I and I / (»i) - f (««+i) I = 

&c. are all less than e, which is arbitrarily small; hence f (Xj) is the limit 
of the sequence / (oi), / ( 02 ), • ■ • j and thus / is determinate. From this 
special case it follows that, for all the limiting points of a given set of 
points in (a, b), the values of the continuous function are determinate. 
It thus appears that the function is determinate for all points which belong 
to the derivative of the given set, for the points of which the values of 
the function are known. 

In particular, if a continuous function have prescmbed values for points 
of a set which is everywhere dense throughout the interval (a, 6), then its 
values are determinate fo7- all points of the interval. 

A special case of such a set would be that of the rational points within 
the interval. It follows that a continuous function whose values are 
known for aU the rational points in an interval is determinate for all the 
irrational points. A continuous function which is Imovm to be constant 
for aU the rational points has the same constant value for aU the irrational 
points in the interval. 

It is clear that, if ceRs be employed, instead of intervals, the method 
in the proof is applicable to shew that a continuous function of any 
number of variables is determinate at each point of the derivative of a set 
of points at which the values of the continuous function are assigned. 

A generahzation of the above theorem is that, if a fimction is con¬ 
tinuous with reference to a domain which consists of a set (P), and is 
known for aU points of a sub-set which is everywhere dense in (P), then 
the function is determinate for every point of (P). This may be seen by 
remembering that every point of (P) is a limiting point of the sub-set, 
and applying the same reasoning as before. 


216. From the theorem established above, that a continuous function 
is determinate when its values at an everywhere dense enumerable set of 
points are prescribed, we may deduce that the cardinal number of the aggre¬ 
gate of all continuous functions of a real variable is the cardinal number c, 
of the continuum. 

We may suppose the values of a function to be prescribed at the 
rational points. The cardinal number of the aggregate of all functions 
defined for the rational points only is the cardinal number of the ways of 
distributmg on the aggregate of rational numbers the aggregate of numbers 
of the continuum. This number is c®, which has been shewn in § 183 to 
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be equal to c. Only some of the distributions of this kind are such as v^dll 
give rise to continuous functions; hence the aggregate of all continuous 
functions is a part of the aggregate of all possible distributions on the set 
of rational numbers of the numbers of the continuum. It follows that the 
cardinal number of the aggregate of all continuous functions is c. Again, 
this cardinal number is ^ c; for among the continuous functions are those 
which are constant, and everywhere equal to any assigned number of the 
continuum; and thus the aggregate of all continuous functioiis contain^ 
a part which has the cardinal number c. Since the cardinal number 
^ c, and also ^ c, it is equal to c. 

This theorem was established by Borel*, who also shewed that trie 
aggregate of aU analytical functions of two or more variables has the 
cardinal number c. 

The cardinal number of the aggregate of all functions of a real variable 
is that of aU distributions of the continuum upon itself; this is, in accord¬ 
ance with the definition in § 150, denoted by for which we may write j 

Each particular distribution of the numbers of the continuum on them¬ 
selves is definable by a definite norm, and corresponding to each such 
distribution there is a definite function for a continuous domain. Let the 
aggregate of all such functions be denoted by -P’: it will then be proved 
that the cardinal number /, of F, is > c. 

First, F has a part which is equivalent to the continuum. This is at 
once seen, since the functions / (») = c, where c is any number of the con¬ 
tinuum, constitute such a part. It follows that / ^ c. 

Next, let it be assumed, if possible, that F is equivalent to a part of 
the continuum. As has just been proved, such a part cannot have a 
cardinal number < c; we therefore assume that F is equivalent to the set 
of numbers of the continuum. This amounts to the assumption that F 
can be ordered in the same type as the continuum, so that, to any assigned 
number ^ of the continuum, there corresponds a definite set of rules 
which defines a function(»). The correspondence between ^ and must 
itself be defined by a set of rules, so that when f is assigned, jK^, and 
therefore the function/^ (a;), is defined. The aggregate { (a;)} must contain 

every definable function of a real variable. The number ^ being assigned. 
/^ (x) is producible; and its existence implies that, at any assigned point f 
the functional value /f (^') can be determined arithmetically. We may 
take, for example, f ; and thus, if f is assigned, /f (i) is known. We 
may regard /^ (^) as a function of for its value at any point i can be 
arithmetically determined, and it is therefore an element of the aggregate 
F of all functions. With this understanding as to (f), choose a fixed 
number, say unity; then the function <l> (f) =/f (f) + 1 has a definite 

* See Ije^ons swr la thdorte des fonctums, p. 127. 
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norm; for we have only to add to the rules by which (f) is defined, the 
further rule, that, at each point unity is to be added to the value of 
/f ii)- We have now a new definable function {x ); but this cannot possibly 
belong to tJie aggregate F. for if it do so belong, there must be some one 
point of the continuum, with which it corresponds; but (f> (x) cannot be 
identical vdth (x), for ^ (ii) and (^i) differ by unity. Since ^ (f) is 
not contained in F, contrary to the hypothesis, it follows that F cannot 
be equivalent to the continuum, and thus the theorem, / > c, is estab¬ 
lished. It has therefore been shewn that / > c, and consequently that— 
the aggregate of all functions of a real variable has a cardinal number /, 
greate/r than c. 

UXIEORM CONTINUITY 

217. It vdll now be shewn that, if the domain of a; be a continuous closed 
interval, then a continuous function is uniformly contimious through the 
domain of x. It wiU be proved that a number S can be found, corresponding 
to any given €, such that, for aU values of x, the fluctuation of / (.r) within 
the neighbourhood (a; — S, a* -h S), or for all of this neighbourhood which 
lies vdthin the domain, is less than the number e. The essential point is 
that B is independent of x. 

Consider a symmetrical system {D„}, of nets with closed meshes, fitted 
on to the interval (a, b). 

If € be a prescribed positive number, there must be some smallest 
integer iii, such that, in each of the meshes of the net the fluctuation 
of / {x) is < For suppose that no such integer exists; then, however 
large n may be taken, there is one mesh at least of in which the fluctua¬ 
tion of / (a;) is ^ Je. Let D/ be the set of all the meshes of for which 
this is the case; the sequence of sets of meshes J?/, ... Dn, •••» each 

of which contains the next, defines a closed set of points in all of them. 
Let P be such a point, and let a neighbourhood A', of P, be constructed, 
witiiin which the fluctuation of the finaction is < Je. This neighbourhood 
A' 'iviU contain, in its interior, a mesh of from and after some fixed 
value of n, and in each of these the fluctuation of / (x) is ^ and thus 
there is a contradiction in the assumption that such a point as P exists. 
ThereforeZ)„' cannot exist for all values of n, and thus, for some integer 
the fluctuation in every net of is < 

If X be any point of the closed interval (a, 6), and the meshes of I>„j 
be all of breadth 2B, the interval (a; — S, a; -f 8), or the part of it that is 
in (a, 6), is in the interval formed by at most two consecutive meshes of 
and the inner fluctuation oif{x)m.{x — B,x + S) is consequently < e. 
It has thus been shewn* that it is unnecessary, for a function of a real 

* This theorem was first stated and proved by Heine; see CreU^s Journal, vol. lxxi (1S70), 
p. 361. and voL lxxev (1872), p. 188. 
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variable, to draw a distinction, as has sometimes been done, between 
functions which are uniformly, and those which are non-uniformly, con¬ 
tinuous in the continuous domain of x; for all continuous functions are 
uniformly continuous. 

The theorem may also be stated in the following form: 

If f (x) be continuous in the closed interval [a, b), then, correjspondi'ng to 
any arbitrarily chosen positive number e, a number rj can be deterynined, such 
that the condition | / (aii) — / {X 2 ) \ < €, ts satisfied, for any two points x^, 
in {a, b), such that \ — X 2 \ < rj. 

The following theorem can be immediately deduced: 

If a function he continuous in a finite closed interval, then the interval can be 
divided into a finite number of sub-intet'vals, in every one of which the fluctua¬ 
tion of the function is less than a prescribed positive nuynber. 

It is in fact clear that, if e be the prescribed number, the condition is 
satisfied when the interval is subdivided in any manner such that the 
length of the greatest of the sub-intervals is < 17 . 

Another proof of the above theorem, in an extended form, will be given 
in § 234, by employing the Heine-Borel theorem. 

It is clear that the above proof applies also to the case in w'hich the 
domain of x is not a continuum, but is any closed set: because the essential 
point of the proof depends upon the limiting points all belonging !:o the 
domain. Those meshes of the nets which contain no points of the domain 
of X are disregarded. For domains which are not closed the proof does 
not apply; thus a function which is continuous, relatively to an aggregate 
which is not closed, is not necessarily uniformly continuous. 

In the case of a function of p variables, when the domain of the 
variables is a closed set, the neighbourhood 

3, 3, ... xp — 3, I 3. a > 1 3, ... 31, 

of the point (iCi, a’g, , x^), may be (§ 49) denoted by (a; — 3, x — 3). The 
condition of uniform continuity takes then the same form as in the case 
= 1 . If we take the cell in which the domain is contained to have its 
edges aU equal, and employ a system of nets in which the edges of each 
mesh are aU equal, the above proof can be applied to shew that a function 
that is continuous in a domain that consists of a closed set of points is 
uniformly continuous. 

ABSOLUTE COSsTISrUITY 

218. A function f (x), defined in the closed interval {a, b), is said to be 
absolutdy continuous in {a, b) if, corresponding to an arbiti'arily chosen 
positive number e, another positive number tj can be so determined that, in 
every enumerable, or finite, set of non-overlapping intervals 

(a?!, 35^ ), ( 3 ^ 2 S ^2 )j )» ** - J 

€ 
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in the interval {a, b), and such that the total measure of the intervals is < 77, 

the Slim, or limiting sum^ S | / (x^) — f (x/) | is < e. 

r = 1 

It is clear that a function which is absolutely continuous in (a, b) is 
also continuous, in accordance with the definition of § 211; but the con¬ 
verse does not hold. We may take the set of intervals to consist of a single 
interval of length < rj ; thus the condition of uniform continuity is satisfied. 

It is easily seen that an‘equivalent form of the definition is that, in 
every non-overlapping set of intervals of total measure < 77, the sum, or 
limiting sum, S {f {Xj) —f{x/)} is in absolute value < €. For we can 

r=l 

divide the set of intervals into two parts, those for which / (Xy) — f (x/) 
is positive and those for which it is negative. 

The sum and the product of two functions which are ahsolutdy continuous 
in (a, b) are absolutely continuous in the interval. 

Let (^)s /2 (^) absolutely continuous in (a, b ); and let their sum 
be denoted by / {x). We have then 

s I / (a:,) - / (x/) I s S I /i (a:,) - A (a;/) | + 2 | /^ (a;,) - /* (a:/) |. 

r = l r-1 i- = l 

If € be arbitrarily chosen, and if the measure of the set of intervals is 
less than some number 771, the first sum on the right hand side is < ; 

also there exists a number 772 such that the second sum on the right hand 
side is less than J-€, provided the measure of the set of intervals is less 
than 772. If 77 be the smaller of the numbers 77^, 772, we have 

s 1 / (a:^) - / «) I < e. 

r = l 

provided the measure of the set of intervals is < 77; therefore / (x) satisfies 
the condition of absolute continuity. 

Next, let / (x) = («) /g (a:); then since 

f (^r) “■ f (Xr ) — fl (Xr) {/2 (Xr) — f^ {Xr )} + /2 {x/) {/i (x^) — {xf)}, 

we have 

S 1 / (a:,) - / «) 1 s Jfi S 1 /, {Xr) - U «) 1+ iJf* 2 | /, {Xr) - A «) |; 

r-1 r-1 r=l 

where are the upper boundaries of \fi(x)\, \ f^ (a;) | in (a, b). 

A number 77 can be so chosen that 

/l (^r) ~ fl{Xr)\ < /z (®r) ~~ f^ (x/) | < 

provided the measure of the set of intervals is < 77. When this last con¬ 
dition is satisfied, we have 

-/(»/) 1 <e; 

aad therefore the product A (*) A (*) ^ absolutely continuous in (a, b). 
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If / (x) be absolutely continuous in the interval {a, 6 ), of x. and <f> (t) 
be absolutely continuous in the interval (a, j 8 ), of L then, if x and t be 
related by the condition x ^ <j> [t)^ the function / {(j> (^)} can easily be shewn 
to be absolutely continuous, in case the function ^ (t) is also monotone 
(see § 239). It was however pointed out by Dunham Jackson* that this 
is not necessarily the case when the absolutely continuous function <6 (t) 
is not monotone. De la Vallee Poussin has given a sufficient conditiont 
to be satisfied b 3 ^ <f> (^), in order that/{^ (^)} may be absolutely continuous 
for all absolutelj^ continuous fmictions / (.r); and the matter has been 
further investigated by Fichtenholzj. The latter has shewn that the 
necessary and sufficient condition that / {<^ (^)} should be absoluteh’ con¬ 
tinuous, where f (x) and (^) are absoluteh’’ continuous, is that /{<i if)} 
should be of bounded variation (see § 243). 


THE CON^TI^rUITV OF UNBOrXDED FUXCTrOXS 


219. Let it be assumed that the continuous function <p (a;), defined in 
the interval (a, b), of x, has 1 and -- 1 for its upper and lower boundaries, 
these being, in virtue of the continuity of the fmiction, also its upper and 
lower limits. 

Consider the 
<f. (x) = —/-<£L 

^ ^ ^ 1 + 1 / (a: 

point X. When ^ (a;) = 1. we may suppose the improper value x to be 
assigned to f{x); and when 0 (a;) = — 1 , we may suppose the improper 
value — 00 to be assigned to / (a;). In this manner, by adjoining to the 
real numbers the two elements oo, — oo, we ensure that a ( 1 . 1 ) corre¬ 
spondence exists, without exception, between the values of 6 {x), f (.r). 
Thus, to the closed interval (—1, 1). there now corresponds the dosed 
interval (— oo, co), and, in the correspondence so defined, the relative 
order of two elements is preserved without change; thus, as d> (.r) mereases 
steadily from — 1 to increases steadily from — oo to x. 

The function / {x) is continuous for any finite value c, of x, which is 
not such that <}> (a) has one of the values 1 , — 1 , 0 . 


function / ix) = , from which it follows that 

1 - ( ^ (a:) I 

the fmictions 6 {x), f {x) have the same sign at each 


For fix) / (a) - _ I / [- ^ 

provided / (x) and / (a) have the same sign. A neighbourhood of a can 
be so determined that, at every point of that neighbourhood, 

1 - I ^ (a:) I > A, 


* See de la Vallee Poussin, Trans. Amer. MatJi. Soc. voL xvi (191o}, p. 462, footnote, 
t Loo. cit. p. 462. 

% BvUe^n de Vacad. roy. de Bdgique (1922), !N'os. 6, 7, p. 430. 
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where h is some positive number so chosen that 1 — | <^ (a) | > ^, and also 
such that \ cf> (x) — <f> (a) \ < h% where € is an arbitrarily chosen positive 
number. In this neighbourhood we have then \ f (oi^) —f (a) \< e, and thus 
/ (a;) is continuous at «. 

If (a) = 0 , we have | <^ (a;) | < e, in a sufficiently small neighbour¬ 
hood of a, and therefore | / (a) | < if € < . Hence / (a;) is 

continuous at a. 

At a point a at which (a;) = 1 , the function / (x) has the value oo. 
If be an arbitrarily large number, a neighbourhood of a exists in which 
N 

<f> (a?) > —, m virtue of the continuity of (a;), at a; so that/ (a) > T 

in that neighbourhood. In a similar manner, it may be shewn that, at 
a point a, at which f (cc) = — 1, a neighbourhood of a exists such that 
f{a)<-N, 

It is convenient to extend the definition of continuity of a function 
at a point in such wise that the points at which / (a;) has the values 
00 ,- 00 are points of continuity of the function, corresponding to the 
continuity of the function {x) at such points. 

We are thus led to the following definition of the continuity of an 
unbounded function at a point in the neighbourhood of which the function 
has indefinitely great values: 

A function f (a:) is said to be coiUimious, in the extended sense, at a 
•point a, when, corresponding to any arbitrarily chosen positive number A, a 
neighbourhood of a exists, such that, at every point of that neighbourhood, 
f {x) > N. It is also said to be continuous at a, if the above conditions he 
replaced by f (a;) < — N, The value of the function at a may be regarded 
as 00 , in the first case, and — oo in the second case. 

An unbounded function / (a;) is regarded as continuous in the interval 
(a, b), for which it is defined, if it is continuous at every point / (x) in the 
neighbourhood of which the function is bounded, and is continuous, m 
the extended sense, at every other point. 

Thus, in the above case, the unbounded function / {x), continuous in 
this sense, corresponds to ^ [x) which is continuous in the more restricted 
sense of the term. It can easily be seen that the continuity of tfy (a;) is a 
consequence of that of f {x). 

In the above extension of the conception of a continuous function to 
the case of unbounded functions, the points oo and — oo have been re¬ 
garded as distinct. 

It is however possible to regard these points as not distinct from one 
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another, so that when we consider the functions f (x) 


1 


a value at 


which / (x) = 0 corresponds to a single value cc, of . 

j I'*') 

In this case a function f (a;) is said to be continuous at a pouii a forwliicJi. 
corresponding to each arbitrarily chosen positive number X, a neighbourhood 
of a exists^ in the whole of ivhich | f (x) j > X, 

It is clear that this condition may be satisfied in cases in which the 
condition of continuity is not satisfied when zo and — oc are regarded EiS 
distinct values of a function. 


THE LimTS OF A FCXt’TIOX AT A POINT 

.220. Let a be a limiting point of the set of points which forms the 
domain of the independent variable x; the point a may. or ma\' hot. iT^elT 
belong to the domain of x. Let (a, a 4 - h) be a neighbourhood of a oh ihe 
right, and let U (h). L (Ji) denote the upper and lower limits of a given 
function / (a:) for all the points of the domain of x which are interiv^r to 
the interval {a, a h). It will be observed that/(c:). if it- exists, is nor 
reckoned amongst the functional values of which U ( 7 i). L \h) are the 
upper and lower limits. 

Let a sequence of diminisliing values be assigned to h , which co:ivergc-> 
to zero; denoting this sequence by h ^: the corre>ponding nunibei 
TJ (Ai), U (/ig). U (hn), ... form a sequence of which the members do nrt 
increase, and therefore they have in general a definite lower limit, wliicti 
is called the upper liyiiit of f (x) at a on the right. It is casih’ <een that 
this limit is independent of the particular sequence {//„}, employed m 
defining it. It may happen that aU the upper limits U (h) are infinite, in 
which case we say that the upper limit of / (.r) at a on the right is — dc : 
or it may happen that the sequence U (//j). TJ (Aa), ... U ( 7 ^,,). ... has no 
lower limit, in which case we say that the upper limit of f (x) at a on tlie 
right is — 00. In any case, the finite, or infinite, upper limit of / (.r) at a. 
on the right, is denoted by / (« -r 0). 

The numbers L ( 7 ^l), L (fifj, ... L {hf) _form a sequence of which the 

elements do not diminish, and they have an upper limit, which is called 
the lower limit of f (x), at a on the right, and may, as in the former case, 
have infinite values oo, or — oo. This hmit is denoted by / (g Q) . 

Corresponding definitions apply to the left of the point cc; and the 
limits of / {x) at a on the left are denoted by / (a — 0), / (cc — 0) respec¬ 
tively. In case the point a is a limiting point of the domain of x, on one 
side only, the two limi ts of the function at a on the other side are non¬ 
existent. 



Ftmctiom of a Real Variahle 


29(3 


[CH. V 


In defining /(«-}- 0) it is immaterial whether we employ the upper 
limit, or the upper boundary, of the function in the open interval (a, a + 7i). 
If U (h) be the upper limit, and if (Ji) the upper boundary, all except a 
finite number of values of / (.r) in the open interval {a, a -h h) are such 
that/(ic) < U (lb) + where is an arbitrarily chosen positive number. 
A number < h can be so chosen that TJ (li') ^ U (h') < U (h) H- If 
tiiis be done in such a manner that lim = 0, it folloAvs that U (h) and 

_ Ji'^O 

C [h) have the same lower limit, as li -- 0. 

A similar remark applies to / (« + 0 ) , / (« — 0). f (a — 0 ) . 

The definitions of the upper and lower limits at a point a be 
stated shortly as follows: 

Tlie. 'iLpjper limit f {a 0 ) of a fmiction at a, on the right, is the limit of 
the up'per limit of f (x) in the open interval {a, a h), when h is indefinitely 
diminished. 

The lower limit / (ck + 0) o/ a function at a, on the right, is the limit of 
the lower limit of f {x) in the open interval {a, a h), when h is indefinitely 
diminished. 

The definitions for the left of a may be stated in a precisely similar 
manner. 

It is to be observed that the four functional limits / (a 0), / (a H- 0), 
/ (a — 0), / (a — 0) are entirely independent of / (a), in case a belongs to 
the domain for which / {x) is defined. Any arbitrary alteration in the 
value of / («) ^^iIl not affect these four limits of / (a;), at a. 

The conditions that the point a may be a point of continuity of the 
function / (ii;) are that / (o: -h 0), f {a 0) , / (a — 0), / (g ~ 0) , / (a) should 
a^have the same finite value. 

It may happen that / (a), f {a + 0), / (a -f- 0) have one and the same 
finite value, but that either, or both, of / (a 0), / (a — 0) have not this 
value; in this case/(a;) is said to be continuous at a, on the right. Con¬ 
tinuity at a, on the left, is defined in a similar manner. 

If the four functional limits at a be aU finite and equal, but / (a) have 
a different value, then the function is said to have a removable discontinuity 
at the point a. In this case the function would be made continuous at a 
merely by properly altering the value of / (a). 

The four functional limits at the point a; = 0 are usually denoted by 
/ (+ /(+ 0 )» f (- 0)> /(~ 0 ) respectively. 

If, at a point a. 


/(g) =/(a -h- 0) = /(g + 0) =/(a - 0) =/(g~Q) = + oo. 
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or if / (a), and all the four limits, are — co, the function is said to be con¬ 
tinuous at a, in the extended sense of the term; the distinction between 
-r oo and — CO being preserved. 

In case f (a) = f {a -r 0) = f {a -r 0) = co, or — cc . the function is 
said to be continuous at a, on the nght, in the extended sense of the term. 

The four numbers / {x 0 ). f (x — 0 ). f {x — 0 ). f {x — 0 ), which are 
dependent on x, may be regarded as defining functions of x called the upper, 
and the lower, right hand, or left hand, hmiting functions associated 
T^dth/ (aj). 

The upper associated function A (x) may be defined to be a function 
whose value at x is the greater of the two numbers / (x — 0 ), / (x — 0 ): 
and the lower associated function a (x) may bo dicfined to be a function 
whose value at x is the lesser of the two numbers / {x — 0 ). / (.r — 0 ). 

The greatest of the three numbers / (a;). / (a; 0 ). / (x — 0 ) may be 

regarded as the value, at x, of a function 21 (a;), called the rnaxunal function 
associated ivith f {x). 

The least of the three numbers f (x), f {x -f 0 ), f{x — 0) may be re¬ 
garded as the value, at x, of a function m (x), called the minimal function 
associated withf{x). 

221 . If the upper and lower limits of / (r) at a, on the right, have the 
same value, this common value is called the limit of f (r) at a, on the right. 
and is denoted* by / (a 4- 0 ). If the upper and lower limits of / {x) at a. 
on the left, have the same value, this is called the limit of / (a’) at a. on 
the left, and is denoted by / (a — 0 ). Either of the limits, on the right, or 
left, at a point, when such limit exists, may be either finite or infinite 

The limit at a; = 0 , on the right, is denoted by / (— 0 ); and the corre¬ 
sponding hmit on the left is denoted by / (— 0 ). 

The limit at a point P, on one side, may be also defined as follows;— 
Let (P.jPg, P 3 , ...) be any convergent sequence of points belonging to 
the domain of x, which is such that a, or P, is its limiting point, and such 
that all the points of the sequence are on the one side of P. The values 
of f {x) at Pi, P 25 P 3 , ... form an aggregate wliich may be a convergent 
sequence; let us suppose it to be so, and also that its limit has a value 
which is independent of the particular sequence, which is however subject 
to the conditions above stated. In that case, this limit is denoted by 
/ (a + 0 ), or by / (a — 0 ), as the case may be, and is called the limit of 
/ {x) at a, on the right or left. 

It may be observed that the necessary and sufficient condition for the 
existence of a definite finite limit, on the right, at a, is that, corresponding 

* This notation was introduced by Dirichlet; see Werhe^ voL i, p. 156. 
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to every arbitrarily small number e, a neighbourhood {a, a + 8) can be 
found, such that the difference of the values of the function at every pair 
of points of the domain of x, which are in the interior of this interval, is 
numerically less than e. 

The necessary and sufficient condition that / (a + 0) should exist, and 
be equal to + oo, is that, if A be an arbitrarily chosen positive number, 
S can be so determined that at every point interior to (a, a + 8) the con¬ 
dition / {x) > A is satisfied. In order that f (a -h 0 ) may exist, and be 
equal to — oo, the corresponding condition is that / (a;) < — A. 

It is possible that one of the limits / (a + 0), / (ce — 0) may exist and 
not the other. If the domain of x be either a continuous interval, or a 
perfect set of points, « may be taken to be at any point of the domain. 

When the condition for the existence of / (« + 0), or of f {a — 0), at a 
point a, is not satisfied, the convergent sequence (P^, Pg, ... P„, ...), of 
which P (a) is the limiting point, may be such that 

is either not a convergent sequence, or else that its limit depends upon 

the particular choice of the points P^, Pg, ... P„,_ In this case the 

fluctuation of / (x) within an arbitrarily small neighbourhood {a, a + 8). 
on the one side of cc, is either a fimte number which has not zero for its 
limit, when 8 is indefinitely diminished, or else it is indefinitely great, 
however small 8 may be. 

222. If Xj^. X 2 , X 3 . ... Xn, ... be a convergent sequence of points be¬ 
longing to the domain of x, with a for its limiting point, then the sequence 
/ (^n)^ convergent; but, if it be convergent, 

its limit may have either (1), a single value independent of the mode in 
which the convergent sequence is chosen, in which case a is either a point 
of continuity of / (a;), or a point of removable discontinuity of the function; 
or (2), one of two values, in which case both the limits / (a -1- 0), / (a — 0) 
exist; or (3), one of a finite, or an indefinitely great, number of values, 
which all lie between the greatest and least of the four functional limits at a. 

If the sequence/ (a;i),/ (ojg), .../ (a;„), ... be not convergent, by omitting 
a certain set of the numbers of the sequence, we shall obtain a convergent 
sequence, or else one which diverges to -h 00, or to — 00 - We can therefore 
without loss of generality suppose that a^g, ... x^, ... are so chosen that 
this is the case. 

The aggregate of all possible values of the limits of such a sequence 
(® 2 )> -••/(2?ii)» •••> for all sequences {»„} which converge to a, each 
of which limits has a finite value, or is 00, or — 00, is called the aggregate 
of functional limits at the point a. Of the numbers x^, x^, ... ^ 
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infinite number are on one side of a; we may therefore without loss of 

generality assume that ... a:„, ... are all on the same ade of a. 

It will be shewn that tJte <mgregate of fuvctional limits at a is a dosed 
set (which may be finite), provided, in case any functional limit is infinite, 
we regard the point oo, or — oo, as belonging to the set. 

Suppose U is the limit to which such a sequence converges. If the 
aggregate of aU values of TJ is not finite, let Z7i, fjg, ... U„, ... be a con¬ 
vergent sequence of values of V, of which Ua is the limit. It -vvill be shewn 
that Ua is itself a value of TJ. First suppose that is finite. Let be 
the limit of a sequence {/ fora = 1, 2, 3, ...; we may choose r so 

large that \U^-U,\<y, 

for this value, and all greater values, of r. We can then choose a so that 

for that value, and all greater values, of ii. It follows that, for all 

sufficiently large values of r and f \ < e. 

As € is arbitrarily small, we can obtain a sequence of number.^ x. such 
as for which/converges to U^, whilst the numbers x^^’^ con¬ 
verge to a. Hence belongs itseK to the aggregate of functional limits. 

In case is infinite, we can choo.se r so that | !7,. | > A, an arbitrarily 
chosen number; then, as before, n can bo .so chosen that 

and thus | / ( > A — Je. Taking an increasing sequence of values 

of A, and a diminishing sequence of values of €, we obtain a sequence of 
points for which (/ | is divergent. 

It thus appears that the aggregate of functional limits at a point a is 
closed, in the ordinary sense, when the upper and lower functional limits, 
at a, are all finite; and that, when this is not the case, the set will be 
closed if we regard one, or both, of the points co, — co as belonging to it. 

The aggregate of functional limits may be finite, or may consist of a 
closed set, of any type as regards density. 

223. If the domain of x be unbomided, in one, or in both, directions, 
it may happen that a point (> 0) of the domain can be found, corre¬ 
sponding to every arbitrarily chosen positive number €, such that the 
difference between the values of / (a?), for any two values of x which are 
both greater than , is numerically less than c. In this case the function 
has a definite limit, as x is increased indefinitely in its domain; and this 
is called the limit of / (x) iov x^^ co. Under a corresponding condition 
f {x) may have a definite limit for a; ^ — oo. 

If, as X increases, a point of the domain of x, corresponding to each 
assigned positive number A, chosen as great as we please, can be found. 
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suoh that / {x) > A, for all values of x which belong to the domain, and 
are > then the limit of / (x) is said to be oo, as a: is increased inde¬ 
finitely. If f(x)< — A, for all such values of x^, then the limit of / (x) 
is said to be — oo. Similar definitions apply to the case in which x has 
indefinitely great values in the negative direction. 

In case the limit / (a -h 0), at a point a on the right, do not exist as a 
definite number, and be not infimte with a fixed sign, it is frequently 
convenient to regard f {a 0) as still existent, but indeterminate, and 
capable of all values belonging to some closed set of which / (a -h 0), 
/ (a -f 0) are the extreme values. It is then said that / {a -f 0) is indefinite 
in value, and that / (a + 0), / (a + Q) are its limits of indeterminancy. 
A similar remark apphes to f {a — 0), which may also be either defimte, 
or indefinite, with / (a — 0),/ (a — 0) as its limits of indeterminancy. One, 
or both, of the limits of indeterminancy, in either case, may be infinite. 

THE DISCONTINUITIES OF FUNCTIONS 

224. Let us suppose the domain of x to include aU points in a suffi¬ 
ciently small neighbourhood of a point a; or, in any case, let cu be a 
limiting point of the domain of x. 

The fluctuation of the function / (a;) in the closed, or open, neighbour¬ 
hood (a — 8, a + 8) of the point a, depends in general upon 8, but cannot 
increase as 8 is diminished. It therefore has a lower limit, for values of 8 
which converge to zero. This limit, which may be zero, finite, or inde¬ 
finitely great, is called the saltus (Sprung), or measure of discontinuity, of 
the function / (a;), at a; thus; 

The saltus, or measure of discontinuity, of a function f (a;), at a point a, 
is the limit of the fluctuation of the function in a neighbourhood (a — 8, a -i- 8), 
as 8 converges to zero. 

The upper boundary of the function f (x) in the interval (a — 8, a + 8) 
has a lower limit, CLshis indefinitely diminished, which is called the mcuximum 
M (a), of the function f {x), at a (see § 220). 

The lower boundary of the function, m the same interval, has an upper 
limit, as h is indefinitdy diminished, which is called the minimum m {a), 
of f (x), at a. Either the maximum or the minimum at a point may be 
indefinitely great. 

The saltus of / (x) at a is easily seen to be the excess of the maximum 
at a over the minimum. 

It is clear that the maximum of / (a;), at a, is the greatest of the numbers 
/(« + 0), / (oE — 0), / {a), and that the minimum is the least of the numbers 
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/ (a + 0) , / (a — 0) , / (a); and thus that the saUus at a is the excess of the 
greatest over the least of the numbers 

/(« + 0), /(a-0), /(a~0) . / («). 

At a point of continuity of / (a;) the salt us is zero. Any point at which 
the saltus has a finite value (> 0), or is indefinitely great, is called a volnt 
of discontinuity of / (a;), and in the latter case it is said to be a ipoin’ of 
infinite discontinuity. 

If the closed neighbourhood (a. a S), on the right of a. be taken, ihe 
lower limit of the fluctuation in this neighbourhood when S is indefinitely 
diminished is called the saltus at a, on the right. This is equivalent to tlie 
excess of the greatest over the least of the three numbers 

f{a-^0) J(cc^0) .f(cc). 

A corresponding definition applies to the saltus at a on the left. 

• 225. The points of discontinuity’- of a function may be classified as 
follow's;—(1) If both the limits / (« - 0), / (« — 0) exist, and have vah;es 
which dilfcT from one another, the point a is said to be a point of dis¬ 
continuity of the first kind, or a point of ordinary discontinuity. 

The difference bettveen the greatest and least of the three numbers 
/ (a "f 0), f {a ~ 0), f (a) is the saltus, or measure of discontinuity, of the 
function at a. If a be not a point of the domain of .r, 1 / (c — 0) — / (tj — e - , 
measures the saltus at a; and if a be a point of the domain, and lies 
between / (a + 0) and f (a — 0), then the saltus is aho measured bv 
|/(«^0)-/(a-0)|. 

When / (a) does not lie between / (« -f 0) and f {a — 0), the function 
is said to have an external saltus at a. 

In every case, the saltus on the right is measured by | / (a -r 0) — / (c; 
and that on the left by | / (a — 0) — / (a) |. 

Whether there be an external saltus at a, or not, the number 

!/(« +o)-/(a-o)i 

is said to measure the oscillcLtion (Schwingmig) at a. The oscillation at a 
point differs from the saltus in that the functional value / (cc), at the point, 
is in the former case disregarded. 

If /(«)=/(« — 0), whilst f (a) i=f {a 0), the function is said to be 
ordinarily discontinuous at a on the right. If f (a) f {a — 0), whilst 
y (a) ==/(a -f- 0), the function is said to have an ordinary discontinuity 
at a on the left. 

It may happen that f {a -r- 0), f {a — 0) have equal values which differ 
from / (a). In that case the discontinuity at a is removable (see § 220); 
since by merely altering the functional value at the one point a, the func¬ 
tion can be made continuous at the point. 
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(2) . If neither of the limits f {a 0), f {a — 0) exists, the discontinuity 
at a is said to be of the second hind. 

The oscillation'^ at a is measured by the excess of the greater of the 
two numbers / (a -f 0), / (a - 0) over the lesser of the two numbers 
/ (a -r 0), / (a — 0), the value of / {a) being left out of account. 

The differences / (a + 0) - / (g + Q)> f {a — 0 ) — f {a - 0 ) may be 
spoken of as the oscillation at a on the right, and on the left, respectively. 

By Dinif, a definition of the saltus is adopted which differs from the 
one which we have employed; he takes the greatest of the four differences 
[ f (a ± 0 ) —f (a) I as the measure of the saltus, the greater of the two 
differences | / (ce 4- 0) — / (a) | being taken as the measure of the saltus 
on the right. 

(3) . It may happen that one of the two limits/ (a + 0), f {a — 0 ) exists, 
whilst the other does not. In this case, the point a may be said to be a 
poiM of mixed discontinuity. 

If / (a) exist, and be equal to that one of the two limits / (a + 0), 
/ (a — 0) which exists, then the function is continuous at a on one side, 
and has a discontinuity of the second kind on the other side. 

(4) . If one or more of the four limits / (a ± 0) be indefinitely great, the 
point a is one of infinite discontinuity. 

Under infinite discontinuities is sometimes included the case in which 
/ (a) is defined by l/f (c) = 0, or when / (a;) is defined as the limiting sum 
of a series which, for the value a, becomes divergent. 

226. In an arbitrarily small neighbourhood {a, a -f- h), on the right of 
a point a at which the limits / {a 0), / (g + 0) have different values, there 
must be an infinite number of points at which / (a?) > / (a + 0) — e, where 
€ is an arbitrarily small fixed nmnber. 

For, if there were only a finite number of such points in (g, a -}- h), 
h could be chosen so small that all such points would be excluded from 
the neighbourhood; thus, in a sufi&ciently small neighbourhood (g, g + 
we should have at every internal point f (x) ^ f {a + 0 ) — e; and then the 
upper limit at a on the right could not be / (g + 0). In a similar manner 
it can be shewn that, in the arbitrarily small neighbourhood (a, a + h), 
there must be an infinite number of points at which /(»)</ (a + 0) + e. 

* This definition of the “Schwingung” is given by Pasch in his Evrdetiung m die Differential- 
uni iTdegrcdrechnung, p. 139. 

t See OruTtdlagen, p. 55. 
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In this case we say that, in the arbitrarily small neighbourhood of c. 
on the right, the function makes an infinite number of finite oscillations. 
In case of the infinity of one, or o£ both, of the Ih-ni fs/ {rr. — D) and/ (a -r 0). 
and, in the latter case, only if they be of opposite signs, the function makes 
an infinite number of infinite oscillations in the arbitrarily small neigh¬ 
bourhood of a. A similar remark applies to the case in which f (a — 0), 
f{a — 0) have unequal values. It has thus been shewn that: 

A point of discontinuity of the second hind is one such that, in its- arbi¬ 
trarily small neighbourhood^ the function makes an infinite number of finite 
or infinite oscillations. 

In an arbitrarily small neighbourhood on either side of a point of dis¬ 
continuity of the first kind, the function may make an infinite number 
of oscillations; but since the neighbourhood can be chosen so ^.inail that 
the fluctuation of the function in its interior its arbitrarih' small, the 
oscillations, when they are infinite in number, are arbitrarilj'^ sinail. suSi- 
ciently near the point. 


EXAMPLES 


1. Let/(re) =sm xjx, when and/ (x) =A, when x =0. 

In this case f{+0)=J{ -0) =1, / (0) = A; thus f (a.) has a removable dLSContinuity at 
X =0, unless A =1, in which case the function is continuous in any interval. 


2. Let / (a:) =^-^; we have then / (o -i-O) = w, / (a -0) = - x, and/ [a) is undenned. 

3. Let/(a;) =(x -a) sin —, and/ (a) =0; then/(a -rO) =0, /(« -0) =0. This function 

X — CL 

is continuous at a; =a, and makes an infinite number of oscillations m any neighbourhood 
of that point. 

4. If / (a:) = ^ cosec - , then 

' X-a X ~a 


/(a-i-0)=oo, /(a-f0) = /(a-0)=oo, /(« -0) = -=c. 

This function has an infinite discontinuity of the second kind at the pomt «. 

- . 1 , 

5. If f(x)=e^, we have /(-j-0)=oo, f(-0)=0. If f[x}- -j, then /(+0;=0, 

1 

/(- 0 )= 1 - 


6. If / (a;) =sm x, lim / {x) is indeterminate, the limits of indeterminancy being -{- 3, -1. 

JC—00 

In the case / (a:) =x sin x, the corresponding limits of indeterminancy are +«», - oc. 

7. Let y=JS (x), where E (a;) denotes the integral part of x. This function is discon¬ 
tinuous when X has an integral value ni "we then have ^7 (ai - 0) = w -1, (w) =ngE (?i -r0) = w. 

8. Let (x) denote the positive or negative excess of x over the nearest integer; and 
when X exceeds an integer by let (a;) =0. This function is continuous except for values 
X =w + where is an integer. We have (n +^) =0, (n + J -0) =J, (n +0) = 
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ORDINARY DISCOYTINtriTIBS 

227. Although the points of discontinuity of the first kind have, in 
accordance with usage, been spoken of above as ordinary discontinuities, 
it vdll be shevtTi that they are, in a sense, more exceptional than dis¬ 
continuities of the second kind. The following theorem will be established: 

The set of pomts at which a function f (x) has m'dinary discontinuities is 
enumet'able {or finite, or absent); ivhereas the set of points of discontinuity of 
the second kind may be unenumerable. 

Let k he 8b positive number, and let denote that set of points of 
ordinary discontinuity in (a, b) at which the saltns of f {x) is > k. If the 
set Sj. be not finite, let a be a point of its derivative. Any neighbourhood 
of a contains points of Sy ., and therefore contains pairs of points, both on 
the same side of a, such that the difference of the values of f (x) at the 
points of such a pair is numerically > k. It follows that the point « must 
be a point of discontinuity of the second kind, and thus that a is not a 
point of /Si,; and therefore the set /S* is an isolated set, and is consequently 
enumerable. If k^, k 2 , ... he & sequence of diminishing numbers that con¬ 
verges to zero, aU the sets ... are enumerable (or finite, or non- 

existing), and therefore their outer limiting set, which contains all tlie 
points at which / (x) has an ordinary discontinuity, is enumerable (or 
finite, or absent). 


THE SYM3IETBY OE EtnSTCTIOK'AL LIMITS 

228. The question as to the nature of the set of points at which a 
function / (a;) has functional hmits, on one side, which differ in value from 
the corresponding fimctional hmits on the other side has been investi¬ 
gated* by W. H. Young. 

The general result obtained is that: 

Except at points of an enumerable set, the upper and lower limits of a 
function, on the right, are equal to the upper and lower limits respectively, 
on the left, and there is no external saltus. 

Let us consider the set of points at which 

f{x -f 0) -f{x - 0) > fc, f{x + 0) > A ; 
where A and k are positive numbers. If the set is not enumerable, 
it contains a component H, each point of which is a limiting point on both 
sides (§ 89). It follows that, at each point of H, f {x — 0) ^ A; and there¬ 
fore / (a: -h 0) > A -1- at each point of H. Similarly, it is seen that, at 
each point of H, f {x 0) > A + ^k', and by repeating the process we 

* See Quarteiiy Journal of Math. vol. xxxix (1908), p. 67. 
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have f {x 0) > A nk, whatever value n may have. It then follows 
that at the points of H, f {x -f 0) = oc-, and therefore / (a; - 0 ) = - oc: 
w'hich is contrary to the condition 

/FT^) -f{x-Q)>k. 

Therefore the set Gj, is enumerable. Giving to A the values in a sequence 
of decreasing numbers diverging to - oo, we see that the set of all points 
at which f (x 0) — f (x — 0 ) > h is enumerable. Xext, letting k have 
the values of the numbers in a decreasing sequence converging to zero, 
we see that the set of points at which / (a; 0) —} (x — uj > 0 is enu¬ 

merable. Similarly, it may be shewn that the set of points at wliich 
/ (a: — 0) — / (a; -f 0) > 0 is enumerable. Therefore, except at the points 
of an enumerable set, we have / (35 -h 0) = / (x — 0). 

By considering the function —f(x), for which an upper limit i? ob¬ 
tained by changing the sign of the corresponding lower limit of / (x), we 
see that / (x -{- 0) =f{x — 0), except at the points of an enumerable set. 

Therefore f (x 0 ) = f {x — 0) and f (x -r 0) = / (x — 0) . except for 
values of x belonging to an enumerable set. 

In the proof of the above theorem/ (x) may be substituted for/ {x — 0), 
without affecting the reasoning. It then follows that the set or points at 
which/ (a;) > / (a; — 0) is an enumerable set. By changing/ (a;) into — / {x). 
it then follows that the set at which f (x) <f (x — 0) is al&o enumerable. 
Similarly the sets at which /(a;) > f (x 0), and at which / (x) < / [x — 0) . 

are enumerable. Hence, except at the points of an enmnerable set, we have 
/(a; + 0) =f(x- 0) s/(a;) 
and f(x + 0 ) = f(x - 0) 

The theorem has now been completely estabhshed. 

Also, it follows that: 

The set of points at which then'e is a removable discontinvity is enumerable 
(or finite, or absent). 

FUIsCTIONS CONTINirOUS IN AN OPEN INTERVAL 

229. The theorem that a function that is continuous in a closed 
interval (a, 6) attains its upper and lower bomidaries (which are also 
limits), each at one point in the interval, may be extended to the case of 
a function which is continuous only in an open interval (a, 6). 

* We have in that case the following theorem: 

If a function/ (x) be cordinuous in an open interval (a, 6), and iff (a -r 0), 
/ (6 — 0) are both less than the wpper boundary of the function in the interval. 
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there is one interior point at least at which the function attains the value of its 
upper boundary. Similarly if f (a 0) , f jb — 0) are both greater than the 
lower boundary of the function in the interval, there is one interior point at 
least at which the function attains the value of its loioer boundary. 

For e. e may be so chosen that, for a < a; < a H- e, and for 6 — e' < a; < b, 
the upper boundaries of the function are less than in {a, b). The original 
theorem may then be applied to the closed interval (a + €, 6 — e'), and 
the result follows. 

The theorem of § 214 may also be extended to the case of a function 
that is continuous in an open interval (a, b). We have the following 
theorem : 

If f {x) he continuous in the open interval (a, h), and if any one of the 
functional limits at a is of opposite sign to any one of those at b, there is at 
least one point of the open interval at which f (x) has the value zero. 

Let / (<x H- 0) ^ ^ ^ / (g -h 0) , and f {b — 0) > B ^ f {b — 0), where A 
and B are any functional limits at a and b, not necessarily extreme limits; 
and suppose ^ < 0, 5 > 0. Positive numbers e, e' can be so determined that 
/(g + €)<0,/(6-€')>0; 

if the theorem of § 214 be applied to the closed interval {a e, b — e') the 
result follows. 

If A, B satisfy the conditions 

•/(g-f-0)^^^ /(g + 0 ), f{b-0)^B >f(b-0 ), 

there is at least one value of x in the open interval at which f {x) has a pre¬ 
scribed value G, lying between A and B. 

For the theorem just proved can be applied to the function / (cc) — C. 

If f (a:) he continuous in the open interval {a, h), the aggregate of func¬ 
tional limits, on the right at a, contains every number in the interval 

(f{a + 0), f{a + 0) ). 

Let c be a number such that f {a + 0) > c> f {a + 0), and let e be less 
than / (a + 0) — c, and than c — / (a + 0); thus 

/ (a -f 0) — € > c> / (g + 0) + €. 

In an interval (g, a + h), where a h< b, there is a set of points 
at each point of which / (a + 0) -f € > / (a;) > / (g + 0) — e, and another 

set at each point of which / (g + 0) + e > / (a:) > / (g + 0) — e. Let 

be the upper boundary of the set and (2 upper boundary of 

the set Gjf^^K We have then, since / (a?) is continuous at and ^ 2 s 

/(« + 0) + 6 ^f(g^) ^/(g + 0) - 

fia + 0) + e ^/(g + 0) - €. 
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In the closed interval of which are the end-points, since c lies 

between / (fi)./ (^ 2 )^ there is a set of points at which the function is equal 
to c. This set must be closed. if f be its upper boundary, Ave have/ (f) = c: 
where is a definite point in {a,a h). If now we assign to h rsucces^ively 
the values in a monotone sequence that converges to zero, we obtai.i a 
sequence of points ^ that converges to a. and at each point of the ^equer.ce 
the value of / (x) is c. Thus the aggregate of functional limits at a incl ude^ 
the number c. This sequence of values of i i< determinate, and its con¬ 
struction does not involve the use of the prineiiDle of selection. 

If Ave assign to e the values in a monotone .^ecj^uence that converge- to 
zero, there will be a corresponding sequence of A-alne^ of such that. :n 
that secjuence, / (^ 1 ) eolwerge^ to f {a - o). Similarly the -equence 7 
AAdll converge to / (a -h 0). 


SEMI-COXTINUOrS Frxc'Tioxs 


230. The condition of continuity of a fun-jtion 


a rjoii] 


namely that, if € be any prescribed positive number, an open intei'/a! 
{x — h, X -h h) exists such that, for any point x' in it, / — / f.>j/ < e. 

can be divided into tAvo separate conditions. \dz. that j (c') <j - €. 


and that 




It is possible that, at a point x, one of these condition's may be 1 

and not the other. This consideration giA^es ri'^e to tlie deSnition a 
property called semi-continuity. 

If <l> (x) be a function defined for a continuous domain, and if, corie- 
sponding to every arbitrarily chosen positive number €. an open neigh¬ 
bourhood {x — h, X Ji) 01 a, particular point (a;) can be determined '-nch 
that, for every point x' in this open interval, the condition. 

(f) {x') < ^ {x) -f e, 

is satisfied; then the point x is said to be a point* of upper .serni-contirnflTi/ 
of the function (f> (x). 

If an open neighbourhood of the point x can be determined, for each c,' 
such that ^ {x') > ^ (x) — e, then the pomt x is said to be a point of loicer 
semi-continuity of the function <f> {x). 

That a point x may be a point of continuity of the function ( j :), it 
is necessary that both the above conditions be satisfied. 

A function may have upper, or lower, semi-continuity at a point, on 
the right, or on the left. 


* See Baire*s memoir “Sur les fonctions des variables r^elles/’ A/inali di Mat. (3 a), vol. m, 
1899. 


20-2 
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If every point of the domain (a, h), for which the function (f> (x) 
denned, is a point of upper semi-continuity, then the function <f} (a?) 
said to be an up^er semi-continuous function. 

A similar definition applies to a lowe7' sefni-continuous function. 

It is clear that, if <f> (re) be a lower semi-continuous function, th 
— <f> {x) is an upper semi-continuous function. Thus the properties of t 
one class of functions may easily be extended to the other class. 

If f {x) be a function, defined fo7' the inteurvad (a, 6), and if M (x), m { 
denote the maximum and the minimum of f (x) at the point x, then M (a;) 
an upper semi-continuous function, and ?n (x) is a lower semi-continuo\ 
function. 

For a neighbourhood (x — h, x -h h) of any point x can be determme* 
such that the value (see § 224) of / {x), at every point in this neighbou 
hood, is less than M {x) -h e, where € is a prescribed positive number. A 
every point in (x — hi, x hi), where hi is chosen < h, the value of th 
function M (x) is less than M (x) -f e. Since this holds for every valu 
of €, the function M (x) is upper semi-continuous at x. 

It is clear that the function m (x), where 7 n (x) denotes the minimum 
of / (a;) at the point x, is a lower semi-continuous function. 

The saltus M (x) — m (a;), of the fimction/ (x), may be taken to be the 
value of a function, o) (x), which is called the saltus-function of / (a;). 

The saltus-function w {x) of any f miction f {x) is an upper s&mi-con- 
iinuous function. 

For M (x) and — m {x) are both upper semi-continuous functions, and 
it is easily seen that the sum of two such functions belongs to the same class. 

Instead of considering the functions M {x),m {x) we may consider the 
upper and lower associated functions A (x), a (x) (see § 220). It can be 
proved in the same manner as in the cases of M (x), 7n (x) that the upper 
associated function A (x) is upper semi-continuous, and that the lower 
associated function a (a;) is lower semi-continuous. 

The function f {x 0) is upper semi-continuous on the right, and 
/ {x -i- 0) is lower semi-continuous on the right. 

If {^) he any upper semi-continuous function, then the set of points for 
which <f> {x)^ a is a closed set, where a is any fixed number. 

For let iS be a set of points at which the condition <f> {x)^ a is satisfied, 
and let P be a limiting point of S. Let us suppose that, if possible, 
<f> (P) < a; then a neighbourhood of P can be determined, such that at 
every point in it the value of <l> (x) is less than a, and hence this neighbour¬ 
hood cannot contain any of the points of S; but this is contrary to the 
hypothesis that P is a hmiting point of S. It follows that (P) ^ a, and 
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thus that the set of points for which ff> {x) a contains all its limiting 
points, and is therefore a closed set. 

It can be shewn, in a sim u* manner, or it can be deduced from the 
above theorem, that the set Oj points for which ifs {x) ^ a, is a closed set; 
where ip (a:) is any lower semi-continuous function. 

If we apply the theorem proved above to the saltus-fimction oj [:c). 
of any function / (as), we obtain the following theorem: 

Having given any function / (as) defined for a continuous domain, the 
saltus-function co (x) is such that the set of points for which oj (as) ^ a, forms 
a closed set. 


231. In an open interval, f (x) and the minimal function m (x) have the 
same lower boundary. 

Eor, if there are points at which / {x) is between — e. -.4 — 6: at any 
such point m (x) ^ A e. li A is the lower boundary of f (a;), we see that 
the lower boundary of m {x) ^ A, since e is arbitrarily small. Again if 

there are points at which m (x) is between A' — e, A' — €. there must be 
a point at which / (x) is also between these numbers; hence if A' is the 
low^er boxmdary of m (as), the lower boundar}" of / (x) is < A' — e. and is 
therefore < A\ The two inequahties shew' that / (x) and (x) have the 
same lower bomidaries. 

If <f> (x) is an upper seyni-continuous function, defined in the interval 
{a, b), the set of points at which oj{x)^ a is non~dense in the interval [a. b). 

We have in this case M (a;) = 6 (x), and thus co (.r) = ® (.r) — tn (.r'. 
If possible, let there be an open interval in which at every point 

({> (as) — 711 {x) ^ <7; 

and thus m (x) < p (x) — a. If a be a point of the interval, and e (< a, 
be arb:i^rarily chosen, a point Xj^ in an arbitrarily small neighbourhood of a. 
contained in the interval, exists such that 

Kp (asi) < m {a) -{- € < <p (a) — {a — e), 

Tn an arbitrarily small neighbourhood of as^, also contained in the open 
interval, a point can be determined such that <p (asg) < (p (iJi^i) — (o- — e). 

Proceeding in t.hiR manner, a point as„, arbitrarily near to a, can be so 
determined that <p (a?,i) <<p{a) -n {a — c), for any integer n\ and thus 
<P (as^) is an arbitrarily great negative number. It follows that there exists 
an everywhere dense set of points at which p (x) < — A, where A is an 
assigned positive number. For, if jS be a point at which (p (x) < — A', 
where A* > A^Si, neighbourhood of j8 exists in which 

^ (a;) < — J.' 4- e < — 
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if e be chosen < A' — A. This neighbourhood contains no points of the 
set for which <f> (x) ^ — A. Since the points j8 are everywhere dense, we 
see that, in any interval, a sub-interval exists which contains no points at 
which (f> (x) ^ — A, and thus the set of such points is non-dense. Giving 
to A the values in a divergent sequence of increasing numbers, and re¬ 
membering that (f> (a;) is finite at every point, we see that the points of 
the continuum [a, b) are divided into the sum of sets of a sequence of 
non-dense sets. But this is impossible, since the continuum does not form 
a set of the first category. It follows that there cannot exist an every¬ 
where dense set of points, corresponding to each positive number A, such 
that ^ {x) < — A. Thus no open interval exists in which co [x) ^ a, and 
therefore the set of points at which <d (x) ^ a is non-dense. We have now 
the equivalent form of the above theorem: 

The points of discontinuity of an upper semi-continuoiis function form a 
set of the first category. 

232. If <f> (x) be an upper semi-continuous function, and if, at every point 
of the interval {a, b), the minimum of c[> (x) be zero, then there exists a set of 
2 )oints, everywhere dense in the interval, at which (f> (it') is itself zero. 

To the interval (a, 6), the field of the variable x, let there be fitted on 
a system of nets with closed meshes. Let P be the centre of a mesh d^ 
of Dnl then since the minimum of <f> {x) at P is zero, a mesh d^^ {n^ > n), 
of the sequence of meshes which defines P, must be such that in every 
point of dn^ we have 0 ^ (x) < c/2. Another mesh dn^, contained in d^^, 

can be so determined that, for all points of it, 0 ^ (sc) < e/22; go on. 
We have then a sequence of meshes d^^, d„^, ... each of which contains 
the next, and such that, in d^ , we have 0 g ^ (sc) < c/2’*. This sequence 
defines a point P (J')^ in all of them, for which 0 ^ ^ (^) < e/2^, for every 
value of r. Therefore ^ (.^) = 0; and every mesh contains a point such 
as X. It is thus seen that 0 (sr) vanishes at the points of an everywhere 
dense set. 

In particular, we see that, if ca {x) be the saltus-function of any given 
function f (sc), and if <a (sc) has its minimum equal to zero at every point of 
the domain of sc, then cd (sc) vanishes at an everywhere dense set of points. 
The points of this set are the points of continuity off (sc). 


233. If infinite values of a function are admitted, the function f (sc) 
may stiU be regarded as semi-continuous, when it is infinite. 

Consider a function / (sc) which has infinite values; the function 


1 + 17 {¥)| 

is bomided, and the values 1,-1 correspond to values + oo, — oo respec¬ 


tively, of / (*). 
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We have / (a:') —f(x) = 


^ (x') - <j> {x) 


{l-\<l>{x') ij» 

provided 0 (as), (a;') have the same sign; hence if <i (x') — A {x) < c. then 


Therefore, if {x) is upper semi-continuous at a;, so also is/fu;). In case 
^ (x) is positive, and {x') negative, i (x^) < (f> (x), and then / fa’') < / {x). 
If / (x) = 00 . we have <b (.r) = 1, and at ail other points 6 {x') ^ 6 {.r): 
therefore a point where/(.r) = — oo is a point where 6 [x) i-^ upper semi- 
continuous ; and similarly' where / (a*) = — sc. 6 \x) is lower semi-con¬ 


tinuous. 

It is therefore convenient to regard / (.r j as upper semi-eontinuoii*, 
where it has the value -f co. and lower seini-continuous where it is — x: 
the correspondence with 6 (x) being thus preserved. 


234 . The following theorem is a generalization* of the theoiem of § 217 , 
that a continuous function is uniformly continuous in it- c*Io>ed (lomai:i 

Iff (x) is bounded, in the interval (a, 6). and if k be a numhtr greater than, 
the njoper boundary of a> (^’) in (a, b), there exists a posl-ire tiinube'' a. 6 uch 
that, in every closed sub-interval in (a. h) of length n*A exceeding a, tie 
fluctuation of f {x) is < h. 

It IS convenient to assume that, for valiie> of x that are < «. J i« 
defined to be equal to/ (a), and that, for values oi x that aitr > b.flx^ = f b . 

If X be any point in {a. b). the fiiictuation of / {.r; in the interval 
{x — h, X -f li) is < 1c, provided h be sufficiently small The upper boundary 
of all values of h for v’hich this is the case may be denoted by h . If 6 be 
a fixed number such that 0 < 0 < 1. the fluctuation of the function in the 
closed interval {x — dh. x dh) in < h. Corresponding to each point x in 
{a, 6), a definite interval may be assigned, viz. the interval (u- — 6 n. x — 6 h}. 
or the part of it which is interior to (a, b) By the Heiiie-Borel theorem, 
a finite set of these intervals exists, such that every point of ;a. 6) is 
interior to at least one of these intervals. The end-points of the intervals 
of this finite set A form a finite set of points in (a, b) ; let a be the smallest 
of the distances between consecutive points of this set. Any closed interval 
whatever, in {a, b), of length not exceeding a is in one of the intervals of 
the finite set A. Therefore, in such an interval, the fluctuation of / (x) 
is < k. 

The corresponding theorem for the case of a bounded function defined 
in a cell of two or more dimensions may be stated as follows: 

If a function be bounded in a cell {a, b) of any number of dimensions, and 
if k be a number greeder than the upper boundary of the saltus-f unction in the 

* See Baize, Zbc. cit. p. 15. 



312 Functions of a Real VariaUe [oh. v 

whole cdly there exists a positive mimber a such that^ in every closed cdl con¬ 
tained in (a, b), of span not exceeding a, the fluctuation of the fivnction is < Jc. 

The proof is a modification of that given above for the case of a linear 
interval. There is shewn to exist a finite set of closed cells, such that in 
each of them the fluctuation of the function is < Jc, and such that each 
point in the cell (a, 6) is interior to one of the cells of the finite set. If we 
project on the edges of {a, b) aU the edges of the cells of this finite set, 
we have on each edge of (a, 6) a finite set of points. The number a can 
then be taken to be the least distance between consecutive points of these 
finite sets, when all the points on all the edges of {a, b) are taken into 
account. Any cell whatever, in (a, b), of span not exceeding a will be in 
one of the cells of the finite set, and therefore the fluctuation of the function 
in such a cell is < Jc. 

The definitions of semi-continuity given above, and the theorems 
established, are applicable when the domain of the variable x is not an 
interval (a, 6), but any closed set of points. In that case, we regard func¬ 
tional values in any interval as only existing at those points in the interval 
which belong to the domain of x. 

Moreover, the definitions and theorems are applicable to the case of 
functions of a number p of variables. In this case, instead of an interval 
{x — Ji, X h) used in defining semi-continuous functions and the saltus- 
function, we may employ the “sphere” 

(^( 1 ) a;(l ))2 _f_ (^( 2 ) _ ^( 2))2 + ^ qj, ^ 

according as the neighbourhood is open or closed, or else a cell may be 
employed. 

EXAJMPLE 

/ (^) 1)6 any function, ^ (a;) its znaximum, and iff (x) its minimum at the point x, 
and g {x) be any continuous function, then (®)» +9 (^) are the maxima and 

minima at x, of f{x)+g (a;). Also the functions ^ (a;) -f (a;), f{x) - iff {x) have each, in any 
domain, the TnininrmTn zero. 


APPROXIMATE CONTINUITY 

235. A function / (a:) is saidf to be approximately continuous at a point 
a of the domain (a, 6) of the variable x, when, corresponding to each 
arbitrarily chosen number €, the set of points x for which \ f ix) — f (a) \ < e 
has the metric density unity at the point a. 

The necessary and sufficient condition thod the function f (a;) sJiould be 
approximaidy continuous at the point a is that it should be continuous, at a, 
relatively to a set of points G which has the metric density unity at the point a. 

* Baire, loc. at. p. 9. 

t Denjoy, JBidL de la soc. math, de Frajice, v<^. xim (1915), p. 165. See also Looman, Funda- 
menta Math. vol. v (1924), p. 105. 
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The condition in the theorem is sufficient; for there then exists a 
number h, such that, in the interval {a — li, a -r h), the condition 

\fi^)-Sia) I <€ 

is satisfied for every point x that belongs to O. This part of G has the 
same metric density at a as 6? itself. 

To shew that the condition is necessary, let it be assumed that the 
set G («, €) of points at which \f{x) — / («) j < e has the metric density 1 
at the point a, whatever value c may have. 

Let {e„} be a sequence of decreasing values of € that converges to zero: 
for each a number (< can be so determined that the measure of 
the part of G (a, €„) in the interval (a — a -f- Ji,.) is > 2hj^ (1 — €„). The 
numbers may, if necessary, be so altci-ed that for every 

value of n. 

Let Fn be the part of G («, €„) that is in the two inter\’als 

V ^ (fl£ Cl l)j 

then is a part of G {a, and therefore of G [a, e. ). If G be the 

set M (i^i, F^, ... Fn, ...)j then the set G has the metric density 1 at the 
point a, since m (F„) > 27i„ (1 — 2€n). Let ajj, ojg, ... ... be a sequence 

of numbers converging (increasing, or decreasing) to a. and such that all 
of them are points of G. Each one of them x,„ belong-^i to one of the sets 
J’l, jPgj •••; say to jPtw- It is clear that the numbers >71 increa-se 

as 771 does so, and that wl cx) as m oo. 

We have then | / (.r^) — / (a) \ < and therefore the sequence 
{/(^ 7 /i)} converges to / (a). Hence/(r) is continuous relatively to G. 
also G has the metric density 1 at the point a. 

THE CLASSIFICATION OF DISCONTINUOUS FUNCTIONS 

236. Let us suppose a function to be defined for all points in a con¬ 
tinuous interval (a, b) ; at each point x, the saltus of the function iias^ a 
finite value, or is indefinitely great, its value being zero at a point of 
continuity. With a view to the classification of functions, in accordance 
with the distribution of the points of continuity, and of discontinuity, in 
the interval {a, b), the question arises, what is the most general distri¬ 
bution of the points of continuity? 

The answer to this question is contained in the theorem: 

The points of ccmtinuity^ if they exist, of a function defined for a con- 
tinTwus irderval, form an ordinary inner limiting set. 

To prove this theorem, let e be a fixed positive number, and enclose 
each point P, of continuity of a function f {x), in an interval so chosen 
that the fluctuation oif(x) therein is < e; aU the points of continuity are 
then enclosed in a set of intervals which in general overlap; let these 
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intervals be replaced by the equivalent set A,, of non-overlapping intervals. 
Imagine these sets constructed, corresponding to a sequence of dimin¬ 
ishing values of e which converges to zero; there exists then a set of points 
which are interior to intervals of all these sets of intervals, since this set 
of points includes all the points of continuity of / {x). If Q bo any i^oint 
which belongs to the inner limiting set so defined, Q must be a point of 
continuity of / (x ); for, corresponding to any arbitrarily small number , 
Q is in the interior of some interval in which the fluctuation of the function 
is < €n, and thus Q is a point of continuity of the function. 

Ill accordance with the theorems which have been obtained in § 97, 
relating to ordinary inner limiting sets, the points of continuity of a 
function may form an enumerable set which contains no component dense 
in itself, or else they form a set of the cardinal number of the continuum. 
In the latter case the set is a residual set, provided it be everywhere dense. 
For the closed set at which w {x) ^ e, will, for every value of e, be non- 
dense; and the points of discontinuity accordingly form a set of the first 
category. 

These results lead to the foUoving classification* of fmictions: 

(1) . A function may have no points of continuity; it is then said to 
be totally discontinuous. 

(2) . The points of continuity may form an enumerable set which has 
no component dense in itself. 

(3) . The set of points of continuity may be of the cardinal number of 
the continuum, and be 

(а) , non-dense; 

(б) , everywhere dense and unclosed, in which case the function is 
said to be a point-wise discontinuous function ; 

(c) , everywhere dense and closed, in which case the function is 
continuous; 

(d) , everywhere dense in each interval of a set, and non-dense in 
each interval of another set external to the former one. 

This last case (d) is not essentially distinct from the former ones. 

By Hankel and others the term “totally discontinuous” has been 
applied to all functions which are neither continuous nor point-wise dis¬ 
continuous. 

237. It has been shewn by W. H. Young that a function can be con¬ 
structed which is continuous at every point of any given ordinary inner 
limiting set of points, and is discontinuous at every other point of the 
interval. 

* See a naner bv W. H. Yoimff. Wiener Sitzunasber. vol. cxn, Abt. n a (1903), p. 1307. 
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Let E denote an ordinary inner limiting set, and let the function 
/ {x) be defined as follows; 

(1) . At every point x, of E, let / {x) = x 

(2) . It has been shewn that a sequence of sets of non-overlapping open 
intervals can be constructed such tliiit the only points, each of which is 
in an interval of every set. are the points of E. Let be a limiting point 
of E which does not belong to E, then a number 7i exists such that Q i« 
in an inteiwal of the (?? — l)thj;et, but not in one of the intervals of the set. 
Let this interval of the {a — set be of length and at the point Q 
let/ (x) = Xq -h where e is a fixed positive number less than unity: 
in the case n = 1, we put = e. 

(3) . If J? be a point which does not belong eitlu-r to E or to its de¬ 

rivative, it must lie between two definite point'' .4. E both of which 
belong to E or to E\ and such that no point of E or oi E' he« between 
A and B. If Xi> be a rational number, let / (.t/.) = x. or rf g. according R 
is nearer to A or to B. v/heii is uTational. let /(.r,.) — and ii E be 
the middle point of AB. let / = x^. 

It is clear that the function so defined is dit=sContiniious at every internal 
point of the interval AB, and at the end-point A it i< contio.uous. or dis¬ 
continuous, on the right, according as -4 does, or does not. belong to E: 
a similar result holds for B. It has thus been >hewn that the lunetion 
discontinuous at every point which does not belong to E. 

To shew that, at any point P, of E. the function i^ continuous, con¬ 
sider those inter^^als, one of each set in the seuuence, which contain the 
point P: the lengths of these intervals wili have a lower limit d. which 
may be zero. In everj’ interior point of d we have / {x) = x\ and thus, if 
P be interior to d, P is a point of continuity of the function. Ii P be an 
end-point of d, it is certainly continuous on the side towards the interval: 
and we have to shew that it is also continuous on the other side. Choose 
an arbitrarily small number a, and an arbitrarily large integer trt \ then 
a number > m can be found such that the interval, and all subse¬ 
quent intervals of the sequence which contain P, are of length between 
d and d -f o-. The piece of one of these intervals which is not a portion 
of d is of length < a\ suppose that Q is a point in this piece which belongs 
to E' but not to E : then 

|/(»p) I = I % - j < j o- - e™ (rf - <j) i 

since n^nj_> m, and dQ<d + a. From this, there follows 

1 / —f (^q) I < 2o- -f e^d < 3(7, 

if m be chosen sufficiently great. If P be an interior point of an interval 
AB which contains in its interior no point of E', or of E, and if the points 
A, B be both so near to P that their distances from it are less than a, we 
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have I / {xp) — / {xp) | < or, in virtue of the definition of / {x ^; also if only 
one of the ends A, B he mthin the interval of length <d + a, which has 
been chosen, t hftu an interval further on in the sequence can always be 
found such that the middle point of AB is exterior to it, and thus the 
inequality [ / {xp) — / (a:^) | < a holds as in the former case. It has now 
been shewn that, for any arbitrarily chosen a, a neighbourhood of P can 
be found such that, for all points a: in it, | / (Xp) — / (a;) | < 3 ct; therefore 
P is a point of continuity of the function. The case in which d = 0 does 
not require separate treatment. 

EXAMPLES 

1. * Let G denote a non-dense perfect set of points in the segment (0,1), such that 
the end-points of the complementary intervals are rational points. Let / (x) be defined 
thus:-—At every irrational point inside an interval complementary to G, let f {x) =x; at 
every rational point of such interval, let f (x) be equal to the value of x at the middle point 
of the interval; and at every pomt external to a complementary interval, let f{x)=l. 
This function is discontinuous except at the middle points of the intervals complementary 
to G; thus the set of points of continuity is an enumerable set which contains no com- 
tjonent dense m itself. 

2. * With the same non-dense perfect set as in Ex. 1, let AB be a complementary 

interval of G, and M its middle point. At er&cy rational point of AM except M, let 
f(x)=XA 9 every rational point of MB except M, \etf{x) —Xjb; also at all points of 

(0, l)s except those for which the functional value has been already specified, let / (x) =x. 
In this case the points of continuity are non-dense, and of the power of the continuum. 

POINT-WISE DISOONTINUOTJS PUNCTIONS 

238. A function being defined for the continuous domain {a, b), it has 
been shemi in § 230 that, if Jc be any fixed ^positive number^ those points^ at 
which the saltus of the function is ^ h, form a closed set. 

This theorem follows immediately from the property of semi-con¬ 
tinuous functions estabhshed in § 230, by considering the saltus-function. 
It may also he proved directly as follows : 

If P be a limiting point of the set for which the saltus is ^ h, then in 
any arbitrarily small neighbourhood of P there are points of the set; 
hence the fluctuation of the function in this neighbourhood is s and 
therefore the saltus at P is ^ h. 

Moreover, such a Hmiting point P, of the set of points at which the 
saltus is ^ ^3 must be a point of discontinuity of the second kind, at least 
on one side of P. If, at P, the function have a limit on the right, a neigh- 
hourhood PQ can be found such that the inner fluctuation in PQ is < i; 
hence inside PQ there can he no point at which the saltus is ^ A;; and 
therefore P is not a limiting point on the right, of the set for which the 
saltus is ^ fc. A similar remark applies to the left of P- 

* See W. H. Young, loc. ciL 
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We have already, in § 236, defined a point-'v^ise discontinuous function 
as one of which the points of continuity are everywhere dense and un¬ 
closed in the domain of the function; this definition is that given by Dini*. 
and is equivalent to the following definition given by Hankelt: 

A point-wise discontinuous junction is oiiefor which those points at which 
the saltus is ^ k, an arbitrarily chosen positive number, form a non-dense set K. 
whatever value k may have. 

That this set is closed has been shewn above. 

To prove the equivalence of the two definitions, let it be assumed that 
in any arbitrarily chosen sub-interval {a, ^), a point of continuitj'^ can 
be found. A neighbourhood can be found for , internal to [a. yS'i, in which 
the fluctuation of the function is < k, and this neighbourhood can contain 
no point at which the saltus is s k\ hence the points at which the saltus 
is ^ & form a non-dense set K, smce, interior to any sub-interval, a sub¬ 
interval can be found which contains no point of the set K. 

Conversely, choose a descending sequence of values of k, .-ay 

5 ^2 9 ^3 J - • ‘ 

which converges to zero, and let K^, K^, be the corresponding 

non-dense closed sets, each of which necessarily contains the preceding 
one; then the set M {Ki, jS's, ...) is the set of all the discontinuities 
of the function. 

In accordance with § 93, this set is of the first category, and the com¬ 
plementary set, which is the set of points of continuity of the function, 
is everywhere dense, and has the cardinal number of the continuum, being 
a set of the second category, of the kind that is called a residual set. 

It will be observed that the set of all the points of discontmuity may 
be either everywhere dense, or non-dense, in the whole or part of the 
domam of the variable. This set may be finite, enumerably infinite, or of 
the power of the continuum. 

In accordance with the theorem proved in § 231, an upper semi-con- 
tinuous function can only be point-wise discontinuous. 

The set K, although non-dense, is not necessarily of content zero. By 
HarnackJ, the term “point-wise discontinuous function" was only used for 
such functions as possess the property that the set K, for each value of k, 
has content zero. It will be seen that this latter case is of special im¬ 
portance in connection with the theory of Riemann integration. 

*■ See OrunSloLgen, p. 81. 

t Math. AnTialen, vol. xx (1882), p. 90. This is a reproduction of HankeFs Univ. Frogramm^ 
Tubingen, 1870, entitled “Untersuchungen fiber die unendKcb oft oscDlierenden und unstetigen 
Functionen.” 

t Math. Awnalm, vol. xix (1882), p. 242, aja.d voL xxrv (1884), p. 218. 
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It has already been shewn, in § 236, that the points of continuity of 
the point-wise discontinuous function form an ordinary inner limiting set; 

be the sets of intervals complementary to the closed sets 

2, -£^2 , -. - 3 ... j 

they form a sequence of sets of non-overlapping intervals which define 
the set of points of continuity as their inner limiting set. 

The whole theory of point-mse discontinuous functions is applicable 
to the case in which the domain of the variable is not a continuum, but 
is anj^ perfect set. In this case also, the points of continuity of a point- 
wise discontinuous function are everywhere dense relatively to the perfect 
domain, and the points at which the measure of discontinuity is ^ A' form 
a closed set, non-dense relatively to the domain of the variable. Tliat 
this is the case may be shewn by making the points of the perfect set 
correspond in order to the points of a continuous interval, as explained 
in § 96. The points of discontinuity, and those of continuity, relatively 
to the perfect domain, are sets of the first and the second category respec¬ 
tively, relative to that domain. 

239. An important class of functions is that in which each function 
has ordinary discontinuities only; the domain of the functions being either 
a continuous interval, or a perfect set of points. 

A function which has only ordinary discontinuities is ^point-wise dis¬ 
continuous. 

The set of points at which the saltus is ^ must be finite. For if it 
were not finite it would have a limiting point which would be a point of 
discontinuity of the second kind; and this does not exist. It thus follows 
that the set of points of discontinuity is a non-dense enumerable set. 

A monotone function is one such that, for every pair of vahtes , .^2 of 
the variable, such that the condition f (x^) ^ / (a^i) is satisfied; or else, 

for every such pair the condition f {X 2 ) ^ f (cci) is satisfied. 

In the former case the function is said to be monotone non-diminishing, 
and in the latter case monotone non-increasing. Since a monotone function 
has no oscillations in the neighbourhood of any point, every discontinuity 
is an ordinary one. It follows that: 

A rrionotone function is point-wise discontinuous {or continuous). Its 
points of discontinuity form an enumerable set. The points at which the 
saltus ^ fe (> 0) form a finite set. 

The domain of the variable being either a continuous interval or any 
perfect set, let us suppose that, at every point, the oscillation (see § 225) 
of the function, both on the right, and on the left, is < i;; there can then 
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only be a nnite number of points at which the saltus is ^ Z;; i.e. the set K 
is finite. 

Tor if iL were not finite, it must contain a limiting point P, which has 
been shewn, in § 238, to be a point of discontinuity of the second kind. 
Any arbitrarily small neighbourhood of P, on one side at least, must 
therefore contain points at which the saltus is ^ and hence the oscilla¬ 
tion at P on this side could not be < /j. 

The domain can therefore be divided into a finite number of parts 
within each of \vhich there is no point at which the ^altus i^ k\ aiA it 
follows that the domain can be divided into a finite number of purt-^, 
within each of w’hich the fluctuation of the function 

If, at each point of a set which is everywhere fle*>se In the domain q* the 
variable, there exist a lunit of the function or. o,ie side ni leasi, tnen the 
function either point'wi'^e di'iContinuou'i. or ehe d continuous. 

In any interval, eontaimng point-! or the domain, a point can be tou.ni 
which has a neiglibom'hood, on one '-ide at iea'-t. ir. which the n:n_L-r 
fluctuation is < A”, within such neighboiurhooii tiie ''cUtU'- i'* every.w.ore 
< k; hence tiie points of K are noii-dense in the doniani. and tiii> t:ie 
function is either point-wise discontinuous, or else it is conri.iu^^i>. 

If a function be defined for a cotitlniions interval, and all oj 

discontinuity be ordinary ones, at least on one Aide, then tie K. oJ oci-rs 
at lohich the saltus is k, is a set of content zero. 

The set K can be resolved into a perfect set G and an enmncrabie :-er: 
the set G contains points w’hich are limiting point.’- on botn '-ides, and at 
such points the oscillation both on the right and on the lett must be i*: 
it follows that the set O is non-existent, and that K is therefore an 
enumerable closed set, which has necessarily content zero. 

The theorem still holds if there be points of discontinuity of the second 
kind which form a closed set of content zero, for these points may be 
enclosed in a finite number of intervals whose sum is arbitiarily small: 
the theorem can then be applied to each of the remaining intervals of the 
domain. 

240. It has been shewn in § 222 that the aggregate of functional limits 
of a function, at any point, is a closed set. 

A. point-ioise discontinuous function* can be so constructed that, at a 
point Xq, the aggregate of functional limits is a prescribed closed set G. 

To establish this theorem, we observe that, if G he unenumerable. it 
may be replaced by an enumerable set Gi, everywhere dense in G. Let 

^^9 ••• 

denote the set Gi, arranged in the order-type a>. 

* This theoiem was given by Bettazzi, see £endiconti di Palermo, vol. vi (1892), p. 173. 
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Next, choose an enumerable sequence ajgj of values of x 

having the single limiting point x^\ and arrange the sequence {Xn} in the 
order-type co^. The sequence {a;„} may thus be split up into an enumerable 
set of sequences {x^r}, fer}* {^’sr}> ••• o^'^h of which has the limit Xq. The 
function / (x) may be defined by the specifications, that / {x) = 0, for all 
values of x which do not belong to the sets and that 

/ (Xgj) = Vgy .9 where ... Vs^ ... form a sequence chosen so as to con¬ 

verge to the limit F^. The function / (x) so defined is continuous at every 
point except Xq, x^, ... Xn> , and it has the required property; since the 
points of Gi , and therefore of O, are all values of the aggregate of func¬ 
tional limits at the point Xq. 

EXAMPLES 

1. * If / (a;), (a;) be two point-wise discontinuous functions defined for the same interval, 

there is an everywhere dense set of points at each of which both functions are continuous. 
This theorem follows at once from the fact that the points common to two residual sets also 
form a residual set, and that this holds for every sub-mterval contained in the given interval. 

2. Let {x) denote the positive or negative excess of x above the integer nearest to it, 
and if a; be half-way between two successive integers, let (x) =0. Let a functiont / (ir) be 
defined for the interval (0, 1) as the limit of 

(a;) (2a;) (3a;) (na;) 

when n is indefinitely increased. The function / (a;) is a point-wise discontinuous function, 
in which the set K, of points at which the saltus is ^ is finite for each positive value of k. 
It can be proved that, if x =ml2n, where m and 2n are relative primes, then 

For values of x not of the above form, / (a;) is continuous. The number of points of X is the 
number of irreducible proper fractions having even denominators 27i, such that ^ /c. 

The set of aU the points of discontinuity is everywhere dense in the mterval (0,1). 

3. LetJ 2/=c, for all rational values of x; and y=d, for all irrational values of x. This 
function is totally discontinuous. 

4. Let§ / (a;) = 1, for all values of a; in the interval (0,1), except x = (n = l, 2, 3, ...), 

for which/ [x) =0. At each of the points there is a saltus equal to unity. This function 

is point-wise discontinuous, and the content of X is zero, for every value of k. 

5. In§ the interval Q, of a?, let /(a;)=l; in the interval let f(x) and 

in general, in the interval » let / (z) =^. In this case the point-wise discon- 

tmuous function / (z) is such that the number of points at which the saltus is ^ 1; is finite 
for every value of k >0. 

* See Volterra, GfiomcUe d% Mat. vol. xix (1881), p. 77. 
t See Biemann’s Gtea. W&rke, p. 242. 

t Biiichlet’s WcrAc, p. 132. § Hankel, McUJb. Armalen, vol. xx (1882), p. 85. 
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6 . The* points of a eontinuoiis interval (0, 1 ) may be put into ccrrespondcnce 'Vilin rht 

points of a non-dense set of points, dense m itself, contained in an interval ■«. in -acri 
a manner that the relative order of tA\o points of the interval ; 0 , i) is the same as tLar c: 
the corresponding points in Such a correapondence is detined by a point-vi-e Ci^- 

continuous monotone function t/=J (a). 

7. t Let the number^ of the interval (0,1) be exprcs-e I a*' diiitc or infinite dec^n-r.- 

— — The i\inc^_cn j '.i*‘ i-> inonoion^*. in i 

is discontinuous for every value of x represented by a finite decimal Xi.e -et of point * K. 
for a given value of /■. is finite. The function J deiined 'f\\ < c, — LjS m::.:' h- 

properties. 

S.J Let the pomta of the mterval (U, Ij he represented Ly ac-cinial'a, .iiai coii^idtr the 
ssct 6 ro of those pomts for uhicii only the digits* 0 and i oc^ u’ a. ti.e ^ecinid 
excluding those pomta* for which all the Hgurea are ficci .... . aftLr 'jinc- ilxc-. y.a t-. 
The set 6 r(, is non-denac in the mterval (0, 1). and ho.^. tne c i: iir.r.i n.i..t'iher f. Any ycl.'.t 

j:(j. of fro, IS represented by ... a„ ..., where f/,, > «' or i. Lc-t S ht- ._xtrd pulr.t 

■hibj .. .. of 6y, and let Xt denote x^,—2i= fif . so that -*/ ^ -2K W.tn i 

fixed, let the set of all pointsi .ce he denoted by the po.nt^ of t.n f*!! diirtzc-:.* f. ni 
those of &o, and for two A-alues. 3. i' of c, the sets fr^. f'r - ^ vc r.o iV. F i 

tlie two numbers qca . . , r/Co'... c,/ . . are identical v nen ' ='■?/* *' -- - •- 

only when =«/-/» and If "we read oli in the dyad --ca-t. t le li rt-p’‘e*'entat.cn 

of W’c obtam, b^^ giving i all the valuer la every point in .<». . ■ tx- tpr t..v pom’ *. 
and these once only, let the pomt which, by tluis a«mu the dvad -Ct.*.*'. coirt^poi-A t^ c. 
be denoted by (|). Xo\> let / (a) be deiined by tae rales. / , cn - i . . '*. .. - » 

for all other values of x. The point-wissc discontinaoj** f„nt::ozi/ < "sj * : 

interval (0, 1) is such that, at all the points of the oniinien*oit aet tr.t f . : 

set of all the points of discontmuity is non-dense in ( 0 , 3): and / ;s cor.^t*sr.i. - ' 

in an everyw'here dense set of linear intervals. 

9.J Let the pomts sr, of the interval (0, 1 }, be expressed as radix-iractiona m the - a.c- 
of 3. Let 6^0 be the set of pomts for which all the figures of the radix-fractior. are -.n . 
excepting those pomts for which all the figures are 0, after some fixed Tjkce. Lc-i con-i'-r 
of all the points which contam the digit 2 ia at most the Si^t h places*, but are =. 
that the wth figure is 2; then is non-dense, and of cardinal number c. Tiiere ..re .^-ft 
only those pomts for which the radix-fractions contain the digit 2 an infinite n-.L'-b-r of 
times; and these points belong to a set H, for which the radix-fractions contam an innn-te 
number of digits other than 2, or to a set G, for each point of which every digit la 2, from 
ji-nd after some fixed one. lilach pomt of G can be represented by a terminating radix- 
fractiou which contains only a finite number of 2*s, and can be added to a G^. Let 
(?o, ..., when so increased, become Gq, d'l, 0 \,and take a sequence of deereasir 

numbers go,gi,gz 5 _ Let the function / (x) be defined by the rules f [x)=gf^, if x i'' 

point of G^, and / (a;) =0 for all points of JEf. The point-wise discontinuous ^llnction t i.r) 
is continuous at all the points of H, and the points of discontmuity are everywhere dense 
in ( 0 , 1 ), and of cardinal number c. 

* Hamack, Math. Anruilen, voL xxni (1SS4), p. 235. 

f Peano, JStv. d% Mat. voL r. 

* Schoenfiies, Qotlmg&r Nachnehien, 1899. 
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DSFIMTIOIir OF POIXT-WISE DISCONTINUOUS FUNCTIONS BY EXTENSION 

241. Let us suppose a function / (a:) to be defined for a domain which 
consists of a set of points wliich is dense in itself, but not closed; and 
further let us assume that / {x) is continuous in this domain. The new 
domain obtained by adding to the original'domain those of its limiting 
points which do not belong to it may be spoken of as the extended domain. 
It has been pointed out in § 222 that, at a point a, of the extended domain, 
which does not belong to the original domain, there is an aggregate of 
functional limits which is certainly a closed set, and may consist of a 
finite, or an infinite, set of numbers. 

Let us now define a function <f> {x), for the extended domain, in the 
following manner.—^At each point of the original domain, which may be 
called a priTnary point, let <f> {x) = f {x) ; at each point a, which may be 
called a secondary point, and which does not belong to the original domain, 
attribute to <f> (x) the values contained in the aggregate of functional 
limi ts oif{x) at a\ this function </> (x) may then be multiple-valued at any 
secondary point. The new function (f> (a;), defined for the extended domain, 
may be spoken of as the function obtained by extension of f {x) ; and those 
points for which <f> (x) is multiple-valued are regarded as points of dis¬ 
continuity at which the measure of discontinuity is the excess of the 
greatest over the least value of the function at that point. 

It will be shewn that the extended function <j> {x) is point-wise disco7i- 
tinuous in the extended domain, unless it be continuous. This gives rise to 
a method of constructing point-vise discontinuous functions which has 
been employed by Broden in various special cases. Since we may so choose 
the original domain that it shall consist of an enumerable set of points, 
the method includes one for the construction of a point-wise discontinuous 
fxmetion from an enumerable set of specifications. 

To prove that the extended function <f> {x) is at most point-wise dis¬ 
continuous, it is sufficient to shew that ^ [x) is continuous at all points of 
the original domain O, which is a set that is everywhere dense in the 
extended domain G'. 

Let a; be a point of G, and let it be the limiting point of a convergent 
sequence (x^, x^, xf ,...), of which all the points belong to Q', Consider 
the aggregate where {x^'), <j> ... have any of the 

values which belong to the points xf, x^, xf, .... Now a point x^, of &, 
can be found such that \ x/ — x^ \ <: rjn, and | <f} (»„') —f{x^ | < 
where €„ are independent arbitrarily small numbers. If we take a se¬ 
quence of values of 77, such that 77^ > 772 > ^3 > ..., with zero as its limit, and 
also a similar sequence of the e numbers, then the sequence {x^,x^,x^, ...) 
has the same limit x as the sequence {p^, x^, xf, ...); and the aggregate 
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{(h (p {^2)3 •••} has the same limit as the convergent aggregate 

{/ (^1)3 / (^’2)» •■•}» ■''iz- / (^) 01' ^ (‘i'*); ^^hus the theorem is etetablished. 

It will be observed that the values of ^ (x) at all the secondary point?^ 
in an arbitrarily^' small neighbourhood of a secondary point e depend only 
on the values of / (x) in that same neighbourhood: it follows tlierefore 
that a is a point of continuity or of discontinuity of 6 {cc}, according as> 
the aggregate of functional limits of / ^^x) at a consists of one number or 
of more. In the latter ease the measure of discontminrj' of 6 {x) at a is 
the excess of the greatest over the least of the numbers belonging to the 
values of </> (x) at the point. 

It has been shewn (§ 240) that a point-\vi>e discontinuous function 
can be so constructed that, at a given secondary point, the of the 

function may be an arbitrarily assigned closed sot 

242. Although a class of pomt-wisc discontinuous iiincticj:!:- n.ay be 
obtained by extension of a continuous function denned for a yirui.dvy 
domain, dense in itseK but unclosed, yet not eveiy’ point-wise discon¬ 
tinuous function can be generated in this manner. 

Let/(a;) be a point-wise discontinuous function in a donicdn which is 
either a continuum or a perfect set of points. 

Consider the function <f> (it*), obtained by taking the value- oi f {:>:) a- 
given only at its points of continuity, and extending thi^ tunction to the 
complete domain, in the manner explamed abo^"e. 

At each point of discontinuity of / (a;) there is a saltu& i :.. and at that 
point the function ^ (a;), obtained by extending the set of values of 
at its point of continuity, has a measure of discontinuity a*.,, winch \sill 
be zero in case </> (x) be continuous at the point, but in any case the 
condition ^ kf is satisfied, since, within any neighbourhood of xho point, 
the fluctuation of c6 (x) cannot be greater than that of / {xj. 

I£ kif^ = 0 at any point of discontinuity of / (rr), that point may be said 
to be a point of unessential discontinuity of the function / [x). and if 

> 0, the point is one of essential discontinuity. 

Let now a function x (^) he defined for the w’hole domain as follow's:— 
At every point of continuity of / (x), and at every point of discontinuity 
at which kf = k4,, let x ^ 5 point at w'hich kf > , let 

X{x) =l‘f- 

The function x is necessarily continuous at every point at which 
it is zero. At a point at which <f) (a;) is continuous, the measure of dis¬ 
continuity of X {^) is kf, or X hut this is not necessarily^ the case if 
<!> {x) be not continuous at This function x (^) “lay be called a ’point- 
wise discontinuous null-function. 


21-2 



324 


Functions of a Real Variable [ch. v 

By subtracting from / (a;) a function 0i (x) which never exceeds, at 
any point x, in absolute value, the value of x (^)j we obtain a function 
<f>^ (x), of which the measure of discontinuity is everywhere = {x). 

The function* {x) may be spoken of as the 'tnost nearly continuous 
function associated with f{x). 

It thus appears that a point-wise discontinuous function can always 
be expressed as the sum of a point-wise discontinuous null-function and 
the most nearly continuous function associated with the given function. 

The latter function (a;) has only those discontinuities which neces¬ 
sarily arise from the values of tlie given function at its points of continuity, 
and is independent of the parts of the discontinuities which arise out of 
the functional values of / {x) at the points of discontinuity. The null- 
function depends upon the unessential parts of the discontinuity of/(a:). 

EXA3IPLES 

1. t Let/(aj) -0, for a-=0, and for all other positive and negative values 

1 1 

of X, let / (x) =cos - . The function ^ (x), associated with f (x), agrees with cos - at every 

X .V 

point except x=0g where ^ {x) is represented by ( -1, +1). The measure of discontinuity 

Jcf is zero except at ^.where Lf = l, and at a;= 0 , where l‘f= 2 ; the measure 

vanishes everywhere except at x =0, where /j^ =2. The function x i^) vanishes except at 
where it is 1 : it vanishes at x = 0 , but is discontinuous at that point. 

2. t Let f{x) vanish except at the pomts x=~, ^ i ... ..., where f{x)=l. The 

12 o 4 n 

function ^ (a;) is everywhere zero, and thus 7c,j, is everywhere zero. The function 4>i {^) is 
everywhere zero, and is zero except at 0, •••* where /tV = l. In this case 

/W-^iW=/W. 

3. t A point-wise discontinuous function / (ic) can be constructed? such that the function 
^ (a;) may have, at a poiut Xq, the values belonging to a prescribed closed set G, in accordance 
with Bettazzfs theorem (§ 240). If C? be unenumerable, choose an enumerable set 0^, dense 
in Og and let gfi, grgj ••• be the points of G^. Take a set of mtervals {S,^}, where 8 ,^ is 

and define / {x) as follows:—in Bj, S 3 , Sg, S„ ... let / (a?) =gi; in Sg, Sg, Sjo,... let / (a:) = 92 ; 
m 84 , Si 2 , 8209 =< 73 ; hi general / (a:) =g^, in the first free interval, and m every 

second of the following free mtervals; further let / (a;) =^i, for x^Xf^, The function /(a;) 

* This definition is not in complete agreement with that of Schoenflies, see Benchi, vol. i, 
p. 134, to whom the term is due. Some erroneous statements of Schoenflies, in this connection,, 
were pointed out and corrected by Hahn; see MonaUhefte f. Math. vol. xvi (1905), p. 312. 

t See Hahn, Zoc. cit. 

t This is contrary to a statement of Schoenflies, see Bericht, voL i, p. 135. 
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is point-wise discontinuous, the points of discontinuity being and the points The 

function 6 (x) has two values at the points a:g+.^; and at it has all the values of 
and therefore all those of G. 

FU:5vCTIOXS OF BOUNDED VAEL4TION 

243. Let US suppose that the interval [a. b), for which a function / (a:) 
is defined, is divided into a number of parts 

(Xq, x\) {x^, Xj) ... Xf) ... xJ, where .ly = a. = b; 
these parts forming a net with closed meshes. 

Consider the sum 

i f (^’i) - / (»o) I -r I / («>) - / (a-i) i . 

or S |/(a,v)-/(a,v_i) i. 

r 1 

r n 

If the function he such that the sum S \f(Xj) —f (aV-.-'i Je^s than 

r -1 

some fixed positive number, for all possible nets, the function f :.ri is said to 
be of bounded"^ variation (d variation hornee) m the interval \a. 6,. 

The function / [x) bemg of bounded variation, there niu-st exist a 
number which may be denoted by Va^ f {x), such that, for every net, 

/• -1 

and such that, if € be an arbitrarily chosen positive number, a net 

( 3 / q , {Xxi ^ 2 )' ••• 

where Xq = a, x^ = b, can he so determined that 

S™ I / (*,) - / I > V^ofix) - 

r = l 

The number Vf*f{x) which satisfies these conditions is denned to be 
the total variation of / (x) in the interval (a, 6). 

In case the function is not of bounded variation in (a, b), TV / ^nay 
be regarded as infinite, and it will be possible to determine a net, for which 

r = 1 

where iV is an arbitrarily chosen positive number. 

A function of bounded variation has only ordiruiry points of discontinuity. 

Accordingly the set of points of discontinuity of such a function is 
enumerable. 

* See Jordan’s Cours d^Amdyse, vol. z; p. 55. 
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To see that this statement is correct, let ns suppose that, at a point 
in {a. b), the upper and lower limits of the function on one side, say the 
right, have different values; thus let /(f + 0) he > / (^ + 0) . If rj be an 
arbitrarily chosen positive number, in the neighbourhood of f there is an 
indefinitely great number of points at which f {x) > f -h 0) — rj, and 
also such a set at which f (x) < / (^ + 0) -]r t]. It follows that an inde¬ 
finitely great number of non-overlapping intervals exists, in each of which 
the absolute value of the difference of the functional values at the end- 
points IS >/(^ + 0)-/(^ + 0)-2^. 


which is a positive number k, provided t) be chosen to be less than 

A set of m intervals can be so chosen that, if their end-points belong 
to those of a net, their contribution to S | / (a;^) — / | is > 

r ‘1 

Since m may be taken as large as we please, it is clear that the function 
cannot have bounded variation. 

It is obvious that f{b)—f{a)= S {f {x^) — f now let the 

r =1 

terms in the sum on the right-hand side be divided into two parts, those 
for which / (Xr) — / is positive, and those for which it is negative. 
Thus / (6) _ / (a) = 2 ^ {/ (.^g _ f (a;,_^)} + S, {/ (;r,) - / (x, 

where, in those values of r are taken for which f (Xr) —f{x^-i) is 
positive, and in Sg» those terms for which it is negative. 

If the function is of bounded variation, the value of 

{ / (Xy) - f {Xy_j)} - ^2 { / M - f (a^r-i)} 

Cannot exceed TV/(a?)- Thus 

{/ (Xy) - / {Xy._^)} ^ 1 (^) ^f{b)-f {a)h 

and - S, {/ {xy) - / {Xy_^)} ^ I (x) - / (6) + / (a)}. 

It follows that the two sums 


{ / (Xr) - f Sg { / {Xy) - f 

are both boimded, for all nets fitted on to (a, 6). 
Choosing a net fitted on to (a, 6), for which 


we see that 


r = l 


Si {/ {Xr) - / (*,_i)} > i {FaV (a;) +f(b)-f (a) - c) 
- S* {/ {Xr) - f (a:,.,)} > i {F,V (a=) - / (6) +/(«)- ^}- 
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It follows that the numbers 

^ {TV/ (®) ^f(fi)-f (a)}, I {VJ>f{x) -fib)- j {an 
are the upper boundaries of 

{/ i^r) (■^V-l)}; ~ ^2 {/ i^'i) ~f 

for ail possible nets fitted on to the interval {a, b). 

Denoting these upper boundaries by P^f[x), Xj^ffee) respectively. 

IV/ (X) = Pff (X) - Xf>f (X), 

f {l^) -/ (a) = P.V fa.-) - AV/ ix). 

The numbers Pa^f{x), -XJ^fix) may be called the total po^liice 
variation, and the total negative variation. oijU) in {a, b). 

The following definition* of a function of l)oundcd variation is equi¬ 
valent to the one given above: 

If any set of non-overlapping ‘intervals, fiuiit. d Ir’nejutlteiy o/e^r. in 
number, be defijied in {a, b), and the sum. or limiting sum. oj J - j a '. 
for all the intervals {a, P) of the set. be less than sonte fixed nuttdjfr. >Xe- 
pendent of the particular set of intervals, the function j ..l, ^said to 
hounded variation in {a, b). 

In the first place, we see that a function vv hich satisfies thi< deiinitiori 
must satisfy the definition employed above. For we 3 iiay take the -er of 
intervals to be those of any net fitted on to {a. b) (‘orivei‘:?eIy. if t-.e fi:=t 
definition is satisfied by/(a:), we may arrange any infinite set of 
overlapping intervals in order of descending niagiiitiide of / '5; — / 
and any finite part of the set contammg the first m of the inteiva!.- part 
of a net in {a, 6 ); and thus E |/(jS) — f (a) \. for thessc m inteivcils. 
than Va^f (a;). As this holds whatever value m may have, we see tliar the 
second definition is satisfied by / (x). 

243^. If the function f (x) be not of bounded variation [a. b). a of 

r !.• 

nets can be fitted on to {a, h) such that the sum Sjj = Z / /.r.; — / m* . . 

/ 1 

for a net {fL,x-^,x^, .... b), increases indefinitely, as D consists saccessicehj 
of the nets D^, D,,, , of the system of nets. 

If {An} is a divergent sequence of increasing positive numbers, a net 
Di can be so determined that is > A,: and a net can be so deter¬ 
mined that Saj > A^; taking Dg to be the net {D^, \) obtained by super¬ 
imposing the two nets Aj, we have A 2 . We proceed to 

form a net D 3 or (Dg, A,), where \ is such that > . 43 : then > A^; 
and so on. Thus the required system of nets D^, I>Z 7 - - • is determinate. 

If f <^f bounded ‘variation in {a, h), and if a net D be fitted on 

to (a, b), in one at least of the meshes of D the function f (x) is not of bounded 
‘variation. 

* See W. H. Young, Quarterly Journal, vol. xm (1911), p. 57. 
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Consider the net D„, for which , employed in the last theorem. 

The net (D, D„), obtained by superimposing i)„ and D, is such that 
S(/j./j„)>A„. Now (D, D„) consists of a sum of nets fitted on to the 
meshes of the net D; hence there must be at least one of the meshes of D, 

for which the total variation of f{x) is & —", where m is the number of 

meshes in I). This is applicable for each value of n ; hence there is at least 
one mesh of D such that, for an infinite set of values of n, the total varia- 

tion of f (x) over that mesh is s . In such mesh of D the variation of 

77b 

f (a;) is unbounded. 

Eve7'y absolutely corUiTiuous fu7bctio7i is of hounded variation. 

Let <f> {x) be a function which is absolutely continuous in (a, b) (see 
§ 218). li (ji {x) is not of bounded variation in (a, 6), a system of nets 
with closed meshes can be fitted on to (a, 6) such that the sum 

r - 1 

for the net increases indefinitely, as ^ oo. Since (a;) is not of bounded 
variation in (a, 6), there must be at least one mesh of Di, say d^,^, in which 
(/!> (a:) is not of bounded variation; this follows from the preceding theorem. 
Further, must contain at least one mesh d„^ , of I> 2 , which has the same 
property; and so on. For a large enough value of n, dj^ has a measure 
less than an arbitrarily chosen positive number. In d^^, for each value 
of n there is a set of intervals for which the sum of the absolute differences 
of (f> (x) at the ends of an interval is > -d, an arbitrarily chosen positive 
number. Hence a set of non-overlapping intervals, of total measure arbi¬ 
trarily small, exists such that the sum of the absolute values of the 
differences of <[> (a:) at the ends of an interval is > J.; and this is contrary 
to the hypothesis that ^ (re) is absolutely continuous. Therefore <f> (re) 
must be of bounded variation in {a, b). 

If a function / (re) is not of bounded variation in (a, 6), there must be 
at least one point in (a, 6), such that, in no neighbourhood of is / (x) 
of bounded variation. For, consider a system of nets {D„}; in there is 
at least one mesh d^,^ in which / (re) has unbounded variation. In at least 
one mesh of Dg, contained in the variation of / (re) is unbounded. 
In this manner a sec^uence d^^, of meshes, each of which is con¬ 

tained in the preceding one, is determined such that, in each of them, 
the variation is unbounded. This sequence defines a point f which has the 
required property; for any neighbourhood of { contains if n is sufiS.- 
ciently large. The point ^ may be said to be a point of unbounded variation 
of/(a). 
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It is easily seen that: 

For any function f {x), of unbounded variation in {a. b), there exists a 
set of points of unbounded variation ivhich is dosed, and may be finite. 

For a limiting point of the set of points of unbounded variation is such 
that any neighbourhood of it contains points of the set, and therefore 
contains intervals in which the function is of unbounded variation. 

PrXCTION OF BOUNDED VARIATION EXPRESSED AS THE DIFFERENCE 
OF TWO MONOTONE FUNCTIONS 

244. It is clear that, if x be anj’ point in (a, h), a function / {xj which 
has bounded variation in (a, b) has also bounded variation in {a. x): and 
consequently the positive, and the negative, variations of the function in 
(a, x) are also bounded. 

The three numbers which represent these total variations may be 
denoted by Vf^f {x), Pa^f{x). — X/f{x); and they mat’ be regarded as 
functions of x. 

They satisfy the relations 

TV/W = 

f{x)^f{a)==P-f{x)-Xff{x). 

It is clear that, if x' > x, we have 

and thus the two functions Pa^fix). X^^fix) are monotone noixaiiiin- 
ishing functions, in (a. 6). For simplicity, we denote these finiLtions by 
P {x)j N (x) respectively. 

Since / (x) = {P {x) -h / (fl) -r h} - [X (x) ~ h] 

and / {x) = {// - X {x)} - {// - P (x) - / (a)j. 

where Jk, ¥ are arbitrarily chosen numbers, we see that : 

Every function of bounded variation can be expresses'!, in an iudefinifeJy 
great numbeft' of ways, as the difference of two bounded monotone functions, 
both of which are non-diminishing, or both of which are non-increasiucj. 

This theorem expresses the cardinal property of functions of bounded 
variation. It is of great value in Analysis, as, by means of it. properties 
of monotone functions can be immediately extended to the wide class of 
functions of bounded variation. 

The converse theorem holds that: 

The difference of two bounded monotone functions, both non-diminishing, 
or both non-inareasing, is a function of bounded variation. 

For, consider such a function / (a;) = P (a?) — X (x), where P (x), X (x) 
are non-diminishing; then, in any interval (a, j8), we have 

1 / (J3) - / (a) I s {P (J3) - P {a)} + (,fl) - N (a)}. 
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Hence, in any net fitted on to (a, b), the sum of the absolute values of 
the differences of the values of / (») at the ends of the meshes {a, j8) is 
g S {P ()8) - P (a)} + S { 2 ^ (j8) - .V (a)} 

^ P (6) - P (a) + (6) - N (a); 

and thus the theorem is established. 

It has now been shewn that it is necessary and sufficient, in order that 
a function may be of bounded variation in the interval for which it is 
defined, that it can be expressed as the difference of two bounded monotone 
non-diminishing (or non-increasmg) functions. 

The sum, difference, or product, of two functions of bounded variation is 
also of bounded variation. 

If fi (*) = -Pi {*) ~ (®)> fi (®) = 1*2 (®) ~ ^2 theorem follows 

at once from the relations 

A (*) +/2 (*) = {Pi + P2 i^)} - {N 2 (x) -f N, (*)}, 

A (*) - A (®) = {Pi (*) + ^2 (*)} - {P2 (x) + (*)}, 

A («) A (x) = {Pi (x) Pi {x) + Ni {x) Ni (*)} - {Pi (x) iVg (a:) + Pg (x) (a:)}. 

244 ^. If the interval (a, b) be divided into two or more parts^ a function 
which is of bou)ided variation in each part is of bounded variation in {a, 6). 
The total variation in (a, 6) is the sum of the total variations in the parts. 

It is clearly sufficient to consider the case in which (a, 6) is divided 
into two parts (a, c), (c, 6). 

If / (x) is of hounded variation in {a, c) it is expressible in that interval 
as 01 (a;) — 0i (x), where 0i {x), 0i (x) are the monotone non-diminishing 
functions / (a) P// (a;), Na^f (ir). In the interval (c, b) it can be expressed 

similarly in the form 02 {x) — 02 where 02 (a;), 02 {x) denote 
^ -r / (0 + P “/ (X), X -I- N«f (x), 

respectively. We have / (c) = <f)i (c) — ^ (c) = (c) — ^g (c); and we may 

choose A so that ij/^ (c) = (c). It then follows that <f>^ (c) = <f>2 (c); and 

thus <f>i {x) in (a, c), <f>^ (x) in (c, 6) define a single monotone function ^ (x) 
m (a, b ); similarly the monotone function ^ (a;) is defined to be equal to 
^1 (a:) in (a, c) and ^g (a:) iu (c, 6). Since / (a;) is, in {a, b), the difference of 
two monotone non-diminishing functions, it is of bounded variation m 
(a, 6). 

The total variation in (a, c) is {^i (c) — ^ (a)} -f (c) — ifii (a)}; that 
in (c, b) is {^g ( 6 ) — <f>2 (c)} + {^g ( 6 ) — ifi^ (c)}, and the sum of the two is 
{^2 {b) — <f>i (®)} -t- {02 (f*) ~ 01 (®)}i which is the total variation in (a, b). 
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Pu:^rcTIo^^s of bounded total fluctuation 

245. If 3 ill the net (Tq, .Tj), (a,i, .i*,),... ivhere x,^ = a, .>v == 

we take the sum of the fluctuations in the closed meshes of the net. viz. 

r ■=« 

S (Uy — Lj), where are the upper and lower boundaries of f \:c) 

r = 1 

in the closed mesh (x^^u x,), then if this sum does not exceed some flxed 
positive number3 independent of the particular net, the function / x, is 
said to have bounded total fluctuation in the interval \a.b]. If i'// \x be 
the number such that, for every net, 

S {Ur - L,)^ Fa^j (x). 

and such that a net can be fitted on to {«, b) for which 

I'-i 

where € is an arbitrarily cliosen positive number, tiien F^-^j {.l is 

the total fluctuation off (x) in {a, b): audit ib finite for a function of boi r.dtd 

total fluctuation. Every discontinuity off (x) is then ordinaiy {•-ee 'J-ilH.. 

It vdll appear that the class of functions of bounded total fluctuation 
is identical with that of functions of bounded variatio:!. 

I7i ordei' that a function may have bounded total fluatifUtou If suflcletd 
that 2 {TJr — AOs t(;72e7i talcen over the successive ^ets of a gi^eu sjj-tem of 
should have a definite limit. Moreover the limit for the system of neU t> 
^Ff^fix). and i^iF,\f(x). 

This limit may be called the total fluctuation off {x) for the pa: tic alar 
system of nets. 

It is clear that, if an interval {a, jS) be divided mto two pans (a. y . t v, 3 ; . 
the sum of the fluctuations in (a, y), (y, B) caimot be less than the fluc¬ 
tuation in (a, P). Hence, if we consider the successive nets JD^ .D^ .of 

a system of nets, the sum of the fluctuations in the messhes of D,, is ^ the 
sum in the meshes of . Thus, as we proceed through the successive 
nets of the system, the sums of the fluctuations in the meshes of a net 
form a sequence of non-diminishing numbers which have a finite upper 
limit, unless they increase indefinitely. Assume the former to be the case. 
Let us now consider a second system of nets A^ Bf. — Suppose 

7) to be a number less than the breadth of all the meshes of ; and let 
the two nets be superimposed to form a net (H,., D^f). We may 

suppose r so large that A contains no mesh of breadth > ^. A mesh d., 

* See Study, MaJfh. Afmalen, vol. slth (1896), p. 298. It was shewn by Study that the 
of functions of bounded total fluctuation, and of bounded variation, are equivalent to 
one another. 
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of D^, with fluctuation jF,., w'ill contain not more than two meshes of the 
net (D^, D^'), with fluctuations we have then 

Fr'^F^^-\-Fr,^.2Fr. 

Now every mesh of A,/ is made up of meshes of and of meshes of 
(D,, D,n). Therefore the sum of the fluctuations in the meshes of 
is s the sum of the fluctuations in the undivided meshes of together 
with the sum of the fluctuations such as Fj., . It follows that the sum 
of the fluctuations in the meshes of cannot exceed twice the sum of 
the fluctuations in the meshes of . Since a number r can be determined 
so as to correspond to each number m, we see that the limit of the sum 
of the fluctuations in as m ^ oo, cannot exceed twice the limit of 
the sum of the fluctuations in as r ^ oo. If -X' be the former limit, 
and X the latter, we have X' ^ 2JC. Thus, if X is finite, for any system 
of nets, it is finite for any other system of nets. 

Since a net can be so chosen that the sum of the fluctuations in its 
meshes is less than FJ^ f {x) by less than an arbitrarily chosen number, a 
system of nets can be so chosen that the limit of the sums for the nets is 
Fa^f(x). It thus follows that, for any other system of nets, the limit of 
the sum of the fluctuations is ^ Fa^f{x), and s F^ f (a;). 

246. Since the absolute value of the difference of the functional values 
at the end-points of an interval (a, j8) cannot exceed the fluctuation in the 

j =n 

closed interval, it is clear that the sum S | / [x^) — / | cannot exceed 

r -1 

the sum of the fluctuations in the intervals. It follows that, if a function 
is of bounded total fluctuation, it is also of bounded variation. 

If a function have at no point an external saltus, the total fluctuation, and 
the total variation, hjave one and the same value, when estimated as the 
limiting values over a system of nets; and that value is independent of the 
particular system of nets. 

In accordance with this theorem, V^f{x) and F^f(x) are equal to 
one another, and are the limits of the sums 

Sl/(a:,)-/(a:,_i)l, S (17, - i,), 
over a net D^,oiB, system of nets, as % oo. 

To prove the theorem, let F^^^ denote \f{Xr) —f{Xr-i) |, (Ur — Lr) 
for a mesh d^, of a net We have clearly ^ F^'^K It will be shewn 
that for the net Dr+si where s is sufficiently large, ^ the 

summation referring to all the meshes of are in the mesh d^, of 

the net In the case in which are the functional values at the 

ends of d^, we have — L^= \f {x,) — f (a;^_i) [. When this is not the 
case, one at least of / {x^), f (aJr-i) is between and L^. If € be an arbi¬ 
trarily chosen positive number, there are two points of d^, say fa, for 
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one of which the functional value is > T, — €, and for the otliei < Z. - €. 
There must exist a neighbourhood of on one side at least, at every 
point of which the functional value is > T, — for otherwise the func¬ 
tional limits at would be < — e. on both sides, and this canner be 

the case if there is no external saltus at it follows that, if s be *uin- 
ciently large, there must be an end-i)oi:it of a mesh of JDj at whicii the 
functional value is > U, — 2^. Similarly we ^ee that, if s be sufficiently 
large, there is an end-point of a mesh of IJ at which the funcrier.al 
value is < L, -f 2e; and one at lea>t of these eiid-poitit^ i'- not an enfl- 
point of the mesh d^. The number .s can accordingly be so chosen that, 
fora certain number of meshes of the net D._^ v hi:ii aic in the of 

Dr . the sum of the absolute values of the diiiere 2 :;cc> of the fuiictioiicil 
is > Ur — Lr — Thus the number can bo ciio^en mat the -ui.t of 
the absolute values of the differences of the function-s for all thc/^c* 
of Dr.i.1, that are in the mesh d, is > U, - L — 4=^ — ir. v-here > tht- 
ahsolute difference between the fuiictional value at one of the end-i: 
of dr and the functional value at one of tho^e end-poi:lt^ of t. .f 

Dr+g at w’hich it is > — 2e ot < L, - 2e. if € be &o cnoeii ti.at IV 

(which can be done, because the functional value at the end-point oi . 
in question is not equal to Ur or L,). we see that the sun: c: the ab>^ h::e 
differences of the functional values in those inehe-s -..f /> t!.at . u 
dr is > Ur — Lr^ Morcover s can be ciio^en that t*ii> hcl'.> g^ed i e*. 
mesh dn of the net D^; and thus, for sucii value of >. -.ve have V ' > J' . 
This inequality, combined with the inecpuality T'' F >he\V'- 

lim = lim hmF^’K^ li:n lim F' K 

#-~Q0 I —00 # —3C / —i' —=c 

and thus that the two limits lim lim F'^^' liave the same value, fiziite 

#• —BC I—OC 

or infinite. 

In order to complete the proof of the theorem it must be she'*^ :! that 
the limit of the sum of the fluctuations in the ineslies of a net belonging 
to a system of nets is the same for all systems of nets; theie being as 
before no external saltus at any point. 

If possible, let the limit for a particular system of nets have a value Ct, 
less than Fa^f{x), A net can be defined, for which the sum of the fluctua¬ 
tions in the m meshes is > 6r; say G a. Let this net i>' he supeiimposed 
on the net D ^, of the system of nets; we may suppose r so great that not 
more than one of the end-points of the meshes of D' is in any one of the 
meshes of D ^. Let us suppose that one of these end-points is x, and that 
it falls in the mesh 8, of Dr, dividing it into two parts 5' and 8'^; let F (8) 
be the fluctuation in 8. Since there is no external saltus, if 8, and conse¬ 
quently 8' and 8", are sufl&ciently small, we have 
F(S) = \f{x + Q)-f{x-0) 
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where is less than the arbitrarily chosen number 17 . Moreover, 8 ' and 8 " 
being sufficiently small, 

F (S') = 1 / 0^') - / - 0) 1 -r 0-2, where G 2 < rj, 

F ( 8 ") = 1/(^0 -S(x -f 0) 1 -}- G 3 , where < r^. 

Now r may be chosen so great, and consequently all the meshes of 
so smaU, that these conditions are satisfied for all the meshes of D\ We 
have then F (S') -f F ( 8 ") — ^ ( 8 ) = — (?i, since / (a;) is between 

/ {x -f 0 ) and / (a; — 0 ). Hence the sum 

SJ’ (S') -h HF ( 8 ") - SJ? ( 8 ) < 2 (m - 1 ) rj, 
the summation being taken for all those meshes which contain one of the 
m — 1 points x] moreover JhF (S') 4 - SJ (S") — TtF (S) >- 0 . Therefore the 
sum of the fluctuations in the net obtained by superimposing D' and 
is <G 4 - 2 (m — 1 ) 77 . But the sum of these fluctuations is certainly 
^ G -h a, and since rj is arbitrarily small and independent of m, these two 
conditions are incompatible Avith one another; thus a must be zero. It 
follows that G camiot be less than F^^f (x). Thus, in every system of nets, 
the limi t of the sum of the fluctuations m the meshes of a net is Ff^^f{x). 
It then follows, from the first part of the theorem, that the limit of the 
sum of the absolute differences of the functional values for the meshes of 
any net is / (x), or FJ* f (x). 

In case there be points at which there is an external saltus, the pre¬ 
ceding proof can still be applied to shew that the limit of the sums of the 
fluctuations in two systems of nets has the same value for the two systems, 
provided no point at which there is an external saltus be an end-point 
of a mesh in either system. Moreover, in case there be an external saltus 
at the point x, the value of F ( 8 ) is either | / (x) — / (x -f- 0 ) | -f- Gi or 
I / (x) — / (x — 0 ) I -f Gi, and we see that 

F (S') -f- F (8") - jp (8) = G, + G3 - G, -f 5 (X), 
where s (x) denotes the external saltus at x, and is equal to the smaller 
of the two numbers [ / (x) — / (x 4 - 0 ) |, | / (x) — / (x — 0 ) |. 

It is clear that, for a function with bounded total fluctuation, the sums 
of the saltuses on the right, and on the left, 

S !/(* + 0) -/ («) I, S 1 / (a: - 0) -/ (a;) I, 
for all the points of discontinuity, are finite, and there can therefore be 
only a finite number of points at which the external saltus exceeds an 
arbitrarily chosen number If we take these points, say ti. --- 1 in number, 
to be the points x above, of D', we see that the sum of the flluctuations in 
the meshes of the net obtained by superimposing Z)' and 2 )^ is 

SJ?’(S)4-S^ + y, 

where 8^ is the sum of those external saltuses, aU of which are greater 
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than and y is the sum of the n — 1 numbers — and U 

therefore arbitrarity small. It thus appears that the total nuctuarion for 
a system of nets such that no end-j)omt of any of the nets is a point at 
which there is an external saltus is the number I j [x)), the lower 
boundary of the limiting sum for all systems of nets. If those points at 
%rhioh the external saltus is > ^ be end-point? of niesiie-s of nets of tii^- 
system, the limit of the sum of the fluctuations in a net of the system > 
fjL Sfi. If a sequence of descending Tallies be given to the sum aS's 
converges to a fixed number, which is the sum. or tlie liuiitmg sum. of all 
the external salt-uses. Thus we have the following theorem 

If a function iviih hounded total fliictuation be such fhot ftere are 
at xvlixch the function has an external saltus. then the 'lijf^^rence F^^ f txj — 
between the upper and loiver boundaries of the limiting m of ^he fiuf'zuailoYi^- 
in the nets of a system is equal to the sum of the external If a syste:-/i 

of nets be such that no point at which there is an exfe/nat saltus o ''fi end- 
point of any mesh of any of the nets, for such a mjstem the V.uitliig of 
the fluctuations in the meshes of a net is ju. If ho>re»'er erery point eU 
there is an external saltus is an end-point of a mesh of ners of the system. 
limiting sum is then Ff^f (x). 

247. It has now been shewn that, for a function '.vituour points at 
which there is an external saltus, the total variation and the total huetua- 
tion over any system of nets are identical, being borii finite^ or 'ooiL 
infinite, and that they are independent of the j^articuiar system of net'^ 
eniplo 3 ^ed. 

If f {x) have an external saltus at each point of some set -i’, the total 
variation of f (x), when extended over a s^^stem of nets such tiiat no point 
of S is an end-point of ant’- mesh, is identical with the total fluctuation of 
that function ^ {x) which differs from / (x) only in having ti:e functional 
values at the points of 8 so altered that the external saltus is at eveiy 
point of S removed. The total fluctuation of 6 lx) is obtained bi’ removing 
from fi the total fluctuation of / (j;) over such a si'steni of nets, that 
the number Ff^f (x) — p which is the sum of the external sakuaes. Thus 
the total fluctuation of ^ {x) is — Ff^f (x). If, on the other harxd, we 
employ a system of nets such that every point of S is an end-point of 
meshes of the nets, the total variation and the total fluctuation of / (a*; 
have the common value Ff^f (x). 

It thus appears that, for a function of bounded total fluctuation, whicn 
1ms points with an external saltus, the total variation over a systeyn of nets is 
Ff^f{x), or 2jM — Ff* f {x), or has some value between these two numbers, 
according to the particular system of nets employed. 

The necessary and sufficient conditions that a function f {x) may have 
bounded variation and bounded fluctuation in (a, h) are that: 
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( 1 ) . The points of discontinuity must all be of the first species, i.e. 
/ (a; + 0 ), f(x — 0) must everywhere exist. 

(2) . The sum of the absolute values of the external saituses must be 
finite. 

( 3 ) . A system of nets must exist for which the sum of the absolute 
values of the differences of the functional values at the end-points of the 
meshes of a net must be less than some fixed number, for all the nets of 
the system. 

248. The following theorem will now bo established : 

The necessary and sufficient condition that a function f (x) is of bounded 
total fluctuation is that it can be expressed as the difference of two hounded 
memotane functions^ which are either both non-increasing or both non- 
diminishing. 

A comparison of this theorem with that in § 244, for functions of 
bounded variation, gives a second proof that the two classes of functions 
are identical. 

To prove the theorem; let be the upper boundary of the total 
fluctuation in the interval (a, x). We then see that 

/ {X -f- h) - f (x) ^ ^ - Ff^i 

it follows that Ff^ — / {x) is a monotone non-diminishing function The 
function Ff^ + / (a;) has the same property, since 

f(x + h)-f {x) ^ s Ff^ - Fa^-^^K 

Therefore, if (a;) = ^ {F^^ -f / {x)}, (x) = I {Ff^ - / {x)}, the function 

/ {x) can be expressed as the difference of the two non-diminishing mono¬ 
tone functions (a;), (a;). 

Conversely, let / (a;) = (x) — ^2 {^)l where (x), {x) are bounded 

non-dim imshing monotone fimctions. In any interval, the fluctuation of 
/ {x) cannot exceed the sum of the fluctuations of {x) and <^2 
follows that the total fluctuation oif{x) in (a, 6 ) cannot exceed 

[01 ( 6 ) - <^1 (a)] + [<^2 (&) - 02 
EXAMPLES 

1 .* The function defined by f (x) =x sin ^, / (0) =0, is not of bounded total fluctuation 

in the interval (0, I/tt), although it is continuous in the interval. For, in the interval 

(=z ^=-3 sin- attains the value (-1)^ and thus the fluctuation m this interval ls 
V + Itt W a? 

at least equal to l/(r+^)7r. The total fluctuation m the interval is at least 

\S7r irj 

+ -V-l +l} + it “ known that this 

increases without limit when s is indefinitely increased; therefore the total fluctuation in 
(0, I/tt) is not finite. 

* Lebesgue, Lemons aur V%nUgraJtion (1904), p. 56. 
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2 * The function defined hy f (x) =j.-^ sin^, J (0) = 0 , is continuous jn any interv:!; con- 
taining x=0, and is everywhere ditiercntiabie, but ia not of bounded tot«- tiuctuition. 

3.t The function defined by / ( f) =x’- ain /. 0 ) = 0 , ia of tjounfit i tota. duct'. :Ion 
in the interval (0, l/ir2). In the interval ( —^ —r the function has a sinale n- ixi- 

mum, or else a smgle minimum, and the ab'-oiate value of the fun -t.on at li.is Tioint i-i at 

1 « 1 
most l/(rir) j. The total fluctuation in ( 0,1 774 ) cannot ex? ocil 22 —- vdii h is iir.ite. 

1 ‘■-r.- 


RESOLUTIOX OT A FrXCTIOX OI' \'ARIATIO-V 


249. If / (x) have bounded variation in the hiteiva' 
expressed by / (a) -h P {x) - X (x), where F {x). - X {:c' 
and the negative, variation respectively of / {x) in the :n 
flj ^23 poillts of discontinuity' of P iXj, C.J 


the sum 


S{P (l-.-O)-P(f-O);, 


JL, 


a. h.. it can be 
are tl.e co-:tive. 
:eival v;. .t'. Let 
.1 A-t i dc-.:otc- 


where the summation is taken for those points 6 that are in the clo-ed 
interval (a, x). Thus s (.x-) is a boiuidcd non-diininLhing z.ionotone r-.nc- 
tion. Since the sum S {P 0) — P (f — 0)} is con-^erg^^nt. the .-v.n: -an 

h 

be divided into two parts, the one a finite sum 


S {P (^ + 0) — P (f — 0)}, and the other [P — P — «* . 

bf ni hf m — 1 

where m is chosen so great as to include the indices of all tho^'C point'- ot 
the finite set at which P -r 0 ) — P (^ — 0 ) e and is also so great 
the second sum is < e; where € is an arbitrarily chosen pO's^itive number. 
We also have 5 {x) = E {P -r 0 ) — P (f — 0 )j — ix}: where, in the 

X, III 

first sum, only those of the set ii, ^ 2 . ... occur which are in the i.lo-5ed 
interval (a, x) and where ij (*) < tj (6) < e. Let us consider the rur.'.tioii 
P (x) — s (x), or P (a:) — S {P (f -j- 0) — P (f - 0)> - r, !x). At a point x. 

X nt 

at which P (a;) has a saltus < €, the saltus of P [x) — -5 [x) is < 2e; for the 
saltus of r) {x) cannot exceed €, and the function E {P — 0) — P — U)] 

.C, nt 

is continuous. At a point of the finite set at w'hich P ix) has a saltus ^ e, 
P (a;) — S [P (f + 0) — P (f — 0)] is continuous. Therefore the saltus of 

P [x) — s (x) is everywhere < 2 e. Since e is arbitrary, it follows that 
P {x) — s {x) is continuous in the closed interval {a,b}. A similar result 
holds for the function N (a;). Therefore / {x) is the sum of a continuous 
function <f} (x), of boxmded variation in (a, b), and of a function s (x) — s' (x), 

* Lebesgue, Annali di Afcrf. (3 a), vol. vn (1902;, p. 270. 

■j" Lebesgue, Legons sur VinUgratioti (190^), p. 56. 
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which may be denoted by x (*)• The function x (®) is of bounded variation, 
and has the same points of discontinuity as / (»). We have 

f(x) = <f> (x) + X (*), 

where x (^) denotes 

S [P (^ + 0) - P (f - 0)] - S [N 0) - N a - 0)]. 

X a: 

The result obtained may be stated as follows; 

A function of bounded variation in the interval (a, b) is the sum of a 
continuous function of bounded variation and of a function of bounded varia¬ 
tion with the same discontinuities as the given function, of which the total 
variation is the sum of the saltuses of the given function at its points of dis¬ 
continuity. 


RECTIPIABLE CURVES 

250. Let i be a variable defined for all values in a continuous interval 
(^0, and let/i {t), f^ {t) be two single-valued and bounded functions of t, 
defined in the interval ^i); the equations x =f^{t), y =^f^ (f) may be 
said to define an arc of a plane curve, in a generalized sense of the term. 
Let a net Ti, ... where tq = 4, = 4, be fitted on to the interval 

(^o> points on the curve corresponding to the end-points of the 

meshes of the net may be denoted by Pg, Pi, ... P„; and we consider the 
unclosed polygon of which the sides are PqPi, P1P2J ••• inscribed 

in the arc of the curve. The length of the polygonal line P0P1P2 ••• Pn» 
measured by ^ ^ 

S {(XV - -f- {yr - yr-i?Y. 

r =>1 

depends upon the particular net that has been fitted on to (4, 4)> Q'l^d may 
be described as the length of a polygonal arc inscribed in the arc of the 
curve. 

If the arc be such that the lengths of all the inscribed polygonal arcs have 
a finite upper boundary, the curve is said to be rectifiable, and the length of 
the arc is defined to be the value of that upper boundary. Otherwise the length 
of the arc is regarded as infinite. 

This general definition is due to Peano*. An earlier definition given 
by Jordan!, and in the case of an arc defined by an equation y = f (a?), by 
ScheefferJ, is of a less general character, as it requires that the lengths of 
any sequence of polygonal arcs should converge to a fixed limit, inde¬ 
pendent of the particular sequence, provided the polygonal arcs correspond 
to a system of nets fitted on to (4, 4). It will be shewn that when the arc 

♦ Beand. Lincei (4), vol. vi, 1 (1890), p. 54. See also Lobesgue, Ann. di Mat. (3 a), vol. vn (1902), 
p. 282, where a more general definition is introduced. 

I Gomptes Rendus, vol. xon (1881), p. 228; and Oours Analyse, vol. m, p. 594. 

t Ada Math. vol. v (1884), p. 49. See also Study, Math. Annalen, voL XLVn (1896), p. 298. 
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is contmuous, tne definition of Peano is equivalent to that oi Jordan and 
Scheeffer. 

The foUo^raig theorem will he established: 

The necessary and sufficient condition that the arc defined hy :c =/, it), 
^0 ^ ^ ^ may be reciifMble is that ike functions j. (?;. /, ff] 
should be of hounded variation in ike inter cal (to, ti)- 
We see that 


1 ,, 

^ {i ■“ 1 "" i/.'-i ']■; 

y a ^mg the sums oi aii the expressions for /* = 1. 2. 3. ... yt. it is clear 
that the necessary and sufficient condition that the perimeter of the uii- 
c osed polygon should be less than some fixed po&itive number is that this 


should also hold as regards x, - . and y. - 


and till's 


is equivalent to the condition stated in the theorem. 

From the known character of functions of bounded variation, it is see:: 
that a curve that is rectifiable in the interval (/qj ^i) rectifiable in 

any interval contained in (t^, t,). 


^ 251 , In case the functions(O,/** (?; are both coiitinucus in the inreiVwd 

it will be shewn that the lengths of the polygona. ar:^ c: any 
sequence, such that the greatest side of a poh^gon converge> to z^io. co:i- 
yerge to the length Z of the curve, as above defined, wheiieve:* tiic- curve 
is rectifiable. To establish this result the foilovring theorem vdli be proved. 

Jf the continuous ai'c defined by a* =/, (f), y = f2 ‘'i, be recti¬ 

fiable. and of length Z, then, corresponding to ati arbitrarily 
number €, a positive number d can be determined, so that the perinteter of ouy 
unclosed polygon inscribed in the arc > Z — e, provided all the sides of fie 
polygon are < d. 

The assumption that the arc is rectifiable, a^nd of length I. implies- that 
a net can be fitted on to the interval {t^, U), such that the length of 
the corresponding polygonal arc inscribed in the curve is > Z — -k. Let 
D be any other net fitted on to the interval (Zo,Zi). The net 
obtained by superimposmg the two nets i>o, is such that the corre¬ 
sponding polygonal arc has a length > Z — Since the functions (Z), 

/2 (^) are continuous, if 77 be a prescribed positive number, a number S' 
can be determined so that, in any interval of t less than S', the fluctuations 

(Oj /2 (f) are both less than 77. We shall suppose D so chosen that all 
its meshes are of breadth less than S'. Let m be the number of meshes in 
Do,' consider the excess of the length of the polygonal arc corresponding 
to (Do, D) over that which corresponds to D- Consider an end-point of 
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the meshes of Do, that is contained in the interior of a mesh of D; Ave can 
suppose the meshes of D so small that only one such point can be con¬ 
tained in a mesh of D, and we also suppose all the meshes of D to be less 
than S'. If tr, ^/.ui be that mesh of D, we see that the excess of the sum of 
the chords joining f,, and {t,,, over that joining t ,, is 

< I I + I ^r+l ~ I I ^V+1 I "t" 1 2/u I 

"T" I Vr-^l ~~ yu \ ~~ I Vt ~ Vr+i I 

and this is less than 4 rj. 

We now see that the perimeter of the polygonal line which corresponds 
to D is > Z — — 4 :m 7 j. 

If 7 } is so chosen that 4m7] < the length of the polygonal arc tliat 
corresponds to D is > Z — €. In order that this may be the case, D has 
only to satisfy the condition that the maximum breadth of its meshes is 
less than some fixed number S (£ S'), and this condition will be satisfied if 
the greatest side of the corresponding polygonal line is less than some fixed 
number d. 

If s denote the length of the arc corresponding to (Zq , t), Avhere 
s is a continuous monotone function of t ; and it is clear that x and y may 
be regarded as functions of s, say x = ^ (5), y = ifj {s). Since Aa;/ As, A^// As 
cannot be numerically greater than 1, aU the derivatives of ^ (s), 0 (s) are 
bounded, and in the interval (— 1, 1). It will be shewn in § 298 that, for 
all values of s in the linear interval (0, Z), with the possible exception of 

those belonging to a set of measure zero, the differential coefficients ~^ 

exist, and are finite. The above theory is applicable, without essential 
change, to the case of a “curve” in three-dimensional space, defined by 

^=fi W; 2/ =/2 W. 2 W- 

The case of an arc of a curve y =f{x), defined for the interval {a, 6), 
of cc, may be considered as the particular case of the above which arises 
when t is identical with x. We see then that, the necessary aoid sufficient 
condition that the arc defined by y = f (x), a ^ x ^ b, may be rectifiable is that 
the function f {x) is of bounded variation in the interval (a, b). 


EXAIVIPLES 

1 ' 1 

1. In* the interval (0,1), let / (a?) =^, when x is any of the points , and let 
f (x) =0, at all other points. In accordance with Peano's definition, the length of the arc is 
1+2 2 =2. According to the definition of Jordan and Scheeffer, the arc is not rectifi- 


* See Schoenflies, Bertcht, vol. n, p. 243. 
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able; for a net can be fitted on to the interval (0.1). such that ail irs end-points are repre¬ 
sented by irrational values of .r, except the points 0, 1; the len;ith of the corresponding 
polygonal arc is 1. 

2. An arc of the curve 7/= a: sin - which contains the origin is not rectiiid'jle: cut a 
similar arc of tlie curve i/=x- sin is rectifiable. 


THE VARIATION OF A FFNCTION OF BOrNDEC VARIATION 
OVER A LINEAR SET OF POINTS 

252 . Let ^ (x) be a bounded monotone non-dimini^hins luiietion. de¬ 
fined for the interval (a, 6), of x. If i = S ;.r), the segment a 

functional image on a segment of which the end-point» are 6 {a}. 6 ifj) 
respectively, on which the points i are repiesented. If o be eontinuou.-. 
the functional image consists of all the points of the interval c?;, 6 i),. 
of but if 6 (x) be discontinuous at a point there are no points of the 
functional image in the closed interval (6 fx' — 0), 6 (.>■' - 0 except the 
single point (a;'). We may now suppose that, to each point x. at 
<}> (a’) is continuous, there corresponds the point c ^ 6 on the f-r^egm-nt. 
but that, to each point x', at which ^ (x) is discontinuous, there c orre'-ponc:-. 
the closed interval {(/> {x' — 0 ), cf> {x' — 0)) on the f-segment If O’"-' denote 
any set of points in the if-segment (a, 6), there is a corresponding set G 
in the ^-segment; to any point of at which 6 'x] di^ccritinnou-^. 

there corresponds a component of consisting oi ail the point- of a 

closed interval. If consists of aU the pomt< of a cIo>ed interval. G'‘‘ 
consists of all the points of a closed interv^al. Similariy. if G cou'^ist^s of 
the pomts of an open interval, G'^* consists aL^o of the points of an open 
interval. It follows that, if 6?^** is an open set. consisting necessarily of 
a set of open intervals, the correspondmg set is open. Conse^^uentiy. 
if is closed, so also is It now follows that, if G'-^ be measurable 
(B), on the a;-segment, is measurable (B). on the f-^egmenr. I: G 
be any measurable set, it is contained in a set G^^^h and it contains a set 
such that and are measurable (B;. and that the set 

Q^ix) __ (y^(x) ]ias the measure zero. The two sets are both 

measurable (B), but it is not necessarily the case that has 

measure zero. Unless G^^^^ and can be so chosen that the measure of 
__ Cr^U) is zero, the set G^-^ is not necessarily measurable. Even if the 
function 0 (x) be continuous in (a, 5 ), it is not necessarily the case that 
there corresponds a measurable set G^^^ to any measurable set G^^K Only 
when <!> (x) is such that, to every rc-set of measure zero, there corresponds 
a ^^-set of measure zero, is G^^^ necessarily measurable when is measur¬ 
able. 

In general, there corresponds to a measurable set a set with 
exterior and interior measures (G^^^)y mi (6?^^*). 
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Tlte exterior and interior measures of the set on the ^’■segment, 

which corresj^onds to the set G, on the x-segmenty are taken to define the upper 
and loioer variations respectively, of the function <j> {x) over the set G; these 
may be denoted by (/> (a;), ^ (x) respectively. In case 

F<^) 6 {x) = F<^> <f> {x), 

their common value F^®^ <f> [x) is said to be the variation of the monotone 
function <f> (x) over the set of points G, 

It is clear from the definition that 

F(®> <t> {x) + F^<^> <f>{x)==f> (6) - i> {a). 

If 6r^®^ be measurable (B), since G^^^ is also measurable (B), it follows 
that (f) (cc) has a definite variation over the set G^^^, The variation of ^ (a;) 
over a closed interval {a, jS), contained in {a, b), is (jS + 0) — ^ (a — 0); 
and the variation over the open interval (a, jS) is (jS — 0) — {a H- 0). 
In case a = a, we take (f> {a — 0 ) = (f> (a); and in case j8 = 6, we take 
i (6 + 0) = <^ (b). 

If the monotone function cf> (ir) is absolutely continuous in (a, b), the 
^-set which corresponds to an aj-set of measure zero is also of measure zero. 
Por the :r-set may then be enclosed in a set of intervals (ov, Pr) such that 
the sum of their measures is arbitrarily small, and thus such that the 
sum S I 6 (jS,.) ~ (f) (a^) | is arbitrarily small. Hence the corresponding 
^-set has measure zero. It follows that, to any measurable set on the 
a;-segment, there corresponds a measurable set on the ^-segment, of 
which the measure is the variation of ^ (a;) over G^^K 

If ^ {x) be a function of bounded variation, defined for the interval 
(a, b), <f> (x) — 6 (a) is expressible as the difference of two bounded mono¬ 
tone non-diminishing functions (a;) and (a;), where <Ai (sc) and — (a^) 

are the positive and the negative variation of ^ (a;) in (a, x), (see § 244 ). 

The sum of the variations of (f)^ (a;), {^) a set 6?^®^ for which these 

variatio 7 is exist, may be defined to be the total variation of the function ^ {x), 
of bounded variation, over the set 

If the absolutely continuous function ^ (x) be not monotone, since it 
is of bounded variation (see § 243 ^) it is the difference (x) — <f>2 {x) of 
two monotone functions, each of which is absolutely continuous. Therefore 
the variation of <f> {x) over any a:-set of measure zero is zero. If e be any 
measurable set of points in {a, h), the total variation of <f> (x) over e is the 
sum of the variations of {x) and <f>2 (x) over e; and it may be regarded 
as a function <S> (e), of the measurable set e. This function O (e) is com¬ 
pletely additive, in virtue of the property of the measures of measurable 
sets of points. 
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FUNCTIONS OF TWO VARIABLES THAT ARE OF BOUNDED VARIATION 

253 . The definition of a function of bounded variation, in an interval, 
can be extended to the case of a function of two or more variables, defined 
in a given cell. It will be suflicient to consider the case of a function 
/ defined in a closed cell {a'^K Let a set of n — I 

points, in the ceU, two of which are the points ib*^\b'-')^ be 

considered; they may be denoted by 

where Xq^~^ = 

Purther, let the points be such that, for each value of /* f= 1, 2. 3, ... fK 
and consider the sum 

’’s” I / a:/ 2 )) - / (a-,j. 

r-1 

If this sum does not exceed some fixed positive number, whatevvi 
value n may have, and however the points are chosen. -•;ib;ect to the con¬ 
ditions above stated, the functiona:*-*) said** to have bounded 
variation in the ceil b^^'>). The upper boundary of thtr tdjO'-e 

sum may then be denoted by- 

A function <f> a;^-^) is said to be a monotone non-tbhniriiahin^ 

function in the cell, if ^ 6 (a;'^''. for cveLV p^::- or 

(a;‘^b such that a;*^^ ^. d"-‘\ if 

for a;(^J ^ x^'^', x^^'^ ^ a;^-^', we have the definition of a non-increasing riionctone 
function. 

If we consider separately those terms of the sum 
S"{/ {Xr^^K xV^>) -/ 

r =1 

which are positive and those which are negative, and denote the two parts 
respectively by Si, Sg, we have 

/(6(i)^ 6(2)) _/(«(!), at2)) = Si{/(a;/i>, a:/*^>) 

-P Si{/(a-,^1), av-M : 

further 

are such that their sum cannot exceed 7 («(ai’ac^/ x^-^). 

It follows that Si and — Sg have upper boundaries 

+/(&«», 6‘«) a«>)], 

aJid i*'*’) 

* See Atzelii, Bologna Rend. voL ix (1904-5). 
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which may be denoted respectively by 




(/; 0 ), hv-)) 


These numbers may be called the total 2>ositive variation and the total 
negative variation of f in the cell 


If we take any point in the given cell, we may denote by 

P N a;<2)) 

the positive and the negative total variation of the function in the cell 
We have then 

a:'"’) = P (^‘"= a;'®’) + ^ (»'"’> *'"’)> 

/(»<!>, a:<a)) a<^>) = P ar<®>) - N 

and therefore, since the two functions P N {x^^\ are clearly 

monotone and non-diminishing, we see that / x^^^) can be expressed 

as the difference of two such functions, or also as the difference of two 
monotone non-increasing functions. 


It is seen at once that any function which is the difference of two 
bounded monotone functions is of bounded variation in the cell. It has 
thus been shewn that: 


The necessary and sufficient condition that a function f should 

be of bounded variation in the cell (a, 6) is that it should be expressible as the 
difference of two bounded monotone functions. 

If Ur, Lr are the upper and lower boundaries of / in the cell 

r-=n 

Xr^^\Xr^^^), we considcr the sum S (? 7 , — where the 

r = l 

% -f 1 points satisfy the same conditions as before. If this sum is less than 
a fixed positive number, however such a system of points be chosen, the 
upper boundary of the sum is called the total fluctuation of the function 

in the cell and it may be denoted by F\ai^)\a(^^)f{x^^\x^^^). 

The function is then said to be of bounded total fluctuation in the cell. 


We see that 


and 


a!(2)-{-74(2)) 

- ^ (ati), aS^)) “ ^ (a<i). a<2)) , 


«(=)) 

(a(i>, a<2)) j 


and that the function P(a(i)i a(2i) / is monotone and non-diminish¬ 

ing. As in § 248 , it thus appears that the necessary and sufficient con¬ 
dition that f {x^^\ x^^^) should be of bounded total fluctuation is that it 
should be the difference of two bounded monotone functions. Comparing 
this with the corresponding theorem for functions of bounded variation, 
we see that the classes of functions of bounded variation, and of bounded 
total fluctuation, are identical. 
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254 . A definition of functionis of bounded variation, differing from that 
given in § 253 , has been employed by Hardy** and by Krause-i-. 

Let us consider the number 


related to the cell ^here - 

seen at once that, if a net be fitted on to the cell {a'' 


S'-' -f:'-*’. 


It is 


where the summation on the right-hand side is taken for all the ineshes 
which make up the ceil a'-^: b 


If the sum E | -^^=5 than .*>.ome fixed positive 

number, for all possible nets that can be fitted on to the cell fa'-, a'-': 
b^^y. b^^y), and if further the function/ x-) for each value of .v*. a 
function of bounded variation with respect to *v'-, and for each value of .>■ - 
a function of bounded variation with respect to x-. then / ' is sR.id 

to be a function of bounded variation in the cell. 


It has been pointed oiitj by W. H. Young tliat there i- a certain re¬ 
dundancy^ in the last two conditions. It will in fact be shev,;: that it is 
sufficient that/(a;<^),.^^“0 should be of bounded variation \tith re-pect to x '-, 
for one fixed value of and with respect to x *■ for one fixed value of x - : 
it being assumed that the first condition is satisfied. 


If the first condition is satisfied, let x -h be t'ne upper 

boundary of the sum S | for ail 2iot&. tiuit can be 

fitted on to the cell 6^^’, 6^-^). If the sum E be divided izito two 

parts, El and E.,, where Ei denotes the sum of those terms for vlilch A 
positive, and Eo denotes the sum of those terms for which A i& negative, 
we see that EiA/(a;<^b — E,A/(a;'“b, have finite upper boun¬ 
daries .. ... 

The two functions P (x<^K A" defined as 

P(«S ^--o/ At«: i-'-) 

respectively, are monotone functions, in the .sense that, if a‘**' ^ 
x<» s then P x<«) -< P (:«<“, .Y a-*^ ) A’ (.T-n, 


We have 

/ (a<i>, a< 2 >) = -/(a<i>, a'*’) +/(a<i>, a‘^>) a‘^») - P {a‘i>, a'^') 

- A’ (a'l*, a<i'). 

Aagnming that/ a‘*J) is a function of a‘i>, of bounded variation in the 
♦ Quarlerly Journal of Math. vol. xxxvn (1906), p. 57 et aeq. 

t Leipziger Ser. voL lv (1903), pp. 164, 339; see also Vergerio, Gior. dt Mat. voL xux 
(1911), p. 181. 

t Proc. Land. Math. Soc. (2), voL xi (1913), p. 142. 
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interval is to p (a;<i>) - n where p n 

are monotone functions of Similarly, assuming that / x^^^) is of 

bounded variation in the interval of it is representable as 

the difference p' — n' of two monotone functions of x'^^K 

If P {x^^\ a;f2)) = P {x^^\ a;<2)) + p (x^d) j- p' (a;(2))^ 

N ix^^\ ^ 

we have / {x^^\ x^^^) = P {x^^\ x^^^) - N a:^^)) - / (a^D, 
where P, ^ are monotone non-diminishing functions. It has now been 
shewn that a function / {x^'^\ x^^^) of bounded variation, m accordance 
with the definition here given, is expressible as the difference of two bounded 
monotone functions. It is therefore of bounded variation, according to the 
definition in § 253. 

The definition here given of a function of bounded variation is less 
general than that of Arzela, given in § 253. An example has been con¬ 
structed* by Kustermann, of a function which is of bounded variation 
in accordance with Arzela's definition, but not in accordance with that 
here considered. 


The variation of f{x^'^Kk^^^) for any fixed value Jc^“\ of clearly 
does not exceed the sum of the variations of f {x^^\ of ^ 
and of N It is therefore bounded, on the assumption that the 

variation of / {x^^\ is bounded. Similarly, on the assumption that 
/ a;< 2 )) is bounded, that of / (4^^^ x^^^) is bounded, for any fixed value 

of x^^K In each case the converse holds good. 


If a function ^ x^“^), defined in the ceU 6 ^-^) be such 

that, for any finite, or infinite, set of non-overlapping cells (any two of 
which may however have portions of their boundaries in common), the sum 

r =1 

is less than an arbitrarily fixed positive number rj, for all sets of such cells 
which satisfy the condition that the sum of their measures is less than 
some positive number €,, the function (f> is then said to be 

absolutely continuous in tJie cell The proofs of the 

theorems given in § 243^, for the case of linear sets, can be applied, if 
two-dimensional nets are employed instead of linear nets, to prove that 
an absolutely continuous fimction <}> x^^^) is of bounded variation, in 

accordance with the definition of Hardy and Krause, provided 0 ix^^\ 

are of bounded variation. It may be remarked that the whole 
theory given here is applicable by extension to the case of jp-dimensions, 

where A(a(i)’S*)!’."aS)j/ x^^\ ... is defined as 

x«>, ... *<»>). 

* Math. Anrialen, voL Lxxvn (1916), p. 474=. 
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Thus, for example, 

f(s)j / a:'®’, a:<®>) = fll,')/ x^-K a,-'®)} 

-/{fcii'.a®*. 3*S'>] 

- [/ i 8 <«, «<»>) -/ (; 8 <“, «■'=>, «»!) -/;«<!>. 3<®'. c'®'- 

— / c^-‘. a'® r. 


QT7ASI-MOXOTOXS FTj:S^CTIONS 
255. A function / a;*®)) may satisfy the eondition 

A^S^: / (a;'“. a:<«) s 0 . for s:« g ^ 

and yet / x^-^) need not be monotone and non-ciiminishing 

respect to for each constant value of nor need it be nionotone 
and non-diminishing with respect to for each cozistant value cf .t- 
Por the expression may be \iTitten m either of the forms 

The expression in any one of the four brackets may have either sign, con¬ 
sistently with the condition stated, except that the first bracket in eitiu-r 
case cannot be negative whilst the second is positive. 


We may consequently consider four tj'pes of functions f\x -. .r -, wliicn 
satisfy the condition x^-^) > 0. for > x ’-'... . viz.: 

(1). Those for which is monotone and non-cibniin^Iiing v.ith 

respect to x^^^, for every constant value of : and is also nionotone ai-d 
non-diminishing with respect to x^“K for everj’ constant value of x ' . 


(2) . Those for which/(a:^^b is monotone and non-diniinishiiig with 
respect to x^^\ for every constant value of x'-\ and is monotone and r.ozi- 
increasing wdth respect to for every constant value of .f'-n 

(3) . Those for which / x'^^) is monotone and non-increasing v.ith 

respect to and is monotone and non-diminishing with respect to .v 

(4) . Those for which / x^-^) is monotone and non-increasing with 

respect to x^^\ and is monotone and non-increasing with respect to 

A function / which satisfies the condition \f {x'^'. x‘-^) ^ 0 , 

for every pair of points, or else the condition A/ (a;^^b ^ 0 . for every 

pair of points, and also one of the four conditions given above, everywhere 
in its domain, may be said to be a quasi-Tnonotone function of one of the 
four types which correspond to the conditions (1), (2), (3), (4), respectively. 

It is easy to see that this definition can be extended* to the case of 
functions of any number of variables. 


* See W. H. Young, Proc. Land,. MaJth. 8oc. (2), vol. xvi (1917), p. 277. The term *' monotone 
is there applied to a function described above as qnasi-monotone. 
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Since 

/ a;t2)) = A/ - / (aU), a^D) 

it is seen that every quasi-monotone function is the sum of a monotone 
function of the two variables, and of monotone functions of the separate 
variables, such that any one of the three may be either non-increasing or 
non-diminishing. The converse does not however hold; in fact a function 
can be monotone without necessarily being quasi-monotone. 

For example, let the monotone function f {x^^\ be defined m the 
cell (- i, - 1 ; ], 1 ) as (ajW -f- 1 ) + 1 ), or (rrW 4- 2 ) (a;C^) -f 2 ), according as 

^ is < 0, or ^ 0. It is then seen that A/ ia positive over 

(0, 0;* 1, 1), and is negative over (0, - 1, 1); thus the function is not 

qu asi-monot one. 


THE MAXIMA, MINIMA, AND LINES OF INVARIABILITY OF CONTINUOUS 

FUNCTIONS 

256 . Consider a point x^^ within the interval (a, b), in which a con¬ 
tinuous function is defined, it may happen that a neighbourhood (rt'^ — S, 
Xi -i- 8) of the point x^^ can be fomid, by taking 8 sufficiently small, which 
is such that/(it;) has the same value at all points in the neighbourhood- 
then the point a’l is called a point of linear invariability of the function. 
If the same holds for a neighbourhood of on the riglit only, or on the 
left only, then the point x-^ is called a limiting point of linear invariability. 

It can be shewn that, if a point x^ of hnear invariability exist, and the 
function be not constant in the whole interval {a, 6), then there exist two 
limiting points of linear invariability, one of which, however, may be at 
one of the ends of the interval (a, 6). Suppose the function not to be 
constant throughout the interval {pt^, h ); the points x of this interval may 
be divided into t^vo classes, in one of which x is such that, in the interval 
(a'l, x). the function has the constant value / (ajj), and in the other class 
X is such that contains points at which the function has values 

differing from f {xf^\ a section is thus made of the interval {x^, b). This 
section defines a pouit which is the required limiting point of the linear 
invariability. If the same argument be apphed to the interval (a, Xj) we 
see that there is another hmiting point in this interval, unless the function 
be throughout equal to f (x^). 

In the interval (a, 6) there may be a finite set, or an indefinitely great, 
but enumerable, set of lines of invariability, each point within such a 
line is a point of invariability, and the ends of such lines are b'Tnif.ing points 
of mvariability. 

If the point ajj be not a point of invariability, it may happen that a 
neighbourhood + e') exists, such that, for every point in the 



349 


355 , 256 ] Maxima, Jlhiima, and Lines of InvariahHity 

interior of this neighbourhood, not klenticai with the conditicjn 
/ (a;) </ (a;i) is satisfied; in this case ajj is said to be a point at ^vhich rne 
function has a proper maximum. In case the neighbourhood be >:uc-h that 
at every point x within it, except at the condition ,/ (.v; >j is 
satisfied, the point Xj^ is said to be a point at which the function has a 
proper minimum. 

It may happen that, when x, is not a proper maximum, a neighbour¬ 
hood (x^ — €, Xj, -f €') exists which is such that at no point v/ithm it the 
condition/ (x) > / (x^) is satisfied, whilst not at every point is the condition 
/ (x) < f (a'l) satisfied. If this is the case foi every neighbourhood ir-teihor 
to (a?! — €, Xi -!- e) then Xj^ is said to be a point c\t v^'hich ti.ere i- an im¬ 
proper maximum of the function. If the condition / {j; > j {:l\ is .sati-h:cd, 
but the condition f (x) >f{o:i) is not everywhere 'atkrlcd. then .r. i'* -end 
to be a point at which there is an impjroper miniinum of tlie function. 

A line of invariability, of which the end-points are cc. 3. 
both interior to (a, b), is said to be & maxiin’iiii of the f uicthjn. ii b j:h 
a, jS be improper maxima, and it is said to be a iniiiiinuM. if ^oth a. £ be 
improper minima. 

It is clear that, in any arbitrarily small neighbourhood of ah inipioper 
maximum or minimum, there is an mdefinitoiy great n.inn ber of jjoint- e.r 
which the functional value is equal to that at the maximum or ^niLiinn. .l. 

At any maxnnum or minimum there is a gieate^t neigiibourh'iv'd 
{Xi — S, Xi S') at every interior point of which the condition 
f(x) </{a-i),/(ar) &f(Xi), or/{.f) >f{Xij.J{x) (.r-; 
is satisfied. At end-points of such greatest neighbourhood, it follows f.oin 
the condition of continuity of the function, that the iiir.ctioua: value •> 
equal to / (aji), unless such end-point coincides with a or with b 

It has been shewn in § 213 that there exists either one point, or a --t-t 
of points, in (a, 6), such that the functional value at this point, or at edl 
the points of the set, is greater than at aU other points? iii the iiiteiv ..: 
and it is to be remarked that this set of points may contain line^ of in¬ 
variability. Every such point, unless it be an end-point, is said to be a 
point of absolute 'tnaximum of the function in the interval (a. 6), and may 
be either a proper or an improper maximum. A similar definition applies 
to an absolute minimum. 

Tn case an extreme point of the continuous function (see § 209) be at cf, 
or at 6, such point is spoken of as an upper or lower extreme, but not 
always as a maximum or minimum of the function. If / (a) and / (6) be 
equal, and the function be not constant in (a, 6), then there is at least one 
maximum or one TniniTmmn point, or one line of invariability, in the inteiior 
of (a, b). This is also true when/ (a) (6), unless the function be monotone. 
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257. Ij, within the interval (a, b), there be two points, or two lines of 
invariability, at which the continuous function is a riwbximum, proper or 
improper, then there is between them at least one point, or one line of in¬ 
variability, at which the function is a proper or improper minimum; thus 
maxima and minima occur alternately. 

Suppose that a, j 8 are two points at which the function is a maximum, 
and that {a, j3) is not entirely a line of invariabiKty; also that no maximum 
occurs between a and We know that, between a and jS, there is a point, 
or a set of points, at which the function is less than at all other points in 
the sub-interval; and since a and j 8 camiot belong to such set, there is 
therefore a minimum at a point, or at points on a line of invariabitty, 
between a and p, and this minimum is less than either of the maxima at 
a and p. 

Between a maximum and the next minimum of a continuous function the 
function is said to 'make an oscillation, the amplitude of which is the excess of 
the maximum over the minimum. 

If Xy be a point in (a, b), it may be possible to choose e so small that, 
within the interval {x^, -f e), no maxima or minima occur, so that the 
function is monotone in tliis interval. It may however be the case that, 
however small e is taken, there stiU occur maxima and minima m 
(Xl, Xx + €). In this case the number of oscillations of the function must be 
indefinitely great, however small e may be chosen; for if there were a finite 
number only, a number could be found such that all the maxima and 
minima were in the interval (a;i + Xi -i- e), and thus in (x^, x^ -h ej) the 
function would be monotone, which is contrary to the hypothesis made. 

It thus appears that, in the neighbourhood of a particular point, a 
continuous function may have an indefinitely great number of oscillations. 
An improper maximum or minimum, not in a line of invariability, is 
certainly such a point. 

The proper maxima and minvtna of a continuous function form an 
enumerable, or a finite, set of points. 

Consider (a;i — e, 4 - - 17 ), the greatest neighbourhood of a point of 
proper maximum rci, which is such that, for aU other points x within the 
neighbourhood, f {x) <f{x^). There can, in a finite interval, be only a 
finite number of such points Xj^ for which €> a, t) > a, where cc is a fixed 
positive number; for if there were an infinite number of such points, they 
would have a limiting point and we could choose two points, Xj^, x{' 
of the set, such that the distance of each from ^ is less than \a', then each 
of these points would lie within the neighbourhood belonging to the other, 
and thus we should have / {xf) > / and also / {Xjf*) > / {x^), which 

is impossible; thus the set must be finite. Now choose a sequence of 
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descending values of a whicii converges to zero, say a,, ... : the 

number of maxima such that for each €>«,., 97 > being finite, 
we have ... m„, ... all finite; and hence the whole set of maxima 

forms an enumerable set. 

If a?! be an improper maximum point, and / {x.) = A, then a neigh¬ 
bourhood (xi — e, a;i -r 77) can be found which contains an infinite set of 
points Oj^ such that / (a;) = A, for each point of the set. If x' be an isolated 
point of the set 6?^, then x' is clearly a proper maximum of the function: 
and if a;" be a point of which is a limiting point of the set. a*'' is an 
improper maximum. The points — €, x-^ -r 77 need not be maxima, even 
though they be limiting points of The condition of continuity of the 
function ensures that the set is a closed one: for. at any limiting point 
of the set, the functional value is the limit of a sequence, each member 
of which is A, and this value is therefore itself A. 

Corresponding to a given A, there may be a finite, or an infinite, set 
of detached intervals such as — e, x^ ~ tj), each one of which contains 
a closed set such that each isolated point of it is a proper maximum, and 
each limiting point (except an end-point) is an improper maximum. The 
set may contain perfect components, and thus the impropvrr maxima 
at which A is the functional value may form a set of the cardinal number 
of the continuum. A similar result holds for minimci 

It can further be shewn that the values of a continuous function at t-.i! 
its maxima and minima form a set which is either finite or enunierabiy 
infinite. 

268 . If, in the interval (a, 6), the function have only a finite number 
of maxima and minima, counting any line of invariability vvLieh is a 
maximum or minimum as one maximum or iniiiimuin, the inttrrval can 
be divided into a finite number of parts in each of which the function is 
monotone; the function is then said to be* in general moaotone ;abtheil- 
ungsweise monoton). 

If the function have an indefinitely great number of maxima and 
minima, which occur either at points or at lines of invariability', the 
function then makes an infinite number of oscillations: and these may 
occur in the neighbourhoods either of a finite number of points, or of an 
infinite number of points. 

It can be shewn that, in the case of a continuous function, although 
there may be an infinite number of oscillations of the function, there can 
be only a finite number of which the amplitude exceeds an arbitrarily’ 
small fixed number o-. 

* This term is due to C. Neumann; see his work Ueber die nach Kreia- Kagd- uiA Cylindfir- 
fuTictionen fortschreiteTiden Reihen, Leipsic, 1881. 
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For it has been shewn in § 217 that a nnmber e can be determined, 
such that, in any sub-interval of length e, the fluctuation of the function 
does not exceed a\ therefore in each of the sub-intervals 
(a, a + e), (a -f e, a -f 2€), ... (a -h ne, 6), 
the fluctuation of the function is not greater than a. It follows that no 
oscillation of the function which is greater than o- can be completed in 
one of these sub-intervals, and that such an oscillation must require two 
at least of these sub-intervals for its completion; hence the number of 
such oscillations m [a, h) cannot exceed the fimte number n. As the number 
a is diinmished indefinitely, it may happen that the number of oscillations 
of which the ampKtude exceeds a is increased indefinitely. 

If the point a is an isolated point of discontinuity of a function / (x*), 
and if / (a -f- 0), / {a -[- 0 ) be unequal, there is an infinite number of 
oscillations in the interval («, a -f e). This may also be the case if / (a -i- 0) 
have a unique value. 


THE DERIVATIVES OE EUXOTIONS 

259 . If a function / (a;) be defined for all points in the interval (a. &), 
then, for a point in this mterval, we may regard the function 

f(x) -/(a^) 

X — 

as a function F (oj), of x, which is defined for all values of x in (a, 6), except 
for the point This function F {x), although undefined at the point 
has finite or infinite functional limits at that point, in accordance with 
the definitions in § 220. 

If the limits F (a'l + 0), F (x^ — 0) both exist, and have the same value, 
either finite, or + oo, or — oo, this value is called the differential coefficient 
at a;i of the function/ (a;). At the point a, if F (a + 0) exists, it is frequently 
said to be the differential coefficient of / (a;) at a ; and at the point 6, if 
JP (6 — 0) exists, it is said to be the differential coefficient of / (a;) at b. 

The condition that / (x) may possess a finite differential coefficient at 
cCi is that, corresponding to each arbitrarily chosen positive number e, a 
neighbourhood {x^ — S, iCj H- S) can be found, such that 

S-Xi -X^ ^ 

for every pair of points f' which lie within this neighbourhood, or within 
such part of it as is interior to (a, 6). 

In other words, the condition is that a neighbourhood of x^ can be 

found such that the fluctuation of the functionwithin it, or 

x — 

within such part of it as lies in (a, 6), may be as small as we please. 
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If, corresponding to an arbitrarily large positive number A, a neigh¬ 
bourhood (a;i — S, Xj^ + S) can be foimd, such that > ^4. to¬ 

ft: — Xi 

every point x (=t= a^i) in that neighbourhood, / (a') lias the diJferentiai coefri- 
cient -i- 00 at the point Xj ^. 

When a differential coefficient of f(x) exist.- at the point r 2 ;e 
function is said to be differentiable at and the differential coeffick-i.t at 
that point may be denoted by / (a;i). 

In geometrical language, when the function j has a differeiiiial 
coefficient at the curve y = f (x) is said to have a tangent at riio point 
(a?!, / (ftJi)). In case the differential coefficient is — x. or — x, tiie tangent 
is parallel to the y-axis, and the point is a point of inflexion ci the cm ve. 

That a function f {x) may have a fimfe differeniial coefficient a: .V;. i: is 
necessary, hut not sufficient, that should he a fioint or courtiivIfj or -he 
function. 

At a point of discontinuity x\, of/ (x), there aiv^av'^ exiftt- a p^.-i'i\”v- 
number cr, such that in any neighbourhood of x^, ho\ievcr sniaJl pornt- f 
exist such that |/(^) — f (Xj) | > o-: hence if *4 be any arbitrarily gieat 
positive number, in the interval {x^ — S, 0:1 — h), where c < cr A, iiie;e 
exist points i such that 

i ’ 

aaid it is thus impossible that should have u 

X — X-t 

limit at x^. On the other hand, the condition for the existence 01 a ffnite 

■F _ f ) 

differential coefficient, viz. that-'———should have an arbitral;iv 

X — X. 

small fluctuation within a sufficiently small neighbourhood of Xt. ir ixr 
necessarily satisfied when the condition of continuity, viz. that/ ./* d:'. 

have an arbitrarily small fluctuation within a sufficiently small neighi o:.-- 
hood of ftJi, is satisfied. 

If, at a point x, the function / {x) have a finite differential coefficient 
/ (35), or have an infinite differential coefficient of fixed sign, an mter\-e,I 

(x — 8 f, X -h 8 e) can be so determined* that the ratio --- “ - —is 

X^ ~~~ ftrj 

between / (x) H- e and / (ft?) — e, where x^ is any point in the interval 
(ft? — Se, x), and X 2 is any point in the interval (x, x — 8e); or that the same 
ratio is > an assigned positive number, if / (.r) = — co, or < — A’, 

if/' {^) = - 00. 

A continuous function / {x), defined for the interval (a, b), which has 
a differential coefficient at every point of the interval, is said to be differ - 


* See SiomwiclL’s Theory of Infinite Series, p. 490, 


HI 
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entiable in its domain. Continuous functions exist, which at no point in 
their domain possess a differential coefficient. The first example of such 
a function was given by Weierstrass; the construction of such functions 
will be considered in Vol. II. 

That a continuous function possesses a differential coefficient was 
formerly regarded as obvious from geometrical intuition, it being supposed 
that such functions were necessarily representable by curves possessing 
definite tangents at every point. The first attempt to prove the existence 
of a differential coefficient of a continuous function was that of Ampere*; 
this proof was, however, insufficient, even in the case of those continuous 
functions which make only a finite number of oscillations in the intervals 
for which they are defined. It is now fully recognized that the class of 
continuous functions is much wider than that of functions capable of an 
approximate graphical representation; and that the conditions for the 
existence of definite differential coefficients are of a much more stringent 
character than would be the case if they were included under the bare 
condition of continuity of the fimction. 

260 . It may happen that, at a point , the function "" ^ 

a; — Xi 

possesses finite, or even indefinitely great, limits on the right and on the 
left, at Xi, which differ from one another: the function is then said to have 
denvaUves, on the rights and on the left, at x-i . These are frequently spoken 
of as the 'progressive and regressive differential coefficients, or derivatives, 
respectively. A function may possess a progressive derivative and no re¬ 
gressive derivative, or the reverse. 

When, at the point X;^, the function / {x) has no differential coefficient, 
and neither progressive nor regressive derivatives, the function 

/(«>•)-/(=»^i) 

X — Xi 

has, in accordance with § 220, four extreme limits, an upper, and a lower 
one, on the right, and on the left. Any one of these four may be either 
finite or infinite. 

There is in general an aggregate of fmictional limits, on the right, of 
—and also an aggregate of functional limits on the left. The 

X — x^ 

upper and lower limits, on the right, which are the upper and lower 

boundaries of the aggregate of functional limits of ~ ^ at , on 

the right, are defined to be the upper and lower extreme derivatives of f {x), 
at Xr^, on the right, or simply, the upper and lower derivatives on the right. 


* Journ. dcol. ;polyt. vol vi (1806), p. 148. 
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and these are in accordance with the notation of Scheetfer*, denoted hy 
■D’*'/ (*)> -D+Z (ic) respectively. Similarly, the upper and lower deiivative-s 
of / (x) at , on the left, are the upper and lower boundaries of the aggre¬ 
gate of functional hniits on the left, and are denoted by 

^ ** 

D-f{x), D_f{x) respectively. 


As X has the values of a sequence converging to a:, on one side, the 
f (x) — f (x) . 

values of , if convergent, may converge either to the upper or 


■ 


to the lower derivative of / (x) at Xi, on that side, or they may converge to 
some number l5ruig between these extreme derivatives. In the last case they 
are said to converge to a median derivative on that side. The upper and 
lower derivatives on one side, together with any median derivatives on 
that side which may exist, make up the aggregate of functional liLiits of 
J (x) f ix 1 

•LAT —JJLll at x^, on the side under consideration. 

X — Xj^ 


In case the function / (x) is continuous in an open inteiv<t!. wit :i :ci as 
end-point, on the right of x^, the median derivatives have every value 
between i)+/ (Xi) and D^f (x^ (see § 229), but when j (a.-; Ls not continuous 
ill such an open interval on the right of x^, the aggregate of derivatives 
on the right may be a closed discontmuous set havii:g D * r U\} and IJ_ J ' 
for its upper and lower extremes. A similar remark applies to the case 
of the derivatives on the left. 

It is frequently convenient in this general case to speak of the de¬ 
rivatives of / (x) on the right, and on the left, as existent, but indefiiiite 
in value: and in this case D~f{x^), {x^} are regarded as the lmiit=> of 

indetermiuancy of the derivative on the right, and l/_j as 

those of the derivative on the left. 

The definitions which have been given for the case in which the domain 
of the function is continuous are applicable, without essentml cliange, to 
the case in which the domain is any perfect set of points. At a poiirt of 
the set which is a limiting point on both sides, there exist in general the 
four extreme derivatives D^f (x), D^f(x), D-f (x). D_j (.fj. two or more 
of which may have equal values; and at a point of the perfect set, wliich 
is a 1 iTnir.iTigr point on one side only, there exist of course only the two 
derivatives on that side. If the domain be any closed set, the derivatives 
exist only at those points which are limiting points of the set. 

A function defined for a perfect set may, by the method of correspond¬ 
ence, be correlated with a function defined for a continuous interval, the 
relative order of two points in the continuous interval being the same as 

* Acta Mathematical voL v (1884), p. 52. The same limits were considered by Du Bois-Eey- 
mond, Programm, Freiburg, 1870, also MUnch. Abh. vol. sn (1875), p. 125, under the name 
Unbestimmtheitsgrenzen. 


23-2 
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that of the corresponding points in the perfect set (see § 163 ); and thus all 
properties of derivatives of functions ‘defined for a continuous interval 
have theii* analogues in the case in which the domain is any perfect set. 

EXAJVIPLES 

1. If / (x) =x sin / (0) =0; we have*^^-- =sm and for arbitrarily small values 

of 7i, this oscillates between 1 and -1. The function / (a;), although continuous at a;=0, 
possesses no diiferential coefhcient at that point; in fact 

i>+/(0)=l, i>+/(0)= -1, D-/(0) = 1, Z)_/(0)= -1. 

2. If / (a;) =a;2 sin ^, / (0) = 0, the differential coejSicient /' (a;) exists for every value of x, 
and is finite. At the point x =0, /' (x) is -zero, but has a discontinuity of the second kind. 

3. Let* / {x) =Vx -hx sin , for a:>0; / (x) = -V -x +x sin , for a: < 0; and 

/ (0) =0. In this case/' {x) everywhere exists; its value at a; =0 is t-w, and although it has 
a finite value at every point except at a; =0, it oscillates in the neighbourhood of that point 
between indefinitely great positive and negative values. 

4. t The function defined by / (x) =x {1 -h-J sin (log a;^)}, and / (0) =0, is everywhere con¬ 
tinuous, and IS monotone, but has no differential coefficient at a; =0. 

-- 1 

54 Let / (a) =e sin - , / (0) =0; this function has at every point a differential coeffi¬ 
cient, and this is continuous at a;=0. The differential coefficient vanishes at a; = 0, and at 
an infinite number of points in the neighbourhood of a; =0. The function /' (x), like / (x), 
has an infinite number of oscillations in a neighbourhood of a; =0. 


THE DIFEEBEXTIAIi COEFFICIENTS OP CONTINUOUS FUNCTIONS 

261 . Let US suppose that a continuous function, defined for a con¬ 
tinuous closed interval, is such that, at every point interior to an interval 
(a, j8), there exists a differential coefficient; this differential coefficient may 
at any point have a finite value, which may he zero, or it may have an 
infinite value, of which, however, the sign is definite. It will he observed 
that f (x) is assumed to be continuous at the points a, p, but it is not 
assumed that definite derivatives exist at those points. It will be shewn 
that, unless the function be constant throughout {a, )8), there exists at least 
one point in the interior of {a, j8) at which the differential coefficient has a 
definite value, different from zero. 

Suppose / (a), f (jS) to be unequal. If they be not unequal, and the 
function be not constant throughout (a, jS), we can replace the interval 

* Dmi-Luroth, Grundlagen, p. 112. 

t Piingsheim, JETiayclopddie der math. WiaseTisch. n a. i, p. 22. 

X Dmi-Lurotli, Grundlagm, p. 313. 
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(«j ^), by another one contained in it, for which the functional values at: 
the ends are unequal. Let us consider the function 

F (X) =f{x) _/(a) -/(«);.. 

F (os) and F (p) vanish, and F (x) is continuous in {a, p). and has a diS'er- 
ential coefficient in the ordinary sei^o at each point, with the possible 
exception of os and j8; therefore it foKows, by the theorem of § 213 . that 
there is at least one point x^, in the interior of (os. . 3 ), at which F x) i? a 
maximum or minimum: this is the case even if F (x) be evei’j’where zero 
in the interval. A number e can therefore be found such that 
F(x^-i-S)-F (Xj,), F {X:, -h)--F 

have the same sign, or else vanish, provided S < e: and consequently the 
derivatives at a;i, on the right and left, must have opposite signs, u:ile-s 
both of them be zero; therefore the differential coefficient at :i\, 

must exist, must be zero. It follows that f (.r,) - —i = o, c-.nd 

thus the point x-^ is the point of which the existence was to be proved. 
From this theorem we deduce the following general theorem: 

///(a?) be continuous in the closed interval {a. 6), and be ihat It has 
a dijferential coefficient at every point in the interior of the i itef'ccd, and \f 
there be in {a, b) no lines of invariability, then there in :<?. b, a>i erery- 
wliere dense set of points at which the differential coefjiclerd hrr^ 
differing froyn zero. 

This is proved at once by apphdng the foregoing theorem to any 
interval contained in (a, b). There may be, in (a, b), infinite sets of points 
at which the differential coefficient is either zero or infinite. 

262 . The following theorem, kno^ra as the mean value iheorein or the 
Differential Calculus, has been established by the proof in § 261 : 

If the function f {x) be continuous in the closed interval (a. 6.. and if fie 
differential coefficient f {x) exist at every point interior to the Infercai [a, I 
bei^ig either finite, or infinite with fixed sign, then a poitif a — 6 {b — a) 
exists, where 6 is so 7 ne number such that 0 < ^ < 1 , for which 

f{b) =f{a) -h (6 -a)f {a - Ob - a). 

If we change the notation, so that {x, rr — A) is the given interval, the 
result may be written 

f{x + h)=f{x)-\-hf{x^eh). 

It will be observed that no assumption is made as to the existence of a 
derivative on the right at the point a, or x, or as to the existence of a 
derivative on the left at b, or xh. It has only been assumed that the 
function is continuous on the right, and on the left, at these points re¬ 
spectively. 
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In case however it is known that the limit of f (a;), as x ^ a, has a 
definite value A, then / (a;) has a definite derivative on the right at the 
point a, and its value is A. 

For, since ^ - =f {a Ox — a), and the expression on the 

X — cc 

right-hand side converges to A, as a; ^ a, it foUows that 

X — a 

A corollary from the mean value theorem is that, ii f {x h) =f (a;), 
then/' (x) must be zero at one point at least in the interior of the interval 
{x, X -f h). 

The following theorem may be proved by means of the mean value 
theorem: 

Iff{x) have a ccmtinuous differential coefficient /' {x), at every point of 
an open interval {a, h), then f {x h) — f (a;) = h{f {x) - 1 - p {x, /z)}, for 
every pair of points x, x h of the open interval; where p {x, h) converges to 
zero^ as h 0 , uniformly for all points x of any closed interval {a, j 8 ) con¬ 
tained in (a, 6 ). 

Since f (pc h) —f [x) = hf (x -f- Oh), where 0 < 0 < 1, for any pair of 
points X, X -h h, within [a, b), and since /' (a;) is continuous in the closed 
interval {a — h^, ^ hf), where {a, jS) is a closed interval contained in 
{a, b), and hj, is so small that the closed interval (a — Ai, j8 + ^i) is also in 
(a, b), we have, for every value of x in (a, jS), \f'{x-r Oh) — /' (a;) | < e, 
if I I < 7^^, provided is taken sufficiently small. This follows from the 
uniform continuity of f {x) in the closed interval (a — 7^^, jS -f hf). We 
may therefore take f {x Oh) = f (x) + p {x, h) ; where | p [x, h) | < e, 
provided \ h\ and x is any point in {a, j8). Since € is arbitrary, 

p {x, h) converges uniformly to zero, as h ^ 0, for all points x in (a, j8). 

263. An important extension of the mean value theorem is the 
following: 

If f {x) be continuous in the closed interval {x, x -\-h), and have a differ¬ 
ential coefficient at every point of the interval, with the possible exception of 
the end-points; and if F (x) be another function which is also continuous in 
the same interval, and at every interior point has a differential coefficient, 
whilst at the end-points there may be no definite derivatives, or they may be 
zero, or infinite, then, provided f {x) and F' (x) have no common zeros or 
common infinities in the open interval, 

f{x + h)-f{x) _ / ' (a; + 6h) 

F {x -\-h) — F {x) F' {x + Oh) 

for some value of 0 such that 0< 6 <1. It is assumed that F {x-\-h) ^F {x). 



262 - 264 ] Differential Coefficients of Continuous Functioiu 359 


To prove the theorem, let 

4 iS) -ni) - / w - ^ 

and let it be assumed that F (x + Ji) - F {x) is not zero. Since 

^ (a:) = (^ (a: -f h), 

and <f> {i) satisfies the conditions of the mean value theorem, lnu^t 

vanish for some value x + 9h, of interior to the interval (ar. x - 7< J: 6' 
exists, since/' (|), F' (f) camiot both be infinite. We have then 




F(x~ h) - F~(x) ^ ^ ^ ~ 


from which the theorem follows, since F’ {x — 6Ji) and f {x — 6/*} cannot 
be both infinite, or both zero. In the case in which/ (x — A; =f-xi. we have 


/' (X - M) = 0 , 


for some suitable value of d; and then, since F (x — A) — F ixl, F' 'X - 
are not zero, the theorem still holds. 


264. The last theorem may be applied to obtain a proof of the legiti¬ 
macy, under certain conditions, of a well-known method of evaluating 

limits which appear in the so-called mdeterminate form'' 


Lei the two fmictions f (x). F (a;) be both continuous af ail polnU 
to the interval {a, a j8), a7id let the lumtsf (a r 0), F \a — o he bofr* unAjoe. 
and have the value z&ro; if finite differential coefficient,^ f {x), F‘ {x. €Ve.^f at 
every inte^^ior point of (a, a jS). and ifh (> 0, and -r 5) can he so deie*'inlnp/' 
that^ within (a, a 4- h), f (a;) and F' (j?) are not both zero, and nof lo:^‘ 
infinite, together at any point, then if the Ibnit 


lim 

A-O 


/' (« ^ h) 
F' {a ^ h) 


exist as a definite number, or be infinite with a fixed sign, tie Unilt 


lim 




.-oFia^h) 

also exists, and the two have the same value. 


Moreover, if the first limit has no unique value, every value of the second 
limit is in the interval bounded by the upper and lower values of the first iwiit. 
and is a value of the first limit. Thus 


— f f=— / (^ T f {cl — h) ,. f'{c^-~ h) 

F {a -\-h) A-o F {a h) F [a-th) F {a^h) 


The two functional values / {a), F (a) may both be defined to be zero, 
and thus the functions / (a?), F (x) are continuous in any interval (a, a 7i), 
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where li < jS. We have then, from the extension of the mean value theorem 
(§ 263 ) + f{a^eh) 

F{a^h) F' {a^eky 

where 6 is some number such that 0< 1, whose value depends ia 

general on that of h. If there be assigned to h the values in a diminishing 
sequence which converges to zero, the corresponding sequence of values 
of dh also converges to zero. 


In case lini a unique value, either finite, or infinite with 

[ct-r h) 

fixed sign, it follows that Urn has the same value. 

° h^oF{a + h) 


In case lim has not a unique value, let the diminishing 

h^o i' (a + 

sequence {h^, converging to zero, be so chosen that has a single 

limit, as Ji goes through the sequence {A„}, then lim \ the 

single limit, and this must be one of the values of Urn . 

7i^o r (a — rh) 


same 


Therefore any limit of as h'^0, must also be a limit of 

^ F{a^hy ’ 

/ (a ~r og ^ ^ Q must lie in the interval which contains all the 
F (a ^ h) 

T /' (a -f- ^0 

limits of 

It may happen, in particular cases, that lim ^ unique 

value, whilst lim ^-.ds not unique. 

F (ah) ^ 

1 f (x) 

For example, let a = 0,/ (a;) = a;^ sin -, -F (a;) = e*' — 1 ; then lim ™. \ 

X x~o W 

y f 1 1\ 

has the unique value zero, whilst sin - — cos -j c~®, has no 

unique limit, but its limits are in the interval (— 1, 1). 


If f {x), F (x) have both differential coefficients f (a:), F' {x) at all ^points 
of the open interval (a, a -f jS), and if f {a + 0), F {a + 0), both exist, and 
are infinite with a fixed sign; then, provided ^ (> 0, < j8) can be so determined 
tluitf {x), F' (x) are not both zero^, or both infinity, at any point in the open 


* This generalization, of the conditions to be satisfied by the two functions in these theorems 
is due to W. H. Young; see Proc. Land, Maih. Soc. (2), vol. vui (1909), p. 51. For a history of 
these theorems, see Piingsheim, Ejicyct, d, math. Wissenach. ua. i, p. 26. A detailed investi- 
gaUon of the theorems is given by Stolz, Grundzuge, vol. i, p. 77 et seq.; Stolz assumes that F {x) 
is monotone in the intervaL 
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interval (a, a -h Ji), if iim exists, as a finite number, or is infi'ilie 

Ti^o X [a ^ ii) 

with a fixed sign, also lini exists, and the tivo have the same valve. 

/i^o Jf (a -r h) 

Moreover, if the first limit has no unique value, every value of the second 
hmit is in the interval bounded by the upper and lower values of the first limit, 
and is one of the values of the first limit. 

Consider the interval (« -f- , a -h 8,) interior to [a, a — h)\ we have then 

/(a ^8.,)-/(a ^8,) 

F {a{a- SJ F"{a^'h>) ‘‘ 
where 83 is a number which lies between 8^ and 8,: it being assumed that 
F {a 82) ^ F {a d- 8j) 4= 0 . This equation may be v, ritten in the iorzn 

/(« + 8 i) __ /(« 8,) . /' (c ^ 83) ., F ia ~ 83- 

F{a-h\) F(ci-^8^) • F'{a-B^j'f F{c.-B.y’ 

Taking 82 as fixed, if € be an arbitrarily small positive number, a 
positive number 8' (< 82) can be so determined that for every value of 
Si (> 0) which is < S', the inequalities 

I J?’ (a -f Sj) I > ^ I / (a -f- S3) I, I (« — 81) ■ > j (c -r S>^ 

are both satisfied; this follows from the fact that F [a — Uj is infinite v.irh 
fixed sign. 

We have now -- 


F{a-^8[)'~^ ' F' 


' (« 




where | 77 | < €, and | ^ | < e, for all values of S, such that 0 < 8- < S': 
where Sg is fixed, and S' (< 8,) can then be determined. 

If we assign to 8, the values in a sequence that converges to zero, h' tvill 
have the values in a similar sequence. 

If U, L denote the upper and the lower limit of — W' 

we see that C7 li©s between U — e and L ^ e. provided that 5 ., is 

jP (a + 03) 

sufficiently small. 

Then *^^/ is between € i- (1 -f €) {U 4- e) and — € — (1 

jf (a + Oi) 

and therefore, since e is arbitrary, any value of Iim — ~J. 

interval {L, U). 

If ?7 = L, then lim Crv - — 4 r x the unique value lim — 4 ^ - 

F {a-{-h) ^ h~Q ^ h) 

Again, let the values of 81 be restricted to belong to a 
sequence {8i<"*} converging to zero, and so chosen that converges 


e) {L - €)\ 

f(a—h). . , 

\-IS in the 
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to the unique limit A, as 8i goes through the values in the sequence 
Then, for all sufficiently large values of n, = A + \ where 

I A I < e; and then / ^ has the values - , for all the values 

of 83 in a certain sequence. It follows that the upper and lower limits of 

of values of S3, are in an interval 

26 -r 2 € 

T’ 1-y 

Since € is arbitrary, it follows that converges to A. 


for a certain sequence 

Jf (a + 03) 

(4^ 


265 . Let / (a;), F (x) be both zero at the point x = and let us suppose 
that f (aji), F' {xj) both exist, and are finite, the latter not being zero. 
It is unnecessary to assume the existence of /' (x), F' {x) for x^x-^. 


From the definition of/' (x^), F' {x^), we have 

/ (Xi +Ji) = h {/' (Xj) + p (A)}, 

F (Xi + 7 ») = h {F' (xj) + p' (A)}, 
where p (^), p' {h) converge to zero, as h ^ 0 . Thence we have 
f fa + b) _ f (a;i) + p (h) 

F («! + h)~ F' (X,) + p' (A)’ 


from which it follows that 


lim 

a—ail 


/ ip>) f (igi) 
F(x) F'{xiY 


This includes the case in which /' (a?i) = 0, F' (x^ =j= 0, when the limit 
is zero. 


Next, let it be assumed that/(aji), /' {Xj), (a^i) (see § 270 ) all 

exist, and have the value 0; and that F (iCi), J" (a;i), ... (aji) all exist, 

and have the value 0. Also let it be assumed that/<”> (xj), (aii) exist, 
and are finite, neither of them being zero. It will also be assumed that, 
in some neighbourhood of the point Xj^, the first n — I differential coeffi¬ 
cients of / {x), and the first n' — 1 differential coefficients of F {x), aU exist. 


We have then, 


]mi^ -=/^”^ fe)i since/<”-i> (xj) = 0. 




It then follows, by the employment of the theorem of § 263 , that 
^ + b) ^ _r (x, + A) _ _ _ 

A~o *~o nh”-^ n (n — 1) A"-* 


(to - 1), 
h^o nlh to ! ■ 
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since 


Similarly, we have lim —: and thus we see that. 

F{x^~hh) F{x^^Ji)h^'^ 

lim = 0, if 7 i' < n 

h^o F (x^ 4- h) 

= ± CC, if > 71 
= {x,)F^-^ (X,],jin' = 7U 

The following theorem has been established: 

Iff (x), F (x) ai'e zero ivJmi x = x-^, and hace, in a neigltboiir/cood oj tnat 
^oini^ differential coefficients of the first 7i — 1, and n' — i orders reij^ecfivelu. 
which are all zero at the point x — x^; and if, inoieocer. the differential 
coefficients off (rc), F (x), of orders > 2 , )i\ respectively, exist and are finite, at 

the point x = both of them being different fi'om zero, ^hen liin ]- \ '-as *'■ 


/" K) 


/i; Vf' 


unique value 0, v ,—± oc; according as n < n, rd --- n, or n 
Jf (Xi) 

sign of ± CO being that off”’ {xf)IF”' (a;j). 

If. for every value of x^ in an open interval {a, /?). [x], F' 'x) are 

both continuous, and F' (x) =|= 0, we see. as in § 2r32. that 
f(x + h) -f(x) = h {f (x) - p {X, h]\, 

F {x-{-h) — F (x) = h {F' \x) — p' (:f. h)^, 
where p (x, h), p' (x, h) converge to 0, as h — 0. uniformly for all points a 
in a closed inteiwal (a, 6) contained m (a, j8). We then see that 
f {x -j- Ji) — f (x) f ur) 

F{xTh)-hx) F-^M 

uniformly in the interval (a, 6), provided F' \x) \ exceed some nxL'd 
positive number, for all points in the iiiteival. 


266. If the function f {x) have a discontlnirity of the second Lind at the 
point a, at least on the side icliich is towards the interval {a, a — h), but the 
function have a finite differential coefficient at every point of the interval 
(«, a + h), except at the point a, then the differential coefficient has, in any 
arbitrarily small neighbourhood of a, every finite value. 

Let A be any fixed number, positive, negative, or zero. The function 
/ {x) — hx has a finite differential coefi&cient at ail interior points of 
(a, a -f- A), and it has a discontinuity of the second kind at the point c. 
If 8 (< h) be arbitrarily small, in the interior of the neighbourhood 
(a, a -r 8), / (x) — hx has maxima and minima, for it cannot be monotone 
in that interval; and at such pomts f' (a;) — A = 0. Since A is arbitrary^ 
it thus appears that in the neighbourhood of a,f (x) has every finite value. 
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The mean value theorem f {a+ h) —f {a) = hf {a + Oh) , where 0<d< I, 
affords information as to the existence and value of the derivative at a, 
on the right, provided / (a?) satisfies, in a neighbourhood of a on the right, 
the conditions under wliich the theorem holds. By considering both sides 
of a, information may be obtained as to the existence of a differential 
coefficient at a, 

(1) . If the function/' (a;) have a functional limit at a on the right, then 

f {a+ h)-f (a) 

. h 

has a definite limit for /i ^ 0, either finite, or infinite with fixed sign, and 
this is equal to that of /' (a;). It follows that, in this case, a derivative 
at a on the right exists, and is either finite, or infinite with fixed sign. 

(2) . If the function/' (x) have no limit at a on the right, it may still 
happen that /' {a -h 6h) has a definite limit at a on the right, because 
a -h Oh is not necessarily capable of having all values within a neighbour¬ 
hood of a. In this case, either (i), the derivative at a on the right may be 
definite, and lie between the upper and lower limits of /' (x) at a on the 
right, or it may be equal to one or other of those limits.; or (ii), there may 
be no definite derivative at a on the right, but D+f (a), D^f (a) may have 
different values, and these are certainly both finite in case the upper and 
lower functional limits of /' (x) at a are both finite. 

(3) . The derivative on the right at a can only exist, and be infinite, 
(i), if /' (x) have an-infinite limit on the right at a, or (ii), if it have an 
infinite upper limit on the right at a. In either of the cases, (i) and (ii), 
/' (x) may be everywhere finite within a neighbourhood of a on the right, 
or it may be infinite at some points in such a neighbourhood. 

(4) . If the derivative at a on the right exist, and be finite, then either 
(i), /' (x) has a definite limit at a on the right, equal to the derivative at a, 
or (ii),/' (ic) has no definite limit at a on the right, but a sequence of points 
can be determined, of which a is the limiting point, such that the values 
of/' (x) for points of that sequence converge to the value of the derivative 
at a. At points which do not belong to the sequence, the values of /' (x) 
may be either finite or infinite. 

267. Iff (x) be continuous in a given closed interval^ and have at every 
jpoini, with the possible exception of an enumerable set Cr, a differential 
coefficient of 'value zero, the function is constant throughcnit the whole interval. 

At the points of G we may suppose it to be unknown whether a differ¬ 
ential coefficient exists, or, if one does exist, what values it has. 

A more general form of this theorem is obtained by considering not 
the differential coefficient, but any one of the four derivatives, thus: 
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If f (a:) 6e continuous in a give?i dosed interval, and one oj the four 
derimtives D+/ (a:), Z>+/ (»), D-/ {x), D_f{x), be such that it ib zero at erti y 
point of the interval^ loith the exception of poiuts belonging to an e*iotnerable 
set G, at which nothing is known as to its value, then the function is co/L^fanr 
throughout the interval. 

To prove the generalized theorem for the case of the iimction D-f * 
suppose that, if possible, f (x) — / (a) has at some point .rj a value ditfei ent 
from zero, say the positive value p ; and let 6 [x, k) denote 

fix) -fia) -k(x--a). 

Then cf) (a, 7 j) = 0, (^’i, 7j) — p — k (re- — a'>. Clioose any fixed jiosirlvc 

number q<.p, then ^ k) > q. provided k < . or say k < X. Sin'^-e 

<f> (x, k) is continuous in (a. 6), and 6 (a. k) is zero. wLiist 6 x\, k > q. 
there exists an upper limit of those values of x between u and for v.'Li-li 
<f) (x, k) ^ g, and this upper limit is attained for some value c. oi v. _icii 
is such that i < Xj^, and <f){^,k)=q. Since 6{i — h.k > q. Ki.rrAel 

0<h^Xj — ^, vre see that, smee ^ ^ ' i- pc-:::v‘. 

It 

D^cj) (^, h) is positive, if it be not zero. Xov’ if f were a point not 

to Gy the value of D-6 (|, li) would reduce to — 7.’; and therefore $ :n :-t 

belong to Q. 

The number q being fixed, | depends* only on h\ and. corresponding t j 
a given value of there is only one value of h\ for 

cl^iiyk)-<f>iS,k') = {iy ^k) a-a'. 

which cannot vanish unless k — k', since <f> {a. k) is zero, and* tneivici^- ■ . 
For a given value of 7 j, the corresponding number of values oi f. aL c: 
which necessanly belong to G, must be either finite, or ei:umL*rah!y infinite, 
since every part of an enumerable aggregate is eititer finite or enumeicible. 
Therefore, to each value of k, in the continuous inter\"ai ^c:. K — f ,. tnt-ie 
corresponds a finite, or enumerable, set of values of and it would hence 
follow that the continuum (a, K — P) is itself enumerable, wliich we knew 
is not the case. It has thus been shewn that, for no point can/ , — f 'a, 

have a positive value; and similarly, by considering 

fix)-f{a)-^hix-a\ 

it can be shewn that / {x) — f {cl) can nowhere have a negative value: hence 
/ {x) =/ (a) throughout the whole interval {a, b). The case in which one 
of the other three derivatives vanishes, except at points of G, can be 
treated in a similar manner. 

A continuous function can exist, which is constant in each interval 
contiguous to a non-dense closed set G, and is not everywhere constant, 
provided G is unenumerable; but if 0 be enumerable, the function must 
everywhere have the same constant value. 
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The foUowdng theorem* * * § which is of importance in the theory of Inte¬ 
gration wiU now be established : 

7/ two functions be each continuous in a given closed interval, and if, of 
one of the four derivatives it be known that, for the two functions, this deri¬ 
vative has equal finite values at each point of the interval, loith the exception 
of an enumerable set of points at which nothing is known as regards the two 
derivatives, then the two functions differ from one another only by a constant, 
which must be the same for the whole interval. 

It must first be observed that the proof of the preceding theorem 
suffices to shew that, if 7)+/ [x) ^ 0, at every point of {a, b) not belonging 
to the set O, then f [x) — / {a) ^ 0, for every point x of the interval. 
Similarly, if D+/ (x) ^ 0, everywhere in the interval, except at the points 
of G, then / (a;) —f (a) ^ 0, at every point of the interval. 

If now/i (a;),/a (a;) be two continuous functions such that 

i^) = -DVa (a:) 

at every point of (a, b) not belonging to O, let / (aj) =f(Xi) If e 

be an arbitrarily small positive number, then for any point x not belonging 
to G, the condition 

is satisfied for a set of positive values*of h which are arbitrarily small. 
Also we have, for all sufficiently small values of h, 

hence, since 7)+/i (a;) = JD^f^ [x), we see that —ISfl > _ 2e, for 

all values of h belonging to some set. It follows that Z>+/ (a;) > — 2e, and 
thencet that D-^f (a;) ^ 0, since e is arbitrary. By mterchanging (x) and 
/2 (^)> we see that Z)+ {— f (a;)} ^ 0. Brom these two results we deduce 
that / (a;) — / (a) ^ 0, and that f (a) — f {x) ^ 0, throughout the interval 
(a, 6); therefore / (a;) is everywhere equal to / {a), and thus the theorem 
is established. 

Examples have been given by HahnJ and by Ruziewicz§ of continuous 
functions which have everywhere in an interval the same differential 
coefficient (not everywhere finite) but the difference of which is not 
constant in the interval. 

* Scheeffer, Acta Math vol. v (1884), p. 283. 

-j- It is erroneously stated by I>ini, tiiat IT-f (a:) =0. See Grundlagen, p. 275. 

t Mfmatsheftef. Math. u. Physih, voL xvr (1905), p. 16. 

§ Fundamenta Mat. voL i (1920), p. 148. 
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268. At a point x, at which the continuous function/ is a maximum, 
since, for a sufficiently small iieighboiirhooci of such a point a*, the diiier- 

+ /O - / (^), / (^ - 70 - / 

are both negative or zero, for all points x - h in the lieighbourhood. it i- 
clear that each of the derivatives D~f (x). lJ_f{x) is either negative cu‘ 
zero, and that each of the derivatives D-f {x), h_,j' <x) either uo-itive 
or zero. In case the function possess definite derivatives on the right au'^i 
on the left at the point a;, the first of these is zero or negative, or possibly 
— CO, while the second is zero or positi%'e. or possibly — cc . 

If, at the point x, a definite differential coefficient exist, it must conse¬ 
quently be zero. In the case of a minimum the coiTc^uonding statement'- 
hold, where the positive sign takes the place of the negative one. and the 
reverse. The following theorem has now been established: 

If a continuous fimction possess a differential coeijlcier^i at a ^^outt 
which the function is a maximum or mimmum, then the differe:diai coefreuf : 
at X 7nust be zero. 

If a function / (a;) have, at ar^, a differential coefficient not equal to 
zero, there is a neighbourhood of Xy^ in which / ix) is monotone*. T.'ns may 
be stated in the form that, corresponding to a suitable* value of '. ci number 
k can be determined, so that, to each value of y hi the interval 

(*/i - Vi - 

where yi = f (a;i), there corresponds one, and only une. value of x hi me 
interval (a’l — h, Xj^ h). 

FUXCTIOXS WITH LIXES OF IXVARIA3ILITY 

269. A continuous function may be such that. J.XJL tne m,.er'\ a« a. t. 
there exists an everywhere dense set of non-overlapping intervals, each 
one of which is a line of invariability of the function. Within eac]i internal 
of the set, the function has its differential coefficient equal to zero: it 
therefore follows from the theorem in § 267, that the clo'-ed set oi point >. 
of which the given set of intervals is the complementary set. cannot be 
an enumerable set, otherwise the function w ould be constant in the whole 
interval {a, b). It is further clear that no tw’o of the intervals can abut on 
one another; for the condition of contiauity of the function at their 
common end-point would ensure that the ■''alues of the function in tiie 
two intervals were the same, and thus the two intervals would really 
belong to the same line of invariability. It follows that the end-points 
and external points of an everywhere dense set of lines of invaiiabiiity of 
a continuous function must form a perfect non-dense set of points. 

That a continuous function with an everywhere dense set of lines of 
invariability can actually exist can be easily shewm as follows:—IVIake 
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the points of a non-dense perfect set correspond in order to the points of 
a continuous interval (a, 6), then, as has been shewn in § 163, the corre¬ 
spondence may he such that the whole of a complementary interval of 
the perfect set corresponds to one point of the continuous interval. If a 
continuous function he defined for the continuous interval, we may define 
a new function which has at each point of the perfect set the same value 
as the original function has at the correspondmg point of the continuous 
interval; and since aU the points of a complementary interval of the perfect 
set correspond to the same point of the continuous interval, the new func¬ 
tion is such that it has an everywhere dense set of lines of invariability. 


EXAIMPLES 

1. Take* the non-dense perfect set defined in Ex. 1, § 83, by 

Cl Co Cm 

where every is either 0 or 2. A complementary mtcrval has as its end-points 

3 3® 3"-i 3 3^ ■ ••• ^3n-i^3n» 

which may be denoted by (a,,, 6^). Let the function / (cv) be defined as follows.—^For a point 
x of the interval (0,1) belongmg to the perfect set, let 




when jc is in the mterval (cty, 6^), let f(x) =f{av) =/(M* The function / (a;) so defined is 
continuous, and varies from 0 to 1, and is constant in each of the intervals (a^, 6,.) comple¬ 
mentary to the non-dense perfect set. 

2.t Let the numbers in the interval (0,1) be expressed in a scale n = 2ia -1, of odd 
degree; thus a; where 0^ a,.<«, and the number of digits is finite or 

infinite. For any number x represented m this manner, for w’hich all the a's are even 
integers, let / (a;) equal ^ ■ bi case any of the a’s are odd, let cij, be the first 

one which is odd, and let/(a;) then equal ^ +... function 

/ (a:) is continuous, and varies from 0 to 1; for an infinite set of pomts it has no differeniial 
coefificient, and for all other values of x, /' {x) =0. 


THE SUCCESSIVE DIFEEHENTIAL COEFFICIENTS OF A CONTINUOUS FUNCTION 

270. If a contmuous function / {x), defined for the closed mterval 
(a, 6), have at every point a differential coefficient f (x), which is itself 
continuous throughout the interval, the function f' {x) may itself have a 
differential coefficient /" (aj), which is called the second differential coeffi¬ 
cient, or the second derivative, of / (a;). 

* Cantor, Acta Math, voL rv (1884), p- 386. See also ScheefEer, Acta Math, vol v (1884), 
p. 289. 

t Grave, Oomptcs Bendus^ vol. cxxvn (1898), p. 1005. 
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- r 


The second differential coefficient/" (a;j, ofat a pcmr at 
which f (x{) exists as a definite nuinher, may be denned as 

lim'^ (‘^ 1 ^0 (^ 1 / 

/i-ij 

when this limit exists, as a finite number, or is infinite vrith a fixed 
It is not necessary for the existence of the second differe-ntial coefficitriit 
f* (^’ 1)5 that/' (a?! -f- 7a) should have a definite value, tor all pf ints ,t% - - r 
in a neighbourhood of . 

It may happen that the four ratios 

{i)+/(a:i T 1) -f (ari)J, [Jj_j u, - h) - 

\ {D-f (X, + A)-f (x,)U ] {D_j [X. - u, - j .c, 

all have one and the same limit, finite, or infinite, v/lien h u; and that 
this should be the case is sufficient for the existence or / iie-re 

defined. 

The second differential coefficient/" (a^i) is thus defined a-^ tLc- ivpc-iteil 
lim lim + ^ + ril.-/Z ■ Zy ' 

when this repeated limit exists; it being assumed that 


has a definite value. 

A more restricted definition of /" (.ri) is frequenth' employed, in wiiifd: 
it is assumed that/' (x) exists as a defimte number, not only at bin 
in a neighbourhood of x ^^. In accordance with this moiv re'-tricted defini¬ 
tion, it is not sufficient for the existence of/" (xi) that the repeated li^nit 

lim nmfSEi±^l±A^-fSAszJ‘LTJ. -/ 

should have a definite, finite value, or be infinite with fixed tign, eve:, ,t 
it be assumed that /' (a; 3 ) exists. 

Por the sake of generality the less restricted definition of/" (.t’:,}, given 
above, will be here employed. 

It is easily seen how the definition may be extended to the case oi a 
differential coefficient/^"^ (a:) of any order n, 

271. In case the function / (a;) possesses a finite differential coefficient, 
of order n, at the point x = Xj^, and in which there is a neighbourhood of 
that point in which/' (a;),/" {x), ... {x) aU exist, let 

/ (a^i -f- A) — / (a;i) — hf (ari) — ^ f {x^) — ... — 


HI 
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be denoted by <}> (h). Since ^ (h), (A),(A) all exist, and are 

zero, when A = 0, it follows from the theorem of § 263 that 

lim (0) = ^/<»> {x^)-, 

n\^ ^ nr 


/z-O 




and then that {h) = (x^) + p (A)}, where p (h) converges to 0, 

as It 0. We have thus the following theorem : 

If f {x) possesses an differential coefficient at x = x^^ and if the first 
— 1 differential coefficients exist everywhere in some neighbourhood of the 
point X = x^, then 

S (^1 + h) =/K) + A/' (X,) + |y” (x,)+...^ ,/<»-!> (a-,) 


7,n 

+ “I (^i) P Wh 


vjhere lim p {h) = 0. 

7t~0 

We find, by employing this theorem, that when /" (rt’i) exists, and 
/' {x) exists m a neighbourhood of 

ithf 

where the double limit lim a (7i, h) exists and has the value zero. 

A-O 

It follows that the double limit of the expression 

/(a; i 4- A + A) -/ (.ri -F 7i) -f{x^ + A) +f{Xj) 

Ilk 


exists and is equal to/" The converse does not in general hold. 

In particular the limits 

/ (a;i + 2A) - 2/ {x^ + A) -f / ( 3 ;^) /(a-i -f- A) + /(a.-^ - A) - 2/ (xi) 

A~o A* ’ A^ 

exist and have the value/" 

The converse of this does not hold; for either of these limits may exist, 
and yet/" (x^) need not exist, nor even/' {xf). An illustration of this is the 

case of the function defined by/ (0) = 0,/ (x) = x sin^ for x® > 0; at the 

X 

point X = 0, /' (0) does not exist, and yet lim i ^ ^ ^ === 

272. The foUowing theorem, due to Schwarz*, is of fundamental im¬ 
portance in the theory of Fourier’s series. 

If, in an interval {a, j8), in which f {x) is continuous, 
fix 4- A) - 2/(x) +/(x - h) 

AS 


* Gesamm. AhJumdlungen, vol. n (1890), p. 341. 
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converge, /or each value of x in (a, to the limit zero, for h — 0. fhert the 
function f {x) is a linear function in the vjJioIe infervaL and conseguenthj 
f' f ” (^) everywhere exist, and the latter is everywhere zero. 

Let us consider the function 

^ (*) = ± {/ (*) -/(«)- [/ (j8) -/ («)]|- - k- {.c - cc) U - 3}, 

Tvhei’e i is a constant. The function 6 (a), whichever sign be taken, is 
continuous in {a, /S), and vanishes at a and jS- Vf'e lind at once 

lim (?) (f - = ofi. 

74 h- 

and therefore, for each value of tc in {a, p). a positive iiuinber e c^n be 
found, such that <f> {x h) — 2<f> (a;) (f> {x — h) is posith^e and gieater 

than zero, for all values of h which are numerically less than e. 

If <j> {x) can be anywhere positive in {a. 8). there must be a point r*. 
at which it has the greatest positive value, and this point neither c 
nor j8, since <f> (a), <p (jS) both vanish. If t) be sufficiently small. 

<l> -<f> i^i) ^ 0, (5^ {x^ -v) 

hence ^ (iTj rj) — 2<f> (a,i) — (f> {jl\ — r) 

is, for all sufficiently small values of t], either negative or zero, vriiich la 
contraiy to what was shewn above. It follows that 6 >.c'} is everywhere 
negative in (a, p), and cannot be zero except at a and B. 

This holds whichever sign be taken in defining 6 [x]. Xow 

k- {x — a) {x — /S) 

is always negative, except at a and jS, and may be taken to have its 
numerically greatest value as small as we please, since J: i> at our ciioice. 
It follows that „ _ „ 

/(a:)-/(«)-^[/(j8)-/{«)] 

can nowhere in the interval be different from zero: for, n at any point it 
had a value p, by choosing such that k- {x — a) {x — 3\ is numeiically 
everywhere < | i? | a the function <f> (x) could be made positive at the poinr, 
by proper choice of the ambiguous sign. It has thus been shewn that 
f (x) is linear in (a, jS). 

273. Schwarz’s theorem can be extended to the case in which there is 
an enumerable set of points in the interval (a, j8), at which it is not known 
that the limit in question exists, or is zero, provided a certain condition 
be satisfied at each point of the enumerable set. The followmg theorem 
will be established: 

If, in an interval {a, jS), in which f{x) is continuous, the expression 
f{x_^h)^2f{x)^f{x^h) 

A2.. 


34-2 
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converge^ for each value of x in («, jS), to the limit zero^ for h ~ 0, excejpi that, 
for an enumerable set of •points O, this is not knoum to be the case, then, 
provided that at each point x, of G, the expression 

fix + h) - 2f{x) +/(a; - h) 
h 

ccmverge to the limit zero, far h'^O, the function f (x) is a linear function in 
the whole interval (a, P), 

It should be observed that the condition 

,^ J(x-^h) - 2f{x)-^f{x-h) ^ ^ 

h-Q ^ 

is certainly satisfied at any point x at which the differential coefficient 
f (x) exists^ and is finite. Moreover, whenever the condition is satisfied, 
/ {x) has its derivatives symmetrical as regards the right and left of the 
point X. 

To prove the theorem, let it be assumed that 

has a positive value p, at some point x^ interior to (a, j8); and let 

^ (x,k) =f{x)-f(a) -|^{/(^) -f(a)} + k{x - a)^ 

where A is a positive number. We have 

<f> {a, h) = Q,<j> ()3, k) = — a)®, and ^ (sCi, k) = p + k{x^ — a)-\ 

and hence, provided A < ^ = K, 

the number ^ (aji, h) is greater than <f> (j8, h), and than 0 (a, h). We shall 
suppose h to be so chosen that this condition is satisfied; it then foUoAvs 
that 0 {x, h) has a maximum between a and jS. The absolute maximum 
value of <f> (x, k) may be attained once, or a finite number of times, or an 
infinite number of times, in the interval (a, j8). 

The points x at which this maximum is attained have an upper extreme 
X (< jS), which must itself be a point at which the maximum of <f> (x, h) 
is attained, as is seen, in the case in which x is an upper limit, from the 
condition of continuity of the function. We have therefore 

<f> {p ’\-h,h) — <f> (as, h) ^ 0, and ^ {x — h,k) — <f> (x, h) ^ 0, 

if h be sufB.ciently small; from which we conclude that, in case 

Mm 0 (^ + ^. ^) - H + ,f>(x-h,k) 

A~0 A® ’ 

its value is £ 0. It follows that x must belong to O] because the value of 
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this limit is 2A, and therefore > 0. for any point irhich does not belong to G. 
Since 5= is a point of G, we have 


j. (a' + h, k)-4> (./■, /„■) , k) - ^ (.«, k)' 

( h -- k -= 

and since the two fractions have the same sign, it follows that 

+ and 

^ ' k^O li 


/i-O 


From this result we deduce that 


lim 


= lirafMzAlllBl -/i£; _ 2/, lx - «). 
* —h B—a 


71-0 


To each value of k in the interval (0, K), there corresponds one value 
of oi, and it is impossible that the same value of J can correspond to two 
different values , ky of k. For if this were the case, v’e should have 

kj^ (fj = ky — ct^j 

and therefore k^ = k^^ since x > a. Xow it is impossible that the set of 
points interior to the interval (0, K), can be such that to each such 
point there corresponds a distinct point belonging to the enumerable 
set 6?. We conclude that it is impossible that 


can have a positive value ^ at any point x\ of the interval 3;: and it 
can be shewn in a similar manner that there can be no negati%"e value of 
the same function in the interval. It follows that the function must every¬ 
where be zero, and therefore that / {x) is linear in the interval \a, 8,. 


274. Let us suppose that the continuous function / (:i:) is linear in each 
interval contiguous to an enumerable closed set G, contained in Tc, ,3;. 
and that it possesses everywhere in the interval {a, 8) a finite diSerential 
coefficient. 

In this case both the conditions of the theorem of § 273 are satisfied, 
and therefore the fimotion is linear in the whole interval ia, j3); 've have 
then the theorem: 

If f {x) be a continuous function ^possessing everywhere in the inte-'cal 
(a, P) a finite differential coefficient, and the function be linear in each one of 
an everywhere dense set of intervals complementary to an enumerable closed 
set of points G, then f {x) is a linear function in (a, j8). 

If the closed set of points O were unenumerable, the preceding reasoning 
would no longer be applicable, except that, at an isolated point of G, it 
would establish that the linear functions in the two intervals which abut on 
one another at the isolated point must be identical. Confining therefore 
our attention to the case in which & is a perfect set, we see that a 
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continuous function possessing everywhere a finite differential coefficient 
may exist, which is linear in each sub-interval complementary to a non- 
dense perfect set of points contained in the interval for which the function 
is defined, and yet the function need not be linear in the whole interval. 

The existence of such functions will be effectively established in 
Chapter vn, where it will be shewn that they may be obtained by the 
integration of continuous functions which have an everywhere dense set 
of lines of invariability. 

OSGILLATIXG CONTIiSTTOTIS STTKCTIOXS 

276. Let us suppose that the continuous function / (a:) has no lines of 
invariability in the interval (a, jS), and that everywhere in this interval it 
has a finite differential coefficient. If, -within (a, j8), there be a maximum 
or minimum oif{x), then at such a point/' (a;), which exists and is finite, 
must be zero. If the maxima and minima in (a, j8) be everywhere dense, 
then /' {x) vanishes at every point of the everywhere dense set; and if 
/' (x) were continuous throughout {a, P) it would follow that it was every¬ 
where zero, which would be contrary to the hypothesis that (a, jS) is not 
a line of invariability. 

It follows from this that, if in an interval {a, p), which contains no lines 
of invariability of the continuous function f (a;), the differential coefficient 
/' (a;) everyxohere exists, and is continuous, there must be in the interval an 
everywhere dense set of sub-intervals in each of which the function is monotone. 

We have further the following theorem: 

Iff {x) be continuous in {a, p), and have no lines of invariability, but have 
an everywhere dense set of maxima and minima, there must he in the interval 
an everywhere dense set of points at each of which f {x) either does not exist, 
or does exist and is discontinuous. 

A continuous function / (a;) w^hich, in a given interval [a, jS), has no 
fines of invariability, but has an everywhere dense set of maxima and 
minima, is said to be a continuous function which is everywhere oscillating 
in the interval {a, j8). Such a function cannot have a differential coefficient 
which is continuous throughout the interval. 

The continuous functions which are everywhere oscillating in an interval 
may be divided into two classes. 

(1). The function may be such that, if the constants Z, m be properly 
chosen, the function f {x) lx -{■ m is monotone in the interval. In this 
case / (x) is expressible as the difference of two monotone functions, and 
thus belongs to the class of fimctions with bounded variation. These 
functions may be said to be of the first species, or to be functions with 
removable oscillations. 
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(2). Such functions as do not belong to (1; may 'oe said to be of the 
second species, or to be functions with irnmocable oscillations. 

In order to bring to light the essential distmction between the t”*/ 
classes of functions, as exhibited by the properties of their denvativt*^. 
we first of all remark that, if D^j (j:) have a positive lower borindazy f. 
for all points x in the interval («, jS), then at each point / h ) -j 
is essentially positive for all positive values of h which are lesb than some 
number S, dependent on x\ hence the function is monotone in tiie inteiwai. 
The function would also be monotone in case the specified condition weie 
that D''-f{x) has a negative upper boundary tor all values of a- in .c, ,3.. 

Now suppose that D^f (x) has a definite negative lower boundary in 
{a, jS); let this be — c, and consider the function d> {x) ~ t ■.>*; — L-: — 
where Z > c; we have then (x) = I -- D_ >l — c\ hence the func¬ 
tion <j> {x) is monotone in (a, jS). Thus f {x) is expressible as the difiu-’vnc-^ 
of the two monotone functions ^ (.r) and lx — m. Similarly, if we hcA 
taken the condition that D -f(x) has a definite positive upper ::ni:t rl - 
function / (x) 4- lx -j- m, where l< — c could be shewn to be mur.oront. 

It is clear that, instead of the linear function /.r — m, we :nig..t iu.v-:- 
used any continuous differentiable function hose dinere:it:al c-oe^ 
was > c, or < — c, throughout the interval, in the two ca<es. 

The argument would have been unaltered if it iiaci been tL t 

there were a finite or infinite set of lme& of invariabinty n: 'ft. 3,. 

It has thus been she\TO that: 

// the continuoiLS function J (.i) be such that either I)_J {x'> u retr:fl> - 
loiver bouyidaryfor all values ofx in {a, jS), or that D^f (x) a po^lilct ‘^‘puer 
boundary, then all maxima and minima of the oscillating fancfIon ^ ate 
removed by adding to f (x) a properly chosen linear function, and in os 
function is of the first species, and is of bounded ranaiion. 

In particular, the conditions of the theorem are satisfied if the de¬ 
rivative, on one side, without necessarily having a definite value at any 
point, be such that for the whole iuteiwal it is numerically less than some 
fixed positive number. 

A function, such that for a given mter\’'ai. 

\D^f(^)\. 

are all less than some fixed number, is said to be a function icith bounded 
derivatives. Such a function has bounded variation in the interval, and 
if it be everywhere osciHating, it is of the first species. 

If all the four derivatives are, at every point, numerically less than the 
positive number M, in which case the function is necessarily continuous, a 
neighbourhood of any point x may be so determined that, if f be any point 
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in that neighbourhood, (/(f) — / {x) \ — x\. Hence the fluctuation 

in the neighbourhood S is ^'2Mh. 

By the Heme-Borel theorem all the points of {a, b) are interior to a 
finite number of the intervals 8 . It follows that the interval (a, h) may 
be divided into a finite number of parts, each of length less than a pre¬ 
scribed number d, such that the sum of the fluctuations in those parts is 
^ 2M {b — a). Since d is arbitrarily small, it follows that the total fluctua¬ 
tion oif{x) in (a, b) cannot exceed 2M (6 — a). 

It is not sufficient, in order that a function may be of limited total 
fluctuation, that, at each point, all four derivatives are finite; but it has 
been shewn to be sufficient that their values in the whole interval should 
be bounded. 

276. Let us suppose that, for a set of points 6r, everywhere dense in 
(a, 6 ), progressive and regressive derivatives at a point of O exist, and are 
infinite, but of opposite signs. At any point of O, a neighbourhood can 
be found, containing , such that, for any point x in it, f {x) —f (a^o) is 
of fixed sign for the whole neighbourhood, and is never zero, except when 
X = XqI it follows that Xq is a proper maximum, or minimum, of the function. 

It will be shewn that, in any interval {a, j 8 ) contained in (a, b), there 
is an infinite number of points at which the function has the same value. 
Let f be a maximum point of / {x), within (a, jS), and let (f — 17 , ^ + e) 
be the greatest interval enclosing within which f {x) — / (^) is negative; 
suppose that the absolute minimum of the function for this interval is in 
(f ■“ f); taking a maximum point interval (f, ^ H- e), then in 

f) ^tL®re is a point at which/ (f^') = / (fi), since/ (fi) lies between 
the greatest and least values of the continuous function in (f — 77 , f). 

Now there is a maximum interval — 771 , for the point 

and this lies within (^, f -f c); and in this interval we may as before find 
a maximum point ^^25 such that a point also exists within the interval, 
for which / (^ 2 ) = / (^ 2 ')- There is also a point $ 2 " hi — 77 , f), such that 

fisn =f{Q. 

We may proceed in this manner, until we find n points 

bn-ls b n—la b,j,-.l ? 

such that / (f„_J =/= ... =/ 

Now let be a limiting point of Si> ii, fsj --- ; and let be a 

limiting point of ^ 2 '» • • -» and be a limiting point of fa"» is's - • - 5 ^hen 

/(fo.)=/(f.')=/(f/') = .... 

Thus the points f„, f„', f/', ... form an infinite set, in (a, j 8 ), at which 
the functional values are the same. 
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The points ... have a limiting point at which the func¬ 

tional value is the same as for the set itself; therefore 

filolrfiU -fiL') _ _ 

hence, at ^q, either the derivative is determina,te, and equal to zero, or 
else it is indeterminate, with zero lying between its unper and iow'er limits. 
Thus it has been shetvn that* : 

If a continuous function have an everywhere dense set of points at >chicJi 
there are progressive and regressive derivatives that are Infinite and of opposite 
signs, there is an everywhere dense set of jjoints at each of which fue deriratice 
is either indeterminate or else zero. Thus a continuous jimct ion can not at all 
points have infinite i^rogressive and regressive derivatives of opposite signs. 

If we apply the above theorem to the function / ,x) - t,€, where c is 
a prescribed constant, then, since / (a;) — cx has an infinite cierivative at 
the same points as those for which / (a;) has an infinite derivative, v e obtain 
the following theorem: 

If the co7itinuous f^mction, f (x), have at an everywhere dense set of poinrs 
infinite progressive and regressive derivatives of opposite signs, there is an 
everywhere dense set of points at each of which the derivative either has the 
prescribed value c, or is vi/ieterminate, and such that c lies between its vpjper 
and lower limits. 

In geometrical language, a point at which there are infinite pro¬ 
gressive and regressive derivatives, of opposite signs, is a point at wiiich 
the curve y =f{x) has a cusp, vith its tangent perpendicular to the .i-axis. 
At a maximum the cusp points in the positive direction of the ^-axis. the 
progressive derivative being — cx), and the regressive derivative — x. At 
a minimum the cusp points in the negative dkection of the ?/-axis, the 
progressive derivative being -f- co, and the regressive derivative being — x. 

PBOPEETIES OF IXCRElIEXTAKr RATIOS 

277. If be a point of the interval (a, b), in which fh:) is defined, 
the function for points x such that x,<x^ h. mav be called 

X — ^ - 

the incrementary ratio at on the right: it may be denoted by I {x, xf ): 
and in. case / (x) be a continuous function, this incrementary ratio is also 
continuous at every point of its domain. This incrementary function has 
an upper and a lower boundary for its whole domain (rci < x ^ b); these 
upper and lower boundaries may be denoted by U {xf), L (r^), and either 
of them may be finite or infinite; however U (oti) can only be infinite with 

* Konig, Monaiahefte f. Math. u. Fhysih, toI. i (1890), p. 7, The above proof is that given 
by Schoenflies, BerioM, voL i, p. 160. 
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the positive sign, and L (a;i) only with the negative sign. U (Xj), L (xj) 
being regarded as functions of Xi, defined for every point of {a, b), except 
the point b, the function U (x^) has a finite or infinite upper boundary for 
its whole domain, which we may denote by U; and the function L (Xj) 
has a finite or infinite lower boundary for its whole domain, which we 
may denote by L. There exist therefore two numbers U, i, which may 
have the improper values + oo, — oo respectively, such that 

f( x^) -f(Xj) 

X2- x^ 

for every pair of values of a-g, where X 2 > x^, alw^ays lies betw’^een them, 
or is equal to one of them. 

The incrementary ratio on the left of a point can be defined in a similar 
manner; and we thus define two functions U' (iCi), L' (a:i), at Xj^, as the 
upper and lower boundaries of these incrementary ratios. 

It is easily seen that U\ the upper boundary of U' (a;) in the interval 
(a, 6), is identical with U, and that L\ the lower boundary of L' {x), is 
identical with L. Thus U, L are the upper and lower boundaries of 
I (a?!, a'a) for every possible pair of points x.^ in the interval (a, 6). 


278. When the function f (x) is continuous {bounded m' unbounded) in 
(a, 6), U {x) is a lower semi-continuous function, and L {x) is an upper 
semi-contimious function. Accordingly, XJ {x) and L {x) are point-wise dis¬ 
continuous, when they are not continuoics. 

If U (a;i) is finite, x^ can be so detei-mined that 
V {Xi, ccg) < 

and also a neighbourhood (x^ — rj, x^ -f t^), of x^, not containing ajg, can 
be so determined that, if Xj^' be any point in this neighbourhood, 

I 7 (iCj , X2) — I (a?!, xf) I < ; 

for I {x, X2) is continuous with respect to x, at x ^. We have, in this neigh- 
bourhood, j > I {x^, * 2 ) -h>U (aJi) - e. 

It follows that U (a'l') > U (ajj) ~ c; or U {x) is lower semi-continuous 
at a?!. If ?7 (xj) = 4- 00 , ajg can be so determined that I {x^, x^> N 
where N is an arbitrarily chosen positive number. If / (aji) is finite, the 
neighbourhood {Xj^ — tj, a^i 4- t)), of may be determined as before; and 
then I {x^', X2) > N, and thus U (x^^) > N, which is the condition that 
U (x) should be lovrer semi-continuous at a?i. If / (sci) = 4 - 00 , the neigh¬ 
bourhood can be so determined that I {x-^', x^) > N, and thus TJ {x-^^) > N; 
hence U (a;) is low’er semi-continuous at x ^. That L (a;) is upper semi- 
continuous can be proved in a similar manner. 

The inxremerUary ratio I {x, x'), where f {x) is continuous {bounded or un¬ 
bounded) in the dosed interval {a, b), assumes every value between its upper 
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OiYid lower boundaries U and L, for a pair of points x. cc' interior to the 
interval (a, 6). 

Let h be a number between U and L. thus U > I: > L. The ttinetioii 
U (a;) being a lower semi-continuoiis function, the set of points at which 
U (x) ^ k is a closed set & (see § 230); and similarly, since L {x) is an upper 
semi-continuous function, the set at which L (.r) ^ 1c is a closed set 6%. 

If, at any point a, TJ {a) = L (a) = k\ the function has the value 

/ («) ~ Ic {x - c), 

for all points x in the interval (a. b). Assume first that no such points cc 
exist; then since L (x) < U (x). the two sets 6r\, G, can have nc point* in 
common. Since the continuum (or, 6) cannot be the siiin of the two clo'^e-d 
sets ©2 s follotvs that there exists at least one point which belongs 
neither to nor to ©,, and thus at which T ‘cc. > Jc L /«'. if tr be a 
point at which this condition is satisfied, in a certain iieighi^oirrhooci of ; 


the conditions 


U (x) > V {a) — €, L (x) < L ;n) — e 


will be satisfied; and, if € be sufficiently small. U > Jo L . r.t .ib 
points in tins neighbourhood. Thus each point a, at ■v\ inch 

U {a) > to L (a), 

is an interior point of a set of points at all of winch. C ix; > 'c > L t . 
In case there is a point a such that U (a) = L (c) -■ L, arni if thi* 
not hold for any smaller value of x than a. it is cieai that, in the intciva". 
(a, a), the upper and lower boundaries of I (x) are U and L. The ab'.'ve 
proof applied to {a, cc) shews that in this iiiteival there a *et 

points at \^'hich U (x) > k> L (x). 

At any such point x interior to (ez, 6). we can choo*e po.*itive number^ 
*1 - ^'2 such that J ^ > 7, > j (.V. .1- - 


where x -j- 7?i < 6, x -h < b. Since I (ar, x — h) is contmuor.* ii. tne 
interval of h, of which are the end-points, a value of h between 

and 7^2 exists such that I (x, x -i- h) = A*, which establishes the theorem. 

Ifj at every point in {a, b), f (x) have a differential coefficient {Vnite^ or 
infinite with fixed s%gn), then f (x) has every value between Us upper 
lower boundaries in the interval (a, 6). 

For, if i; be any number between TJ and Z, since, in accordance with 
the above theorem, a pair of interior points a, ^ exists, such that 

/ («, jS) = 

it follows from the theorem of § 261 that there exists a point x, in \a, ,3), 
at which f {x) = Jc. Since 1c is any arbitrarily chosen number between 
U and L,f {x) takes all values between U and L. It is clear that U and L 
must be the upper and lower boundaries of /' (a:), for if /' (.r) > L . x — h 
could be so determined that I (x,x h) > U, which is impossible. 
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[oh. V 

PROPERTIES OF THE DERIVATIVES OF CONTIINUODS FIJiNCTIONS 

279. Let / {x) be continuous in the interval (a, 6), and let U and L 
be the upper and lower boundaries of the incrementar 3 ^ ratios above 
denned. Take [a, any interval in (a, b), and consider the function 

^ {X) =f{x) -/(«)]. 

Since 6 (a) = 0. 6 [p) = 0, unless (f> (x) be constant through (a, there 
must be Tidthin {a, jS) a maximum or minimum of (f> (x ); and thus at least 
one point Xj^ exists \iithiQ {a, jS), such that 

cf) {a\±h) - <f> (Xi) ^ 0, 
for all sufficiently small values of or else 

(f> (Xi = A) ^ (Xj) ^ 0, 

for all sufficiently small values of h. At such a point 

I (x^ -1- h, a;i) ^ I (a, j8), 
and I (xi — Xj) ^ I (a, ^), 

or else I {Xj^ -r h, a^) ^ I (a, j3), 

and I {Xi — 7^, o^i) ^ I (a, jS). 

If (x) have an inJSnite number of maxima and minima in {a, jS), there is, 
in (a, ;3), an infinite number of points at which the first of the conditions 
for <f> {x) holds, and also an infinite number at which the second holds. 
If there be only a finite number of maxima and minima of {x) in (a, ]8), 
then this interval can be divided into a number of portions in each of which 
the function <[> (a;) is monotone; and in any one of these portions either 

I {x± h, x)^I (a, JS), 

at all points within the sub-interval, or else 

I{xztz h, x)^I (a, jS), 

for every x within the portion, and for sufficiently small values of h. We 
see then that I [a, jS) and I {x ozh, x) lie betw’-een U and L. 

Thus, in every interval (a, jS) contained in (a, 6), in which </> {x) has an 
infinite number of maxima and minima, there are (1), an infinity of points 
X at which I {x — li^x), for all sufficiently small values of A, lies between 
L and I (a, ^); and (2), an i nfini ty of points at which the same is true of 
7 (a: - a;) : (3), an infinity of points at which I (x-i-h,x), for aU sufficiently 

small values of h, lies between U and I (a, jS) ; and (4), an infinity of points 
at which the same is true of I (x — A, x). 

In case f {x) — f {a) — ^ [/ (j®) — / (a)] have only a finite number 

of maxima and mi nim a in (a, ^), there are in (a, j3) finite intervals such 
that all the points in one of them belong to both the sets (1) and (2), and 
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also finite intervals in wMcii all the points belong to both the set- ' 3 '} 
and (4); each of these sets of intervals is finite, and an interval of one 
is followed by one of the other set. 

The number L being the lower limit of the function L {,r * in the inteival 
(a, fe), there exists a point such that L is the lower limit of the valuta 
of L {x) in any arbitrarily small neighbourhood of and it follows 
in such neighbourhood of x-^ there are points ^ such that I {§ —1, § . for 
an infinity of values of differs from L by ies^ than a prescribed po-itive 
number e. Therefore there is. in (a. h), an infinity oi pan- of points- a, i; 
one of which is arbitrarily near such that I .*«. 3‘ differs from L 
less than e. 

Similarly, it may be shewn that, in (a, &). tlicre i& an infinity c: pah': 
of points (a, j 8 ), such that I {a, 8) differ- from T by le-s than the pre-ciibtrd 
number e. 

If U or L be infinite, there exists an infinity of pairs of points such that 
I (a, j 8 ) is arithmetically greater than a prescribed number c, and ti.e 
same sign as the infinite U or L. 

We can consequently choose the interval {«, 8} that 

/ (a, j 8 ) = i/ -h rj, or else so that I (cc. 2) = — 77 . 

where 77 < €, provided U and L are finite. If one. or both, of U, L ' -e 
infinite, (a, jS) can be so chosen that / (a. iS) hd 5 > the same sign a< o- 
as i, and is arithmetically greater than a prescribed po-ii:ve nir.nbcr! 

We have now obtained the following results. 

If f {x) be a continuous function, and (a, b) he the ahoie. or a jjarr. jf hS 
domain, to which U and L correspo'nd, then (1). if L be finite. tJ.ere ‘. 

{a, b) an infinity of points for which (a*), jD_ loih He heiweett L cn. T 
i -h 6 , where € is an arbitrarily prescribed positice rurnber: ajtd a* 
points Z>+ {x), jD_ {x) are either equal, in icliich case a derv:anve o-i zbe : 
exists, or else they differ frotn one another by less thcin e- v-b V U be Ji' .tt. 
there exists in {a, b) an infinity of pomfs for which D- (a*). 2 >_ (a-j both ~'e 
between U and U — e; and at these points there exist derivatives on the right, 
or else Z)+ {x), (x) differ from one another by less than €,* :3). if T or L 

be infinite, there exists an infinity of points at which D- (a:), D_ (x) are both 
numerically greater than an arbitrarily great number c, and have the same 
sign as the U or L which is infinite. A similar statement holds as regards tie 
derivatives on the left. 

The above is true irrespectively of the number of the maxima and 
minima of / {x ); but if / {x) have in {a, b) only a finite number of maxima 
and minima, and if the same be true of all the functions f {x) — lx — m. 
obtained by the addition of a linear function, then there exist in (a, 6 ) finite 
sub-intervals such that at aU points in one of them the above statements 
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hold both as regards the derivatires on the right and as regards those 
on the left. The numbers V and If correspond in each case to the par¬ 
ticular sub-intert'al. 

It vdii be observed that the theorem does not assert the necessity of 
the existence of points at which a determinate derivative on the right or 
on the left exists, but it states that there are in every sub-interval points 
at v'hieh the difference between the upper and lower derivatives on one 
side is less than a prescribed arbitrarily small number, or else at which 
both such derivatives are arithmetically greater than an arbitrarily fixed 
large number. There are therefore certainly points ui every sub-interval 
at vhich there is, so to speak, an arbitrarily near degree of approximation 
to the existence of a finite or infinite derivative on the right, and also 
points at which the same is true as regards derivatives on the left. 

280. It will now be shewn* that, for a co7itmuous function, of which 
{a, b) is the whole, or a j^art, of its domain, the upper boundary of each of the 
four derivatives Df (x). Dffix), D-f {x), D_f{x) for all values of x in 
{a. b) is U, the upper boundary of the incrementary function in (a, 6), and 
that the lower boundary of each of the four fujictions %s L. If U and L be 
hothjinite the function belongs to the class of functions with hounded derivatives. 

A function \nth bounded derivatives accordingly satisfies the condi¬ 
tion. that for ever^’ pair of points x^,x^, \f (a;i) — / {x^ \<.k\x^ — X;^\, 
where 1: is a fixed positive number. It has been pointed out, in § 275, that 
such a function belongs to the class of functions of bounded variation. 

It is clear that the upper boundary of each of the functions Df {x), 
D_j D-f {x), D_f(x) is a number which cannot be greater than U. 
Xow since it has been shewn that points exist in {a, b) such that, i£ e be 
an arbitrarily prescribed number, both D-f {x), D^f {x) differ from TJ by 
less than €, when TJ is finite, and are arbitrarily great if ?7 is -h co, it follows 
that t" is in either case the upper boundary of D-^f {x), D^f {x). In a 
similar manner it can be shewn that U is the upper boundary of both 
D-f (x), D^f {x). The proof that L is the common lower boundary of the 
four functions is exactly similar. 

Each of the four expressions D^f(x), D^f {x), D-f (x), D_f (x) may 
be regarded as a function defined for the whole domain of / {x), except at 
one of the end-points; the ordinary definition of a function being extended 
so far as to admit infinite functional values with a fixed sign. 

If, at any point Xq, interior to {a,b), one of the above functions, say 
(a?), be continuous, either in the ordinary, or in the extended, sense of the 
term (§219), then, at that point, the other three functions are also continuous, 

* 3>a Bois-Reymond, ^ath. Ann. voL xvi{1880), p. 119; also ScheefEer, Acta MathemcAicti, 
vol. V (1S84), p. 190. 
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and are equal in value to {.c-qI. and thn-s theie ai Xi^. n dli^'aret.iia't 

coefficient. 

To prove this, take any iniervai [Xr, — €. Xq — e ;: thtu ail loni* fuiictions 
have in this interval the same upper boundaries, and al«o the same lower 
boundaries. If Z>+/ ( 0 , 0 ) be finite, the upper and lower boundarie> 01 
Df (x) in (Xq — €, rto -t e) each differ from jj 7 hy le^"* than a number ■ 
depending on €, in such a way that, as e i* iiifletinitely diminished to the 
limit zero, q also diminishes to the limit zeio. Since a]l four function? ha^’e 
the same upper boundary and the same lower boundary in — €. — e . 

the upper and lower boundaries of each differ from D~j ' 0 \}, by ie^^s than 
'q, and 77 can be made as small as we please by takin;L" € sniaii enough. 
It follows that aU four functions are continuous ar ./v. and that all four, 
at , are et[ual to Df {Xq) ; and thus there a diiiereiitial coefficieiit 

at Xq . 

In case Df^x^) is — cc. c can be so chosen that, in — €. - e,, 

D^f if) is everywhere greater than an arbitraiily large chosen nu.nLer 
and the upper and lower boimdaiies of each of the four f;mct:oiis are tiien 
greater than c; hy taking a succession of vaiue< ot c which inerea'se inae- 
finitely, and considering the corresponding sequence of valuer of ^ v/iiich. 
convergetozero, weseethateachof thefimction>L»_/ x .D'j .U^j y 
is infinite at Xq , and is continuous, m the extended of ::ie term, ar 

that point; there is then a differential coefficient at .r, vLicii is inffnitc*. 
and of definite sign. 

It follows that, if it be known that any one of tie Join derivatbe^ every¬ 
where continuous in an interval, there exists evetywhere In the -’iterval n 
differential coefficient iv the ordinary sense of the tenn. 

281. The upper and lower boundaries of a7iy one of the jour d^rirazivei^ 
of a continuous function are the same in the opjen inte^'ral a.b- in the 
closed interval^. 

It is clear that the upper boundary of D-f {x) in the open hiterval 
cannot exceed that in the closed interval. If possible let it be less by 
some positive number c. This means that Df(a\ exceeds the upper 
boundary in the open interval by c. There exists then no point interior 
to (a, 6) for which D~f (a;) > D'^f{a) — c. Xow a point a\ can be so deter¬ 
mined that I (Xi, a) differs from Df {a) by less than and a point X2 
can be so determined that I {x^^, Xo) differs from I (a’i, a) by less than ie, 
and therefore from D-^f (a) by less than e. It follows that, in any interval 
which includes and ajg, the upper boundary of D-f (x) is greater than 
D+f(a) — e; and if €< c this contradicts what has been shewn above. 
Hence the upper boundary of D^f (a;), in a ^ a: < 6 , is the same as that in 
a<x<b. 

* See W. H. and G. C. Young, Quarterly Journal of Math. vol. XL (1909), p. 12. 
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It follows as a coroUaiy that jD+/ {a) cannot exceed the upper limit, on 
the right, of (a;), at x = a. 

282. / (x) being continuous in (a, b), the continuous function 

^ (^0 ^f(x) _/(a) ~|{/( 6 ) -/(a)}, 

which vanishes at a and b, must have a maximum, or a minimum, at an 
interior point of (a, 6 ). At a maximum a, (cc), D^<f> {a) are both ^ 0, 
and Jj-6 (a), D_<j> {a) are both ^ 0 , the inequalities being both reversed 
in case a is a . If it be known that, at every interior point of 

[a, b), there is no distinction of right and left as regards derivatives, so 
that D-<p {x) = D~6 (a*) and {x) = (rr), we see that all four de- 

livatives must vanish at the point a, and thus there is a differential coeffi¬ 
cient at a, which has the value 0 . We have thus obtained the following 
extension* of the theorem of the mean: 

If there is no distinction of right and left ivith regard to the derivatives of 
the function f {x) {bounded or unbounded) continuous in the interval (a,b), 
there exists a pointy interior to the interval, at which a differential coefficient 

,,f(b)-fia) 
exists equal to -- ^ - 

Thus ^ ^ = f' [a - 7 - Ob — a), wffiere 9 is such that 0 <9 < 1 . 

As this may be applied to any interval (a, j 8 ) contained in (a, b), we 
obtain the following theorem: 

If there is no distinction, as regards right and left, between the derivatives 
of the continuous function f (x), defined in the interval (a, 6), there exists an 
everywhere dense set of j)oints in (a, b), of the cardinal number of the con- 
tinuum, at ivhichf (as) exists; and f {x) has every value between its ujpjper and 
lower boundaries. 

283. The derivatives Dff (x), Dj.f{x) of a continuous function are, at 
any point , sfuch that a ^ osq < 6 , either both contin/uous on the right, or both 
of them have a discontinuity of the second hind, on the right; but they cannot 
have ordinary discontinuities on the right. 

A similar statement holds as regards the continuity or discontinuity of 
D-f {x), D^f {X), on the left. 

Suppose that Dff (a:) has, at the point Xq , a limit A, at Xq , on the right; 
then, if S be a prescribed positive number, an interval {x^,Xq-\- e) can be 
found, such that D'^f{x), for every point of this interval, except Xq, lies 
between A -r S and A — S. The upper and lower boundaries of each of the 
four derivatives D'^f {x), D^f{x), D-f{x), D^f{x), for any interval 

♦ See W. H. and G. C. Young, Quarterly Journal of Math. voL XL (1909), p. 10. 
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(*'*^0 -r ^ 1 , -r e), -where < e. must all lie between the A — o. A — c : 

hence the upper and lower boundaries of tile iir.c-iw&i e . 

lie between these same values, the function lJ~f :c) beir.g regarded as ur.- 
defined at the point XqI and these upper and lower Loiindaries of Lf~j^ * *: 
are the same as those of D-f (x), iJ^j [x), fur - €j. the point . 

being included. It follows that botli lie hetv/t—:: .■ - 

and A — S: and as this holds for every value ut 5, we n.Uit h-i’. e 
^-/G^o)=i>-/^'’J = A = A- 

-w’here A' denotes the limit of (x), at on the light : .n: L th;-- L / a . 
P-rJ both continuous at r,,. on the right, if A ^ -- x. th‘-n ir. t.K- 

interval (x^, Xq -f e), at eveiy point except x.,, x >7 (.c. > *.•. v. i.eiv c i- ..n 
arbitrarily chosen number on wluch e dt-pemU: the then - 

ceeds as before. 

284. A contiimous function f (x) ca/i/iot a: o 7 it - 

interval^ a single-valued dtrivaiive on ike tight, idnch 1-- e ■•?,■*/-■ ’ v 

arid of the same sign. 

For if / {x) had this property in aii interval .iz. i . rhs ^ .vould 

/(a.-) 

and this function necessarily has a niaxnnum ur iiihiL'i.inn v^ithi.: a i 
which is contrary to the condition that it lids a on the 

which is always of the same sign, for this involve'^ the eond::iui. thut :..e 
function must constantly increase as x increases fro!i: c. ro j. 

Let us now suppose that the continuous function / c.*j has, at all pL-i;.:- 
of (a, 6), single-valued derivatives on the right {Snite or :n£nite , auch that, 
in a part {a, j8), of {a, h), this derivative is continuous at least on one >1 :e. 
the function f {x) is then such that, at an infitiue tiumher ofj^oi'tu. it 
an ordvnary differential coefficient. 

The derivative Df {x), on the right, cannot at ail points oi \ci. 5 Le 
infinite. For if we take a point .Tq such that it is continuous on one side, 
in the extended sense of the term explained in § 219, then if it were ever^v'- 
where infinite, its sign at aU points in an inter\-al on the one side of x, 
would be the same; but it has been shewn to be impossible that, every¬ 
where in any interval, Df (x) should be infinite and of constant sign. It 
follows that there are points in the neighbourhood of a-j, at which Df ..r) 
is finite. If Xi be such a point in (a, jS), then, since Df (x) is continuous on 
one side at Xj^, an interval can be found at all points of which it is finite, 
and also continuous on one side. If (cti, j^i) be such an interval in (a, ^)- 
then since Df (x) is everywhere finite in it, and continuous on one side at 
least, it is a point-wise discontinuous function, if it be not continuous in 
(«!, jSj); and there must therefore be an infinity of points in (ci, at 
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’.vhich Dfix) is continuous. At such points, in accordance with § 280, 
j \x) hat a dilierentiai coefficient. 

285. As regardsfunctions which have an infinite number of oscillations in 
the neighbourhood of a particular point, tliefoilowing remarks maybe made. 

If a corxtinuous function have, in every neighbourhood on the right of 
a point an infinite number of maxima and minima, there is, in such 
neigiiliourhoods, an infinity of points at which the derivatives on the right 
arc negath e or zero, and an infinity of points at which these derivatives 
are positive or zero. It foUows from this, that none of the derivatives at 
a point X, on the right of can have a definite Limit, as x approaches 
the limit a'o, unless such limit be zero. 

In particular, if at all such points a;, definite derivatives on the right 
and on the left exist, these derivatives cannot be continuous at , unless 
the derivatives at are both zero. 

If, at the point , and at every point in the neighbourhood of which 
contains an infinite number of maxima and minima, a differential coeffi¬ 
cient exist, which is contmuous at Xq^ this differential coefficient must be 
zero at Xq and at an infinitj’ of points in the neighbourhood of Xq, and 
must therefore itself have an infinite number of maxima and minima in 
the neighbourhood of a;o. 

If a fimetioii/ ix), which has an infinite number of maxima and minima 
in the neighbourhood of Xq. have at Xq, and in its neighbourhood, differ¬ 
ential coefficients of any number of orders, then they are all functions 
with an infinite number of maxima and minima in the neighbourhood of 

and ail of them vanish at Xq, except that the one of highest order may 
be discontinuous at Xq, not then necessarily vanishing at that point. If 
differential coefficients of all orders exist, they must aU vanish at Xq; and 
such a function is incapable of expansion in powers of a; — a;o in the neigh¬ 
bourhood of Xq . An example*®" of a function of this kind is 

- .A 1 

X- J- Q {X-Ok)* 

X — Xq 

rrxcTioxs with oxe debtvatr^e assigned 

286. If two functions, defined for a given interval, have each bounded 
derivatices. and if the two functions have each a particular one of their four 
derivatives, say the upper derivative on the right, equal to one aivother at every 
point which does not belong to a set of points E, of measure zero, then the two 
functions differ from one another by a constayit, the same for the whole interval. 

This theorem'*' differs from that of § 267, in that the functions are 
restricted to be such continuous functions as have bounded derivatives; 
it is however more general, in that E is not restricted to be enumerable. 

* Dim-Lurothr Grundlage}\ p. 314. t Lebesgue’s Legojis sur Vintigration (1904), p. 79. 
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Let the points of E be enclosed in the interiors of intervals oi a ^er. of 
which the total length has the arbitrarily small value €. To each point P, 
of E, there corresponds an interval PP\ ^vliere PP' is that part of the 
interval of the set that encloses P which is on the risht of P: iiitc-i \ 

PP' may be denoted by S'. If the two Sanctions/, \x). t\ t.f; cite .-uch that, 
at a point (x,J = (x^). it has been seen in g 207 that 

D^f(x^)^(L U, 

where / (x) denotes/i (a:) — /2 (x). Since / (a-j is coiitin i'jU'* at x\. it folio v, - 
that there is a set of points as — 7i. on the right of .>%, sucii that 

i / (•*'1 “ ^0 ■” / - di : 

if we suppose h to have the greatest value for which tLi's h-jlds*. tl^e interval 
(.Ti, x^ + 7i) is an intei^^al on the light of :t\, aitjl .-in-h intervals ::-ay be 
denoted by S. 

Let f be any point such that a< ^ u. and consider tlie interval :a. f *. 
Prom the point a lay off an inteiwal 3. or h\ accorfiing as > !:ot. or i^, 
a point of E: from the end of this mterval lay olt anot’ner interva. 3. > . 

as the case mafv’ be. Proceeding in this manner, ’.^e may jonstrnct a 
Lebesgue chain reaching from a to f (see § 7S). The of pcliits :.ot 
interior to the intervals of tiie chain is a dosed ennr.'.ernhie -e:. We cv-n 
now find / (f) — / (a) as the sum, or hniitmg sum, lA che vf the 

functional values at the end-points of the inteivaU oi t!ie cLc,m. 
of which is either a S, or a S'. It is clear tiiat 

\f(i) -f{a) I n eSS JfLS' < e - a - 
where the summations refer to those of tlie intervals d.6' wnici: :.nve btei'. 
emploj^ed in the construction, and A denotes tlie finite rjjptr iin:iidaiy 
of \ I I, for every pair of points. in the inreivcil 7. f : an.d 

this is identical with the upper boundary of the absolute value oi the 
derivatives of/(a;) in the interval. Since € is arbitrarily sincih. it zollo\\< 
that f (^) =f (a), and therefore /^ (^) — =/i 

theorem has been established. 

THE CONSTRUCTION OF CONTINUOUS FUNCTIONS 

287. One of the most fruitful methods of obtaining continuous func¬ 
tions which exhibit various pecuHaiities as regards the existence or non¬ 
existence of differential coefficients at all the points, or at sets of points, 
of their domain, consists in defining the functions by means of series 
specially constructed with a view to the purpose in hand: this method 
will be explained and illustrated in Vol. II. Broden, Kopcke, and others, 
have however given direct constructions for continuous functions, which 
illustrate various possibilities in relation to the existence and properties 
of derivatives. 
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The method employed* by Broden is that of defining a continuous 
function, in the domain {a, b), as the function obtained by extension (see 
$ 24 i; of a function defined for an enumerable everywhere dense set of 
noint< in [a. h), the primary points. A continuous function is entirely 
deterjiiinate when the functional values at such a primary set of points 
have been assigned. The necessarj’^ and suificient condition that a function 
denned for the primary set should, by extension to the domain (a, 6), give 
a iiinctioii which is continuous in that domain, is that the primary function 
should be iinifonnly continuous with respect to the unclosed primary 
domain. To prove this, let {f} denote the set of primary points, and {a;} 
the set of secondary points; then the condition that the function / (^) 
may be iinnormly continuous with respect to the domain {f}, is that, i£ 
be any point of {f}, and if 17 be a prescribed arbitrarily small number, 
the condition | / (^) — / ) | < *17 be satisfied at all points ^ which are such 

that . i \ < €, where € is a number dependent on 77, the same for all 
pomts of {!}. Xow, assuming that this condition is satisfied, let be a 
secondary point, and let fi, fo.- 3 : ^2'^ ••• be any two se¬ 

quences of primarj" points, each of which has Xj^ as its limit; we have to 
shew that each of the sequences 

converges to the same number, which will then be the single functional 
value / (a'l). Enclose in the interval (j;i — x-,^ -f then, from and 

after some particular value of n, all the points of both sequences of values 
of ^ lie within this neighbourhood. Let this value of 71 be m, then 

for an positive integral values of r; hence the first sequence of functional 
values is convergent, since tj is arbitrary; and similarly the second is also 
convergent. Also for every rj there is a definite m such that 

\<Vl 

hence the two convergent sequences have the same limit, and this limit 
defines / (a:i}. We have now'^ to shew that the single-valued function so 
defined is continuous. We have 

I f (»i) -/ (fi) i < provided | *1 - li | < Jc, 

\f(^)-f (is) i < 1?, provided I | < 4^; 

also 1/ (fj) _/ 1 < provided | 1 < e. 

Hence it follows that j / (a;*) — / (*,) j < 
and this holds provided 1 j < 2e, 

• Orelles Journal. toL crnn (1S97), p. 1. See also Acta Univ. iMvd. toL tt-ittttt (1897); 
FaitctionfiieoretiscJie B&iurhungen und Sdtze. 



2?7, -2^s] Construction of Continuous Functions 3^9 


for ^2 can be taken to be between x\ and .is; and therefore/’ ;Vr. is con¬ 
tinuous at a'l, since 877 is at our choice. The extended / sv- is al-o ea^iiv 
seen to be continuous at any primary point. It has now bc^en proved that 
the condition of uniform continuity is sufficient; that it i> r.cce-sary loixv’s 
from the theorem of § 217 . 


The derivatives at any point depend only on the functional ’.'nine— 
the primary points in the neighbourhood of the point. For let .ts be 

f _ f (x ^ 

point, and consider the limit of ‘ when .t- Iia^ any sequence 


values which converge to x\. A set of primary values of ..** can alvL^ys be 
found, such that the ratio converges to the same limit. ;/::en .r lias tne 
values of this sequence of primary points. tor the prescribe-1 /.leiice 
consisting of secondarj^ points, or of both primary and '-ec-on hiry points. 
For a primary pomt ^ can be found, coiTesponding to such rli.tt 

X — rt'i f — .1*. ^ 

where 8 is an arbitrarily small number. Till's foliov.^ from ihr fact tlum 

/(a--) -f<Xu 

X — , 1*1 

is a continuous function of x at everj’ point except .r-. 


288 . In order to construct monotone continuou-s fa:.ctio:> tht.- 
of the function are first assigned at the end“pomt< a. b of tht- intervu.. 
then at two points Xq , x ^, where x^j < Xj ,. then tit four points 1.. * • 

a^x)<ao, a'o<.%<a;io<.ii, and 
afterwards at eight points 

^000 9 ^0013 ^010 3 ^0113 *^111' 

lying in the successive intervals measured from left to right. Into w.iicn 
(a, b) was divided by the four points: and so on. The function may 
be regarded as the limit of a sequence of continuous funcrion^, eac.i oi 
which is representable as a polygon obtained by joining the encl-pot^'~ 
ordinates which represent the functional values that have been assigned 
at any stage of the process. 

In this manner Broden has constructed a monotone continuous func¬ 
tion / (x)j which is such that it has derivatives on the right, and on tne 
left, which are everywhere definite, finite, and different from zero; and 
such that a defiLoite differential coefficient everywhere exists, except at a.he 
everywhere dense enumerable set of primary points. 

He has also constructed a monotone function / (x) which is such that, 
at the everywhere dense enumerable set of primary points, the derivative 
on the left exists, and is zero, and the derivative on the right exists, and 
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is pO!siTiv& I for slu un0iiuiii6r3/l)lG dens© sot of pouius Ijlicr© is 

a cUiTei*entiaI coefficient, eveiwhore zero; and for another such set of 
tlierc is no definite derivative on the left, but there is a positive 
one on the right. 

A third case is the following; 

j{Xf is continuous, monotone, and increasing; at an everywhere dense 
enumerable set of points the derivative on the left is zero, and that on 
the risht is -r cc; for an everywhere dense unenumerable set, both deri¬ 
vatives exist, and are positive: for another such set both exist, and are 
zero; for a third such set, both derivatives exist, and are -f oo; for a 
fourth such set, neither derivative exists; for a fifth such set, the derivative 
on the left is zero, and that on the right is indefinite, but has zero for its 
lower limit; for a sixth such set, the derivative on the right is -I- oo, but 
that on the left is indefinite, with -r a: for its upper limit. 

289 . For the construction of everywhere oscillating continuous func¬ 
tions it is more convenient to assign successively the functional values at 
sets of points proceeding by powers of 3 , instead of 2 , as in the case of 
monotone functions. In this manner Broden has constructed such a 
function/ (.r). which has the following properties; 

At an everywhere dense enumerable set of points, the derivative on 
the left exists, and is positive; that on the right exists, and is negative 
{or the reverse), this set corresponding to maxima and minima of the 
function; for a certain unenumerable everywhere dense set, there is a 
differential coefficient everwhere of the same sign: and for another such 
set, there is a dinerential coefficient which is zero; for a third such set, 
one or both of the derivatives are indefinite. 

Kopeke'"^ has given the first example of a fimction which is everywhere 
oscillating, and yet has at every point a definite differential coefficient, 
thus confirming the conjecture of Dini that such functions can exist; and 
Brodent has also constructed such a function. A general theory of such 
functions has been givenj by Schoenflies. The method adopted by Kopeke 
is to construct the function as the limit of a succession of polygons of 
which the sides are circular arcs. Everyv/here oscillating functions have 
also been studied by Steiiiitz§. A detailed account of all the special cases 
treated of by these writers would require much space; reference can 
therefore only be made to the original memoirs, A simplification of 
K6pcke‘s construction, due to Pereno, 'will be given in Vol. II. 

• Math. Anu. vol. XXIX (1887), p. 123; voL xxxiv (1889), p. 161; vol. xxxv (1890), p. 104. 
See also Pereno, Giorn, di Mat. voL xxxv (1897), p, 132. 

t Stockfudin Vet. Ak. Ojv. (1900), pp. 423 and 743. 

% Math. Athn.. voL liv (1901), p. 553: also has Bericht, vol. i, p. 164. 

S Math. AiiiLolk^n, vol. m (1899), p. oS. 
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290 . A function / (x) which is of such a character that it can be rep:»- 
sented approximately by a graph that exhibits ail the peciniaritk-v oi th-.* 
function, so that y =f {x) is the equation of a "ciii -'e.'' in the ordin<*n;' 
sense of the term, must satisfy’ the following three coiiditions: 

(1) . The function must be continuous everywheie. wit!: the po--:b''- 
exception of a finite number of point'^. at which it i. at- have ordinaiy 
discontinuities. 

(2) . It must be differentiable, except that there may be a finite 

of points at which no differential coefficient's exist, but at vrhich clerinit- 
derivatives on the right and on the left exkt. 

( 3 ) . It can have only a finite number of riiaxim.a a:j. i<: :.'i t'..c 
same must hold of every function obtainable by me addition ot a lin* ..: 
function to the one in question. This condition ntay be expin-'ed in tl.e 
form, that the function must be m general monotone vnth :‘e:erc.-n"' 
every possible axis which may be employed for the .i.e^'^v-rrU-L*.:: f 
abscissae. 

A function v.’hich satisfies these conditioi> ou-.y t.- 

an ordinary function. As has been akeady indiectt'-di. t!ie:e ex:-t 
which satisfy the conditions ( 1 ) and ( 3 ). but do not ti.o voi: iit .o.i ' 2 . . 

Again, there exist functions which sati&iy the cuiniitiozi- a:: 1 - . b:.: 
not the condition ( 3 ). 

gexeual psoPERTiEs OP dkr:\ 

291 . A number of important properties of the deiivarivc' r.i r. 'on- 

tinuous function have been investigated in |§ 279 - 2 S^ 3 . So'ue tl.*' 
interesting properties of the derivatives of a function hcM for fjncricr.* 
that are not restricted to be continuous, and are eiti.er cynrt o: 

are only restricted to belong to the wide elan's of :::easL.;*ab!e ii.ui-tic..-;. 
It wiU in general be assumed that a function/ ,.f ■. dciined for fa:y interv.d 
of a;, either nmte or indefinitely great, has a definite finite value. loi each 
value of X, whether the function be bounded or not. 

Iff{x) be defined in a finite, or an uriloundecL interc'd. aud J: Le 
fixed number, the set of points x, at each oficJnch the conditio^is D^r *.c, ^ I:. 
D~f (a;) < k are satisfied, is enumerable ^., 

Let O be the set of points at wMch D^f(x) ^k: and let [€, ], [rj,] be 
two monotone sequences of positive numbers that converge to zero. If f 
be a point of G, and A be a sufficiently small positive number, 

I (f, f-f A) ^ 

* Du BoiS'Beymond, Crdle^s Journal, vol. Lxxrs (1875), p. 32. 

t See G. C. Young, Acta Math. vol. xxxvn (1914), p 143, and Quarterly Joumel of Mti*}. 
vol. XLvn (1916), p. 127. 
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All tiie values of 7/ for which this eonditaon is satisfied have an upper 
tjonndaiy h. at which the condition may, or may not, be satisfied. I^t 
I ^ f _ ij. tlien we have, for such a point of G, a definite interval (|, f), 
at every ]»oint of which the condition / (^, a:) s & — is satisfied. We now 
tcilio. for the point f. the iiiteival Sj on its right, of length equal to the 
smaller o: the two numbers e„, f — f, so that, in this interval, both the 
conditions I k - r,,, | f ® | < e„ 

art? .-ati-fied. Let A,, be the set of all suchinter\’als when every point 
hi G, is cr,nsidercd: and let A be the set of all such intervals, when all 
valuer of ^ are taken into account. There exists at most an enumerable 
hot H, of tlie points of G, that are not interior points of any interval of A 
f^ee § 72). If be a point oi G — H, it is interior to an interval (f, tj), 
of A ., whatever value of n is taken. It follows that I (f, ^') ^ h — . As 

i< indefinitely increased, f will converge to f', and t 7 „ converges to 0; 
it i^ thus seen that !>“/ (£') & 1:. This result holds at every point fof G, 
that does not belong to the enumerable set H, and thus the theorem has 
been established. 

It i'j clear that the corresponding result holds, that the set of points 
at which lJ_f (x) >. 1:, D^j {x) < 1: is enumerable. 

If / (x^ be changed into —f(x), and k into — k, we see that the set of 
points at which D'^f {x) ^ k, D^f (x) > k is enumerable, and that the set 
of points at which D-f (;e) ^ k. D^f (a;) > k is also enumerable. 

It is clear that the set of points, at each of which D^f{x) = -r oo, 
iJ-f ix) < k, being a part of the enumerable set at which D^f{x) ^ k, 
D-f (x) < k, is enumerable. If we give to k successively the values in a 
divergent sequence of positive numbers, the set at which 

(^) = 4-00, D-f {x) c GO, 

i^ such that each point belongs to one of the enumerable sets for which 
^~J (^) = — ^5 L)-/(ar) < Iw it has thus been shewn that: 

The set of poirtts at ivJiich D^f (x) = -^ zc, and D-f (x) is finite, or — oo, 
?s etiumerahle. 

Similarly the three sets at which D_f {x) is -r co, and D'^f (x) is finite, 
or — Gc: at which D-f (a') is — gc. and Z>_/ (a;) is finite or + oo; and at 
which D-f {x) is — GC'. and D_f (.r) is finite or — oo, are all enumerable. 

292. Except at points of an enumerable set the upper derivative on one 
side is greater than, or equal to, the lower derivative on the other side. 

Let us consider a point x, at which D^f {x) = a, D_f{x) = h, where 
a and b are numbers such that a < b: the number b may be + oo. Let k 
be a rational number interior to the interval (a, b), then x belongs to the 
set of points at which D^f (a:) < k, D_f (x) > k, and this set being a 
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part of the enumerable set at -which i)-/ (a-) < k. D_f <x) ■ /:, is enumerable. 
Any point x, at which JD~f {x) < Z)_/ (x), belongs to E- for ali nroperiy 
chosen valftes of k. Any point at which D-f(x-, i<. lir.ite, or — x. and al-o 
(x) = -!- 00 , belongs to the enumerable set £,. Ali tiie sets E\ ioi all 
rational values of k, and also for k = — x, form an enumerable set. Tiiere- 
fore all the points at which JD-f (x) < I)_f uv) form an enmnetable set. 
Similarly, it is seen that the set of points at which If-; (.Vj < .r; is 

enumerable, and thus the theorem is established. 

In the case of a continuous function/fa-j. there i- -a dc-iivative on oiie 
side which has any assigned value not greater than the upper .lorivative. 
and not less than the lower derivative on that ■'ide '*ee * 2n<' At eve’'-,- 
point X that does not belong to a certain enumerable 

D-^f (x) :r D^f (x). and i>-/ (A-j --; v,: 
thus at least one point of the closed iater%-al 'D_f \c;. Ij-^ . ■; • in the 
closed interval (D^f (x), D-f{x)). We have then the follov.ing theorem* 

A continuous function has at least one si/nifneti'l'-al o^' 

derivative at every point that does not belong to a cerla'^i a! of >iAa:scre 
zero. 

The following theorem follows at once from the above irenerti! t;:erjrem * 

Except at points belonging to an enumerable set. a ju/:rr!ou i'n rpr ha, a 
unique progressive and regressive derivatives ivhlch are u^enard. 
or hifinite with a determinate sign. 

293. The following theorem*, which will be of use i:i the further dis¬ 
cussion, will now be established; 

If f {x) is continuous with respect to a perfect -ssf G. centalIn aft 
interval {a, b), in which f (rc) is defined, and if. at each point x, of there 
a closed interval {x, x -f- lif) on its right, such that, if x' be any point In if. 
other than x itself, f {x') sf{x), then an interval (a. 3) exists. In la. b]. con¬ 
taining a part of G, such that, for every pair of points x. x'. In .c;. S' . ichlch 
are such that x belongs to O, and x' ^ x. the condinon f [x') ^ Is safisf.ed. 

Let a system of nets with closed meshes be fitted on to the interval 
{a, b). If, in any net i)„, there is a mesh which contains, in its interior, 
points of G such that, for each such point x, the condition / {x') ^ f (x) is 
satisfied for all points x\ in the mesh <f„, which are on the right of x. the 
mesh dn, or else that part of it obtained by cutting ofi a portion of its 
left end, will be an interval such as is required. Let it be assumed that, 
if possible, for each value of n, and for every mesh which contains 

* See G. C. Young, Proc. Land. Math. Soc. (2), vol. sv (1916;, p. 367; the proof ihere given 
differs from that in the text, in that it seems to require an infinite number of undetermined acts 
of choice, as applied to successive pairs of points. For corrections, see Proc. Lend. Math. Soc. 
(2), vol. XIX (1921), p. 152. 
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points of G in its interior, tkere is at least one pair of points x, x' (> x), 
where x is a point of ©, and such that / {x') > f [x)\ and where x is interior 
to d^. 

In . let Hj, be the set of those points x, of G, each of which is interior 
to a mesh of D,,, and such that there is a point x' (> x) in the same mesh, 
for which f{x') >f(pc). Let be the set of all other points of G \ thus 

It will be shewn that, on the assumption that the theorem does not 
hold, the set is non-dense in O. Let A be any interval that contains 
points of G m its interior. Eor a sufficiently large value of n, A vrill contain, 
in its interior, a mesh of that has, within it, points of G\ one of such 
points X is such that / (a;') > / (.T*), for some point x' (> x) contained in the 
mesh. A neighbourhood (x — e') of contained in the mesh, can 

be so determined that, for all points x. of G, in that interval, / (x') > f {x): 
tliis follows from the continuity of / (x) in G. Therefore no point f, of G. 
ill {x — €, ^ -r e') is a point of Kn - Since, interior to an arbitrary' interval A 
which contains in its interior points of G, another interval (crt — e, x + e) 
can be so determined as to contain points of G, none of which belong to 
if j. it follows that K,^ is non-dense in G. 

We see that contains ; and the sets Kn being aU non-dense in G. 
the set 31 (Ki, ifgs •■•} is of the first category' relatively' to G. It 

follows that there exists a set Ha., a residual with respect to O, that 
consists of points each of w'hich belongs to Hn, for every value of n. If x 
be a point of there exists an interval x ^ such that, for every 
point x' in it, / {x') ^ f (x). 

If ri be sufficiently large, the part of that mesh of containing x, that 
is on the right of x, will be contained in {x, x -f- 7i^), and consequently, in 
that mesh there is no point x' (> x) such that / (a;') > / {x) ; and this is 
contrary to the hypothesis. There is consequently' a contradiction in the 
assumption made. Hence the theorem has been established. 

294. The following theorem can be deduced from that of § 293: 

//, at eaclt point of the perfect set G, with respect to which f {x) is con- 
tirawus, D~f (a;) < 0, an interval (a, j3) can be so determined that, for any 
interval contained in it, with a point of Q as left-hand end-point, the incre- 
rmrdary ratio is ^ 0. 

For if, at a point x, of G, we have I)-f (x) < 0 , a set of intervals 
{ar, X -r h) exists, such that f (^) ^f (a:), for all points f (4= x) of (x, x -h A). 
There will be an upper boundary h, of h, and at the point x h, we may 
have f {x — h)>f (x). The neighbourhood (x, x -f \h) may be assigned 
to a; as the interval (a:, x -f- 7if} in the theorem proved above. In the interval 
(«r ^)s we have I {x, x') ^ 0 , at eveiy point a;, of G. 
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If Tre replace / {x), in the above theorem, by / U) — kx. vre have the 
following theorem: 

If. at each point of the perfect set G, icith respect to iclicJt f.vj is con¬ 
tinuous, Df {x) < k, an interval {a, 8 ) can be so detenvuned tha*, for an^j 
interval contained in it, with a point of G as left-hand end-ijouil. the incr^- 
mentary ratio is ^ h. 

If we change / {x) into —f{x), and h into — k; since 
D-{-f{x)} = -D_fix) 

we have the corresponding theorem, in which D_f (x) > k takes the jhac- 
of the condition 1 )+/ {x) < k, and the increinentaiy ratio in a, d, is - I'. 

It is clear that corresponding theorems hold for Ii~f 'x), D^f . 

295. In order not to interrupt the contiiiuiry or riie c'-ccount ..c the 
main properties of the derivatives of function^, and to -ecure the ^rearc-'t 
attainable degree of generality* in the results, the cciiception or a niea-ar¬ 
able function will be here introduced. A lunctioii ? .l;, 'Ivtir.ed in ..:.y 
interval {a, b), is said to be measurable, provified that, v^v v.cy vahic o: A. 
the set of points x, of {a,b). at wliich fix)>A. is a ’re&'surablc -t-t 
points. The properties of measurable functions will be- coi^hlt-u-d in 
in the account of Lebesgue integrals which will };e u'lven i:i Lr.antcr v:.. 
An important property’- of a nieahurable function / ot '; yvill heiv he a-sn;.*:- h 
viz. that a set E, of points of {a. 6). of measure arbitraiily r.tai* b — i. 

the measure of the inteivai, exists such that / ..r, is wl:.. 

respect to the set E. This property of measurable fiuictio:i< yvilL ot estab¬ 
lished in Vol. II. If this property of a measurable function n-t h 

the properties of deriy*atives established below must be taken ci.Iy 
apply to continuous functions. It has been sheyvn in ^ i-S. that any 
measurable set E contains a perfect set G, such that m *E) — m 'G is 1-:-- 
than an arbitrarily^ chosen positive number, it being as>un'_ed that 
7 n (E) > 0 . It has further been shewn, in § I3S, that a peidect -et G, f 
measure greater than zero, contains a perfect component G. c: niea-ui- 
equal to that of 'G, such that G is metrically dense in itself. It follows 
that a measurable function/ (a;), defined in the interval (a, b), is continuous 
yydth respect to a perfect set ff, metrically dense in itself, and sitch that 
m (G) is less than b — a, by less than an arbitrarily chosen positive number. 

If be a measurable set of points contained in {a, 6 ), and of measure 
m {H) > 0 , the set H must contain a perfect component, metrically dense 
in itself, and such that the measurable function / (x) is continuous vith 
respect to that perfect component. For G may be so defined that 

b — a — m{G)<m (H), 

and thus H and Q have a part K in common, such that m (K) > 0 . The 
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g0* contciiiis a i3Grf0ct coBipoii6iit, inetrically d.ens6 in itsGlf, and. this is 
the recjuired component of H, with respect to which / (a;) is continuous. 

296 . The set of points at ichich,for a finite measurable function f (x), the 
coaAltlous Df {x) = -r 3C',. D.f{x) > 0 hoM, forms a set of measure zero. 

A function is said to be finite, whether it be bounded or not, when its 
v;.Iue at no point of its domain is infinite. 

Suppose, if possible, that the set had a measure > 0 . A part O of this 
set can be taken, winch is perfect, and with respect to which / {x) is con- 
tiiiuons, and such that O is metrically dense in itself. An interval (a, b) 
can be so determined (see § 294 ) that, if f be any point of it belonging to (?, 

^ M a .< x< f. Let E be the part of G in (a, b) \ then 

£ — X 

m (E) > 0. 

To each point of (c/,6) an interval, ^\'ith the point as left-hand end¬ 
point, can be assigned as follows : 

To each point of E, we assign an interval such that the incrementary 
ratio in it is ^ A, a fixed number. To each point in an interval contiguous 
to E, we assign that part of the contiguous interval which is on its right. 
To 6, an arbitrary mterval can be assigned. One Lebesgue chain can be 
defined, constituted of intervals of the set, which reaches from a to 6; we 
can then omit the interval corresponding to 6. 

The sum of all those intervals of the chain of which the left-hand end¬ 
point belongs to E has measure > m (E); for these intervals contain aU 
the points of E, and the other intervals contain no points of E in their 
interiors. 

A finite set A, of inter^-ais of the chain, can be so chosen that the re¬ 
mainder has measure < -J/w [E). 

The finite set contains therefore intervals A', of which the left-hand 
end-points belong to E. and the sum of such intervals is > hn (E). In 
the intervals of (c, 6) complementary to A', the incrementary ratio is ^ 0. 
In A' and its complement the increment of / {x) from left to right is ^ 0; 
and the total of all such increments is /(6) —f {a). But these intervals 
have been shewn to contain a set in which the sum of the increments is 
> {E), which exceeds / (6) — / (a), provided A is chosen sufficiently 

large; and this is impossible. Therefore the measure of the set is 0. 

If w'e substitute / (x) — kx for / [x), vre see that the set of points at 
which D-f {x) = -^ cc, i>_/ {x) > — k, is zero. 

Giving to k successively, the values in a set , £2, ... which increase 
indefinitely, such that k,, < k^-i , each of tte sets corresponding to ^, ^^2,..., 
has measure zero, hence the set at each point of which 2 )+/ {x) = -f- 00 , 
lor) > — for some value of 7/, has measure zero. 
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Therefore, at eveiy point at which DfU) = - x. \vith the exceoti*,r. 
of a set of measure zero, we must hare D_f u) = — . 

Hence we have the following theorems: 

(1) . Iff (x) be a finite meamirahle function. muJ Ij. ni ihe o' 

D^f{x) = -r cc, then D^f(x) ^ - cc at all the points of Hat *■>' 
exception of a pa)!, of which the rneasure zero. !>• the .set 
D^f (x) = — CO, with a similar exception, ]j~t ^r. = — x. 

(2) . Iff{x) he a finite measurable fiinciio^^, the se^ of a* ich'c’ r 

has an hifinite itnigue derivative, on otie side, has the measure zero. 

Let D -f (.r) = D_f{x) = - x, at all pointof a -et 0. Since 

I) fix) ^ iJ.fix:, 

except at points of a set of measure zero, we must have Jj-r .j, x , 
if the exceptional set be left out of account. By the last th:-oiv:-. ...t*:: 
Df C'^') = -- ^5 must have I)_f (.r) == — x. except at a -et oi 
zero. It follows that the set G has mea>ure zero. 

297. (3). If f (a;) is a measurable and finite fii actcOh, the po'nf^^ o'- - 
Df D^fi^) cLve finite, and different frot^t one aitrJh.ei, • v* 

measure zero. 

If S is the set of such points, and we remove from .? '' 0 :.:e -e: c: --'iif 

zero, the derivatives Df (x), D^f[x) mii^t al^o he Mnite. Ti.> 
from theorem (1). We may assume then that i'- a in t' iX 

derivatives are finite at each point, and D~f (x) == J x . Let r po-v 
that, if possible on (S) > 0. If JV be a positive number, let ."va t!mt pa.t 
of jS in which all the four denvatives are numerically < -.V. 1: X havt; 

the values in an increasing sequence X^. X,. _vchicli diverges, ve ^ee 

that contains the set S is the outer limiting set of the sequence 
{aS.v,}, and since m {8) > 0, we must have )h (S/j > 0, from and aftei soii^e 
value of r. We may then take N so large that rn (S_\-) > 

A part S, of Sx, can be determined so as to be perfect, and .'?uch that 
the measure of that part of it that lies in any interval which contains, in 
its interior, points of S, has measure > 0; and is also such that /'.r is 
continuous relatively to E (see § 295). 

Let g {x) =f (x)Nx, then all the derivatives D^g [x), D^g \x ]. 
P~9 i^)> P- 9 ip^) 3-re, in S, < 2X^ and > 0. 

An interval {a, b) can be chosen such that it contains a part of E. 
such that the incrementary ratio of g (a;), for any pair of points contained 
in the interval, is ^ 2JV, if the right-hand point belongs to 6?; or is ^ 0, 
if the left-hand point belongs to Q. The interval can be so chosen that 
a and b are points of O. 

A part 6r*, of (?, can be so chosen that D'^g {x) — Djg {x) > k, and h 
can be so chosen that m ((?*) > 0. 
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For, if h have the values of a decreasing sequence of numbers that 
converges to 0, G-,^ is contained in thus the measure of from 

and after some value of must be > 0. The set Oj^ is the sum of a number 
of sets Gu , where i is an integer, such that, in 

i (t - 1) Z; ^ (x) < lih, 

where c = i, 2, 3, ... ij; ti being the greatest integer for which 

i (i - 1) ^ < 2.V. 

{ >ne at least of these sets must have measure > 0: let l be the least 
integer for which this is the case. There exists a part E, of that is 
peifect and has measure > 0. We may, by alteration of a and 6, if 
necessaiy, ensure that a and b belong to E. In the set E, 

i ((. — 1) h ^ D^g {x) < \Lk, and D^g {x) > J (t -i- 1) /-. 

Choose a finite set of the intervals that are contiguous to E, such that 
the measure of the sum of the remaining intervals is < €, where 

0 < €<m (E). 

Let this finite set be denoted by A', and let A be the finite set comple¬ 
mentary to A', in (fif, b). We have then 

m (A) > in (E), and m (A) < m [E) -f- €. 

Let us consider one of the inteiwals {a, )8), of A; a, jS are points of E. 
To each point x, of the part of E interior to (a, j3), and to the point a, 
we assign an interval {x, x -r h), on its right, such that 

g (x — h) — g (.r) < 

To each point in (a, jS), not a point of E, we assign that part of the interval 
contiguous to E in which it Lies, that is on its right. There is a unique 
chain composed of intervals so defined, that stretches from a to jS. Remove 
from this chain a set of intervals of total measure < efn, such that the 
remaining intervals form a finite set. The sum of the fini te set of 

intervals complementary to A"a.^ is a finite set A'''^.^, of total measure 
< e/n, where n is the number of intervals (a, ^), of A. We proceed in this 
way with each interval (a, ^), of A. 

The interval (a, 6) is now divided into a finite number of parts con¬ 
sisting of (1), the set A" = (2), the set A'" = SA'",,^, and (3), the 

set A'. 

We have in (A'") < 

The intervals of A" consist partly of intervals (a;, x -i- A), where a: is a 
point of Ey and partly of intervals not containing in their interiors points 
of E. The measure of the latter set is < e, and that of the former is 
> m (E) — €, and < m (E) -r €. 

Since, for one of these intervals (a;, x 4- h), we have 
g {x-rJi) - g {x) < 
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and in any interval with the left-hand end-point a point of L\ the inore- 
nientary ratio is 2 X : we have 

g(b) -rj (a) < {?M {£) - - jj .I, 

where p denotes the sum of the increments of g i:c) in the iiiterv'7ils Ah 

Again, if Ave assigned to each point of E. an htterval .r ™ 
such that g {x -f A') - 9 { 3 i^) > i {l - 1 ) l\ and prooeederl as beioiv. rh-ri. 
remembering that, in any interval in which the left-hand end-point heioug- 
to G, the incrementary ratio is > 0. we should n:id that 

ff(b)~ 9 (a) > J- (i - 1) Jj (/.V tE) .2! 

The inequalities (1), (2) are in contradiction if 
Ikm (E) > € {A 4- o — 2A";, 

which will hold provided e haA’c been chosen -ufn'lentA' -i.it.:.. I: foJov - 
that the set S cannot have measure > 0. The metnocl of the r/cove proof 
can be applied to shew that a similar result IiOid- for .t• ,* . 
It thus appears that, in the theorem f 3 ), any pair of derivariv*-- niny 
taken. 

298 . It has now been shewn that, in the .^et V,, oi puint- for ’vi.ir-n ah 
four derivatives are finite, the upper and lower dciivative- t..i- right 
are equal, and the upper and lotver derivatives on the let: are e*' -:ah 
except in a part of S-i, of measure zero; and thi.;.-. in a sct A :r.easuie 
?)i (Si), there are unique derivatives both on the and on t.ne leit. 

The points of Si at which these are unequal, form a -et of sr.^-n-ui*e zeit . 
as is seen from the theorem that the points at which the upper dc-iivative 
on one side is less than the lower derivative on tlic other ^ide form a :stz 
of measure zero. We have accordingly the foliowmg theorem : 

The set of points at which the four derivatives are aU f.nife. arid .. a: a'i 
eqml, has measure zero. Thus, in the set of points at ichich all tie det 
ore finite, there is a finite differeyitial coefficie^d everytclere, except ai 
of a set of measure zero. 

Next, let us consider the set S^, in which one derivath’e is infinite, 
— 00, or — cx), and the others are all finite. By theorem ;'i), 6% has 
measure zero. 

If, at points of a set S^, two of the derivatives are infinite and the 
other two finite, then, except in the points of a part of the set. of which 
the measure is zero, these derivatives must be the upper derivative on 
one side and the lower derivative on the other side, and the two finite 
derivatives are equal. 

If three of the derivatives are infinite at points of a set S^, then, by^ 
the theorems ( 1 ) and (2), aU four derivatives are infinite at aU points of S^, 
except in a part of the set, of which the measure is zero. 
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li all four derivatives are iiifiiiite at the points of a set then, except 
hi a part of of Vv'hich the measure is zero, 

D-j {v) = Z>-/ {x) = - CO, and D^f{x) =D_f{x)^ - oo. 

The general result may be stated as follows: 

7 / f \v} be a measurable Junction, finite at each point, and if a set of poirds 
of measure zero be left out of account, then at every point x, either 

(1;. there is a finite differential coefficient, or 

{ 2 y. the two upper derivatives are — oo, and the two lower derivatives are 
— X, or 

(3;. the upper derivative on one side is — x, the lower derivative on the 
other side is — co, and the other two derivatives are finite, and equal. 

This general theorem was established by' Denjoy* for the case of a 
continuous function, and by G. C. Youngt for the case of any measurable 
function. The investigation here given is based upon the work of the 
latter 'imter. 

The following is a consequence of the general theorem: 

There is no geometrical distinction of right and left with regard to the four 
extreme derivatives of a measurable finite function, except possibly at points 
of a set of measure zero. 

A number of special theorems are particular cases of the general 
theorem. Thus, we have the following: 

If a measurable function have finite derivatives except at points of a set of 
measure zero, if has a finite differential coefficient except at points of a set 
of measure zero. 

This theorem was first given by Montel:|:, for the case of a continuous 
function. 

A monotone function f [x) has a finite differential coefficient at every poird 
which does not belong to a set of measure zero. 

For, in the case of a monotone function, all four derivatives are ^ 0, 
or all four are ^ 0, and thus the cases (2) and (3) of the general theorem 
cannot aiise. 

This theorem was first established!, in connection with the theory of 
Integration, by Lebesgue, for the case of a continuous function. It was 
extended bj’ W. H. Young to the case of a monotone function which is 
not necessarily continuousjj. A proof has also been given^ by Rajchman 
and Saks. 

♦ Jouryuil de Jfa-'/i. (7), voi. i (1915), p. 105. 

t Proc. Land. Math. Soc. (2), voL xv (1916), p. 360. See also Banach, Comptes Rendus, vcl. 
ci.xxin (1921), p. 457, and Saks, Fundamenta Mat. toL y (1924), p. 98. 

t Comptes Rendas, voL cly (1912), p. 1478. § Lemons sur Vintigrati<m (1904), p. 128. 

■ Quarterly Journal, vol. xm (1911), p. 79, r FundaTnenta Mat. vol. iy (1923), p. 204. 
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Since every function of bounded vdruitloii i- 1 
monotone functions, we have the theorem that; 

A ficnction of bounded variation has a finite dlffe''^* /lut co^jjicien 
point which does not belonrj to a set of measiu'c z^ro. 

The following special case of the generdl t-ieoieiii vras n:^t . 

Lusin : 

The points at which a contuivouts an l 

coefficient {with fixed sign] form a sei of measrr, zero. 

It hafe been shewn* by A X. Singh rhc.t, Ij a ; 
timious {or if its poinU of dl'^fOutt^iiutgjonD a V _ 

everywhere dense set of poi rds -it wh IcJi ihej a ■' n'j^ •£ s• 

coefficient, fin ite or InfinIte . 

299. We have hitherto assumed tnat j ^ h- 

is finite, for each value oi x. But if it be I'.na ' /-v-o A a 

tional set of points, of mea'M*re zero, at v.hich/ A ::::: :::e. 
theorem will still hold good, as is seen by exa;.:: :.:e ^ 

various theorems. It is assumed that, in the dcdniti. 

incremeiitaiy ratio, for a paii* of poiiit-^ at ' 
is infinite, with the same sign, is ignored. At a point wbei - ’ - x. 

Ave have 

Df{x) = D_/(j;) = - X. and Df c = Jj_j .. - - x ; 

and at a point where / (x‘) = — oc, we have 

D^f (•'«) = D-rfi^) ^ and !>-/ U) = D.r l - - x. 

It thus appears that the set of points at which tiie upper dc-rivatrre '“.t 
one side is less than the lower derivative on the side contain- 

set of points at tvhich the function is infinite 

An extension has been made by Ct. C. Youiig’^ to tne ca-,.* in vL:'/. 
the function is infinite at points of a set of wiiich tne measure . 

It has been shewn by Denjoy that a continuous lunetion can be 
structed, in which aR three cases of the general theorem present them¬ 
selves for one function, or in which one or more of the cases may be absent. 

An investigation has been givenj by BurkRi of the properties of tlie 
derivatives of functions of intervals. 

EXA3IPLES 

The following examples have been given by Denjoy: 

1. Let 6^ be a perfect non-dense set of measure > 0; let j[^) =0. at ali points of G; and 
in each complementary interval (a„, 6„) of Q, letf{x) =y- ^ - {{j: (6^ - a /]-. At each 

point of e, 2>f/(a:) = +cc, D+f(x)=0, D-f{x)=Q, 


* Bulletin CatcuUa Math. Soc. voL xvr (1925-26), p. 101. 
X Proc. Land. Math. Soc. (2), vol. xxn (1923), p. 293. 


^ Loc. C2t. pp. 37S-364. 
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In complementary interval / (j;) has the maximum value J, and thus the function 
i' not continuous at the points ot O. 

2. Let G bs a perfect non-dense set, of measure zero, m the interval (a, 6). Let be 

th-? length of the contiguous interval (%, 6„); and suppose that iti, Wg, ... ... are in 

dc^’^cending order of magnitude. X^et /i^, /io* ••• positive numbers such that 

;s convergent, and let (x) = 2 . ^ ^ function 

J U) =ta 2a;) ^ (a.), 

vhere ai is zero if i- is a point of G, and is 1, if a; is interior to a contiguous interval; and 
denotes the sum of those parts of that are in the interval (a, x). The 

function / (j:) is continuous; it has a finite dilferential coefficient at every point that does 
not belong to O, and it has an infinite differential coefficient at aU points of Q. 

3. With the same notation as in Ex. 2, !et/(j;) =0, in all points of G, and let 


in the interval where y (a:) =(1-a;)-a;-sin-The function / (a;) is continuous; 

it has a finite and continuous differential coefficient at aU points not belonging to G. In 
all end-points of contiguous intervals D‘~f (a;) = — »; and the other three derivatives are all 
zero at all points of G. 


4. Let £ he a, perfect set, metricaliy dense m itself; and let 


y (a:)=4 {a;(l -a;)}-sin- 


77 

8jcTl~®)‘ 


Let /(ar) =0, at all points of £; in let/(a:} y C~b^) ’ Pn ^ c,hosen as follows: 

From the interval (^, b) remove the intervals Uo, «n_i; then lies in one of the 
remaining segments of {a, by, let p,^ be the length of this segment- In aU pomts of E, 

JJ^f{x)= D^f(x)=D-f(x)=0, 


o. Defining E as in Ex. 4, let f {x) =0, m ail points of E, and let 

l/n W = IPn* ' -^}] - sin • 

In all points of 

D^f(x)=D-J[x)=^a:, D^f{x)=D_flx)= - 00 . 

300. The following general theorem is due* to W. H. Young. 

The jpoirds at which one at least of the four derivatives of any given 
function is infinite form an ordinary inner limiting set, if it exists. The set 
of such points is accordingly of power c, when it contains a component dense 
in itself; and otherwise it is enumerable, or finite. 

It foUow’s that the set of such points is a set of the second category, 
in case it be everywhere dense. 

The special case of the theorem which arises when the function is con¬ 
tinuous, and the set of points is everywhere dense, was given by Brodenf. 

• Arhiv for Mattmaiik^ Antronomi ocK Fyaik, voL i (1903). 
t Acta Vmv, Lund. voL xxxnr (1897), p. 31. 
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Let Xq be a point at \vhich one of the four derivative-^ it 

being immaterial whether the other derivatives are infinite or finite. 
A sequence x^, x^, ... x^^, ... convergiiig to and on one side of it, ea:i 
be found, which has the property that, corresponding to an arbitrarily 
large positive number o-, an integer m-^ can be found, 5?uch that 

'/(^J -f(xu) 


X„ - Xn 


> or. lor ii > 


further, m' can be chosen so great that 

, | 1 - 
I — -^0 ■ < - > ^or it > m \ //?,. 

CT 

Let the intervals (arg, be prolonged on the side beyond each being 
increased by ^ of its length; and the whole set of intervals so con¬ 
structed for everj^ point x of the set at which a derivati%‘e is infinite may 
be called 

Let 0-1, 0-2, oTg, ... be a set of valueai of cr which increase v’lthont limit, 
then the corresponding sets of intervals ... dedne an inner limiting 

set of points, to which all the points x of the given set belong: €tnS It will 
be shewn that no other points belong to this inner limiting set. I: possible 
let i be a point of the inner limiting set ^vhich does not be'.c::! t j the 
given set of points at which a derivative is infinite. There at Lv.st 
interval of each of the sets /o-., .... such that | is an inteiior point 

of it; let such intervals be S,, So, and let ff3. ... be points of tn«^- 

given set interior to these intervals. Let ?i, ^2' the end-point'- 

of the intervals on the sides of those intervals which were not lengthened. 
We have z i >. _ i 

thus the points ii, ^2> is> j points I2S — form a se¬ 

quence of which ^ is the limit. 


Since 

I 


> or„ therefore | /(f.) — / (fj > (<r. - 1) 5.. 


<A, 


Also a positive number A can be determined, such that for aii values of i, 

/(f)-/(#.) 
f-f. ■ 

for otherwise i would be a poiut with au infinite derivative; and from 
this we see that | y -f(l) \ < AS,. 

For a sufficiently great value of t, 

(Tt — 1 > A; 


26-2 
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hence, for such a value of i, 

and thus j - j > o. - ^ - 1. 

Now C7, — — 1 is arbitrarily large for a sufficiently great i\ hence, since 

^ is the limiting point of the sequence there is an infinite derivative 
at Tills is contrary to the hypothesis made; therefore the points of the 
given set constitute the inner binitiag set ^vhich has been defined. 


FUNCTIONS OF TWO VAKIAJBLBS 

301 . It has already been she^ui that many of the fundamental concep¬ 
tions and theorems relating to the continuity, uniform contmuity, &c., of 
functions of one variable hold good, without essential change, for functions 
of two or more variables. 

Most of the points in which the theory of functions of a number of 
vaiiables involves considerations which are not an immediate generaliza¬ 
tion of those which occur in the case of functions of a single variable are 
sufficiently illustrated by the case of functions of t-wo variables. Accoid- 
ingly the properties of functions of two variables will be considered in 
some detail. 

That a function / {x, y) should he continuous at a point (a, 6), which 
is a ihmting point of its domain, it is necessary, but not sufficient, that 
the function / (a:, 6), of x, should be continuous at the point x = a, and 
that the function / {a, y), of y, should he continuous at the point y — h. 
Thus a function may be continuous at a point vdth respect to x^ and also 
^vith respect to y, whilst it is discontinuous with respect to the two- 
dimensional domain {x, y). 

It is not even sufficient to ensure the contmuity of / {x, y) at a point, 
that it be continuous in every direction from the point. Thus 
f {a r cos 6 ^ b -r r sin 6 ) 

may be a continuous function of r, at r = 0, for each value of 0 in the 
interval (0, 27 ?). and yet* the function may be discontinuous at (a, b). 

The necessary and sufficient condition that / {x, y) may be continuous 
at (a, b) may be expressed ia the form that / {x, y) must be ccnUinuous in 
every direction at the pointy and uniforrnly so for all directions. 

Thus, if / (a r cos 6 , b -r r sin B) be continuous at r = 0, for each 
value of 6 ^ and uniformly so for all values of 0, then, if € be a prescribed 
positive number, a number p can be determined, independent of 0 , such that 
I / (a 4- y cos 9 , b + r sia 0 ) — f {a, b) \ < e, 

* See Thoi]ia.e, Abriss einer Theorle dear Jcomjdexeti Functionen, 2nd ed. p. 15. 
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proviaed r < p. Prom this coiiclitio!i it follows thfit / //; — ' h < e. 

pro^dded \ x — a\, \ y — b \ are eav-h < p and thus the co’i^lirio:! of 
continuity of the function is satisfied. 

The remarks which have been made as regard'^ xhe eo::ti;*aity or a 
function at a point are applicable witliouT e>sential change if tho-e f’lne- 
tional values in the neighbourhood oi the noint are r.lcne taken into 
account, which are in one of the four quadrants, the values at points on 
the axes bounding the quadrant being cither included or excluded fi'o:n 
consideration, as may be agreed upon. Thu- the condit:o!i eoiitintilty 
at a point may be satisfied for one such quadianr. and nor fur anorncr one. 

As regards the points of discontinuity of a function of tv.o or :no:e 
variables reference may be made to a memoir-'- by W. fi. You::.:. 


ex.u:plk> 

1. Let f(x.y)= and /(O, 0)-0. Tins ftLartion .s r r. 

A‘“ T y" 

\0, 0;, although it is continuous at that point with re^ptret .t. i :, 

since/ {t,0) =0, J {y, 0) =0. In ali other directions tne function N jntl:... . fo: • 

X =r cob y = r sin 6, the function ls \ am 26 and therefore hi^ ^ on-: .r.: dlrr^rrcnt 

from zero on a straigiit line for whicft 6 is constant. t* hi", one jf rr.e 1-, 

or . 3 -. 

2. Lett / (a?, y) f(0,0)-0. Thi«« function 1- jr.* y .:.z 

{Of 0), although it is continuous in each particular direction, ti.ar ^I'—t 

T Sin* 0 1 ■“ - 

- . n -;-TTJ <€.ifr<^ cosec-6 {1 - \ 1 -4c- cos-£?;, and Ln orJer that■ iM.a::.:..av 

cos- 6 - /■- sin-* 6 2€ 

be satisfied, the greatest value of r diminishes indefimtely as 5 appro.*ciie* the 'M.'ie V; 

-w-hereas -wrhen 6 = -W, the function is, for every value of /, et^u'i: to/ u. o . i: z:iu- -Ss-'e:. 

that the convergence m different directions ls non-uniform. 


DOUBLE AXD REPEATED LIIMITb 

302. Let (a, 6) be a limiting point of the domain for which a runetion 
/ (x, y) is defined, and let a neighbourhood, of which the corners are the 
four points (a ± e, b e'), be taken. Let U. L be the upper and lower 
boimdaries of the function for all points of the domain in this neighbour¬ 
hood, the functional value at (a, h) being however disregarded, in case 
{a, b) belongs to the domain. If e, e be diminished, the number V cannot 
increase; and when values of €, c' belonging to sequences €1, co? » 

and e^', €2', ... ..., each of which converges to the limit zero, are taken, 

and ?7„ be the value of U corresponding to the values of c, c', the 

numbers ?7i, ... J7„, ... form a sequence of numbeis which do not 

increase. This sequence has then a limit U, which may however have the 

* W. H. Young, Proc. L<mi. Math, Soc, (2), voL vm (1909), p. 117. 
t Genocchi-Peano, Cede. Dtff. § 123. 
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iniTDropcr v&lu6 oo, in cas© aill tli© nmn'bers hav© iihis impropGr valti©. 
It is easilv seen that (J is independent of the particular sequences chosen 
for e, e'. This number U is said to be the upper limit of the function at 
(a, b), and may be denoted by _ 

x^a. V'^h 

The lower limit lira / {x, y) may be defined in a similar manner, as 

the limit of a sequence of values of L\ and it may have the improper 
value — oc. 

At a pomt of continuity of the function, the condition 
Bin f{x,y)= ^ / {x, y) 

X'-a, U'^b X'^a, U'^b 

is satisfied; and further, each of these limits is equal to / (a, 6), in case 
{a, b) belongs to the domain of the function. 

Cori’esponding pairs of limits may also be defined for the case in which 
the functional values in one quadrant only are taken into account, the 
functional values on the axes being either included or excluded, in case 
they exist, as may be agreed upon. 

The saltits, or measure of discontinuity, at the point (a, 6) is measured 
by the excess of the greatest over the least of the three numbers 

/(«,&), Hm f{x,y), ^ 

The saltus at a point of discontinuity may have a finite value, or it may 
be indefinitely great. 

In case lim / {x, y) = Im / {x, y), their common value may be de- 

y^b y^^b 

noted by lim / {x, y), and the function is then said to have a definite 

x^a,y'^b 

double limit at the point {a,b); this double limit lim f{x,y) may be 

X'-fl, V'^b 

finite, or infinite vi.th a definite sign. 

When the upper and lower limits have different values, lim / {x, y) is 
frequently regarded as existent but indeterminate, the upper and lower 
lirnits being regarded as its limits of indeterminancy. 

303. In considering the functional values in the neighbourhood of a 
point, and the functional limits at the point, it is frequently convenient 
to consider one quadrant only; this we may take, without loss of generality, 
to be the quadrant in which a; — a>0, ^ — 6>0. The results which will 
be established are essentially applicable to any one of the four quadrants, 
and can be immediately extended to the case in which account is taken 
of the whole neighbourhood of (a, 6), by taking the totality of the results 
for the four separate quadrants, and for the lines a: = a, y = 6. 



407 


302,303j Douhlf and Rept-attd Linutx 

Assuming that a; - a > 0. j/ - 6 > 0. the function / .r. con«Idc-ieJ d- 
a function, of y only, with x constant, has two fui^etiona’ ii:nit» / ,.c, L — 1*, 
f{x,b- 0) , at the point {x.b)\ these may be denoted by Il.n; i,-.-... . 

respectively. In ease these two limits an- identical, the:: 

y-^b 

common value may be denoted by lini f'x.ij,. tlitr lunctional Ihnit 
f {x,b + 0) having in that ease a definite value. 

If either of the limits Om/ (.a, y}. /(.c,to be taken imUireienth. 

we may denote them by {.r, y). Tins may be- lej.uvk-1 e-- * function 

y-^b 

of X, such that its value at the point U\b} i's an*: ha- 

]imf {x, y), {x, y) for its limits of indetei*;iunanoy. 

3/—& If—t 

It may happen that li^f{x,y), cousi<k-i*c-d as a rm.fticn ot x. ■.<« 

li^h 

definite functional limit at the point x -■= a : ihi- 11 iiii may eitlie: lir.i’c. 
or infinite with fixed sign. In case such a Iiii-it exists, it is denoted hy 
lim lim/ (a;, y), and is said to be the repmifA linxli of j •. y, at iL»r point 

ar-^a V'^b 

(a, 6), the order of the limitbeing, that the !i:n:t :or y i< takv;: rh-rt. 
and then afterwards the limit for x-^ a. 

In case this repeated limit does not exist, either a- c. flt-flnht* ivv.iAx :'. 
or as infinite with fixed sign, we may regard iim lirn j\.l\ inde-te:- 

minate, its limits of indeterminancy being 

lim lim / [x, ?/), and lim lim / [x, y\ 

X'^a X'^a u^r* 

The repeated limit lim lim / (x, y), in which the limit with respect 

X'^a 

to X is first taken, and aftersvards that vdth respect to y, niajr he defined 
in a precisely similar manner. 

It is clear that the functional values on the straight lines x = y = b 
are irrelevant as regards the existence, or the values, of the repeated limits. 

In case the double limit lim / {.r, y), for x> a, y>b^ exists at the 

ar-a. y—b 

point (a, 6), having either a finite value, or being infinite with fixed sign, 
the existence of the two repeated limits 

]imlmif{x,y\ lim lim / (a;, ?/) 

or—a V'^b i/'^b x-^a 

follows as a consequence, their common value being lim f(x,y). In 
this case lim / {x, <fi (a;)} also exists, and is equal to the double limit, where 
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i-< any function of x, ■which is > 6, and is such tha't lim <f> (a;) = b. 
Also exists, and is equal to the double limit; -where 

6 [f).^ (t) are functions of a variable t, such that 4‘ (^) > o, ^ («) > b, and 
that iim <6 (t) = a- jini ^ (0 = b. 

The converse of these statements does not hold good. In particular, 
ti;e existence of b'ni / (a-, y) is not necessary either for the existence, 

uith deS’iite values, or for the equality, of the two repeated limits 
lira lim / {x, y) ; lim lim / (k, y). 


EXAilPLES 


1. IM. f <x, It) be defmed for the positive quadrant by / (x, y) . We find 

x + y 

iim lim/(:c, 2/)=l, lim lim/(a;, y) =-1; 

j,^(} 2/'-0 .f—O 

thus iisn / (a:, y) cannot exist. 

.y^O' 

2. Let Tto:. 2/)=--, ^ v-. tills case lim lim J (x, y) and lim lim f(x,y) are 

x-ij'-ix^yy jr-Oy-o 2/-0 a;~0 

^och zero, and vet lim f (x, y) does not exist; for if y^x,f{Xyy) = l; and therefore 
x)=L 

f —M 

3. Let"** / (x\ yj he defined for a: > 0, ?/ > 0, by the expression (x + y) sin - sin -. In this 

X y 

(.dse iim / (.r, y) -x sin ^, lim / y)= -a: sm and lim / {x, ij) - lim / (a;, y) has for x =0 

2 ;~u * jpzii ^ v~0 ^ 

the limit zero. We have then iim lim/( 2 :, y) =0, since ojsini, -a;sin- have each the limit 

zero for 2 : =0. It is clear that lim hm / (a:, y) is also zero. If 0 <a; < J-e, and 0 <y < Je, -we 

."ee that 'fix, y) \ < e, and therefore lim / {x, y) exists, and is equal to zero. 

j-'-O. y-O 


304. An important matter for investigation is the determination of 
the necessary and sufficient conditions for the existence and equality of 
the two repeated limits at a point. A knowledge of such conditions, as 
also of sufficient conditions, is required in various fundamental theorems 
of analysis which turn upon the legitimacy of inverting the order of a 
repeated limiting process. 

It will be observed that the existence of lim liTn f (a;, y) does not 

a;-a 

necessarily involve the existence of lim f (a;, as a definite number, since 
hm lim / (ar, y), lim 1^/ (a?, y) may both exist and have the same value, 

j:-a 

without it being necessarily the case that lim/(a;, y), lim/(a;, y) are 

y^b V'^b 

* Prmgsheim, Enxydopadie der math. Wissensch. n 1, p. 51. 
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identicai. It is bo^wever necessary that lin:/> .j should 

converge to the limit zero, as x converges to the vahic* a. 

The necessary and sumcient condition^ rcjuiied are eoiitabiea in the 
foiiowmg general theorem''*. 

In order that the rejjeafed U/niib Vuiilin^ .c.^, Hfaj 

both exist, and have the sawe jinlte value. If e.ul 

''i). that lirnf{x,y) — lirnfix.y) shotdd have the zero, yu' x ^a. 

that Um f (x, y) — limf (x, y) should have the t;.,.'* zero, ro-- i,—o: and 

X'^n x'^a 

(2)j that, corresponding to any fixed positive /tumber e arjltrnjdy cho^'en. a 
))ositive number jS can be determined, 'yatl^fyiug ti e ro fx,j^ fot- p^ach 

value of y interior to the interval (b. b — 3;. a po^itir^ it>i>rbe^' €: , h' 
depetident on y, exists, such that, for this val^e of rj j x.i>' 

Umf {x, y) -r € and limf (.r. y) — e.for ail of .c i^de-'lor t x •^der^ d 

j/"w& y^U 

{a. a “T c£i/). 


Let ns first assume that the conditions stated i:i t:ie tl.eoren: are 
satisfied. A value of y maj’, in virtue of ( 1 ), be so cLu-e!: the-.: the .l:::erenee 
of the two limits lim/(a;. y). lirnfix.y) i& less than an ar’utrc-.rdy '•hosen 

number tj; and this value of y may also be so chc'-eii that it i- int-.-rioi t«-? 
[b, b -r jS). For this fixed value of y, an interval [a, a _ c:j\. lo: 'S.c.y bt- 
so chosen that f (x, y) hes between Uinf{x,y} - € and iimj v; — €. 

provided y has the fixed value, and a < x<a — c:/. this f oliows from the 
definition of the upper and lower limits. Again, from the condition ' I . 
a number a" can be determined, such that, if x be interior to the inteiwai 
(a, a -f- a"), the difference between the two limits Kmj ‘x y\. hmy :r. y 

is less than 77 . Now let ^ be the smallest of the three numbers . c: :d": 
then, if rcj, x^ be any two values of x within the mterval {a. a — ay*, and 
y have the fixed value; by applying the conditions of the theorem, we see 
that the conditions 

I <^7 -i-2e. 


\f(a^,y)-]^f{xi,y)\<7j-e, 
1 V'^b I 

|/(a:2 


,y) -'^f{x^,y) 
y^b 


< “>? T €, 


* This theorem, was given by Hobson, Proc. Land. I^ath. Soc. {ft), voi. v {1907}, p. 220. It 
was transformed into an equivalent statement by Martinotti, RendicortU del ciTc. maik. di Palermo, 
vol. WYV TT (1914), p. 19. On the whole subject see also the Dissertation by J. Ridder, Enkele 
algemeene limietsteUingen met toepcLsaiTigen, op r^efundies, Utrecht il921)- 
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are all satisfied. It follo\rs that 

j (^i> y)—'^f (^, y) < 3ij + 4e 

for every pair of points x^, ■within the interval (a, a + 'oTy). Hence, since 
6 , r, are both arbitrarily small, (a:, y) converges, for a; ~ a,'to a definite 

value -which is the limit both of lim/ (a:, y) and of Im/ (a:, y), -when a: ~ a; 
and thus lim lim / (x, y) exists. 

Again, since lim lim / y) has a definite value, an interval {a, a -f S) 

r-^a i/'-b 

can be determined, such that, for any point x interior to it, 

’limlina/(.r, j/)-^/(a:, y) < e. 

' X'^a V'^b y^b 

Nov' lim lim / {x\ y) — hni/ (a;, y) is the sum of the three differences 

a-~cf 5/—b ar^a 

hm lim/ (a;, y) — lim/ (x, y), 

x~a V'-h ,j^b 

'^f{x,y)-f{x,y), fix,y)-^f{x,y), 

y^b 

and for a fixed y, chosen as before, x may be chosen so that it not only 
lies within the interval (a, a -r 8 ), but is also such that 

i/(a:, j/)-^/(a:, j/)|, / {x, y) - Sm/ {x, y) 

! y-^b ! 

are each less than 77 4 - 2 e. It follows that 

j lim lim/ {x, y) - lim/ (a:, y) j < 5e 217 , 

I »~o U-O JZS I 

and thus that lm/(a;, y) converges, as y converges to 6 , to the limit 

x-^a 

lim lim / (a:, y). It has thus been shewn that the two repeated limits both 
exist, and have the same value. 

Conversely, let us assume that the repeated limits both exist, and are 
finite and equal. We have then j lim lim/ (a;, y) — lim / (a;, y) < 5, pro- 

I X'^a y^h X'^a 

vided y lies between b and 6 -f- j 8 , where j 8 is some fixed number, ^ being 
an arbitrarily chosen positive number; from this it follows that 

Em/(a;, y)-'iimf{x, y) 

is < 25, for 6 < y < 6 -r j 3 . JJso 

jlim/(a:,j/)-limlim/(a;, y) < J, 

provided x lies within some fixed interval (a, a H- S') ; and from this it 
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follows that iim/(A-, y) - li:n/:<. y) i< < 2;. for a < .j < « - 5'. Sii:ee 

o . . . U'^tJ 

4 is arbitrarily small, we now see that the condition ! 1 j of the theorem i" 
satisfied. Puither we see that 

I / {•«= if) - y) < 2fe - I', 

1 jr~'» 

where is any arbitrarily chosen positive nninber, provided x lies v.'ithin 
some inter\’al (c?, a u'here a^' depends upon and may dimini.'h 

indefinitely as y approaches the value h. It follows irom the thiee 
inequalities, that 

/ y) - y, <K'~ C'. 

provided b < y < b — and provided also He- within some interval 
(a, a a^,), where aj depends in general upon y. Siri';? C an h 1' 
arbitrarily small, it foUovrs that the condition of the tiieorein i- :^ati-^ed. 

If the condition (2), in the above general theore:::. he lepiaced by the 
more stringent condition that, corresponding to any fixed pc-^itive nunibci 
€, arbitrarity chosen, a positive number 3 can be ciete-rmined. v/h::h 
such that, for each value of y interior to the interval 5 . a r>o-it:ve 

number a^, dependent on y, exi'st'^, such that, for triis valne for 

all smaller values, f {x, y) lies between Urn / 'x, j, — e ana lin: y; — e. 

then this condition and the condition (1) are the neeessart* and siiniciei.t 
conditions that not only lim lini / (or, liin li.n/ ur, ^, exi-t Kt.d aie 

x-^rt V'^o '■ 

equal, but also that the double limit lim / (.v, //) exi-ts. Laving a de- 

finite value, the same as the repeated limits. In case tiie function be 
defined for values of x, y on the lines x = a. y = b. the additionai condi¬ 
tions must be added that the functional values on these lines al-o converge 
to the same limit lim / (a;, y). 

x^a, 6 

For, under the conditions stated, we have, provided y lies within the 
interval (6, b -f jS^), where jSj < jS, 

\f{x, y) - (*, y) <€- ri, 

I 

where x has any value in the interval {a, a — 4 ), 4 being the lesser of the 
two numbers and S'; the number S' being so chosen that 

lim/ {x, y) ~ ]^/ y)^' < Vy a < x < a — 

Ir^ ; 

Also Umf{x,y)—lhn.] 2 mf(x,y) < e, provided x lies within an 

interval chosen sufficiently small. Hence the condition 
\f{x, y) - Um lim/ {x, y)\<2€~'q 

I ar~a V'^h i 
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is satisfied, provided b < y < b -i- and provided x lies within an interval 
of which the length may depend upon e and rj. It follows, since e, tj are 
arbitraiily small, that / (a;, y) has a definite double limit at the point (a, b). 
That tfae'conditions stated are necessary, follows at once from the defini¬ 
tion of lim / {x. y). 

305. The theorem obtained in § 304 may be simplified in the case in 
which li!n/(a;, y), lim/(ic, y) both have definite values at aU points on 

the straight lines x = a, y = b which are in sufficiently small neighbour¬ 
hoods of the point {a, b). We may then state the theorem as follows: 

If lim f {x, y), limf {x, y) have definite finite values in the neighbourhood 

of the fpoint (a, h), then the necessary and sufficient condition that the two 
repeated limits lim limf{x, y), lim limf {x, y) mxiy both exist, and have the 

a—-o .V'-fe U^h x^a 

same finite value, is that, corresponding to any fixed positive number e, 
arbitrarily chosen, a positive number jS can he determined, which is such that, 
for each value of y interior to the interval {b,b 4- jS), a positive number Uy, 
in general dependent on y, exists, such that, far tins value of y, 
f {x, y) - limf {x, y)\<€, 

for all values of x within the interval (a, a ay). 

In case the condition •/(a:, y) — limf {x, y)\<€, for aU values of x 

y-6 1 

within (a, a -r ccf), be satisfied, not only for the particular value of y, but 
for all smaller values, and this hold for every e, then the double limit 
lim f (a;, y) exists, and is equal to each of the repeated limits. In this 

case the point (a, b) is said to be a point of uniform convergence of the 
function/ {x, y) to the limit lim / {x, y), with respect to the parameter x', 

and thus, for such a point, there exists, for each value of €, an interval 
(a, a -i- a), where a depends in general upon e, such that, for each value 

of X within this interval, the condition \f [x, y) — lim / {x, y)\<€ is 

! 2/~b I 

satisfied, provided y he less than some fixed value which is the same for 
the whole a;-mterval {a, a 4- a). 

It may happen that, as € is indefinitely diminished, a has a positive 
miniTn um In that case the fixed interval {a, a 4- a) is such that, for 
each €, the condition 1/ {x, y) — lim / (a?, 3^) | < e is satisfied for all values 

of X within the fixed interval (a, a -h a), provided y is less than some fixed 
value dependent on €, the same for the whole rc-interval. In this case 
/ (3?5 y) is said to converge to limf (x, y) uniformly within the interval 

y^h 

(a, a -I- a), with respect to the parameter x. Not only the point {a, b). 
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but also each interior point of the intei""al ^ci,a — i- then c. pc hit of 
uniform convergence of jix^y) to with resp^jr-t to the 

meter x. 

306. The necessary and siiiicient eoiidith^it- t jr tne etd-tvii c* and 
equality of the two repeated linrlti^ of f ix, ih. at a. v.. ii.c^y be p::t :nto 
the following form, dilferent from thxat oi the rheorc^n o: J 304: 

The necessary anti sufficient conAUions that 

I ('lit iiiii J (x. ij) = luit lint j .c. y^. 

their value being finite, are (i), that lifuf.x.y} co..ctrge :o :: ' 

Urn lint J (x, y), when y converges to b, nnn llm ' j — / 

V'^b , ' ■ * 

converge to zero, for x-^a: and ^2). that, corresy^ . . 'f 

chosen positive nntnher e. and to an aroltfntlly ^ -’.^v ^ 

a value < h q/ ?y. can be jound. and aiij :* pc.-h/ *<: - *..■ • xc - ' 

that the condition that f {x. lyj lie':x between 

lun f \x, yj — e. a/td lint ; — e 

Tt... 

25 satisfied for every value of x within the inUrval . o 

l7i case Iimf{x,y) everywhere exUt^i in the nenjrbo>h'\oo f x --- .. 

>/'^b 

condition (2) is that f {x. y^^) — lintf [x, y) < €. Jor eve: j Ay. ’.:. 

I 

the interval {a, a -r a). 

That the conditions contained in the theorem are nece-^ary it 
from the theorem of § 304; it will be shewn that they are ^air ^lent. L-t 
us assume that the conditions are satisiied. We have 

lim/(a:, y) — lim lim / {pc, y) = v. - / ‘ y 

ij~b _'/'■< _ 

+ U y) — y)~\ - riim/(a;, y) - iiir. lir.i r 

A positive number can now be chosen, such that, i: h < y < b — p., 

the condition I lim / (x, y) — litn lim/ {x, y) < € is satisfied, moreover we 

I J-~« ' j 

may choose so that it is < jSq . 

Next, a value i/i, of y, exists, such that / {x, yf) lies between 
ES/ (a?, y) -h €, and ^/ (x, y) - e, 

1/-6 u'^b 

provided x be within the interval (a, a 4- ff): the value of may be chosen 
so small that Bm/ (a;, 2 ^) — ]^/ {x, y) < e, for every value of y which is 

X'^a 


X—a 
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<h ~ and therefore for the value s/i, of y. Again, an interval for x, 
possibly less than (a, a — o), can be so chosen that 
hm/ (X, y) - lim/ (x, y) < e, 

y-?J 

■pTorided x lies 'within the interval. It follows that an interval (a, a a'), 
for X, can be found, such that ^f{x,y)—f {x, y^) < 3e. Further, the 

inteival within which x lies may, if necessary, be so restricted that 

/ Vi) - ^f (*> yi) < 2e. 

Hence, provided x lies within a definite interval, we see that 
|Em/(a:, y) - limlim/(a:, 1 /) < 6e; 

I ir=z V~b :>~o 

and since this condition holds for an arbitrary e, it follows that Urn / (a;, y) 

y^h 

converges, for to lim lini / (ar, 2 /); and thus the sufficiency of the 

7/^6 'r'^a 

conditions is established. 

THE LENIITS OP ilOXOTOZSiTE AXD QUASI-MOXOTONE FUNCTIONS 
OF TWO VAEIABLES 

307. A monotone function / [x, y)^ of two variables x and y, was 
defined in § 253 as a function such that/(a;', y') ^f{x, y), or such that 
/ y') ^ f y)y -or every pair of points {x, y), {x\ y'), such that x' ^ x, 

y' ^ y. The follo'wing theorem, as regards the limits, at a point, of such a 
function, will be established. 

If a function f (x, y) is hounded and monotone in some neighbourhood of 
the ^oint (a, h), then, in each of the two open quadrants x > a, y > h ; x <. a, 
y < b, the double limit of f {x, y), at the point {a, b), has a definite value. 

It will be observed that these limits are independent of the values of 
/ (^9 y) on the straight lines through {a, b) parallel to the axes. 

It follows from the theorem that each of the repeated limits 
lim lim/ {x, y), lim lim/ (a;, y) 

in one of the two open quadrants exists, and that they both have the 
value of the corresponding double limit. 

We consider the values of the function in a cell A, of which (a, 5) is 
an interior point, and such that / (sc, t/) is monotone in the cell, and we 
take that part of the cell which is in the first quadrant x > a, y > h. Let 
4^ y) denote lim/(x, y -T-k),h>0, and let (x, y) denote lim f {x, y — 

A—0 

the functions ^ (x, 6), 6) are monotone functions of x. 
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We may suppose that/ f) ' f {:c, ?/;. Vvheri .f. f u. the oth^r 
case may be treated in the same manner. We Lave rlien 

lim lim f(a-h,b- L) - lim 6, .<e - h, 1} - o, n - 0. 5^ . 

A value 7«i, of A, can be so determined that d». -n — . b — d, v — 0,. I, 

is < ie, where e is an arbitrarily chosen posiri\’e nui.i})e!: value- An . of l\ 
can then be so determined that / V/ — . 6 - A. i — 6^ 'n -- . 6'; < ',e. 

We have then 0 ^f{a - h,b - h) - Oi \a - 0. b> <€. for all varies oi h 
and h such that 0 < Z? ::: h-^, 0 < k r l\. It foLow-^. ''Lice € is arbitrarily 
small, that the double limit oif (a — h. h — h;. as — 0. k — u exists, and 
has the value (a — o, 6). A similar piooi can Le sriven for the case of 
the other c^udrant x<Q,y <b. 

The double limits in the other two quadrant'^ x ^'t. ^ < b :< a. y > b 
do not necessarily exist. A theorem has however been rive:i="- by R. 
Young, from which, in the ease of quasi-monotone function^, it folio v- 
that: 

If a function f {x, y) is bounded and quusi-mOitOfo»e hi bO'^r- 

liood of the -point (a,b). then, in each of the four ojje/. .*• j> c, 

y>b; X < a, y <b; x> a, y < b: x < a, y>b. fhe doable ihnlt o: ; x\ j 
at the point (a, 6) hus a definite value. 

It is sufficient to consider the case of the quadrant x> a. y > b. when 
f (f. y) ^ 0, for any two points [x, y). 'x\ y\ in the cell 
(a.h'.a T h: b — k). 

such that x' > x, y' > y. and the function f {x, y) is of ant' of the four 
types specified in § 255. The other cases given there can all be treated 
in a precisely similar manner. 

If P, Q denote the points {x, y), [x\ y') respectively, we can denote 
y) by Ap/, the points {a, b), \a — h.b -r ki may be denoted 

by A, B. 

For any cell (P, Q) contained in {A, B), we have A//*s Ail/: for the 
cell (P, Q) may be one of a number of ceils into which 'A. B) is diN-idc-d, 

and Af / is equal to the sum, for all these cells ^). oi Af/: and A“/ is 
by hypothesis ^ 0. 

If (A, Qi), (A, Qa), ... (A, Q„),... be a sequence of cells, such that 

is in the cell (A, for every value of n, the sequence {A?’/} ^ mono¬ 

tone non-increasing, and therefore converges to a definite limit, B&n cc. 
Let {Prii {Qn} be any two sequences of points, each converging to A; a 
sequence P„,, 0^^, P„,, Gm*. - — can be so determined that 

Gm, is in the cell (A, P„J, and P„^ is in the ceU (A, G 7 p.._J, for all values 


enseignement math. 1924-5, p. 79. 
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o£ c: then the sequence f 3 a unique limit. 

If {A^7’/1: definite limits, it follows that these limits 

l:ave the same value. Kence it is seen that / has a definite limit as P 
converges to A through the points of any sequence of which A is the 
unic.ue limiting noint, and that the value of the limit is the same for all 
=uch sequences. That Aj/ has a definite limit, in the sense that there 
c‘xi'=ts a neighbouriiood of A such that in that neighbourhood AfJ/ differs 
from its limit by less than an arbitrarily prescribed positive number e, 
is proved as in § 211, in the discussion of the equivalence of the definitions 
of contiimity given by Heine and by Cauchy, b^" a method which requires 
the use of the multipKcative axiom. Since 

/(•K.!/) ^/(a-6) -f{x,b)-f{a,y) 

converges to a definite Kinit as x ^ a, y where (a;, y) is in the o^Den 
positive quadrant, and since / {x, b), f {a, y) are both monotone functions, 
either of which may be non-increasing, or non-diminishing, accordmg to 
the particular type of the quasi-monotone function, it follows, since 
f[x,b), J [a. y), have in any case, definite limits as x a, y'^b, that 
/ i.r, y) must have a definite double Limit. Exactly similar proofs apply 
to each of the four quadrants, whatever be the type of the quasi-monotone 
function. 

308. Vi'e now consider further the functions vrhich have been defined 
in § 255, and named quasi-monotone functions. If / {x, y) be such a 
function, the function F {x, y) defined by 

F (.V. !^) =f{x,y)b)-f[a,y) +/(a, b) 
is a monotone function. 

For a quasi-monotone function, the following theorem* relating to the 
points of discontinuity of the function, will be established: 

^ f {^3 y) be a quasi-monotone function, there exist two enumerable sets 
of straight lines parallel to the x-axis and the y-axis, respectively, such that 
every poifit of disconiinulty of the function, with respect to {x, y), lies on a 
straight line belonging to one or other of the enumerable sets. 

Let {x, y), ©2 {x, y) be defined as in § 307; then, if / {x, y) be monotone 
non-diminishing with respect to x, for each constant value of y, and also 
monotone non-diminishing with respect to y, for each constant value of x, 
we have 

^ (a? - 0 , a / (a; -r 0 , !^) s (i, (x-r 0 ,y)^f {x, y - 0) a ^2 (a: - 0, j/), 
y) a/ {x,y + 0)^61 {x - 0, y) a /(x — 0, y) a (a: — 0, y). 

For a constant value a, of x, the discontinnities of / {x, y) with irespect 

• See W. H. To^mg. Proc. PtoycH Soc. vol. xcni (1917), p. 31, where these fonctions 
termed monotone functions.'' 


are 
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to y are at points oi an enuuierahie .^et on iLe ^ 

be the value of x on the right-hctud boundary of tae c-e-1 i:; v. LI 02 . :.a* 
function is defined. If x — a. «/ =-= /5 be a point tiz v/bic-b / c:. yj is 
tinuous respect to y, th^n J U, y, i- contizii.G o wilii icrsp-c: .0 

at ^ = p, for each value of 5 : in the cell. Foi\ let t — L\ 5 - A ’ be o. nel.].- 
bourhood of such that 0 _ / fa. ^ — j ‘a. 3 -- .e; < tnen. n j.v. ti*-: 

definition of / (x, y), we see that 0 ' / br. 3 ~ I:; — j s. Z — 1:' < e. It t .-n 
easily follows that/(5;a^; is contmuoicS with .e-pect to toi u -- i. z^ji 
any fixed value of x. For such a value of y. a-- £, oo-ve 

4^x **^'r y • ■“ ^1 y 

for every value of x. This equality thc-iefijie Loi^ls :o: val.-LL- 01 /i.l.n 

do not belong to a certain eninneraoltf ^eT. Again / ^ a 

non-diminisliing function of x. for each va.ue of ^. a.iyx. ,j.-rcie. v. e -.-e 
that it is a continuous function of x. ioi all valnc-- o: no- or-or.^'ing t : a 
certain enumerable set. for each value of y. 

If {x, y) is any point not on either >ez of stiaigbt t, :-.e 

axis, defined by the exceptional values of x and cf y, In^nc-ted c.b<'\'>--. 
have 4^1 {x — 0, y) = <f >2 {x — 0, y]: and then, enipioying t..c- in- - 

given above, we see that the four limits, at bv. y,. of tnc :n:.ct:..n. in - 

open quadrants, and the four limits at [x. y] dependen: on the : 

the function on the parallels to the axes, thrciUgn c... e _ .. 

and therefore (x, y) is a pomt of continuity of the lUiieti'.ii. 

In the case in which / (a;, y) is a non-dimini^-^ning function o: i n - 
constant value of x, and in which f (x, y] is a noii-increasing fwin nicn : 
for each value of y ; the inequalities employed above can be re:jiajcn 
^2 (a; +0,y)^f{x,y-0)< (a; - 0, y) -sj {x - u, y, z o- -.u - (.•. y. 

<f >2 (* + 0, y) sf{x -T- 0, 2 /) £ (x - 0. y) if va\ y - 0,.. <> 'x - 0, j;., 

and a similar argument to that above shew that 

</>2 -f- y) = y) 

at every point {x, y) not on either of two enumerable sets of Ime- 

to the axes. The cases of functions of the other types can be ireateo in c-. 

similar manner. 


PARTIAL DIPPEREXTIAL COEFFICIENTS 

309. If, at a point {Xq, y^), in the domain for wliicL the function / \x. y 

is defined, the limit lim’^^™ ^/‘^os^^o) exists, having either a 

definite finite value, or being indefinitely great, but of fixed sign, this 
limit is said to be the partial differential coefficient of / {x. y)^ at ^(, 1 , 

with respect to a;; it is usually denoted by — 


HI 
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When the limit iinr^ z/ exists, it is said to be the 

.-'I '*■ 

partial clifeieiiticil coeificicut of / (.u, y), at (aio- 2/o)j with respect to y\ it is 
<Le;ioted by -- - - - - 

Ill general, 1\. k, in these definitions, are regarded as having either sign, 
it i- possible tsiat either of the above lunits may not exist, but that there 
L:av be two detinite limits, one for positive values of the increment h or Ic, 
and the other for negative values. In that case the two limits are said to 
be the progressive and regressive partial differential coefficients with 
respect to the ])articular variable. It is of course possible that, at a 
particular point, one of these maj'' exist, and not the other. 

of df 

That the two partial differential coefficients J-, may exist, it is 

cXq oyQ 

necessary, but not sufficient, that / (a:, y) should, at the point {Xg, y^), be 
continuous with respect to x, and also with respect to y. 

To express the increment / — h, y^ + £) — / (aj^, y^), of the function 

/ X.- y)> the tw'o numbers ar#, yp receive increments h, h respectively, 

we have 

/(.r, — h. ijo - L') —f (a’o- Ho) = if (-^ i" i/o > 2/o + b)] 

■rif (»o. Vo -r *) - / i^o, 2/o)]- 

If we now assume that exists at the point (a:#, j/p), and has a finite 
value, we have 

/ (£( l > yo.--'> ■ Vo) ^ ^f(->^o ’Vo) (1;) 

A- cyo 

where o- (/:) converges to the limit zero, ivhen h is indefinitely diminished. 

Again, converges to the limit 

when k is first diminished to the limit zero, and afterwards h converges to 

cf 

zero, it being assumed that ^ has a defimte value, and also that / {x, y) is 

caTfl 

continuous vith respect to y, for the value y = y^, where x has any value 
in a neighbourhood of In order, however, that the double limit 

fi^Q - k. yo-yk) -f(xQ,yo + k) 


*-0,A:"-0 


h 

of 


may exist, in which case its value is being independent of the mode 
in which 7 i, k approach their limits, it is necessary and sufficient that 

f{Xo T- A, yo - A*) -fi^a.ya + A) 

Ti 

should be a continuous function of h) at the point A = 0, i; = 0. 
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If this condition be Si’^tisined, po>itivc nu:iibcrs 7^.. /l\ can :je dcterniined, 
such that 

I / (^‘o ~ • Uu ^ ^ ~ - .y*' f*) __ ^ ^ 

It 

where 17 is a prescribed positive number, ar.d «/ < ? ^ v., o i 7; ■ 7’;. 

We have now 

/(Ao ~Jhiu. - 1'^ V ,7 r . 

~ It ~ p:r:~^ *■• "' 

where p '/?, k) converges to zero, mdepenat iith or the i.nA^ ir_ w.-icn h. I: 
converge to zero. 

Under the conditions stated, we have 


/ {Xq - Ji, - k) -J{Xq , £/o) ^/i'A - I: y- - Dz - :-c-. 

where p, or converge to zero, when 7/ and k cire hideniiitely d:.'.:;r.:<.hea. 
independently of the mode in which they approacl: iLt-lr d.ni:-. T::i- is 
equivalent to the statement that. correspondi>:g to an ai'h:t:a:i.y 
positive number rj, positive numbers /o, k\ can be I -o tha* 

and j cr j are each < 17 , for all values of h and I: such t‘:at A . 4' < i';. 

In the notation of differentials, denotmg/ur,. y ? 3 y r . we L^ve 

dzn = ^ - dx - - " flu. 

“ Ci'o cu^ 

the expression on the right-iiand side being tt-rmed :Le vA’d 

CZ f z 

of z at the point {x, y), and ^ dx. dy the partial fit;trtj*i'j~i\ hi 

accordance with the arithmetical theory, tills c-quiitior. Cc.!_ or.ly be re¬ 
garded as a conveniently abridged form 01 the re-ul: 1 :: the 

present discussion. 


The expression li ^ — h mav be spoken of as the 

OXq CIJq 


of / {x, y) at (xq, 27o)j denoted by h - /. 

The theorem obtained may be stated as follov>'s: 

That the increment of a function f {x^. y^) ichert x^. yc^ are changed Ir.to 

Xq h, yQ Jc may be h -p k _ j^p _ kfj^ where p. C7 con- 

oa’o cyQ 

verge to zero^wJien h, h are indefinitely diyninished^ iyidepeudently of the mode 
in which they are diminished, it is sujficieyit (1), that 

cXq cyQ 

have definite finite values, and (2), that — / (•h}^J/o -^0 

a continiLous function of {h, k) at the point A == 0 , 7j = 0. 
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It wiil be observed that no assumption has been made that have 

c/Os oy 

definite values except at the point (ajo, y^) itself. 

It follows from the definition that it is necessary for the existence of 
a total differential at yo) that the function be continuous udth respect 
to (X, y}, at (a-a, y^). 

df 

If it be assumed that -J has a definite value at (a^o, y), for aU values 
dX 

of 2 / in some neighbourhood of yo, the condition (2) may be expressed in 

the form that (a), for a; = Xq, must be a continuous function of y^ at 

y = yii\ and that (6J, the point h = 0, A; = 0 must be a point of uniform 

convergence of the function / (^oj 2/p > ^ considered 

as a function of h, to its limit for h 0, vdth fc as a parameter, in accord¬ 
ance with the definition of such a point of uniform convergence given in 
§ 305. 

« ''f 

If it be assumed that exists, not merely at the point (Xq, y^)^ but 
cx 

at all points in a sufficiently small two-dimensional neighbourhood of the 
point, the conditions contained in the theorem may be simplified. For we 
have, in that case, 


/(“S.+M.+ M, J,. + i). 


9/(!Ko. W 


where 6 is such that 0 < 0 < 1; and this expression converges to - 

vXq 

provided be continuous with respect to (x, y) at the point 2 / 0 ) • 

It has thus been proved that*, in order that the increment of the function 

may be of the form given in the thecrem above, it is sufficient (1), that 

have definite values at the point (Xq, y^, and (2), that one at least of these 
partial differential coefficients have definite values everywhere in a two- 
dimensional neighbourhood of (a^osl/o)^ crmtinuous at (£Co, 3 / 0)5 

respect to the domain (x, y). 

310. Let it now be assumed that exist, and are continuous 

cx ay 

fimctions, with respect to {x, y), at all points of an open domain Z>. Let 
Di be any perfect domain interior to jD; at any point of we have 

f(x^hy-lc)-f{^x,y-h)=Ji^S{x+eh,y + k), 


Thomae, Einlcituhg in die Theorie der hestimmien IntegraU, p. 37, 
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Partial Dijftrcufkd 


where 0 < 9 < 1, and It, I: are sncL that A < I: < ‘J:e J 

being so chosen that C is le^s than tLe distance between ri.e bo nidarie^j 
of Z>i and D, so that the eel' i- - - 7:: .c — A. — i-i is i-crtair.Iy 

interior to 2>. 


We have also 


y “ .y* == a- / : V, v - ^ 

- 1 / 

where 0 < 0' < 1. 

df cf 

Since , g*^ are continuous in the oeri^rct domain t-hey are- niii- 

fornily continuous in that domain. Accordingly, a jc.'itivt: niinioer ^ <7, 
can be so determined that, if be a preseribodi. podtive nr.^nbe-r. 

jjl/fe-M-iZ + i-;-//'.'.;,; <■:■ 

151,/+ 

for all points (x, y), of provided ' 7< I, A* are botn i-r^s :::an e. 

The numbers j\, e converge to zero together. We have no .v the fo.*o wing 
theorem; 

If the function f (x, y) have partial lUfferenflal that arc co'^i- 

tinuous. with respect to the plane domain, at all polrif^ cf ope^i 1). 

theiv -f 

f{x^h,y + Jc)=f {.r, y) k : - hR _ kR , 

GJC C if 

where (x, y), {x -rh,y-{- h) are any points of D. and R, R’ tend to llmd 
zero, uniformly for all points {x,y) of any perfect doniairt contalrteCi o- D, 
as h, h converge, in any manner, to zero. 


EXAMPLES 


1. Let* /(», y) =V| xy |, where the positive valae of the s.;_uare : 


loot to t t-iKen. 


df 

In this case both exist at the point ;0, 0., and are both = ‘L ’iVe h^^ve 


f {h, k)-f ( 0 , 1 -} _ /, A- 

h - 


and this has different constant values for different constant values of I 1. and is therefore 
discontinuous at the point /i=0, 7 j= 0. In this case the equation /'7, when 

p and ff converge to zero with h and A. cannot hold. 

2. Lett / (», y) ~x sin (4 tan“^i^.'j:), for x>0; and /(O, y) =0. for ah vfiiues of y. We 

find and thus is continuous with respect to y, at (0,0;. 

ox ox ox 

Also, we find =4 _q therefore is discontinuous with regard 

By By By 

* Stolz, Grvmdzuge, vol. i, p. 133. 

t Harnack’s IiUrodMctitm to the Differential and Initgral Calcnlua, Cathcart’s Tianslation, p. 93 
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fo X, at (0. 0). The value of ^ ^ is sia ^4 taa“^ , and this is discontinuous at 

=0, i- =0: hence the relation d/=|^ da; + ^ dy does not hold at the point (0, 0). 


HIGHER PARTIAXi DIFFBEEXTIAL COEFFICIENTS 

311. If the function f{x,y) have the partial differential coefficient 
5 ^, it may happen that, at the point {xq, yo), the function possesses a 
partial differential coefficient Trith respect to x. This is denoted by 
^ ^ 9 .nd is spoken of as the second partial differential coefficient of 

/ ix, y) v-dth respect to x, at the point Xq, The second partial differential 
coefficient , with respect to y, is defined in a similar manner. 

is defined as the limit of I it 


CXn- 


3*0 J 


being assumed that ^^5*- has a definite value. It is not necessary for 


CXq 


tile existence of this limit, as a definite number, that for 

OXfi 


?i=f0. should have a definite value. AVhen h'y^) limits of 

dxo 

indeterminancy 


3/ (*o^- ti, Vo ) 3/(*o -i- K Vo) 

CXq ^^0 


it niav happen that lini y - 

Jl^Q th \ C-Tq 


1 tc/ (a:, T h, 2/o) _ 8/^ + h, Vo) ] 

Bxo J 


= 0, and that 


lim ^ i^O’. Vo}'! 

li ‘ CXq dxq i 


has a definite value. 


df 


Thus, in accordance with the definition of this second partial 

differential coefficient may exist, as a definite number, at the point (xq, yo), 

but not at points in the neighbourhood; it is however assumed that — 

ox 

exists at [xq, y^). 

It may happen that, at the point (xq, yo), the function ^ has a differ- 

ox 

ential coefficient with respect to y: this may be denoted bv or 

c^fix cf ^ ^yo\SxoJ 

• Similarly', when ~ has, at the point {Xq , yg), a partial differ- 
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4: 


ential coefficient with respect to this i- a.. 
" ^ 2- . These partial ciihVrentitil ''•oeffich-iir'* , 

cxQcyQ 

partial differential coeffcienta ui the sec-oi^d a: 
respect to x and y, the order ot differeritiatioi. 


:-o:ea 

- -la... 


r r ' 

fV - 

' 'i' " n 

■^O thf / ' * 
. ut f . ■'v: 


Under certain conditions which \\ill la.e he i^vt-tiirated. ti.-- f 
mixed partial dilferential coefficknt^ oi t:.c* v.'con i ‘ rdier, ;xith i-rsp 
to X and y, satisfy the relation 

c-f(x.y) ^ r-f\L\y^ 

w’hich may he regarded as the fumlanieiitai tnev-*' ei.. :o: ]..l. *Lrrc-re-„t 
coefficients of the second order. 


The differential coefficient ^ . (ji 




cro '.y. 

differential coefficient at (.Vq, uith re^^pt- t tu of r* . i: 

' ii 

that exists, as a definite number. 

oyo 

Thus - lim J Clim^ * -- 

oxocy^i h L' 


For the existence of as a definite number, it bemii v-d t: 

cx^cy^ 

has a definite value, it is not necessarv that " >:iO’ 

^^0 ... ‘ 
have a definite value for =f= 0. . ^mav exist as 


.im' 
/ '-m 


• J. 


lun - (^0 ~ yo) _ 

A-O ( 


OVc 


Ci/o 


When the differential coefficient . ~- ~l— exists, it is ec ual to the repea 

ca-ocyo 

limit 

/K + h Vo 4- /^) -/ {xq -r- k, ya)- t\x,<.u^-h)- 

ft~0 i—O 


Conversely, if this repeated limit has a definite value, and if also 

fixo,yo-^^) -/(jgQ .yo) 

dy 


exists, then 


dxodyi 


Ar-O ^ 

exists, and is equal to the repeated limit. 
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It i«! however possible that the repeated limit may exist, and yet that 
' j>->pv 'lot exist if the comlition. that ^ exists be not satisfied. 

‘ ' °y<> 

For example* let / (.r, y) = Xi. (*) + Xz ^V) : where xi {^), Xz (y) are non- 
'IHerentiable fuiiotion<5 of a; and y r^pectively. In this case 

cfCvp + 7t,yo) df(x^ yo) 
cyo ’ 9yo 
c^f 

'V :iot exLst- an#'! thus ^ i does not exist, but 


Ii.u lira 

A - f . /,—0 


/y» T 2 /o + ^o ) 


exists, and is equal to zero. 

02^ y ) 

It would be possible to define S’ as the value of this last 


cXQoyQ 

repeated limit, when it exists, in which case - ' ' would not necessarily 

exist. It is however more convenient to restrict the definition, as has 

9/" (x y ^ 

been done above, to apply only to the case in which •' exists, as 

a definite number: accordingly tliis definition \^t11 be adopted. 

It will also be assumed that 2/o) 0xists, only when 


CXq^ 


ay 


dxQ 


exists. A similarly restricted definition of «— i ^ will be employed 


312. Denoting 

f[Xo -h,yo- i’) -/{a-o -*,yo) Vo + *) +/(*o.2/o) 

c-f d-f 

bv F (Ji. 7j), the condition that — i— = *—-- holds is identical with the 

cxQcyQ dyodxo 

condition that the two repeated limits of » for h 0, k 0, should 

both exist, and have the same finite, or infinite, value; it being assumed 
cf cf 

that g-, both exist at the point (^o. y^. The necessary and sufficient 

conditions for the equality of the two partial differential coefficients may 
be obtained by applying the conditions given in either of the theorems in 
§ 304, and § 306, to the function F {h, k)lhk. It is however convenient, for 
application in particular cases, to possess sufficient conditions, of a simple 
character, relating to the partial difi'erential coefficients in the neighbour¬ 
hood of the point {Xq^ y^)^ 

* See Hobson, Proc. Land. Math, Soc. (2), vol. v (1907), p. 233. 
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The following tiieoreni will be e'.ttiblhhecl: 

Ij (l)j exists, au'i is Jit He. at all irdi-fs in <? e'al‘to-> 

cycx 

hoo'l (e) of the point (a.^. except that ?;? ^cii-ence at r**-. poli-J .** , yj 

is not assumed, and if (2). 1'^' has a A, o," 

cycx ■- - ' 

point (Xq^Pq), lvMcIi is either fijiite, or a tixe^". -sV^. a/rl A 

/Q\ 2 /o) (^ 0 ' ^o) - JE -r r • .'Cl C"J \X ; . 

(3), - -^ , ^ both exist, GPn arfi fli, re. r-.e.^ - - ' ' . :: 

^Xq ^l/o * ^ 

6o/// exist, and hace the same value ^4. 


In partioukL't\ the conditions of the iheorew cue y'^uA.ed if exisis 
everywhere, without exception, in a neighbonrl ood e of 'r . y , an 1 Jo cc 
tinuous at (.r„, yf). and if e.r/s/9 at ix^. y^,. 

In the first place, we observe that, as a con^tcr.ienoe of I 


exists everywhere in the neighbourhood (e; of ix^, y^, its existence a: the 

7 r ' 

point (a^oj^/o) behig assumed, in accordance with 3 . iloreover 1 “^* 

c X 

must be continuous with respect to y, except possibly at :.:e point r-. 
itself. It also foUows that / (a;, y) is continuous with. it-^pL-:-t to .v, at every 
point of the neighbourhood of {x^^yf). incbiding the point t\, y - it-eh. 
on account of (3). 


Let us suppose that h, h are both positive; the other three ouadrant-s 
may then be considered separately, in the same manner. 


9/ (a^o -r K y) 


Since 

ax 


, where 0 < 7^ < €, is continuous Vv'lth le-pect to y. 


in the closed interval y h, w’here h < e, and since it possesses 

a differential coefficient with respect to y, at every* inteiior point of that 
interval of y, we have, by the mean value theorem {§ 262), 

9/ (3?o ~r h, g/o -r k) _ 9/(gp — h, yf ) ^ ^ (av h, y^ — 


dx 


cx 


eye:. 


where 9 is some number such that 0 < ^ < 1 . The expression on the right- 
hand side is, by ( 2 ), equal to h\A — a {7i. k)l, if -.4 be finite, where 
I a (/i, jfc) I < 6 i, an arbitrarily chosen positive number, provided h, h are 
each less than some fixed positive number '> 7 , dependent on In case 
A = CO, the corresponding result is that 

9/ ( 3^0 3/0 "T" ^/(^o ” 37o), ^ i,\r 

-5-sn-» 

cx cx 

for 0 < ft < - 17 , 0 < fc < 77 , where ^ is an arbitrary positive number, and 77 
depends on N, 
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Since the function / (a;, - /;) - / (x, y^) is a continuous function of x, 
in the closed interval (aroia^b - possesses a diSerential 

coefficient with respect to x, at all points x in that interval, we have, by- 
applying the mean value theorem, 

c/ {x^ -f 6%, 2/0 + to) 3/ (ajo + 6% y#)) 

where 6' is a number such that 0 < 9' < 1. 

From the two results obtained, we have F (k, lc)jh1e = A + a' {Ji, k), 
when -4 is finite, where [ a' (h, k) | < ei, provided Ji, Tc are both less than 17 . 

In case ^ = — 00 , j F (^, k)ihk | > X, if h, k are both less than 17 . 

The case A = — ao can be treated similarly. In either case F {h, k)jhk 

has the double limit A. Since i—, both exist at (xo,yo), as finite 

o«b <^yo 

22f 

numbers, it follows that — ir- both exist, and have the value A. 

CXQClJti CIJqCX^ 

The sufiScient conditions in the foregoing theorem are somewhat 
simpler than those stated by Schwarz*, w^ho assumed the additional con¬ 
dition that exists, and is jElnite. for all values of x in the neigli- 

bourhood of x = Xq , for the constant value , of y. 

A somewhat different set of sufficient conditions has been givenf by 
W. H. Young, in the following theorem: 


// ( 1 ), exists^ and is finite, at all points of the neighbourhood (e) of 
cycx 

the point {x^, y^, except those points for which x = x^or y = y^, its existe'nce 
on these straight lines not being assumed, and if ( 2 ), these values of 
have a unique double limit A {finite, or infinite with fixed sign), and if (3), 
^ exists on the two straight lines x = Xq, y ~ y^ in the neighbourhood (e) of 
(•^0 5 ^o)' including that point itself, and is continuous with respect to y, when 
y = yo, x=^Xq, and if (4), exists when y = y^, for all values of x in the 

neighbourhood (c) of x^, including x^ itself, then l)oik 

dx^dy^ dyodxo 

exist, and have the value A. 


* GeAammdU Abh. \-ol. n (1890), p. 27o, see also Feano, Maihesis, vol. x, p. 153, and also 
Stolz, Gruudzuge d. Dtff. JtccJi. vol. i, p. 147. Sufficient conditions were also investigated by 
Hobson, Proc. Lond. Math. Soc. (2), vol. v (1907), p. 225. See also Fubini, Gior. di Battaghni, 
voL xxxvrn (1900), p. 72, and I>ini, Lezioni di Analysi injinvtesimdLe, vol. i (1907), p. 164. 
t Proc. R.S.E. vol. xxis (190S-9); p. 136. 
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Only a slight rnodificatioji of the pioof or ti:e ja< r'leoien: i-* reoi;!:*--! 
in order to prove this theorem. 

From (1) it follows that exists, and i- a cnnrLn.'.oiv- r.inetioii ct *. 

cx 

when 2/=f Z^O' combined vith 3-. >Lev.'- r.hiit exls:> everv- 

' /■ » * 

where in the neighbourhood ie) of v a.id tluix r eTeiywneie ‘.-'.n- 
tinuous with respect to y. except po>-ibIy at the point x . y It tolIo''i'* 
tha.t f(x, y) is everywhere continranis witp. re-peet to The rn£ix 

proceeds as before. 


313. If hace fornl 

cx cy 

cxaoya ^ 

In accordance with the condition statecl, the tv.r* i- 



continuous with respect to (a;, y) at the point //, . r.i.': tht-}.'a-' c .r 
exist in a neighbourhood of (.<’(#. Hence / x.y, > co.ithv.-oa- bcrh 

with respect to x, and with respect to y. We have 

df{xo ~h, .y„ -f- i) _ j/p) ^ i 

C^' CcTj, CA“ " 

where | p |, j a | converge to zero as A. I: do *-0 m any intiinivi. 


We have 


J’ (/<, k) = {/(aro -f- ?/o i) -/f^o - - I, 

= ji y.'Lr 


•■t’. - .Vl- 


where 6 is such that 0 < ^ < 1. From this, ^ve see the 


F {Ji, k) = h ^eh -i- k- ei,p-- t-o 

' ' I CXa^ cyoCOTa 




where | p' |, j o-' j, j p" | converge to zero, as h 0, 1: 0. 

We now have 

F {h, k) d^f {^Xq, ' p n' r-' 9 o" • 

hence, if h and h converge to zero in any manner such that 1: Ti is greater 
than a fixed positive number €, F{h,k)ikk converges to • 


See W. H. Young, loc. cit. 
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rfimiiarly, it can be sheMU that F {h,l-)lhk converges to ^ b 

snd I' converge to zero so that 7i/& > e. 

By letting 7i and h converge to zero, so that both Tifk and &/A are > e. 

It has been shewn, in § 309, that the conditions of the above theorem 
ure satL^Sed if the four partial differential coefficients of the second order 

a:I exisr at the point (Xq, and if g-'.,, ^ exist in a neighbourhood of 

that point and are continuous wdth respect to {x, y), at the point {xq, y^. 
The folIoTving theorem has thus been proved: 

If the four partial differential coefficients of f (x, y) exist at the point 

^2f 02f 

i/o), and if ^ exist in a neighbourhood of {xa, yo), and are am- 
QX^ cy^ 

iinuoits relative to (a, i/), at the point {x^^yf), then ^^ ' 


314. The paitial differential coefficients of higher order of a function 

fix, y) are of the form i cx^ay^’ "• ^ ®'’^® 

integers, including zero, such that p q r -{- Z = w. Here,/ is first 
differentiated Z times ^^ith respect to y, then h times with respect to x, 
and so on. The total number of possible partial differential coefficients of 
order n is 2"; the number of those in which r differentiations with respect 

rb ^ 

to X, and ii —r with respect to y are involved is ^ j . 

Sufficient conditions for the existence of all the partial differential 
coefficients of order n may be obtained by extending the theorem of § 311, 
Vt'hich refers to the case n = 2. The following criteria*, which can be 
proved by induction, will be sufficient for the purpose: 


If the n - 1 differential coefficients 

definite finite values for all points in a two-dimensional neiglibourhood of the 


point (oTo, continuous at the point with respect to (a;, y), 

then all the other mixed partial differential coefficients of order n exist at the 
point {xqj Pq); and each one of them has the same value at the point as that 
one of those given above in which the same number of differentiations with 
respect to as, and with respect to y, occurs, as in the one considered. 


See Stolz, Grundzuge, voL i, p. lo3. 
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EXA.MPI.£ 

Let* the function /'r, y, be rlehaed by ■,;, -= * 

except when a,'=0, ^=0; for v.-hith j 'tj. At t. •* : t ‘J. t . tbc ' 

coefficients g^-i-■ 0y5{. exi«t. am hdVc dii:-rei‘t 1.:.;:^ »-= 

The function J (.t, y) is contmiiou's at the iroin' \ \ ‘ : f r.. -- 
the function becomes Ir- sin 4^; and this as nai.'.cric..r. e. trt-,-;-sr > . 


We fiad =,j y-^: . 


at anv ’■cmt .-x:--; 


• T /(-^s -/'A - V r 

J- IS lim - meh is = 0. 

dx jc^Q X 


The value of ‘P’ i> - u. and that of -—I - 

nv ' -- 


C* 


We then find ^ t " ~Ar 

cycL #/=•}' c c 

J 5-jfO, U; * cr c.O c* » 

and ' = lim - i- - ----.. 

0.1 cy J -0 ^ ^ 

The A^alue cf —, as ako that of is . ', 

oj oy cycx x--y- 

except (0, 0}. Thia value is cos 26 {I -r2 sui-2^;, vwuii.h is 

but has different values for dilierent values of 6; .-ad r:.us the p *rt 

are discontinuous at the point (0, 0) The condition- c: tit- int^ 

d“t 5"^' 

ditions for the equahtv of _ -i and ^ i are therefcre net stitisn 
oxoy ay ox 




315. Let 6 (h) be a function of h, sucii that o ' 0 ^ a:iJ >.:ch t;.-.: 
in an open neighbourhood of the point h = 0 . the thst — 1 clirrc'it-.d.cJ 
coefficients of ^ (Z?) all exist, and all have the vdue zero r.: -- > 

We have then, from the theorem of § 2t>3. 

^ (Zz) _ f (/zj _ 6'^{h.) _ 

n {n — 1) Jir~^ ?• i 

where 0 < | Zz„_i | < j A „_2 j < ... < | Zz^ j < h . 

'Now let <f> {h) = F (Zz, x, y ); and let ns assume that, for ah pcixt- .c. % 
in a given open plane domain D, and for ail \'a:nes of li in a given eprn 
neighbourhood of A = 0 , the first n — 1 partial diliereiitiai coefficients c.f 
F (Zzp, a;, y) with respect to Jl exist, and are all zero, when h — 0 : and al^o 
that F ( 0 , Xy y) = 0 . We have then 

F (A, X, y) ^ 1 g«-^ F c/tr-i, X , y' 

A”' chlZ\ 

where A„_i is such that 0 < | A„_i | < [ 7< [; the value of depeuding on 
the values of h, a?, and y. 


* Feano, Gale. Diff. p. 174- 
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If '' ii^ve partial differential coefficients with respect to 

.V, i/, that are continuous in the open domain for which (x, y) is in D, 
and A in the given open interval, then, employing the theorem of § 310, 
ac extended to the case of a function of the three variables 7i, x, y, we 
-ee that 

F (A„_i, a:, y) , [ I o” FJJi, x, y) > 1. 

■■ ■ '■-"LI 3A” 

where H converges to zero, as converges to zero, uniformly for all 
pomts lx, y) in a perfect domain contamed in D, and for all points 
/i, tiiat correspond to a point h in a closed neighbourhood of 7? = 0 , 
interior to the given open neighbourhood. 

Therefore, if h be sufficiently small, and | | ^ A, we have 

F{h,x,y)_ 1 F {li,x,y)\ 

' ~ ]}•• ■■■ n! . cA’* ift.o 

for all points {x. y) in Di. 

Xovr let 

F (h, X. y)=f{x^ li, y) -f (X, y) 

_ T y) _ y) _ _ d”-^f {x. y) 

CX 21 cx- (?2r— 1)1 ' 

this satisfies the conditions that F and its first n — 1 differential coeffi¬ 
cients Avith respect to h all vanish AA'hen h = 0: we have therefore, pro¬ 
vided / {.r. y) and its partial differential coefficients of the first n orders 
are continuous in D. 

where B' converges to zero, as h 0 , uniformly for all points {x, y) in the 
perfect domain D^, interior to i>. 

Similarly, we find that 


, {d’'f{x,y) _,■) 


f- 


where R" converges to zero, as 7: 0, uniformly in . 

In the first of these equations, we can write y k for y, where 1c is so 
small that {x, y IS) interior to D, for aU points (a?, y), oi Dj. We have 
then 

J\x^h,y- k) —f {x, y -r *) 

_ L g/(-g.y~^) _ ^ o'f(x,y-r k) , , M f9»/ (a:, y + k) , j,,,,) 

CX •” rl ca:’- ^ 

Avhere R"' converges to 0 , as h 0 , uniformly in and uniformly with 
respect to 1c, for all values which do not numerically exceed a fixed number. 
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Since all the partial difieix-ntia! L-oelrIeit-iit< u li..- rl:--. - 
continuous in D. we have, provided h . I ai-,- <-ii. i!; ti.c.r. 

!.v. y) is in i)i, the points (u; - y - 7.) aie ali h.terior to Jj. 

cx' ex' Cf/CX ',f - »• ' ’ 

where i?^ converges nniforinly to zeru. t.- i’ — tj. 

Substituting tiiis expression, for /■ ^ i. 2, b . 

/(.r — 7i. y — L') —f{x, y -r k). and adding the ex;.:---;.*:* it.. 

JU\ y - Z-) -/ ,i'. j : 


we obtain tlie forniuia 

f(x-rh,y- h) - f {X. y) = h 




J- I. 


cy 


I - 

/• V 


i 

„ 3 

. 


where R ^ ^k - ... — and i: ;. cr . ... " 

to zero, as //. k converge in any manner to zero. 

(x, y) of the perfect domain i),, inteiior to fJ. 




c e \' 
h ^ — k ^ ] f used to deiujte 
cx oyj 


t?; . ‘i. y , 

dx'^ oyex'-^ 2 ry-rx 


That 


oyex 
c"f __ c"J 


.. »*; 

:> h:.t- 


foliow> from the curidition of 


dx'cy^'~^ cy^'-'cx*' 

of the partial differential coefficients of the liivt n orders of ti.f 'I 
That this is the case is verified by the fact tnat the expa:i-:o:i 
above may also be found by exchanging the part^ which x jLiid 
the process by which the expression was obtained. 

It has thus been shewn that: 




'■'ina::: I) 


■oo 


...v 


Iff(x, y), and all its first n payiial differential coeficlenrs v:hh re^pecz to 
X and y are continuous in an open domain D, of {x\ yi. then for any pair of 
points {x -f- 7^, y -h k), {x, y), in D, 


/(»+;., y H- «■) -/(». ('' 5 - 


1 * c c _ 

... - -jL-=4-i f-R-. 

n 1 , . cx cy/ 


where R = + ... + and a,,- converge to 

zero, as h,k converge in any manner to zero, uniformly for all points (r, y) 
in a perfect domain interior to D. 
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This theorem is the generalization of that of § 310, which corresponds 
to the case n = 1. 

f d 3 ' 

The expression g- + A / (aJ, y) is called the rth differential of 

f{x,y), and may be denoted by 8W/(a:,«/); the theorem may then be 
written in the form 
f[x-h,y-Th)-f{x,y) 

= 3 y) + Y\ >7! 

If (a-, y) be a fixed point {x^, y^), and 

/ (^0 "T l/o “ (^0 3 ^o) 

= 8(«/(a:o,2/o) + -^S(^^f(Xo,yo) + ^2/o) ^ S}, 

where H has the form and properties given above, the function / (ar, i/) is 
said to possess an / 2 .th total diSerentiai at the point (ccq, i/o)* accordance 
with the above theorem this nth total differential certainly exists in case 
there exists a plane neighbourhood of (Xq, ^q) in which all the partial 
difierential coefficients of the first ?i orders exist, and are continuous. But, 
as has been shera in § 309, for the case }i == 1, less stringent conditions 
than these are sufficient to ensure the existence of the nth. total differential 
at the point (x^, i/q). It has been shewn* by W. H. Young that, if / (rr, y) 
have an (n — l)th total differential at (a;o, i/o)^ while the partial differential 
coefficients of order » — 1 all exist, and are independent of the order of 
differentiation, in a closed neighbourhood of the point {Xq, yg), and further, 
if they all have first differentials at that point, then the function has an 
nth total differential at {Xq, y^), so that the above expansion theorem holds 
for the number 7i. The subject has also been treatedj by Radeinacher. 

FUXCTIOXS DEFEXED IMPLICITLY 

316. A function y, of the variable is said to be defined implicitly 
when there is given a functional relation between the variables of the 
form J (a:, i^) = 0: provided that this relation suffices to determine 
uniquely, in some domain of x, the corresponding values of y. 

The first general theorem as to the existence of the function y = <l> {x), 
determined implicitly by a relation F (x, y) = 0, was given by Cauchy, 
for the case in which F (x, y) can, in a neighbourhood of a feed point 
(a, j8) at which F (a, )3) = 0, be represented by a convergent series pro¬ 
ceeding by powers oix — a.y — p. 

The theorem was freed by DiniJ from the restriction that F (a;, y) 
must be analytic, and his theorem may be stated as follows; 

* Proc. Lend. Math, Soc. (2), voL vn (1908), p. 171. 

t Math, Annalen, toL lxxix (1919;, p. 340. % 


Analyst infimtesimale, vol. i, p. 162. 
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tons Tji'jitU't} Jjitj/U*:n /*/ 


If F {x\ y) Is contiiiiio^is in a /iS oo ' o/ ' 

-^-- e?sists, and is continuous in iitis •. ' i" ' .V,- '. 

the jpoint (a, jS;; theh. cor^'e^^jOnn tan to a -if'.' *' 

another such mimber e can be so deier/nij'ei :hcr. :o la* 'he . 
interval (a — e, a -- e). Thete C 0 j'resjj 0 i<f‘:i i^io^ e .-e 'r 
interval — 6, B -- 6), so choL these corre^po i'"' j ' . • 

the cotidition F {x.y) ^ 0. The ja.tcllot. ^ -- -i .i- . 

■ ttnuo^LS in the open 'ihtefval xa — e. i; - e . t ^ 

is satisfied that e:cists, and is cojrlm'o'f '' ' • '■ 

ox 

the function <f> (x) has a cotiiinuoas fujte.t./h . /t ■ 

(a — a e). 

oF . .. . . . 

toinee 7^— is continuous in a i.evi.;jo'^i‘:.oO'- 
cy ^ 

vanish at that point, a positive liUiube: / -c .‘..i*. 


; i 


cF 


a — h < X < a — h, 3 - h ^ 


does not vanish at (a*, y), aua has the saii.t a- .. r . ....vt .: 

assumed that the sign is positive. Tlie number h bt.- 

the closed neighboui*hood (7i) of the point .c,. inre.i »r ..-I. 

PF 

bourhood m which F and *1- are continuuus 

^'U 

oF 

Since is positive for ^ — h < y < 3 — h. x -- i., }' . c..;-.. - 

when X = a. y F (a, y) must be negcitive to: 5 - 't _ ^ . .: 

positive for p < y ^ p — h. Since F {a, 3 — h} is negativ'... ’.-..-ir.vv 
number {< li) can be so determined that F \x. 3 — < « . :u; 

a ^ X i£ . 

Similarly, a positive number deTermined that 

F {x, p — h)> 0. 

for ce — A'g < a; < a — ^ 2 - smaller o: the iv. fj iiujiiLeis 

we see that, for a — k < x < a -r h, F {x, p — h, > ^ *, and F x. z — h < ■ ■. 

dF 

Since -a - > 0 , for a — k < x < a — h, there must bt one vame cf 

and only one such that \ y — p\< k, at which F y . vanishe-. for eacii 
value of X such that \x a\<h. Thus the function y 6 ,x} is detei- 
mined for \ x — a \ < k. When h and k have been determined, we may take 
8 ^ then a value of e, ^ h, can be determined, corresponding to 5. 

^F dF 

If -A—, -?r- are both continuous, when — a , ^ Id. . y — B 
dx oy 

where h' <.h^¥ c h, the difference AF of the values of the function F ut 
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ai.y two pobit- U - Aa-. y - ^y), (x, y) in that neighbourhood of (a, jS), 
I- given by /fj’ n dJF \ 

'.vhere p, o are eontiniious functions that converge to zero, as Ax, Ay do so, 
::nifoimly for aii the points (.v. y). 

When y = ® (.rh y -r Ay = <t> (x -|- Ax), we have A.F = 0: thus 




and the exprefisioii on the right-hand side converges uniformly to 

gF . cF 
cxj dy ■ 

Thus the differential coefficient (:i;) exists, and is continuous in the open 
interval a h < x < a -r 1^- 


In case the function F {x^ y) has the form / (y) — x, we have the case 
in v.’hich the function <j> {x) is determined as the inverse of the function 
,c = f (y). The theorem then takes the following form : 

Ijfiy) an<J its differential coefficient f{y) are continuous in a neighbour¬ 
hood of y = jS, and iff(y) does not vanish when y = 13, then, corresponding 
io a siifficienfly sniall positive number S, another such number e can be so 
determined that, io each value of x in the open interval (a — e, a f c), there 
corresponds a unique value of y in the open interval (j8 — 8, j8 -h 8), such that 
the corresponding values of x and y satisfy the relation x -^f {y). The function 
y = <p (.r), so determined, is continuous, and has a continuous differential 
coefficieid in the open interval {a — 6, a -I- e). 


316^. The following more general theorem was given* by W. H. Young: 

Let F (. 1 % y) be continuous in a neighbourhood of the point {a, b), at which 
F (a, b) = 0, both ivith respect to x and with respect to y, and let it be assumed 

that, in that neighbourhood, ^ exists and is everywhere finite, and that it 

does not vanish at the point (a, b); then (1), there exists a function y = <!> {x) 
such that b == <f> {a), and S'uch that, when this value of y is substituted in 
F (x, y), the condition F {x, y) = 0 is satisfied everywhere in a certain neigh¬ 
bourhood of (a, 6). Also (2), if it be the case that, for each fixed value of x, 
F (a*, y) is, in some dosed neighbourhood of {a, h), a monotone function of y 
which is not constant in any interval, then the function y = eji {x) is unique. 
Further (3), if F {x, y) he a continuous function of (x, y) in the closed neigh¬ 
bourhood of {a, b), then the unique function <f> (x) is a continuous function 

* Proc. Land. Math. See. (2), vol. vn (1909), p. 404. 
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FiinctiOiis IjiijjljcifJif 

of :c. Lastly (4). ij {x,y^ a^' lo. a .■*;/'?* '^' 

function 6 {x) has, at x = a. a 'lifUrknJlal : -i' n 

r.F {a. hi ,, IF c. b, 

- <& a I --- o. 


4‘>5 

'■ 




ra 


^F" fa i 

We may assume that i- 

Cv 




uo^iiiw. tr-e;. a ;iO-:t:vc 


can be so determined that F {a. y) h < v > - v. ^'.^1 

it is negative when b ~ 1: ' y < h. We :uay -r, tLa: ri.e 

points (a, h — Ic), (a. h -- /-j are both interior to t;i** lor-j’.', az:.. ,1 o: 

(,r, y) in which F {x, y) is conthjions with re-peet t ; ^ vt 

to w. and for which exists and is iinite. A ' f h 'z *-. 

are [a — It^b — /r), {a — //, b — /.■;. — .o, -v — A . ~ . h - 1 ::n.y then 

be constructed, so as to be interior to thi- ne.^hh j.aliood. a;_ i -e '> ieh 
that F (x. b — h) > 0, for a — h ' j a - A. and tivat F . A - •; < ' :-r 
a — 7t :x - a - h. since F{x,y) i-- continuous wi:!. -o-p t V .*.- 

rectangle so constructed is sacli that tne conairion- : : r - . 

For on each ordinate paialiel to the y-axi>. au'i 1 1:: tn- 

F (x, y) has both jjositive and negative vanie^, and iii.n. ' n:.:. ::y .c 
the function with respect to y. it follow^ that t:.e fun.v 
or more points which form a cIo«ed set TakiiiU o:i '-a^-h oIm::.. t * * .r . 
boundary of this closed set we obtain a fuiK-ritn. 6 x w..: e 

condition (1). 

In. condition (2), F (x. y) is monotone rhong eacn orainatt- i > : 

constant m any interval, the function accordingly Vcn.>ht-:? ;*n 
point on that ordinate, and the function 6 //*} > tiien unique. 


If further (3J, F (x, y) is continuous with :e-pect 


.e zvoi- 


angle, the plane set of its zeios is a closed set. Tt.kiiig .. 
of values of x, which converges to the value .r. the s--t of .t* . 

of F {x, y) converges to the zero V‘i’- y)- "'o that, for every "ueh % a:ue oi .;. 
<!> {x) is the limit of (f (a:^), and thus 6 (x) is a conrinuoU's functio.i. 

If lastly (4), F (a;, y) has a lirst dilferentiai at 'a, b]. there is a closed 
neighbourhood of the point such that 

F {x, y) = {x- a) -P^-{y-h) = 

where p and a converge to zero with x — a and y — b. Taking (a*, y) to 
be a zero of F, we have 

2Ll_^ = - 


X — a 


ca 
cF (a, 6) 
db 


- P 


T O’ 


:!S-s 
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As X approaches a in anjr manner, y being contmuons has the limit b, 
and thus p and a have the limits zero , we have then 
^F{a,b) . dF{a,b)_ 

■ ?«- 

In the theorem either of the following conditions may be substituted 
for ( 2 ); 

, 2 )', ij -f- exists t?iro 7 ighcyitt a dosed neighbourhood of (a, b), and has at 

no point therein the mine ze/ro^ th&n the function y = (f) (a;) is unique. 
oF 

( 2 )", if exists throughout a closed neighbourhood of (a, 6 ), arid is con- 

tinuous at the point [a, b) with respect to (x, y), then the function y = cf) (x) 
is unique. 

dF 

For, on an ordinate in the rectangle, must everywhere have the 

same sign, since, if it had both positive and negative values, it must take 
every value between its upper and lower boundaries (see § 278), and thus 
it must at least at one point have the value zero, which is not the case. 
It then follows that, for each value of x, F {x, y) is a monotone function 
of y, and thus the condition in ( 2 ) is satisfied. Therefore ( 2 )' may be 
substituted for ( 2 ). 

Again, if the condition in (2)" is satisfied, it follows that, in some 

dF 

closed neighboui’hood of (a, b), is everywhere different from zero; and 
thus the condition in ( 2 )' is satisfied. 


317. With a view to the extension of Dini’s theorem of § 316, the 
foUowing lemmas’^’ will be required: 

Iff{xi,sc 2 ,...Xj^) is CGutinuous in an open pdimensional set 0, and is 
either ( 1 ), positive, or ( 2 ), different from zero, at every point of a closed set 0 
contained in 0, then a neighboui'hood of O, open or closed, can be so deter¬ 
mined that the function has the same property (1), or (2), in this neighbourhood, 
as in O itself. 

Let jSl be a closed set that contains G, and is contained in 0 . Those 
points of K (if any) for which, in case ( 1 ), 0 , or in case ( 2 ), /= 0 , 

form a closed set k\ this follows from the continuity of /. The two closed 
sets O, K have no point in common, and therefore a neighbourhood of 0 
can be determined (see § 113) so as to contain no points of k; tiiiH neigh¬ 
bourhood can also be so determined as to be interior to K, and therefore 
to 0. In this neighbourhood the condition ( 1 ), or ( 2 ), is satisfied. 

* These lemmas were established by Bolza, see Vorlesungen. uber Variationsprinzip, pp. 155- 
159. The proofs in the test were given by Hobson, Proe. Land. Math. 8oc. (2), vol. xrv (1914), 
p. 151. 
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U f ^ 2 j •” ‘'^ 3 ) cotiti/uious ui an op^rt 0. atA ij ho^'e “z'l^e 
zero at all points of a closed set G, inierior to O, a nf^hjh'jO'ohoo ^ of G rai^ be 
determined, interior to 0, such that at ecertj poira of rhuf ie'\thbou hood 

IJ 1 j '“*2 ? * • • •*'*.* ■ 

is less than an assigned posihre munber €. 

Let a cloised neighbourlioocl H, of G. be rk-teriidned, thr.t i- i*u::t‘iir.ec’ 
in O. The points of H (if any) at which / e lor.u -ot L. v/LicL 

has no points in common with G. Determine a riC-igLboii:*hv>o:L 'd G t:u.t 
contains no points of L, and is interior to H. At every c jint A this neigh¬ 
bourhood the condition | / | < € is satkned. and it i- in*--rioi* to H. u:.d 
therefore to O. 


318. Let us now suppose that x, i:i F j,. denotes ... point 

(. 1 \ , a* 2 , ... -l’,.; 

of an m-diniensional set, and further that F ix, y\ i.ivolve' n'.i.*a;..e!:eL-= 
Cl, Cg, ... Cj,. We may then state the foUovring generalization ji ::-e 
theorem of § 316. 

Let Cl, C2, ... Cj, have the systems of vatue^b corre^bpondlnj 10 pouAi 1 a 
p-dimensional open domain Xp, and let the m — 1 latlabie^ ... jl . y 

have the systems of values repieseutlng the points in vn m - I -dimeitiloncA 
ope7i domain the p — m -r 1 variables haring accor Ht.ghj :he iystetns 

of values representing the points in an open domain Jj^ Lei 

F{xi, ... x,„, y: c^, c,, ... c^-l 

be defisied for all points in as to satisfy the foUotcing 

conditions: 

cF 

(1) . F is continuous, and exists, and is coniinuous. ui D- . 

\ / oy - 

(2) . At a fixed point ... jS) in . 1 , F has the value zero, and 

BF 

— 0, for all points (Cj, Cg, ... cf) in Xp, 

If S be an arbitrarily chosen positive number sufficiently small, another 
such number e can he determined, such that, to each value of y for which 
1 2 / — j8 ! < S, th&re corresponds one and only one set of values of 

for which \ x^ — \ < €,for r = 1, 2, 3,... m, and for each poiM of any given 

closed domain inlerioT to X^; and these values ofx^, x ^,... x^^, y are such 
that F (a^i, x^, ... x^,y, ... Cp) = 0. Thus a unique function 

y = 4> {xi, X 2 ,... Xmi Cl, C 2 ,... Cp) 


is determined. 
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cjf cjv T cF cF ^F jj . T 

Moreover, ^ ?;r. gr. — gr ““ 

ca,*! ca’a ca;^ cc^ oCg cc^ 

tinuous in !>;._«_i, the function <f> has continuous partial differential coeffi¬ 
cients with respect to the m -r p variables x^, x^, ... ® 2 j ••• 

The proof is similar to that in § 316, but it is necessaiy to employ the 
lemmas in § 317. 

The function F (x\,Xi, ... x„„y; Cj,, c^, ... cf) has the value zero, when 
X^^ = Oi, X 2 ^ 02 , ... ^fn — o„,, y “ 

3F 

whatever set of values Cj, Cg, ... may have in Since is, for the 

same sets of values, always different from zero, and is continuous in , 
it has ever\"where the same sign in X^; let it be assumed that that sign is 
positive. A neighbourhood (h) of the set of points 

(cCi, €£25 ^2 9 ••• ^ 5)3 

where , Cg, -.. cj, is in , a closed set interior to Xp , can be so determined 

dF 

that, for aU points in that neighbourhood, -g— is positive. Thus for 
aj.-k< xf < c(r — h = 1 ; ^3 3,... iS - < y < jS + ^, (ci, C 2 , ... Cp) 

__ gijr 

in Xp, is positive. If rri, tCg, ... have the values ... since 

cy 

cF 

— > 0 , as y is increased from j 8 — 7ito^-rh,Xis increased, and therefore, 
^' 1 / 

since it is zero when y = j3, it must be negative when p ^ Ji ^ y < ^, and 
it must be positive when ^ <y < jS -f 7i. Tliis holds for every point of Xp. 
A neighbourhood of the (wz -f- p)-dimensional set of points 

{OC^ 3 ^2 3 • • • I 3 ^2 a -. - Cp) 

at which, for y = ^ — h, F is negative, can be so determined that F is 
negative in that neighbourhood. Thus, for a properly chosen positive 
number (g h), 

F (ajj 3 X 2 J ... ^ 7z; Cl, C 2 a -.. Cp) <z 0 

for — A'l <Xr< ay. — (r = 1 , 2, 3, ... m). 

Similarly, a positive number can be so determined that 

F (aTja ar 2 , ... ^ ~r ki C 2 , ... Cp) >■ 0 

for ar - 1-2 < -r A ’23 = I 3 2, 3, ... m). 

If k be the smaller of the two numbers I'l, Ag, we see that, for 
ar — k<Xy.< a, -T- k, (r = 1, 2, 3, ... m), 

F is negative when y = — 7z, and positive w^hen y = /3 -h h; whatever 

— oF 

point (Ci, c,, ... Cp) may be of Xp. Since ^ > ^^3 for all points such that 
< Of 7:, (r = 1 , 2,... ?n). ^ — A<y<j84-A, (cj, Cg,... c^)inXp, 
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we see that, for each point of there is one poll it //, ar.fi oi::y one. -nc-ii 
that j y ^ I < 7/, at which F vanishes*, for each ‘-et ot u- :>i 


Xi , .lo s. ■. . 

Thub a function y (x\, x^, ... x,: c., c., . i> detL-rinin^^o. for 

• av — « : < Z*. {/• = 1. 2. ... /j4 , 

and (Cj, c,, ... c^; in A\,, 

such that jP vanishes when y has the value of 6. 


The difference of the values of F at two points 


(a;-, .I’o, ... Xj, ^ yi ... c^]. 

{x^ -f Aa;,, a*2 -f- Aa;^, ... a',. ~ Ao;,,,, ij -- Ay: r, - Ac,, r., ~ A^:,. 
is given by 



where all the m -r p --- 1 letters Oy, p. denote coiit!!i.i..L:< ::: 
converge to zero, uniformly for all values of tfic var:a'ih:« i 
set interior to 


A^- : 

.encn-^ 
the ^k^e i 


When 2/ = ^ x,, ... x„ . , c>. ... 

and y -T- ^y = ^ {Xi -f- Ao:,, Xy --- Ar^, ... ■ r, — Ac,, - - Ac,. 

we have AF = 0. Thus if Ac,. Ac,, ... Ac^ ail vanish, and 
Aic,. Ax2 , ... A-i*,_i, Aav.i, ... A.< 


also vanish, we have 


Ay fcF ' . cF ^ 

^ — i -- - — P : 

AXy \cXy I cy 

and since o-^, p converge uniformly to zero, we have 


Cif) _ cF ^ cF 
dXy cXy ’ cy' 


In a similar manner, we see that 

c<f> __ cF jcF 
cCy cCy/ cy' 

Thus the second part of the theorem has been established. 


319. The theorem of § 318 may be extended to the case in which y 
replaced by n variables there are now a functions 

JPi, J’gj which involve the m -i- ?i — p variables. The theorem then 

takes the following form; 

Let Cl, C 2 , ... Cp have the system of values corresponding to points in a 
p-dimensiomil open domain X,, and let {.r,, x^, ... x^, y^, y^, ... y.^) have 
the system of values corresponding to the points in an (m nydimensional 
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floithani — n -r variables having accordingly the values 

t presented by points in aii open dotnaiyi Let n functions 

F- (i*!, :c\, ... a:,B3 l/i, y^i Vh} ••• ^2 >)j ••• '^) 

defyied for cill voints in and be sv^h as to satisfy the following 

f'O ^t^itions: 


1 1). The finictIons Fr are continuous, and all the functions 


dF, 


oy. 

and are cordiniLous, in 


f:, (s = 1, 2 , ... n), 


(2). At a fixed point (cci, cca, jS^, jSg, ... in L^+n, tdie r 

fznictions vanish, and the Jacobian 

9 [FF^, ... Fn) 

^‘{Vi.yi. ‘•■yn) 

bas a value which is not zero, for all points {c^, ... c^,) in X^, 


If h be an arbitrarily chosen positive number, sufficiently small, another 
sack number e can he so deXermined that, to each set of values of yi, y^, ... y^ 
for tvhich | I < 8, (/• = Ij 2, 3,... n), there corresponds one, and only 

one, set of values of Xi, x^, ... for which \ x^ — \ < e, (r = 1, 2, ... m), 

for each set of values of {c^,Ci, ... Cp) in a closed domain Xp, interior to X^; 
and these values of x and y are such that the n functions F^ are all zero. Thus 
unique functions y^ = 6 r (x^, Xs, ... x^; c^, Co, ... Cp), (r = 1, 2, 3, ... n) are 
determined. 

2 Ioreover, if^^, exist, for 

CXg oc^ 


r = 1, 2, ... n; s = 1, 2, 3, ... m; t = I, 2, 3, ... p, 

and are'continuous in -Dm-rw+jfs the functions cf>r are all continuous and have 
continuous partial differential coefficients with respect to the m p variables. 

The theorem of § 318 is the particular case of this theorem which arises 
when n = 1. Assume that the theorem holds when n = v — 1; it will then 
be shewn to hold when n — v, and thus it "will hold generally. 


As before, if 


c {Fi, F^. ... F^) ^ ^ 
o(yi,yi, — y.) 


where (r = 1, 2,... m), = j8„ (/• = 1, 2, 3,... v), 

for all points {ai,a^, ... a^) in X,, there exists a positive number h, such 
that the same i^quality holds, provided [ a;, — a, | < A, | y, — /3, | < A, 
for all points of Xp a closed domain contained in. X,. 

At a point at which the Jacobian is not zero it is impossible that all 



441 




Functions Defined Imjjticithj 


** JJ’' ■“ /» •* ini 

the partial diiterential coeSicifcnts ^ ^ ^ Oioosiiiir 

a nuijiber li (< /i), at each ijoiiir of the- closed doiricdu E give:i oy 
! ..h\ ./ - i, 3, 

\ Xj. — ar \ -c it, [r = i, 2. ... Hi,, and c,. c^. ... Cy 

in A'a,, one at least of the above partial cliffeiontiai Ooeiiicient's is dluereiit 
from zero. For any point of the closed set a clo^e-i neighbourhood or 
the point can be deterroined, in the whole of vvhi'ju one and the same 
diferential coefficient is different from zero. By employing the Heine- 
Borei theorem, we see that a finite nninbei oi the :ehs thr*t eonstitute 
these neighbourhoods exists, such that each point of E is interior to one 
at least of the cells of this finite set. We obtain in tins rnamier li division 
of the set E into a finite number of parts, such that, in ea:*h cne of 

cF cF 

the differential coefficients ^ ^ 

<^yi cj/i 


^ Ft 

I ~ is dinerent iroin zero iii tiie 


whole of that part. Let us assume that, in one of these parrs. V * > *.K 

' ^u\ 

and that this part contains the points 


(CCi, <22 > ••• s Pi” ^2,3 ••• Pv- ^-*1 • ^2' ' 

ill its interior, provided that (Ci. c^. ... belongs to a ceitain rioted pc-mr 
of .Vj, which we may denote by XJ*. 

We now consider F^ (Xi, ... Z/u ^ 2 * i/. • <^23 zljlc- 

tion of x^, X 2 , ... and of the parameteiv y>. i/j. ... y... Cx, U- ... 

Applying now the theorem of § 317, we see that j^ositive numbers 
A., Afi (£ h') can be so determined that one and only one value of exists, 
such that \ yi — Pi\ < hi corresponding to each set of values of 


j *^2 s * ■ • 

such that I a;,. — a,, j < Jc^, {r = 1, 2, 3,... 7w), and provided 

(2/2? z/sj ••• yv 3 ^2 3 

is in a certain closed domain of v — p — 1 dimensions. This value of y^ 
may be denoted by 

J/l ~ fl {p^l3 ^2 3 y23 l/z3 ••• y^s ^Is ^2 3 ^ij)- 

On substitution of this value of y^ in the equations 

Fj = 0, F3 = 0, ... F, - 0, 

we obtain a set of v — 1 equations which may be denoted by 

<l>r (p^l3 ^2 3 ••• ^m3 y23 2^3 > I/*'3 ^3 

where r = 2, 3, ... v. These hold when j — Cj. ^ < l\, and provided 

( 1^23 2 / 3 ? y^3 ^3 ^2s ••• 
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1 . 


is in the specified domain. Assuming the theorem to hold for n = v 
we see that there exist values of 1 / 2 , yg,... j/.,, given by equations 

' ^19 ^9 ■'* ^3>) “ ^9 ^9 ^)> 

and that these values are unique for every set of values of 

r,, X 2 , ... x„,. Cl, Co.... c,, such that | a:, - | < ^2 (»• = I 9 2 , ... m), 

and such that (Cj, Cj, ... c^) is in X,®; where is some positive number. 
The values oi y^, ' 1 / 3 ,... y, are such that | y, — | < Ag, some fixed positive 

number: this must be so small that the points (yg, yg, ... y,, Cj, Cg, ... c,) 
are all in the specified closed domain. This holds, subject to the condition 

^«at 3 {4>„ ... 

O ( 2 / 2 , 2/3. "‘Vu) 
clt tjl 0 points ^25 “** 5 ^ 2 . ^ 3 . **• j 

where (^ 1 ,^ 2 , ... c^,) is in 

The function /, has continuous partial differential coefficients with 
respect to aU the variables contained in it. Thus 

= - ^V '(r = 2, 3, ... v) 
cxj,. 3y,/ oyi ' 


■ + 0 


^/i 5 JPx , dF-i / , ^ V 


Now 


cx, dxj cyi 

{q = 1, 2, ... j)). 

CC, CC^/ Cl/i ’ ^ 

cy, ~ 9y, ~ ^ \ 5^/ 

On substituting the values of the partial differential coefficients in the 
Jacobian, we obtain,, after a slight transformation, 

c Fo, , ... F „) dFj^ _ 

? ( 2 / 1 . 2 / 2 . — 2 /j/ 3^1 ’ 

and thus the condition is that 

c (Fj, F^, ...Ft) ^ Q 

? (2/1.2/2. !/.) 

at the points Oo. ... ^2. S,; c^, Co, ... c^,), where (Ci, Cg, ... c,) 

is in Xjj®. 

It has now been shetni that there is a unique value of such that 
1 2/1 ~ A I < ^ 1 , for each set of values of 

1/2 s 1/3 • • ■ • i/s ? ? ^'2 j - • • , Cj, Cg. ... Cp, 

such that (i/g. ^3, ... Cj. C2, ... is in a certain closed domain which 
includes a set of points for which 

i/2 = ft. i/3 = fts Vv = ft; and that | — a,. | < Aii. 

It has also been shewn that a unique set of values of ... 

such that ' i/r — ft i < ^ 2 * (^ = 2, 3, ... v) can then be determined for each 
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set of values of (Xj, x.,, ... , c-. c,. ... cj .Mich that - a- 1\ 'drA 

that (Cj.Co, ... Cj,) is in XJ^. We can choo&e any value oi A,, oi' oi 
smaller than the value fixed: then L and L, will in go.ner.il -lavv to rjt- 
diminished. By altering the value of one of tne nusn'ot-i*-^ A.. A, we may 
make Them have equal values, .say A; and for i: we then take the Mnalier 
of the corresponding values As, 1. It ap^jears that there exist- a 
unique set of values of ^ 2 , ... .such that v. — 3, ' < '* = 1, 2, ... i'. 

corresponding to each point 

{. 1 2 ; 2 * * “ * ' • • • ^ 

such that I .Ts — «^ | < //. (r I. 2, ... n*;. and that c-. c_. ... i> in 

As everj’ point of is in one or more of a finite nurnher of -nth -et¬ 
as A/, con’esponding to each of \vhieh one of the partia" differential 

coefficients is different from zero lor the whole of t..at set. the aocv‘* 

C«/r 

reasoning may be applied to each such set XJ\ 

We liave. in each case, a pair of positive number- A. doteriitii-CM a- 
above: moreover we may take, instead of h any nmn'oer k— th<ir. ^ : 
A being correspondingly diminished. If we take for 8 the .-nirdle-t t.he 
numbers h, it is clear that a corresponding number e may be detetir.ined 
so that 8 and € can be used, in.^tead of A. for all the part* A\. It 
has thus been shewn that the theorem hold.- in the ca-e /' = ;, it it 
assumed to hold in the case >t ^ 1 / — 1. Tiie theorem wa- provt**! in si 3i>. 
for the case = 1: and therefore it hokis generally. 

It is easy to see that the above general theorem may be modirie.l -o 
as to apply to the establishment of unique value- oi ^ 'vhich 

satisfy the n equations 

{^1, ^2, ••• Ui, c.. ... C/) --- tr ... 

w^here the functions (Ci, ... Cp) satisfy the conditions that they have 
continuous partial differential coefficients in the domain A,: the function- 
Fr are to satisfy the same conditions as before. 

We have, in fact, only to consider the functions F. — h, instead of 
the functions F^. It is then assumed, as before, that F, — j\ = 0. when 
Xr = ar, yr = jS,., for aU values of (q, C 2 , ... c~) in X^. 

An important case of the general theorem is that in 'whicn n = m. 
and in wrhich Fj. is of the form (^ 1 , y^, 2/rb ^ 1 - <^ 2 - O 
have then an extension of the theorem of inversion. 

The case of the general theorem which arises when Ci, Cn, ... are 
absent is the well-known theorem of Dim relating to implicit functions*. 

* See Jordan’s Cours d^Ancdyae, vol. i, §§ 91, 92; also Osgood's Lehrliich der Fdnl:tionaJht.o^.z, 
vol I, pp. 47-57. On the general theory of functions defined implicitly, see W. H. Young, Prot. 
Lond. Math. Soc. (2), vol. vn (1909), p. 397; Hobson, Proc. Lotid. Math. Soc. (2), vol. aciv (1914}, 
p, 147, and Hedrick and Westfall, Bull de la soe. math, dt Fran*"*!, vol. xi-Vi (1916), p. 1. 
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MAXIMA AXD 3II2sIMA OF A FtJXCTION OF TWO VABJABLES 

320. Let ns suppose that a function / {x, y) is defined at all points in 
a two-dimensional neighbourhood of the point y^). 

If the function be such that / (^o -r 2/o + *) — / (^o» 2/o) < 0, for all 
values of Ik h which are not both zero, and are such that \h\, \h\ are 
both less than some fixed positive number S, then the function / {x, y) is 
said to have a proper maximum at the point {x^, y^). 

In case the fixed number S can only be so determined that the con¬ 
dition / {x^, ~ Ik y^-rh) — f {Xq, yo) ^ 0 is satisfied, the function is said to 
have aiii improper maximum at the point (rco, y^). 

If the conditions contained in these definitions be replaced by 
/(a:o - h, yo -f *) -/K,* i/o) > ^riifix^ + -f- h) -/(x’o, y^) ^ 0 

respectively, the function / {x, y) is said to have, in the first case, a pnoper 
minimum, and in the second case, an improper minimum^ at the point 
(^ 0 ^ ya)- 

A proper or improper maximum or minimum may be spoken of as an 
extreme of the function. 


At an extreme (a;o, 

f{xo h, yo) -f(xo, yo), f(x^- Ky^) y^) 

both have the same sign, or are zero, for all sufiBLciently small values of lh\ 

it follows that, if exist, it must be zero. A similar remark applies 


to yo) 


CXa 


These conditions are necessary, under the hypothesis of the existence 
of the two partial differential coefficients, but not sufficient, for the 
existence of an extreme at the point {xq, y^). 


If we write x ^Xq — r cos 6, y = i/b -f r sin 0, f (x, y) = (f> (r, 0), it is 
clearly necessary for the existence of an extreme of f{x^y) at (a?oj3/o)> 
that <i (r, 6), for each constant value of 9, should have an extreme at 
y = 0. Thus, for an assigned value of 0, a positive number ae can be 
determined, such that one of the four conditions 


4 (»•> yo) < 0, ^ (r, 6) -f{Xo, yo) s 0, 

4> (»■. -/(*b,- yb) > 0, ^ {r, S) —f{Xo, yo) ^ 0, 

according as the point is a proper mazimiiin, aoi improper maTrirmiTTi j a 
proper minim um, or an improper minimum, shall be satisfied for all values 
of y, different from zero, and such that j r | < ag. Thus an extreme of a 
function, is necessarily an extreme for values of the function on each 
straight line drawn through the point. 
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This condition, though necessary, is however not --ui'ie: - .t: f tr a - :..uy 
have a definite value tor each vame oi aucl yet tlie lov/er hu'Midc I'v i.z.. . 
for all values of 8, may be zero. In tl.is case, no value of 6 c? - ie f’.etci - 
mined, as reauired in the definition of theextiecce in t:ie t\,-o-dh::e_iclonal 
domain. It has thus been fthewn that, ist •.mer Oaf , '> f.n 

extreme 2 ^ouit for the function f [?:. y\, ? ;.s netti^^arii an ' 1 . \>rr 

r = 0 sliovhJ be an extreme jjGint oj 4> 6) for each of asi'J :2.0 a ' 

the number «y icJiich is -so determined for each va^>fe or r flat, "or r < 

the condition as to <56 (r, B) —f{x^, y^) may be satAfie'f, <Joiild a di \ 
lower bounAary^ when all value'^ of b. (i) .. B c t con^.l lered. If ir e r -i’ 
boundary of a, be zero, the point is not an extceu^*' of fi '<:\'o . 

When the lower boundary of is d (> Oj. ti.e n.'igl:rjo’'rLoo 1 of ■ . 

which must exist in accordance \\ith the iL^iinition. the cf which 

the corners are the four points (xq - y, -- - . 


EXAMPLE 

As an example of <i fanctiou \\mch poaaesses no rninin-jm at c. yO.:.:, w-.t. t-i-*- t- 

ib a mininiujn for each straight li.'ie tlirough the poi 
(y - a.v-) {y - bx-) = if-y (ax- + bx^) - alx^, 

•where a and b have positive values. 

The function is positive outside the two para¬ 
bolas ^ _ ax- -= 0 , y- bx- =0, 

and in the space interior to the inner parabola; m 
the space betw'een the parabolas, the function is 
negative. Along any straight line QAJt through 
A (0, 0), the function exceeds / ^0, 0) at ail point.' 
interior to AP, and everywhere in PA produced; 
thus for the line QAR the function has a minimum 
at A. The point (0, 0) is not a minimum of the 
function, since the lower limit of AP for all posi¬ 
tions of QAR is zero; and thus there exists no two- 
dimensional neighbourhood oi A, in winch the function it never lets than ai A. 

321. We may, without loss of generality, take the point at which the 
conditions for the existence of an extreme of the function / .x, y) are to 
be investigated to be the point ( 0 , 0 ). It will be assumed that, at all 
points in the neighbourhood of ( 0 , 0 ), / {x, y) is continuous with respect 
to and also with respect to y. The following theorem contains a critenon 
for the existence of a proper maximum (minimum) at the point (0, 0;. 

* The necessity for t.liin condition has been disregarded in many text-hooks. The insu^hcienc j 
of (1) was first pomted out by Peano, Calcoio dijf., Turin, 1S84, p. 29, in conneirtion witL the 
example given in the text. See also Dantscher, jyTafii. A/ihaleu, vol. x 1.11 (^lb93), p. Sy, and 
Scheeffer, Math, AnnaleHf vol. xxxv (1890), p. 541. 
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The necessary and sufficient conditions that the point (0, 0) may be 
a point at which / [x, y) has a proper maximum (minimum) are the 
following*:—( 1 ). A'positive 'number 8 miist exist which is such that, if x be 
any number cliff event from zero, and numerically less than 8, the upper {lower) 
Vitnif off [x. y), for such constant value of x, and for all values of y for which 
— X _■ y . X. being f {x, <f) {x)), this upper {lowey^) limit is, for every value of 
.r (- 8 < .r 4= 0 < 8), less {greater) thanf {0, 0). 

f2). A positive number 8' must exist which is such that, if y be any number 
iUfferenJ from zero, and numerically less than 8 ', the upper {lower) limit of 
f {X, y). for such constant value of y, and for all values of x for which 

- y^.x^y, 

being j {ifs {y). y), this upper (lower) limit is, for every value of 

y{- S'<y+0<8'), 

[greater) thanf{0, 0). 

It v-ill be observed that, smce/ {x, y) is assumed to be continuous with 
respect to x, and also v^ith respect to y. the limit / (a;, 0 (a;)) is actually 
attained for some value <f> {x), of y, in the interval (— x, x), and the limit 
/ (0 {y), y) is actually attained for some value ^ {y), of x, in the interval 
(- y, y). It is clear that, unless both the conditions stated in the theorem 
be satisfied, f ( 0 , 0 ) cannot be a proper maximum (minimum) of the 
function. If, for example, no such number as 8 in ( 1 ) can be determined, 
there are points in every neighbourhood of ( 0 , 0 ) at which / {x, y) is 
:.(-.)/(0,0). 

The conditions are sufficient. For, if 8 , 8 ' exist, the value of / {x, y) at 
every point, except ( 0 , 0 ), within the neighbourhood, the corners of which 
are the four points {- 8 ", = 8 "), is less (greater) than / ( 0 , 0 ), where 8 " 
the lesser of the two numbers 8 , 8 '. 

The necessary and sufficient conditions that the function / {x, y) may 
have an improper maximum (minimum) at ( 0 , 0 ) are similar to the above. 
In this case / {x, ^ (.r)) must be less than, or equal to (greater than, or 
equal to) / ( 0 , 0 ), for all the values of a; in the interval, and / {if/ {y), y) 
must be less than, or equal to (greater than, or equal to) f ( 0 , 0 ), for all 
values of ^ in the interval. Further, corresponding to every positive 
number o < 8 , there must be a value of x {< 8 ), for which 

f{x,6{x))=f{Q, 0); 

or else a similar condition must hold for f {ip {y), y)\ or in both cases, the 
condition may be satisfied. 

Other methods of determining whether ( 0 , 0) be a point at which there 
ii 5 a maximum or minimum of f {x^ y) wiR be d^t with in Vol. II. 

* Ssfce Stoiz, Wither Sitzuiig^tr., vol. cua ilS91i, p. 1167; also GtrundzOge, vol. i (1893), p. 213. 
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PROPERTIES OF A FrXf TJON t OXTIXTOT’^ W;" :-: rX :■ 

EACH V ARIABLE 


322. Let a function f {.i\ y). defined fm *,;! - ’T * v n. \ 

tiniious domain, be eveiyv.htre cu:itn:,:o'> with : j y. :’:v' :,e A'.- f 

continuous with respect to a* tor every '-traii.Lt line paitdlel t j the ^ 
belonging to a set cutting the ;/-axi< ui ai. eveiy'v/iiere dei.-e -et i if point'' 

Let A be the point {x\ y). and let be diio^iL vit): A a^ iniddb- 
point, parallel to the ^-axis, and of lengi:* 'Iz. Iz d 'je the nuctuatks. 
oi f (X, y) in the inteiwal BC\ then oj (p) i- a ccjr.tini.ot:' rix -ti' n of i; an I 
limoj(p} = 0, since / (A*. k evei-vwheiv re-nect to y. 

Let (7 be a fixed positive number, and let 3- ^ - the tppt-r llr:::t 

of those values of p for which oj{p) cr: th:.^ .> Iz ^ 3-' i*. y : 

and OJ (o) > 0 -, if p > jS„ (a. y) 

The function (ic, y). thus defined for every prcnt . y’ i* -vfe 
positive; and it will be shewn t(^ be an upper *-e-ni-’-r.niC'tifi;: 
with respect to the two-dimensional domai!'. j . i:i vh.. 

the definition in § 230 and § 234. 

Take BqAq -= -4oCo = (.i-,,. yj, and a>o ^ j ^ « > 

a fixed positive number. Tiie fluctuation of / ■ .<•. y c 

in is greater than o-: let it be a - 1: If A*, hr.- 
a fixed positive number < l\ two pomt^s Ji. X 

be found in such that — -E-^ 


Moreover, these points il/, IV can be so chose:: a> 

to lie on two straight lines parallel to the .r-axi>. - 

which belong to the set along each of which/ y) • 

IS continuous with respect to .r, this follows ticni ^ _ 

the fact that this set of straight lines cut.^ in 

an ever^^where dense set of points. Since / [x. y ) L _ 

continuous with respect to x, at each of the points 
M, X, two segments J/'J/", X'X", with JI and f\’ 
as theii* middle points, can be determined, so as to 3 - 

have equal lengths 28, and to be such that 

|/(0)-/(A^)i<Pi. 

. provided P be any point in M'M'\ and Q be any Bj 

point in N'N". Fig. 5 

From these inequalities and the former one, we deduce that 
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Take the square of which is the centre, and of which the sides are 
parallel to the axes, and are at a distance from less than the smaller 
of the two numbers J-e and S. If A be any point in this square, the distance 
of A from each of the straight lines 21'21", X'N" is less than {xq, - e. 

Through A let a straight line be drawn parallel to the 2 /-axis, and mark otf 
on it the segment of w^hich A is the centre, and of which the haK-length 
(.To, i/ii) — this segment vnR cut 21 'M" and X'X", and therefore 
contains t\\'o points P, Q which are such that 

\f{P)-f{Q)\>cr. 

Therefore the fluctuation of / (x, y) in this segment is > a, and hence, at 
the point A {x, y), we have 3a {pc, y) < 3^ [x^, y^) -h €. A square having 
been determined with its centre at A^, such that for every point in this 
square jS, (t, y) < {x^, y^) -f- c, 

it follows that pa y) is an upper semi-continuous function at Aq, with 
respect to the two-dimensional domain {x, y). 

323. Let us now consider the linear set C, of points (t, y) defined by 
y = i {x), w’here i (a;) is a continuous function of x. At each point of C, 
the function {pc, y) is defined, and it has at every point a minimum 
relatively to the set G, the term being used in accordance with the defini¬ 
tion given in § 224. 

K, at a point A^ {Xq, y^), of G, the function Pa {^, y) have its minmium 
with respect to G positive, then we shall prove that the saltus of / {x, y) 
at Aq, with respect to the two-dimensional domain {x, y), is ^ 2cr. Let y 
denote this minmium, and let be a positive number < y. 

Let an interval (Tq — 8 , Tq — 5) on the line ^ = 2/0 be so determined 

that in this interval 

I ^ (t) - (To) 1 < i-yi. 

This interval may, if necessary, be so 
reduced, that for all values of t in it, 
Pa{x, <f> (t)} > 7 i. 

Describe the rectangle R, with A^ as 
centre, the sides parallel to the axes 
of X and y being 28 and 71 respectively. 
On every segment PQ, of R, parallel 
to Oy, the fluctuation of the function 
is ^ ct; for there is on PQ a point A 
of the set G, and the segment with 
centre A, and length 2j3a (A) > 2 yi, 
contains the whole segment PQ. 

Taking a fixed positive number e, an area surrounding Aq can be 
determined, in which the fluctuation otf {x, y) is ^ 2(7 + e. To effect this. 
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take a point ^4^ on the ordinate througn .4,,, .iii'l i^. 

that Ai is a point of continuity of / (j .\;/ v/it*: ie-p<rct i. -'•■ zImi *.r. ti v 
straight line y --■= 2 / 1 , take a r-egnient /i-//,. \;i‘L "c-ntie -1- . . 1 :.c '.er.Ltl. 
28' - 28, such that the fluctuation of / hi i,/': > e. ‘ • i. 

angle i?' contained in 2?, such that the ^ine^* t/t H' -t:e c: 2i‘ an/. ; 

parallel to the axes, its centre being at A.,. ’I ..e / JCtMiie..: 
this rectangle is < 2o- - c. Toi it J/. // ?><* a.i% , n nnt- /i h. let //-. 
be their projections on then 

i/(J/)-/(J/,);ra, ,/(T)-/lAY a. /'//. <e: 

from these inequalitieh we deduce that 

j/p/)-/(T; <LV .. 

vSince this holds for every e, the >altuf- of.»" ,./* y . ut ./.I- Her. I:. u‘ ft 
point Aq, the saltius oi f {x. y) be > Her. tu'-n. at .1 . t.ie ...ini.i. or i,_. 
A\ith respect to 0 must be zero. 

Since positive at every point of C. and an -enii-c-on:;.,*; 

function of (x, y), it folIou.s from the theorem of 232, th*.:. in ^-Vviy a: - - 
of the cm*ve C, there exists an are Dj in wnicii the z.'.LiA.'ii i r. 01 -- 

positive. Let 11 s take a sequence cti, a,. ... c7..... of ps-itive 
numbers, of which the iiinit is zero. It i> then clear that, i:: f-v^ iy s'..*:- 
there exists a point where has it "=4 minimum, witir iv-po t tu L . p j-itiv*-. 
for every cr„. At this point the Fluctuation oi j .c, //; viti. re-p..- t t 
two-dimensional domain (.c, y) is 2<t, . for ai: vahie- 01 -i. c nJ is ti.e:ef< 
zero. This point must be a point ot continuity or ■ .r. y \i:h i*e-p • -t ‘ 

(*. y)- 

The following general theoremlias thus bee!: e>tab:>nt*/: 

If f{x,y) he a function of the iico variable-^ .r. y. icntcn i-? tre» 
continuous with respect to y, anfl /s? conii/f uous trith re-'^p^ct 10 .t aloiiQ ^'-traegh: 
lines parallel to the x-axis, which cut the y-axh In an e^ e^ ijirhe'e 
of points, then in every portion of a cur re y -- o .ty, where 6 i' a cct - 
tinuous function, there exist points at which f {x. y \ 2 ^ t^ontih 'Ou- wwL respe^'- 
to the two-dimensional domain (x, y). 

It follows from this theorem that points of continuity exist in evriy 
area, that is / (x, y) is at most a point-wise discordinaous junction. 

The whole of the reasoning above is appUeable, if only those points 
of {x, y) are taken into account which belong to a perfect set G. It thu.- 
appears that, under the conditions stated in the above theorem, f (x. 
a point-wise discontinuous function relatively to every perfect set G, oi 
points in {x, y). The points of continuity of / {x, y), on the curve y = 6 {xt. 
are everywhere dense wdth respect to every perfect set of points on the 
curve. 


H 1 


* Baire, AniMdi di Mat. Ser. rEP^, vol. m (1S99:, p. 27. 
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EXAMPLES 

1. If* J{x, ?/j be a function which is everywhere continuous with respect to each of the 
\,*riables x, y, ti-en the points at which the saltus of f{x,y), with respect to the two- 
nimensional continuum (r, y), is ^ a, form a set of points such that the projection of the 
itt on either axib, bv lines parallel to the other axis, is a non-dense set. 

2. a function / (.r, y, s) of three variables x, y, z be everywhere continuous with 
respect to each \ ariable, then / (a;, y, z) is at most a point-WTse discontinuous function rela¬ 
tively to the tiiree-dimensional continuum (x, y, z). Further, on every surface = ^ (y,z), 
u here <*> is continuous with respect to (y ,the function / (a;, y, z) is at most a point-wise 
discontinuous function with respect to (y, z). The set of pomts at which the saltus of 

X, ij, z) s a may contain all the points of a contmuous curve 

3. Iiett 6 {x. y) be a function which is continuous with respect to each of the variables 
and y, and let (0,0) be a point of discontinuity of ^ (a;, y) with respect to (x, y). Define 

/ (a-, y, cj by the condition / (a;, y,z) = 4 > {^9 y)l then the function / {x, y, z) is continuous 
with respect to each of the three variables, but every point on the c-axis is a point of dis¬ 
continuity with respect to {x, y, 2 ). 

4. Letf / (a;, y, z) he a function which is constant along any straight line parallel to the 
atraifiht line a’=y= 2 , and is such that / (a:, y, 0)/ (0, 0, 0) = 0. This function 

(a;--fy2)4 

is discontinuous at every pomt on the straight line x = y=z. 

5. LetJ /(O, 0) = 0; at all points at w'hich y is positive and x-jy < 1, let / fa:, y) = x^ly, 
and when a;-/y ^ 1, let / (r, y) = y’x-. Also let / (r, - y) =/ {x, y). The origm is a point of 
discontinuity, at which the saltus is 1; elsewhere the function is continuous Avith respect 
to {x, y). The function is however contmuous with respect to every straight line: for it is 
continuous along the axis of x, where it has the value 0. Consider now' the straight line 
y=mx, w-here >/i=f 0; it lies entucly in the part of the plane in w'hich 

lf[r,i/)\=x‘/[y\ = \xlm\, 

ft )0 that, as the point (0, 0) is approached, / (a;, y) converges to 0. 

fi. LetJ (Ui, (aa- ... ... denote an enumerable set of points, and let 

where / (a:, y) denotes the function defined in Ex. 5. 

The function F y) is contmuous with respect to any straight hne, and is continuous 
with respect to {x, y) at all points except those of the enumerable set. The enumerable set 
may be everywhere dense in the plane. 

324- The methods developed by Baire of dealing with functions of 
two or more variables, in relation to the distribution of the points of dis¬ 
continuity, have been applied by him to the consideration of the following 
three problems : 

(1). What must be the nature of a function ^ (a;), defined for a ^ x ^ p, 
in order that a function / (a?, y) can exist which is defined for aU points 

* Baire, loc. czt. p. 94. t Baire, loc. cit. p. 99. 

t W. H. and G. C. Young, Quarterly Jcarnal of Math. vol. XM (1910), p. 87, where an example 
is also constructed of a function that is continuous with respect to every straight line but is 
discontinuous with respect to {x, y> at points of an everywhere dense unenumerable set. 
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ill the square a r x : 3. « i y ' 3. and i*- c-ontir aou'- at L-'.vrv point \\iih 
respect to and witli respect to t/. an.I ;n^^lc^.vc^ > e* Ucd to o oi. the 
straight line = 1 / • 


(2) . What be the nature of a fanctioit 6 c.. 

in order that a function j can he dt-fine . tor all oo::*;- 

a ^ .v - B, a y s whicli '-hal: ’-atSiy the lit20:1.- t-.ut 1 : 

with respect to U, yj at every point iur w.ic'i ^ 
respect to y at the pomt> oi ^ = 0. and i- eqi. .1 tu 6 y v i 

(3) . A function / (a-, ij) h; denned in the rL-ctang-e 

and is everywhere continuous with respect to y. Faith--:. 
parallels to the .r-axis. along eacli of which J ' t*. 1- '"■o: 

respect to x ; these pa.raliels intersecting the -‘trai^i ht lii.e 
points v.'hich is everywhere dense in the intei'^ al .y. c 

of the function f {x. y) on a continuous cuive drav/n. Li t:*^- 


in the "'■yaaie 
i" j.ntiiiucus 


•i - 



The problems (1). (2) are particular cases of 3,. It ::a> been -‘le-vo 
above that a necessary condition satisiicd by / ..i-. ij\. in ;> . is that 
should be a point-wise discontinuous function relatively to every pcJtc-ct 
set of points. That this condition is also .^iificient. ha- bee.*: d-i-nonstiatt-’i 
by Baire in his memoir quoted above. A proof of rl i'* wih bs.- -iven. fu: 
the case of problem (2), in Vol. It. in ccnnec*tio:i vith ti..- thc''iiy or 
functions represeiitabio as the liuiit^ of sequences of iunction- 


THE REPRSSEXTATIOX Oij' A SQU-IRH OX A LIX^AR IXTEEV.JlL 

325. Let a point of a square whose side is unity be dtrEiotc'I bj- y,. 
where and let t denote a point 01 a linear interval 

(0,1). An account has been given in § 62 of (.antorV uit-th /i of estab¬ 
lishing a (1, 1) correspondence between the points of the s ^c:are cuid those- 
of the linear interval. Such a correspondence denotes fancrional ielatior> 
= / (t), y = <l> (t) between x, y as dependent variables, and f as an L:de- 
pendent variable. It udil be shewn however that no 1 1, 1, relation between 
the two sets of points can be a continuous represeniatioii**; Le. it is im¬ 
possible that the functions / (i), ^ [t) can be both continuous. 

Let us assume that such a continuous representation can be denned. 
To any closed set of points {^}, in (0, 1), there will con*espond a closed set 
in the plane area. For if ^ convergent sequence cf 

points t, of which is the limiting point, then the point j‘\t^), 6 iVi is 
the limiting point of the set of points (ari, yj), ... (.«v, which 

correspond to ^3 ... respectively; therefore to a closed set {f} 

* See Hetto, “ Beitrag zur Maunigf altigkeitslehre/' C relies Jozirnal, voL Lxxxvi ^ 1579p 2ti3, 
also Lena, Oiorn. di Mat. vol. xxv (1887), p. 97. In the proof given by these TOters it is assuined 
that a closed curve corresponds to a linear sub-interval of (0, 1); this is not nejessariiy the case, 
for a non-dense closed set may correspond to the closed curve. 
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there corresponds a closed set {{x, y)}. Again, to a convergent sequence 
(•^15 2^1)5 if If. points in the plane area, there corresponds a set of 

points ^1- ^ linear interval, the latter of which has a limiting 

point which must coiTespond to (x^, yj)\ and since only one value of t 
eori’csponds to one set of values of (a;, 2/), there can be only one such 
limiting point . Thus, to a closed set in the plane, there corresponds a 
closed set in the linear interval. Take two points ^3 in the interval 
{0, 1); these points correspond to two points Pi, Pg in the square area. 
To the closed linear interval , 4) there corresponds a closed set 8 which 
contains the pomts Pi, P2. It can be shewn that there are jioints other 
than Pi, Pg on the frontier of 8. Denote by C (*9) the set of those points 
of the square area which do not belong to 8. Two points Q, R in the 
square can be determined, such that Q lies on the straight line PiPg, and 
R does not lie on this straight line; such that neither Q nor R coincides 
with Pi or Pg, and such that one of the two belongs to 8 and the other 
to C {8). The closed set consisting of the straight line QR contains points 
both of 8 and of C (8 ); those points of 8 which lie on it form a closed 
set, and there must be one such point of 8 at least which is on the frontier 
of 8; such a point may, or may not, coincide vdtli Q ov R. Since then 8 
contains points on its frontier besides Pi and Pg, we can take a point i, 
within the linear interval (fijfg)? such that the point T in the square 
which coiTesponds to it is on the frontier of 8. Since T is the limiting 
point of a sequence of points of G (8), it follows that i must be the limiting 
point of a sequence of points all of which are external to the interval 
(^1 j ^2/ j ^5id this is impossible. It has thus been established that; 

Xo continuous (1, 1) correspondence can exist between all the points in a 
square and all the points in a linear interval. 

In particular, the correspondence shewn by Cantor to exist must be 
discontinuous. 

326. The reasoning of § 325 would be inapplicable if the correspondence 
^ / (t), y ^ <f> if) were such that, to a given point (.'C, y) more than one 

point t may correspond, the functions / {t), xf> {t) being still one-valued 
continuous functions, so that if ? be assigned, {x, y) is uniquely determined. 
In this ease, the limiting point of the set of points external to the interval 
(ii, #2) would be not I, but another value of t which also corresponds to 
the point T. 

Peano*®^ gave the first continuous correspondence of the kind just 
indicated, thus defining what, by a considerable extension of the use of 
geometrical language, may be called a continuous curve w^hich passes 
through every point of the square at least once. 

* "bur u»i“ coorbe, rviuplit toute une aire plane,” Math. Ann. vol. xxxyi (1890), p. 157- 
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Let the point* in the intei-vai lO. be in ”i:i 

t ^ ■■■ « _ 

in Tcidix fractions in the ternan’ K*ale. -o rhnt er.ch a > clrinr 1 . 2. 

Let /j (a) denote the number 2 — a. thnt /■ - 2 i ---- 0 , I i --= I. h =^- 2: 
and let {a) denote the result of performin'^ thS 'jo'-. rime-. *0 

that /r (^) is Cl ov 2 — a, according ct- n I- v-veii o: 

Let y be defined, for a prescribed i. :>y 

X — _ y - _ 

the ternary scale being again employed: the nmr.'o^-r- ir. r being Llefined 
by the relations 

&! = tti, h, = 7j«'- (a.}. ... o = ‘ . 

Cl = (Ca)' ^2 = -= ■ 

thus bn is equal to a^w-i oi' to 2 — a.,,,.; - acccvding a- — -7^ -- ... — c/-, 
is even or odd. 

The numbers t maj’^ be divided hito tu'o cia**es : 

(1) . Those, other tlian 0 or 1, which are capable of a duub.e rt-presen- 

tation ^ -r 

t = ... an 222 ... _ 

(2) . Those wliich have a single representation oiily. 

If ^ be a number of the second class, .v and tj are i,::i.^ueh’ leri.'ieJ. If 
f be a number of the first class 

t ■= ... a,*222 ... = ... 7 , — — 

let *616263 •••» '^1^62'63' ... denote the numbers obtained by applying the 
definition of x to the two modes of representation of t. It it is even, say 
’ 2 m, it is clear that 

61 = 6/, 62 == 62', ... 6,. = 6,,/, 

also 6„t^i = «4-- -caw (2), b\ (bt. 

bm --2 = (2), //„,.2 = '■ ' " 

hence 6^„j_i = 6 ^tn-i-2 ~ ^ m—z! ■ 

and thus x has the same value whichever of the two forms for t is em¬ 
ployed ; the case in which n is odd may be similarly treated. 

The same result can readily be shewn to hold for y. Therefore, corre¬ 
sponding to any assigned #, x and y are uniquely determined. 

Next, let us suppose x and y to be assigned. We have 

% = bi, (Ci), (62), {c^), 

«2«-i = (6„), a2„ = {c ^); 

for, li p = (q)y then ^ -t- g is an even number. 

In case x, y are both of the second class, t is uniquely determined. 
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If X is of the class, and y of the second; let 

^ ^ _ 6,.222 ... = *6162 ... -h 1000 ..., 

y = -CiCo ... ..., 

and let the two values of t be denoted by ‘aj^a2CL^ ..., — 

It is clear that 

0 .\ == , 0,2 = CL2 , ®2n-l “ ^ 2n-l j 

also 

^2 = (« 2J. (^,1), «'2«+i = (6„ -f 1); 

thus Q'2 >’^i are not identical, although a^n will be so if each is 

unity. It is thus seen that t has two distinct values corresponding to one 
uoint (a*, y). when a; is a number of the first class, and y is of the second 
class. It can be shewn in a similar mamier that there are four points t 
corresponding to a single point {x, y) such that x, y are both numbers of 
the first class. 

The correspondence is continuous. For if t, t' are identical as regards 
the first 2n figures, x and r' are identical as regards their first n figures, 
and the same is true of y and y\ 

The curve which has thus been defined is a continuous curve w’hich 
passes thiough each point in the square at least once; there is an every¬ 
where dense enumerable set of points through each of which the curve 
passes twice, and another everywhere dense enumerable set of points 
through each of which it passes four times; through each point of the 
remaining unenumerable set of points, the curve passes once only. 

The plane measure of an arc of Peano's curve w'^hich corresponds to 
an interval (?□, fj) is not zero, i.e. the area which a number of rectangles 
enclosing aU the points of the arc have in common has a lower limit 
greater than zero. 

The two continuous functions / (^), (t), which define x, y as functions 

of #- do not possess, for any value of t, definite differential coefficients, and 
are perhaps the simplest examples of continuous non-differentiabie func¬ 
tions. 

327. It might at first sight appear that a curve having the same pro¬ 
perties as that of Peano might have been defined by restricting t = ... 

to be such that an infinite number of digits other than 0 are present, and 
then defining a:, y by 

If however the double representation of ar, y were not restricted, as in the 
case of there would be no value of t corresponding to, say, 

X = -1000 y = -2000 .... 
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If (^'j y) on the other hand .^o re^^tric-teri. thei*e i,vou1fl be no value-' <d 
{x, y) corresponding, for example, to 

/ = -1 1 1 U 1 0 1 o i .... 

It thuh appears that some such rule as their bv Peano i< nece-^-aiv 

to obviate the difficulty caused by the dou’oL* ’•v^rc-'^c-ntatioi. t*f O'-rtinn 
class of rational nuinl^ers, in a given scale. 

The method may ea'siiy be extended -onrLnuoiis ‘uire- 

spondence between the points in a cube an»l tiio-e h. a li.neiir 

A somewhat different nietliocl of hetiveej 

the points of the square, and those of the Mnern interval. ■ ^jHowing'". 
Let denote one of the peifect '^er oi p rh-rhird 

j _ 

* '3 3""* ‘ 


when every a is either o or 2. For such a point 4^,. a- a:\(l u 
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A point t which does not belong to the pei-fect set i- ir 
the coniplementaiy' inteiwals of the >et: in >v.c\. 

may define .v, y as linear functions of /, thus 

V.' 

X — X 

k' “ 

^y'~- y" 

' - ti‘ 

where {x', y'), {x", y") correspond to t/, f^" respectively. 


:x.*: xr 

an In:: 


X — X — 


y = y -h 


ii - t.f. 
- k'h 


328. A method of constructing a continuoii.s cur've which nils a srcuare 
has been given in a geometrical form by Hilbert*^. 

Divide the interval (0, 1) into four equal parts, and number them in 
order as 1, 2, 3, 4. Then divide the sc^uare into four equal parts. in 
Fig. 7, and number them 1, 2, 3, 4, to correspond vrith the -egments ot the 
linear interval. Next divide each segment of the straight line into four 
equal parts, and each of the four squares into four equal parts as in Fig. 8. 
The sixteen squares so formed are then numbered in order, so that each 
square has one side in common with the one next in order: the squares 
then correspond with the segments numbered in the same way. At the 
next stage there axe (Fig. 9) 64 squares corresponding to 64 segments of 
the interval (0, 1). Proceeding in this manner indefiniteh^, any point of 

* See Lebeague, Legotia aur Vintegration (1904), p. 44. 
t See MatJi. Annaien, toI. sxxvm (1891), p. 459. 
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‘j. i ;• ih dettrmined by the iaten-als of the successive sets of sub-divisioiis 
:u V hich it lic'i. The coi-responduig point in the square area is determined 
hy tile succession of sqiiaivs. each containing the next, in which it lies. 


-f 



Fig. 8 


The curve is thus determined as the limit of a sequence of polygons 
denoted by the thickened lines in the figures. The curve thus obtained is 
continuous, but has no tangent. Hilbert remarks that, if the interval 
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(0, 1) be taken as a time intoival. a kbieir-'-itical i:^t:-rpretation of the 
functional relation between the curve and the -egn:e::t that a point 
may move so that in a finite time it passe- ti-iotici'n e^'ory noiiit of the 
S{^uare area. 

Continuous curves of thi=i kind can be c'^n-tructe^i V." any method by 
which an everywhere dense enumerable -et oi po::.:- i.i the -M iare can be 
made to correspond with a similar <ct oi point- i:. tiiC linear interval: 
provided the functional relation :c ^ / (f \, y - o ? .::: - e^jire^pomienct, 
is uniformly continuous. For. when thi- c'-jiAvAiAi -citl-ned. the func¬ 
tions obtained by the method of extem-ion of / 'r . o to the re-iiaining 



points of (0, 1) as secondary points (see § 2S7) v,ill yield a coiTespondence 
of all the points of the square with those of the linear interval, of the 
required character. 

Another method, differing from that of Hilbert, has been given by E. H. 
Moore* and by Sohoenfliest- 

Let m be an uneven number (in the figure, ?/i = 3): divide the linear 
interval (0,1) into equal parts, and also the square into rn- equal parts. 
Let these squares be passed through by a polygonal line, of which the 
sides are diagonals of the squares, as in the figure: in this manner the 
squares are arranged in order 1, 2, 3, ... and are placed into corre¬ 
spondence with the segments bearing the same numbers. At the same 

* Trans. Aftier. Math. /Soc, vol. i (1900), p- 77. 
t Bericht uher die Mengenlehre, vol. i, p. 121. 
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time the end-points of. a diagonal so traversed, are made to correspond 
with the end-points of a segment of the linear interval. Thus -i- 1 
points in the linear interval are placed into correspondence with points 
in the square, so that to each of the wi® -{- 1 points of the linear interval 
there is one point in the square; but the converse is not the case. Next, 
divide each of the inr linear intervals into equal parts, and the corre¬ 
sponding squares into equal parts: then construct as before a polygon 
traversing diagonals of all the squares, making their end-points corre¬ 
spond to the end-points of the corresponding parts of the linear interval. 


- 

/ ■ 

/ 4 


■ /' 

: \ ■ / 

/ 

! \!r^ i 


1 / 1 
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012345678 9 

Fig. 10 


Proceeding in this manner, we gradually place points in the square, con¬ 
sisting of an everywhere dense enumerable set, into correspondence with 
a set in the linear interval w’-hich possesses the same property; and the 
functional relation so set up is uniformly continuous. The definition of 
the functions for the whole linear interval is then obtained, as explained 
above, by the method of extension. The case m = 3 corresponds to Peano s 
analytical method. In the method of Moore and SchoenflLies, the curve is 
determined as the limit of a sequence of polygons inscribed in the curve. 
In Hilbert's method the polygons which approximate to the form of the 
curve are not inscribed in the curve, but are otherwise determined. 





CHAPTER VI 

THE RIEMAXX IN'iEs^ilAL 

329. The fundainentai operation oi the kiicv n ■<- Lntek'r.it: . 

regarded from one point of view, consists esi-c-ntially in t:ie 
of the limit of the sum of a finite serio of r_unibe:'-. tr.e narr.btr ‘jf tei n.- 
of the series is indefinitely increased, v/iul-t the n”nier:oa:ly a:re.re-T ..r 
the individual terms of the series approaches the lindt ztrro. The h.v- 
which regulate the specification of the term'* or the n.-...-*! he -Vtn- 

posed, in any given instance, to be a^-igned. and to be of -ac-L 
that the limit in question exists, it i'* in tlii'* for:^i that tlie ^jiohh-n- jf 
integration naturally presents itself in orriLiary prorjtlen.'* oi a ::et‘;uetric*t*l 
or physical character, such as the determination of h-iigth^. vG:ur..e>, 

&c. The method of integration, so regarded, has it- origm in th^* method 
of exhaustions employed by the Greek geometers, and v. a- '.evelc^pvd int-r' 
in forms whose theoretical exactitude depended ar var 2 n::v t-poch- upwr. 
the stage which the development of Analysis in. genera! had ictmlied. In 
the hands of Cauchj-, Dirichlet, and Riemaiin. the definition cz the definitr- 
integral gradually attained to an exact arithmetic ton., vhiih :itte it 
for the purposes of modern analysis: and in fact the •lennitiwU oive.i :>y 
Riemann leaves nothing to be desired as regartU 

only formulated a rigorous arithmetical definition of the integral '-f .. 
bounded function, but also established a iieces-ary and .-nnicien': 'O.i- 
dition for the existence of the definite integTal of the fnnerior- Tr;:- 
definition of the definite integral was, in tue latter part of the nineteenth 
century, the one that was employed in ail ligorons mathematical c.naiy?:s. 
but in the present century it has, for the pimpose? of theorericai investi¬ 
gations, been largely superseded by the more general formulation ci 
Lebesgue. In accordance with Lehesgue’s definition, integi-able functions. 
i.e. functions w’hich possess a definite integral. lonn a class which i- 
markedly wider than, and includes, the class of liinctions that areintegrable 
in accordance with Riemann’s definition. Although the definition, of 
which the most precise formulation is that oi Riemann, is piiinaiHy appli¬ 
cable only to a bounded function over a bounded interval, it 'v^'as extended 
by Cauchy, Hamaok, de la Vallee Poussin, and others, to eases in which 
the function to be integrated is unbounded, and to integration over un¬ 
bounded intervals. It w’as also extended to the case of double, or multiple, 
integration. 

The process of integration, leading to the indefinite integral, is also 
regarded as the operation inverse to that of differentiation: and the rela- 





460 


The Rivmum Liteyrcd [CH. yi 

tion of tins inode of regarding integration with the one referred to above 
has i)een forinuiatKl in wiiat is known as the fundamental theorem of the 
hiteifral Caicuhis. 3Iany important investigations are concerned with the 
relation betw een the tw’o modes of regarding integration, and with the 
establisliment of the fundamental theorem, including an examination of 
the iinntcitions to wiiich it is subject. It is in this coimection that the 
advantages of the Lebesgue Integral and its generalizations, over the 
Ric-rr.ann Integral, are most apparent. 

The Eiemann Integral is not only of interest from an historical point 
of view, but it still possesses great intrinsic importance in Analysis, and will 
probably continue to be the basis upon w'lnch practical applications of the 
Integi’al Calculus rest. Accordingh’ an account of the theor 3 ’’ of Riemann 
integration will be given in the present Chapter. An account is also given 
in the present Chapter of the properties of the Riemann Integral, and of 
some of its extensions to the ease of unbounded functions, or of integration 
over unbounded domains. A more complete account of these extensions 
is however included in the more general theory of Lebesgue integration, 
and its extensions, w’hich will be discussed in Chapters vn and vni. 

THE RIEMAXX IXTEGRAE IX A LIXEAR INTERVAL 
330. Let / (a?) be a bounded function, defined for the closed linear 
interval {a,b), where b>a: so that there exist an upper boundary i7, 
and a lower boundary L, of the functional values in the closed interval. 
Let a sj’-stem of nets, with closed meshes, be applied to the interval (a, 6), 
and let ... denote the breadths of the meshes of the 

net jD„, of the s\"steni. Let 21 denote any number so chosen as to 
be not greater than the upper boundary of the function / {x) in the closed 
mesh and so as not to be less than the lower boundary oif(x) in the 
same mesh, and consider the sum 

S, = JT (8/-') - 8,<”> M (S,'-)) ... + 8„,t«) M 

If the sequence Si - ^i ?5 convergent^ and have the same number 

S for its limiU ichatever system of nets^ applied to (a, 6), be employed, and 
however the numbers 21 (8^*”^) he chosen, subject only to their limitation in 
relation to the upper and lower boundaries of f(x) in the meshes 8^^"*, then 
the function f is said to have a Riemann integral in the interval {a, b), 
and the number S duties the value of its integral. The integral, ivhen the 

limit S exists, is denoted by / f (x) dx. 

• V 

It will be observed that 21 (8) is not necessarily the value of / (x) at 
any point in the interval 8: for all that is necessary is that it should not 
be greater than the upper boundary, nor less than the lower boundary, 
i in the closed interval 8. In this respect the definition has a slightly 
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different fomino:!: that .riven by Rleinarz* Lo zr-rr. * ''I 21 ^ ' v - 

the value oifix) at rfoine point in the inteiv. I. 

It can easily he seen tnat thi- alteration h. the "x*.* ' 

l^ unessential. Lfet U L {h ') der.ot>- :i..- in;:!'.'! ; t.*- - v.t-r 

boundary of/in the c-lo-ed nieslx 5 , c.r.d h*t s - ' ; 

sequence of positive numbers converging ro z^-ro A -'ohit f h :h.. 
mesh S, exists such that U —Jic * < € : c*;.a - th^n 


/■ rii.i , , , 

S U -Id ' J f 

1 ' i 

From this it follows tliat if either of the ilr.txts 


0 - ''f 


/ tn„ 

iim !l) 6/-'^ V (d *' «, !Lv. Ir : ’ f 

h^'j: i' I -X., 

exists, then the other exists, and the tv.u ht.v<* the - -..v.e v.l.vZ- . .y. 

it can be seen that a con’espondmg r€-sult vLei. A 5 > -ti 

tilted for U the points being then --o . t 

J - L {t, .<€. 

i HiH 

If then lini H exists, and is htdepen-i-n" .. 

r 1 

the points of the inteivals are cho'-er., \:vL ->r :L *: : 

I i/tf 

it follows that the limits of S S/ '^ t’ (3, • ■ ic:A II Tz L * 

i 1 : 

r tit,I 

conseqiientlv that of H 8,^"^ J/(Sexist ^.VJ. havt . 

/' -1 

independent of the particular system of nets. 

A Riemann integral ^\■lIl be spoken ot as an i?-integral. ctiri xi t,:::et:. ii 
f(x) which has an jR-mtegral, in la. b). will be said to i!iTr-:,:bIe R 
in [a, b). 

The definition of a definite integral, of \vhich Rieiiiaiin'' cltrizz'ht:*:.: 
a development, was given bj’ Cauchy for the ca^e of a eo::rii::iou< fztzictis*::. 
Cauchy’s definition! is in fact what arises when J/.5. is in e-veiy 
restricted to be the functional value at one end of the intern al 5. 
it may be expressed by 
rb 

j fix) dx = Iim [(a-i - a)f{a) - - x^)J (x2) - ... - tt, - . 

. a 

where a,x^,X 2 , ... b ai‘e the end-points of a set of sub-division^ oi 
(a, 6), and the limit is determined under the conditions stated above, 
which involve the convergence to zero of the length of the gi’eatest of the 
sub-intervals ... iXn-i,b). 


* See Hiemann’s Geaam. Werke, 2iid eel. p. 339. 

I Journal de rdcaie polytecMique, cah. xix \l&33'a pp- 571 ai:d 590. 
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THE UPPER AXD LOWER SIEM^Sr INTEGRALS 

331. The investigation of the necessary and sufficient conditions that 
the hounded function / (x) may have an .S-integral in (a, 6), in accordance 
with the above deffiiition, is considerably simplified by the introduction 
of the upper and lower i2-integrals of the function / (x) in the interval 
ifi, b). 

If 'a, be any interval contained in (a, 6), the upper and lower 
boundaries of / (r) in the closed interval (c. may be denoted by C/V, 
respectively. The upper and lower boundaries of / (a:) in (a, 6) are accord¬ 
ingly denoted by Ul’, LI : or simply by TJ and L. If the interval (a, jS) 
be denoted by a single letter 8, we may write U (8), L (8) for UI, LI 
respectively. 

If (a, 6) be divided into any number of parts denoted fey S^, 83, ... S„, 

r - 7/1 

taken in order from left to right, the sum S 27 (S^) has a definite lower 

r 1 

r^hi 

boundary, and the sum S (8^) has a definite iijpper boundary, when all 

t -1 

possible modes of dividing [a, b) into parts are taken into account. These 
lower and upper boundaries are defined to be the upper, and the lower^, 

7b 

R-integral of f(x) in {a, b), and are deviated by j f[x) dx, j f{x) dx respec- 

• a a 

fivdy. 

In each of the sums, denotes the length of the interval described by 
the same letter. Since 

r r=^m 

S 8^ U (8,) ^L{b-a), S 8^i (8,) < U {b - a), 

r=l r=l 

it is clear that the first snm has a finite lower boimdary, and that the 
.second sum has a finite upper boundary. The upper and lower integrals 
consequently always exist. 

The following theorem will be established: 

If e be an arbitrarily chosen positive number, a number d can be so deter¬ 
mined that, far any net with closed meshes such that the breadths of all its 

• r * m 

meshes are < d, the sum S 8^ 27 (8^) exceeds the upper integral of the function 

r = 1 

by less than e. 

* The upper iategral and the lo^rer integral are named by Jordan *‘rintdgrale pajr excfes” 
and “I'integrale par defaut'" respectively; see his Coitrs d^AnoHyse, voL i, p. 34. They were intro¬ 
duced by Barboox. jlTZMoZes de r^o?e (2), voL IV (1875), p. 72, and idso by Thomae, 

Eiiithiiiiiiq {1375^, p. 12; and by Ascoli, Attl dei Lincei, (2), voL n (1875), p- 863. 
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Since I f [x) i\c is the lowe: ’ootnidarv or the- 1 o.U o . for all 


possible nets, a net I) e.xists. that ^ c.L' c ■ < f j.e; 

.1 - 

vaiere the summation it. taken foi the n* -jt the- ::e: Ij, Let */ . 

c-hosen to be such that '2m Ud< U; and coi>ldvt c.n.y -:er r.-.*' A/.i'.h \\l 
the meshes have breadths <fJ. Tho^e Jid vL.i.-:- 

contain, in their interiors or at their e:i'i-iirLni=- o: the oi D 

are at most 2m in number, and the pa:*t oi the l.cU c-. tr.ken for 
the second net, which correspond^ to these 'Im i' < j=. All the 

other meshes of the second net are inteiior to n^eshes Ij, and t::e ^airt or 

S hV (S) which corresponds to the>e rr.eshes i-^ It-- t.u • - \t' — 

Therefore the sum SS6" (S), for ali the nieshe- the net. is 

To 

< I f {x) (Jx ~ €V and this is the ca‘<t for every i.et th.e hrea lrh- of 

a 

• 6 

meshes are all < <K Also we have 'ZhU {S; 

. n 

For any s^^stem of nets {!) I. tiie breadth^ of :dl ti.c - of Ij a:^- 

< f/, for all values of ? 2 . from and after some- rixed integer. thu- have 
the following theorem: 

If a syste7n of nets, with closet! meshe's, bejiftefl o'l to a, o . Z 
ihe sum 

(So'"*} T ... - 5., ■ 'T (S ,. 

where ... denote the breadths of the of the / 

yiet of the system; then iS,. ... ... is a sequence of mintbers ichich 

rb 

converges to | / {x) dx, whatever be the system of /ie^< emulohed, 

. a 

:h 

The corresponding theorem for j / {x) dx may be j;>roved in a similar 

• a 

manner; or it may be deduced from the above by obser^'ing that 

!'’{-/ (»)} = - I / [X) fix. 

.'a 

It can be at once deduced from these theorems that 

I / (a:) dxn } f (X) dx. 

' o 

For we need only consider a single system of nets. Since, in any net of 
the system, ^ Sn'j where denotes the sum 

L - 82 <«> L - ... : 

it follows, by letting n be indefinitely increased, that the upper integral is 
not less than the lower integral. 
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If, dn the sum S^, we had taken, instead of XJ (8), the upper boundary 
of / (a;) dn the open interval 8, we should have obtained the sum 


V 

■“n 


= s 8,("> 

r-l 


where the iaterval S,is and TTX~_l-ris denotes tlic upper boundary 

of / (x) in the open interval 8^^”^ 

We have hence S and S, the lower boundaries of X„, 

satisfy the condition 2 s, 

Let be compared with 2^. In any mesh S', of that is con¬ 

tained in (O/V-i^ OT 8, the value of U (S') is UXI!^ (»; unless S' has an 
end-point at or x ^, in which case the upper boundaries of / (a;) in the 
closed and in the open interval 8 differ from one another by not more 
than U — L. Hence we have — 2^ < 2 (C/ — L) , where 8 is the 
length of the greatest mesh in As p is increased indefinitely, § is 

diminished indefinitely, and therefore S ^ 2„. As this holds for each 
value of n, we have 2^2; and since also 2 s- 2, we have shewn that 
2 and 2 are equal. It is clear that the corresponding result will fiold in 
the case of the lotrer integral. It has thus been shewn that: 


In tlie definitions of the npjper and lower integrals of a function the vpjier 
and lower boundaries of the function in an open interval 8 may be employed 
instead of the upper and lower boundaries in the corresponding closed mterroL 


332. It has thus been shew'ii that a bounded function / (x), defined for 
the interval (a, b), always possesses an upper, and a lower, integral in that 
interval. The necessary and sufficient condition that / {x) should have an 
JS-integral in (a, b) is that the upper, and the lo\ver, integrals in the interval 
should be equal. It has been shewn that the upper and lower integrals 

r^iVn r- /«« 

are the limits of 2 U (8^^”*), 2 8^^”^ L (8^^”^), for a particular system 

r-1 r= 1 

of nets, and are independent of that system. 

That the condition is necessary follows from the fact that all the 
numbers M (8), in the sums S^, S 2 , , may be made identical with U (8); 

or that all may be made identical with L (8). That the condition is suffi¬ 
cient follows from the fact that lies between 

r " ///n r = ttin 

2 8/«JC7{8/«>) and 2 L (8,>>); 

r-l r 1 

and thus that, when the two latter sums have the same limit, that hniit 
is also the limit of Sn - We have therefore obtained the following theorem: 

The necessary and sufficient condition* that the bounded function f (x) 
may he integrable (J2), in (a, 6), is the folkywing: Let F (8^"’*) denote the 

* See Itiiemaim's Gesam, Werke, 2iid ed. p. 240. 
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fluctuation U ~ L of the function in the interval which ^ntay 
be either closed or open; then it must be possible to define a system of nets 
fitted on to {a, 6), such that, for the net D„, the sum 

has the limit zero, cbs n is increased indefinitely. 

That this limit exists, and is equal to zero, is equivalent to the state¬ 
ment that, corresponding to an arbitrarily chosen positive number e. a 
net Dn belonging to a given system, exists, such that the absolute value of 

r^trtn 

E Sp^>F(Sp^>}. 

r =1 

for that value of n, and for all greater values, is less than e. 

'b 

The necessary and sufficient condition for the existence of j / (x) dx 

- a 

may be stated in the following somewhat more convenient form: 

If any system of nets be fitted on to the interval (a, 6), and h he an arbi¬ 
trarily chosen positive number, the sum of the lengths of those meshes of 
in which the fluctuation of f {x) is ^ h must converge to zero, as n is inde¬ 
finitely increased. 

To see that the condition so stated is sufficient, w'-e observe that, if 
be the sum of the lengths of those meshes of Z)„ in which the fluctuation 

oif{x) is ^ then 21 ^ (U — L) -h k (b — a — s^”^). 

r-l 

Since s^^^ 0, as % ^ oo, the upper Umit of the sum on the left-liand 

side is ^ k (b — a). Since h is arbitrary, the sum converges to zero. 

To shew that the condition is necessary, we observe that 

r “Wl-n _ 

S hr^^^F ^ hs^^'^ -h (6 — a — F s 

r 1 

where F is the least of the fluctuations in all the intervals Unless .s‘"^ 
converges to zero, it is impossible that have the liniit zero. 

The necessary condition for the existence of the J?-integral may, in 
view of the first theorem of § 331, be stated as follows: 

The necessary and sufficient condition that the bounded function f (x) may 
be integrable (E) in {a, b), is that, corresponding to an arbitrarily chosen 
positive number €, a positive number d can he so determined that, for every 

r=m 

net such that the maximum breadth of its meshes is < d, the sum E Sj. F (8,.) 

r = l 

is less than e. 

333. The most succinct form of the necessary and sufficient condition 
that a bounded function is integrable (i2) is the following*: 

The necessary and sufficient condition that a hounded function may he 
* Lebesgue, An7ud% dn, McU. (3)*, vol. vn (1902), p. 254. 

H 1 


30 
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integrable (R), in the interval for which it is defined, is that the points of dis¬ 
continuity of the function form a set of mecbsure zero. 

It is convenient to express this condition in the form that the function 
must be continuous almost everywhere in the interval. 

To shew that the condition is necessary, let us consider the closed set 

at which the saltus w [x), of / (x), is h, where is a positive number. 
If an interval 8 contain a point of Gj^ within it, the fluctuation of / (a:) in 
8 is If a point of is the common end-point of two intervals, of 
equal length, the fluctuation of / (x) in one at least of these interA’^als is 
hence the part which these two intervals contribute to the sum 
28J' (8) is > ^fcS. If we have a net with equal meshes fitted on to (a, b), 
the contribution of all those meshes which contain, within them or at an 
end-point, a point of is not less than the product of \k into the sum 
of the breadths of these meshes. Unless the content of is zero, the sum 
of the breadths of these meshes is greater than some fixed positive number, 
for aU the nets of a symmetrical system. It is therefore necessary for the 
existence of the jB-integral that the content of Oj. should be zero; and this 
must be the case for every positive value of h. The set of points of dis¬ 
continuity of the function is the outer limiting set of {(?;.„}, where is 
a sequence of dinitnishing values of k that converges to zero. It follows 
that the set of points of discontinuity of the function must have measure 
zero. 

To shew' that the condition is sufficient, we observe that, if the content 
of Gk is zero, all the points of 6?* are contained wdthin intervals of a finite 
set the sum of w^hose lengths is < e. The intervals complementary to this 
finite set have a total measure > 6 — a — e, and at every point in each of 
them £o (x) < k. In accordance with the theorem of § 234, each of these 
complementary intervals can be divided into a number of parts, in each 
of which the fluctuation is < 2k. Let this be done for each of the comple¬ 
mentary intervals. We have now a net fitted on to {a, b), such that the 
sum of the breadths of those meshes in which the fluctuation is 2/c is < e. 

For this net S8 jP (8) < e (U — L) -f- 2jb (8 — a — e); and since k and e 
are both arbitrarily small, a net can be determined for which 28F (8) has 
an arbitrarily small value. The condition of integrability is therefore 
satisfied if, for every value of h, Oj. has content zero, that is, if the set of 
points of discontinuity of the function has measure zero. 

334. The following theorem* will now be established : 

* This theorem was given by de la Vallee Poussin, see his Cours Analyse, 3rtl ed. vol. i, 
p. 264. A proof of the theorem, other than that given above, was provided by Pollard, see 
Messenger of Math vol. xuv (1915), p. 141, where a criticism is given of de la Vallee Poussin’s 
proof. 
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/ (^) bounded in {a, b), and ca {x) be the saltiis of f (a;), at x, then 

I f {x) dx — \ f (x) dx = i 6u (a;) dx. 

a Jjff J a 

If f be any point in (a, 6 ), there exists an interval — rj, ^ — 17 ') con¬ 
taining f as an interior point, such that, in any interval interior to that 
intei-val, the fluctuation of / (x) is less than w (^) - 6 . lid be an arbitrarily 
chosen number, and A be the smallest of the three numbers Id, irj, It)', 
the interval (f — A, ^ -f A), or the part of it in {a, b). is of length not 

greater than d, and the fluctuation in it is < o) (|^) — €. Taking fixed 

values of the positive numbers d, e, a single such interval corresponds to 
each point of (a, b). Employing the Heine-Borel theorem, it follows 
that there exists a finite set of overlapping intervals, covering (a, 6), such 
that, if S be any one of them, the fluctuation of / (x) in S is < (f) - -- 

Avhere f is a definite point interior to S. 

Consider two overlapping intervals (a, ]S), (a', j 8 '), where j 8 ' > j 8 , of this 
finite set. Let be the two definite points interior to these intervals. 
If neither ^ nor is in the part (a', jS), common to the inten'als, we can 
replace the two intervals by the non-overlapping intervals (a, j 8 ), (jS, ^ 8 '). 
In the first of these the fluctuation of / (f) is < oj (() r e, and in the second 
it is < cj (^') -h €. If (a', jS) contains one of the two points say 

we replace the intervals by («, a') and (a', j 8 '), which have the same pro¬ 
perties as in the last case. If («', j 8 ) contams both the points let 

oj {^)> oj (^'); wo then take (a, f), (f, jS') in place of (a, j 8 ) and (cc'. jS'). 
in (a, i) the fluctuation is < co (i) -i- e, and in (f, /S') it is also < ct; (^) -r e. 
We can proceed in this manner with any pair of interv'als that overlap 
one another, and we finally obtain a net, fitted on to (a, b), such that, in 
any mesh 8 , the fluctuation of the function is < cu (fo) + e; where ^3 is a 
definite point within, or at an end of, the mesh 8; moreover the breadths 
of the meshes do not exceed d. If ® ( 8 ) be the upper boundary of oi (a;) 
for aU interior points of the mesh 8 , there is such a point at which 
oj ( 35 ) > o) (8) ~ p ; where p is arbitrarily chosen. Therefore the fluctuation 
in the mesh is > w ( 8 ) — p, and hence is ^ w ( 8 ), since p is arbitrar^^. It 
follows that, for the net, SSi^ ( 8 ) ^ SSw ( 8 ). Taking a sequence of values 

Tb 

of d that converges to zero, SSw ( 8 ) converges to co {x) dx: hence 

J a 

Tb [b Tb 

f {x) dx — \ f {x) dx^ I o) (x) dx. 

J a Jjt J a 

Again, the fluctuation in 8 is < cu (^) -}- e; and hence, for the net, 

SSJ’ (8) < SScu ii) + € (6 - a). 


30-2 
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76 

It follows that lid 'SSF (S) cannot exceed co (x) dx + e {b — a); and 

- a 

since c is aibitraiy, we have 

\’‘f(x)dx—lf{x)dx&\ <0 (x) dx. 

J a * a 

It has thus been proved that 

7& rfe 7^ 

/ (a;) dx — \ f{x)dx = \ to {x) dx. 

Ja la J a 

The theorem of § 333 can be deduced from this result. For the con- 
7& 

dition o) {x) dx = 0, is equivalent to the condition oj (x) dx and 

a •' a 

unless the set of discontinuities of the function has measure zero, for some 
value of k (> 0) the set Oj. must have positive content, in which case ix, 
is impossible that the integral can have the value zero. 

PARTICULAE CASES OP PUNCTIOKS THAT ARE INTEGRABLE (JR) 

335. The following classes of bounded functions satisfy the condition 
of integrabUity (jB) which has been expressed in various forms above. 

(1) . All functions which are continuous in the intervals for which they 
are defined. 

(2) . All functions with only a finite number of discontinuities, or with 
any enumerable set of discontinuities. 

(3) . Monotone functions, and all functions with bounded variation. 

For, as has been shewn in § 243, the points of discontinuity of a 
function with bounded variation form an enumerable set. 

(4) . Generally, every point-wise discontinuous function which is such 
that the closed set of points for which the saltus is ^ ^ has content zero, 
whatever positive value k may have. 

Dini* has given the theorem that a function is integrable (J2), if at all 
^points where the discontinuity is of the second kind, it is so for all such 'points 
only on one and the same side of the point; and at these points the function 
may be continuous on the other side, or may have ordvnary discontinuities on 
that side. In particular, any function which has only ordinary discontinuities 
is integrable {R). 

To prove this we observe that it has been proved in § 239 that, for 
such a function, the set of points for which the saltus is ^ A; has content 
zero, whatever positive value k may have. Therefore the condition of 
integrability is satisfied. 


* See Grundlagm, p. 335. 
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Siemann’s definition of an integral, and the condition for the existence 
of the integral, are applicable, without essential change, to the case of a 
function which, for particular values of the variable, has indeterminate 
functional values lying, in the case of each such point, between fi.nite 
limits of indeterminancy. At each point of indeterminancy of the function, 
it is immaterial whether the function be capable of having all, or only 
some, values between the limits of indeterminancy; thus there is no loss 
of generality, if the function be regarded as having two values only at 
each such point, viz. the two limits of indeterminancy at the point. In 
estimating the fluctuation of the function in a prescribed interval, the 
upper boundary is found by taking the upper limits of indeterminancy of 
the fmiction at the special points as functional values at those points, 
whilst the lower boundary is found hy taking the lower limits of indeter¬ 
minancy at the special points as the functional values at those points. 
As in the case of a function which is everywhere single-valued, the saltus 
at any point is defined as the limit of the fluctuation in a neighbourhood 
of the point, when that neighbourhood is diminished indefinitely. The 
conditions of integrability are exactly the same as for a function.which 
is everywhere single-valued, viz. that the function be bounded in its 
domain, and that the set of points of discontinuity of the function have 
measure zero; or, in other words, that it be bounded, and continuous 
almost everywhere, in the domain. 

EXAMPLES 
(23?) (ticc) 

1. BiemaniL’s function/(a.) = L ^ -h ... -f L _i w’here (x) denotes the posi¬ 

tive or negative excess of x over the nearest integer, and (a;) = 0 when x is half-way between 
two integers, has been shewn in Example 2, § 240, to be point-wise discontinuous, ^^'ith ail 
its discontinuities ordinary ones, and everywhere dense in the interval (0, 1). Since all the 
discontinuities are ordinary ones, and the function is bounded, / (a:) is integrable in (0, 1). 

2. Lot / (a;) be defined f©r the interval (0,1) as follows:—^If x be irrational, let / (a;) — 0; 
if a: = jp/g, where pfq is in its lowest terms, let / (») = Ijq; also let / (0) = / (1) — 0. This 

function is an integrable point-wise discontinuous null-function; thus j f{x)dx = 0. There 

is only a finite number of points at which the functional value exceeds an assigned positive 
number. 

3. Let / (x) = 0, for all rational values of x; and / (x) = 1, for all irrational values of x. 
This function is not integrable (jB) in any interval, for it is totally discontinuous. 

4. Let / (x) be defined* for the interval (0,1) as follows:—Eor ^ < a; ^ 1, let / (a;) = 1; 

fOT ^ * S let/(a;) - g; for ^ < a; £ lefc/(a:) = and gennraUy, for 

^<xs^, Iet/(a!)=-i; aiid/(0)=0. 


Dini-Luroth, Gfrundlagen, p. 344. 
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fx 

This function is integrable, and j f(x)dx 


X 

2W1—1 


1_ 

2w 


and 


2W-1- 


3^27w;=>' ''vhere x is between 


GEOMETRICALi liisTEEPBETATION OF E.IEMANK' INTEGRATION 

336. Let / (x) be a bounded function, defined for the interval (a, b). 
of which the values are all ^ 0. Associated with the function there exists 
a plane set of points {x, y) consisting of all the points of which the co¬ 
ordinates satisfy the conditions a^x^b, 0<y^f{x). In accordance 
with Jordan’s theory of measure of sets of points (see § 142), this set has 
an exterior extent, and an interior extent; and the set of points is measur¬ 
able (J) when the two have the same value, in which case their common 
value is the extent, or measure (J), of the set. The extent of a two-dimen¬ 
sional set of points may be regarded as a generalization of the conception 
of area; thus in general, the exterior extent and the interior extent may 
be spoken of as the exterioi* area and the interior area of the space bounded 
by the axis of x. the two straight lines x = a, x = b, and the “cuive * 
defined by y =f{x). This set of points 0 has an area, in the ordinary 
sense, when the exterior area, and the interior area, are equal; in which 
case the function y =f (x) is said to be quadrable in the interval (a, b). 

If a fundamental rectangle be taken, which contains the plane set in 
its interior, we may fit on to this rectangle a system {£>„} of nets, with 
closed meshes. Consider those meshes of which are such that every 
point of each mesh is an interior point oi G. If the segment {a, b), on the 
a:-axis, be divided by means of the boundaries of the meshes of into 

intervals , Sj * ■ ■ • , we see that the sum of the measures of those meshes 

TT 

of Dn which consist entirely of interior points of G is SSL (8) -h , where 

1 

is s, number which converges to zero, as n is indefinitely increased. 
Similarly, the sum of those meshes of Z>„ each of which contains at least 

n 

one point of (?, or of the boundary of (r is SS!7 (8) -f />„, where />„ 0, 

as ~ 00 . 

76 

It thus appears that | / (x) dx is the exterior extent of G, and that 

a 

rb 

f {x) dx is the interior extent of G. 
la 

If I / (^) exists as a definite number, the plane set G is measurable 

' a 

(J), and the value of the integral measures the area bounded by x = a, 
x = b,f/ = 0,y =f(x). 



335 , 336 ] Geometrical Iiiterj)Tetation of Riemann Integration 471 

It has been shewn, in § 142, that the condition for the measurability 
(J), of the set (r, is that the frontier of G should have the plane measur e 
zero. It is clear that, in any case, the plane measure of the three rectilineal.r 
portions of the boundary of G is zero; thus the condition for the existence 
of the mtegral is that the set of boundary points which consists of points 
on the ‘‘curve” y = S {x), or of limiting points of points on the curve, shall 
have plane measure zero. This condition is equivalent to the condition 
that the linear measure of the set of points of discontinuity of the function 
/ (a;) in the linear interval (a, is zero. 

In case the bounded function / (a;) is not ever 3 '\vhere ^ 0 in («, 6), we 
may take / (as) =/i {x) —/g (.r): where /j (.r) --- / {x), for all values of x for 
which/ (.r) - 0, and/i (a;) = 0, for those values of .r forwliich is negative. 
In case the two sets of points (a-, y) for which « -c a; b, 0 ^ y ^ f-, {x), 

and a X (x) are both measurable (-/). the integral / (x) dr 

- a 

is the excess of the measure of the first set over that of the second set; 
and this may^ be interpreted as the excess of that part of tlie area defined 
by a; = a, as = 6, 2/ ^ / (x) which is above the j:;-axis, over that part whieli 
is below it. 

If the two plane sets of points be not measurable (J), the extciior and 

I h r b 

interior extents of the first set are /i {x)/h\ ( {x)ch': and tho^e of the 

. ft 

second set are j /2 (x) dx, f /g (a;) dx respectiveh". The upper integral 
J a " 

Tb 

f (x) dx is then the excess of the exterior extent of the set a - x i 1. 

J a 

0 ^ 2/ ^ /i over the interior extent of the set a x b, 0 < y t (x); 

fJj 

whilst the lower integral I / (re) dx is the excess of the interior extent of 

Jjn. 

the first set over the exterior extent of the second set. 

The condition that / {x) may be integrable (E) is that the frontier 
which consists of the set of points a x ' b. y '=j {x). when closed b\' 
adding the limiting points, has its plane measure zero. 

If a linear set of points H be defined on the ar-axis, and lie in the 
interval (a, 6), a function (x) may be defined by the rule that ^ (x) = 1, 
if a; be a point of H, and (a;) = 0, if a; be a point of C (ZT). The set H 
has an exterior linear extent, and an interior linear extent, which are 
Tb rb 

given by I (x) dx, j (f> (x) dx, respectively, as may be seen by referring 
J a Jja 

to the definitions. For it is easily seen that the exterior and interior linear 
extents of H are numerically equal respectively to the exterior and interior 
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plane extents of the plane set a i x s b, 0 ^ y ^ ^ {x). When H is measux- 

fb 

able (J) the function ^ (x) is integrable (J?) in (a, b), and 9 ^ (a:) da: is 

the measure (J) of H. This measure may be regarded as a generalization 
of the notion of the length of a linear interval. The condition that the 
linear set H is measurable (J) is that its frontier, which consists of those 
points of H that ai-e limiting points of O (//), and of those points of G (E) 
tiiat are liTnitiTig points of H, should have the measure zero. 

PSOPEBTIKS OB' THE DEBUIITE BIBMASm INTEaiElAIi 

fb 

337 . We proceed to consider the properties of the integral I f (a;) dx, 

J a 

of a bounded function / (ic), defined for the interval (a, 6 ), which is such 
that the condition for the existence of the iS-integral is satisfied. 

(1) . T?ie integral I f (x) dx is defined as the value of — { / {x) dx. 

J1) J a 

(2) . Iff (x) be integrable {R) in {a, b), so also is \f (x) \, and 

\‘'f{x)d^\^( \f(x)\dx. 

For the fiuctuation of (/ {x) | in any interval 5 cannot exceed that of 
/ (x) m the same interval; hence, if 8F (S), for a system of nets, have the 
limit zero, when F (S) is the fluctuation of / {x) in 8 , it has also the limit 
zero when F ( 8 ) denotes the fluctuation of \f{x)\; and thus the latter 
function is integrable (iZ). Again U, the upper boundary of / (a?) in 8 , 
cannot numerically exceed U\ the upper boundary of | / (a;) | in the same 
interval; thus | Sf78 [ s Sf7'8, and hence the absolute value of the limit 
of HUS is ^ that of HU'S. 

(3) . If /(a?) be integrable (R) in {a, b), f {x — h) is integrable {R) in 

rh r6-rA 

{a -r 6 + h), and | f {x) dx = \ f {x — h) dx. 

a . a-\-7h 

This follows at once from the definitions of the integrals as the limits 
of sums. 

(4) . If the values of the integrable function f {x) be arbitrarily altered at 
each ^oint of a measurable set of points G, the new function <f> (x) so obtained 
is integrable {R), provided it be bounded, and also the measure of the deri¬ 
vative O' of the set he zero. 

For the only points of discontinuity of ^ {x) which are not points of 
discontinuity of f (x) are points of O, or of O', and therefore form a set of 
measure zero; hence all the discontinuities of <f> {x) form a set of points of 
measure zero, and <f> {x) is therefore integrable (R), provided it be bounded. 
In particular, the theorem holds for any reducible set O. 
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Also, if <f> (x) = f (x), at all points belonging to a set which is everywhere 
dense in (a, 6), then, provided <f> {x) be integrable {M), its integral is identical 
with that of f {x). 

For, in the finite sum SSJf (8), we may take the value of JI (8) in any 
interval 8 to be one of the values which the two functions f {x), S (a;) 
have in common in that interval; hence the sums may all be chosen so as 
to be the same for the two functions. Thus, if the functions be both 
integrable (i2), their integrals are identical. 

(5) . A function f (x) which is integrable (i2), In {a, b), is also integrable 
'.R) in any interval (cs, jS) contained in {a, 6). 

For the measure of the set of points of discontinuity of / (a;) in (a, b) 
being zero, the measure of the set of those points of discontinuity which 
are in (a, j8) is also zero, and thus the function is integrable (i2) in {a, j8). 

if c is any point in (a, 6), we have 

I / (x') dx = I / (a;) dx -\- \ f (x) dx. 

For the two integrals on the right-hand side both exist: also a system 
of nets can be so chosen that the point c is alwa^^s an end-point of two 
of the meshes of each net. If this be done, the sum S8JJ (8), for (a, b), 
may be divided into two parts, one of which contains all the intervals on 
the left of the point c, and the other aU those on the right of that point; 

S8Jlf (8) = 2i8Jir (8) + SjSiW (8). 

The limits of the three sums are the three mtegrals of / (-e) in (a, b), (a, c), 
and (c, 6) respectively; thus the theorem is established. 

(6) . If* /i,/ 2 ,/ 3 j •••fn be a finite number of bounded functions, each of 
vjhich is integrable {R) in (a, b), and if F {fisfz, •••fn) be a continuous func¬ 
tion with respect to (/i,/ 2 , •••fn)y ih,en the function F is integrable {R) in 
{a, 6). 

For the only points of discontinuity of the function F (a;) are those 
of the functions /i {x), f^ (a;), (a;); hence the set of points of discon¬ 

tinuity of F {x) has measure zero; and thus F {x) is integrable (jB), since 
it is also a bounded function. 

Important particular cases of the general theorem are the following: 

(a). If / (a;) = /i {x) + A (ic) -h ... -f (a;), where all the functions(a;) 
are integrable (jB), then / (a;) is integrable (jB). 

.'6 r-n rb 

It can also be shewn that f {x)dx = Hi f^ (a?) dx. For, in any 

Ja r=l.o 

* Du Bois-Beymond, Math. Annakn, voL xx (1882), p. 123. See also W. H. Young, Qiuirterly 
Journal of Math. vol. xxxv (1904), p. 190. 
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interval S, the upper boundary of / (a:) cannot exceed the sum of the upper 
boundaries of the functions/^ (x). EVom this we see that 

jf(x)dx£i: f /r(x)ax, 

.a 1 • a 

J 'b n rb 

f (x) dx I /, {x) dx 

a 1 - a 


(h). If f(x) =fi (a?)./a (^) (•'»)» where all the functions (x) are 

integrable (i2) in {a, b), then / (a;) is also integrable (i2) in (a, b). 


(c). If / (x), (x) be integrable (E) in (a, b), and | (f> (x) | always exceeds 

some fixed positive number A, so that ^ ^ continuous function of 

(/, cf}), then is integrable (R) m {a, b). 


(7). If twofwictions /+ (x), f- (x) be defined asfolloivs:—Let /+ (x) =/ (x) 
for all values of x such that f {x) > 0, and let /+ (a;) = 0, when f {x) - 0; let 
f- [x) = —f {x) for all values of x such that f (x) < 0, and f- (a;) = 0, when 
f (x) ^0; theoi if f (x) be integrable (E) in (a, b), the functions f-^ (x), f- (x) 

fb rb rb 

are integrable {R) in {a, 6), and f (x) dx ■= | /-^ (x) dx — f- (x) dx. 

> a • a ' n 


For the fluctuation of /+ (a?) in any interval 8 cannot exceed that of 
/ (x) in the same interval; hence, since SS-P (8), for / (x), has the limit zero, 
the corresponding sum for /+ {x) has the limit zero; and thus /+ (x) is 
integrable. In a similar manner it can be shewn that f- (x) is integrable. 


Since f {x) = /+ {x) — /- {x), we see from (6) (a) that 
[ f(x)dx=\ f+{x)dx- I f- (x) dx. 

It should be observed that it is not in general true that, if / (x) be 
integrable in {a, h), and be expressed as the sum /^ {x) + /a {x), of two 
bounded functions, then/j {x), /a (j5) are also integrable in (a, b). For it is 
clear that, / (x) being given, w’e may take for /^ {x) any arbitrarily defined 
non-integrable function, then/g (x) is also determinate and non-integrable. 


(^)* ^ff (*)j ( 33 ) be both integrable {R), and be such that \f{x)\^\<f>{x) 


rb fb 

for every value of x, then f {x) dx < \<f> {x)\dx, 

J a i J a 


In particular, if <f> (x) is constant, and equal to P, the upper boundary of 

fb 

\f{x)\ in {a, b), then / f (x) dx ^ P (6 — a). 

Eor f {| ^ (as) I — I / (a:) |} da: is s 0, since, in every interval 8, no value 

•f a 

of 1 ^ (a:) I — 1 / (x) I is negative, and thus the sums of which the integral 
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is the limit are all a 0 . Also from (2), Ave haA'e i | ” / (a:) ' rfa: - | *"! / (a:) j dx, 
, I a . « 

and this is ^ j \ <f> {x) \ dx. The particular case follows by assuming 

<j> {x) = P. 

If U, L denote the upper and lower boundaries of f {x) in (a, b). then 
L (b — a) s [ fix) dx r U (b — a). 

J a 

For HSU ( 8 ), E 8 L ( 8 ) each lies between L^SS and iSS, or between 
U {b — a) and L (b — a); the same must hold of the common limit, which 

is the integral / (a;) dx. 

• a 

(9) . 172 5 “■ Vm -“bean eniiinerable set of iion-overlappiyig Intervals 

contained in (a, 8 ), in descending order ofleyigth, then the sum of the integrals 
of f (x) taken over -‘-rini converges to a definite fiyiite limits as n is 

increased indefinitely; f {x) being a ftinction which integrable (i?) ui {a, b). 

Let us denote by the sum of the integrals of / (a;) taken over the 
intervals rjiy-qo, ... ijn- Since 173 -r '^72 “t ••• + ’?» increases with n, and is 
always less than b — a, it has a definite limit as n is increased indefinitely. 
we can therefore choose n so great that 77 ^^^ -f ’ 7 , 1-2 Vn^rn< 

every value of rn, where € is an arbitrarily chosen pot-itivc number. With 
this value of n, we see that | — Sn | < e.P. where P is the upper 

boundary of | / | in (a. 6 ) If 77 be an arbitrarily chosen positive number, 

we can choose e such that € < 77 /P; thus n can be so chosen that 

I 1 ’7* 

and hence S„ has a definite limit, as n is increased indefinitely. 

( 10 ) . If/i (x),f 2 (x), ..fn (x), ... be a sequence of function.^, defined in 
the interval {a, b), and / (x) be such that, for all values of x in (a, b). 

I / (*) - /«(») I < 

where € is an arbitrarily chosen positive number, provided is a fixed 
integer n^, dependent on e; the sequence {/„ {x)] is said to converge uni¬ 
formly to f (x), in the interval (a, b). 

If a sequence of functions {/„ (a;)}, all integrable (P), in the interval (a, 8 ), 
converges uniformly, in that interval, to the bounded function f {x), then f {x) 
is integrable {R), and 

[*’/ (*) d* = lim I /„ (*) dx. 

j a n'^ao . a 

At almost every point of (a, b), that is, almost everywhere in (a, b) 
(see § 333 ), all the functions of the sequence {/„ (a;)} are continuous; for 
the set of all those points at which any of them are discontinuous has the 
measure zero. Let ^ be a point at which all the functions f„ (x) are 
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continuous A,^ + A)isa neighbourhood of the fluctuation of(*) 

in (f — A, I -f h) is < e, if li be sufficiently small; the integer having 
been so chosen that |/ {x) —fn, (^) | < ^> b). It follows that the 

fluctuation of / (a;) in (^ - A, i + A) is < 3e. Since c is arbitrary, ^ is a 
point of continuity of / (x) ; therefore/ (x) is continuous almost everywhere 
in (a, b), and is therefore integrable (.8). Also 

I**/(a:) dx - [ f„^(x)dxl<e(b-a); 

a - a I 

and therefore [ / {x) dx = lim [ {x) dx. 


i2-IjSrTEGBALS OF FTJIfCTIOKS OF TWO OR MORE VARIABLES 

338. The Eieniann definition of the integral of a bounded function, 
defined for an interval (a, 6), may be extended at once* to the case of a 
bounded function/ {x^^\ x^^^) defined in a rectangular cell {a^^\ 
or more generally to the case of a bounded function / x^^\ ... of 

p variables, defined in a ^-dimensional cell ... ... 

In the definitions given in §§ 330, 331, we have only to consider 
systems of nets in two, or in jp-dimensions, instead of linear systems. 

Thus the upper and lower integralsf of / in the cell ; 

5 ( 1 )^ 6 ( 2 )) uaay be denoted by 

B«=>) 

J (a<i). a(2)) 

^(0(1). a<=)) 

which represent the limits of the sums of the products of the areas of the 
meshes of a net D„ into the upper, or the lower, boundaries of the function 
in the corresponding meshes. That these limits exist, and are independent 
of the particular system of nets, is proved exactly as in § 332. 

When the upper and lower mtegrals have equal values, / (x^^\ x^^^) 
is integrable (B) in the fundamental cell, and their common value is 
denoted by r(6w,&c=)) 

/(a;<i>,a;<2))d(a-a),a?<2)). 

* This extension was made by H. J. S. Smith, Proc. Lond. Math. Soc. (1), vol. Yi (1876), 
p. 152, and also by Thomae, HvnleituTig in die Theorie der heslimmten Integrcde (1875), p. 33; 
also SdUdmUch’s Zeitschr. vol. xxi (1876), p. 224. 

t See Jordan’s Conrs Ancdyse, voL i, p. 34. An ^borate treatment of double integration 
has been given by Stolz, Gfrundzrige, vol. m, where the triangle or polygon is employed in relation 
to the measure of sets 6f points, instead of the rectangle. On this matter see Schoenflies, Bencht, 
voL I, p. 179. 
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The necessary and sufficient condition thst f is integrable {R), 

viz. that the plane measure of its points of discontinuity should he zero, 
or in other words, that the function should he continuous almost every¬ 
where in the cell, is established in the same manner as in § 333 , the proof 
requiring only a slight modification. 

The integral 

I / x^^^) d (x^'^\ where / ^ 0 , 

J (a(i), at2>) 

in the cell is the measure (J) of the three-dimensional set of points 
x^^^j x^^^) defined hy 

a(i) ^ ^ 6 ( 1 ); ffl( 2 ) g ^ 6 < 2 ): 0 ^ a:<3) ^/(x^^-^, a;« 2 )), 

it being assumed that this measure (J) exists. 

A function / (x^^\ x^^^) which takes both signs in the fundamental cell 
is the difference of two functions /j /g both of which 

are ^ 0 . If the frontiers of both the three-dimensional sets 

^ ^ ^ ^( 2 ) < 6 ( 2 ). q ^ ^(S) (^(d^ 

have their three-dimensional measures zero, the function / is 

integrable (R) in the cell, and the integral is the excess of that of/^ a -^) 

over that of /2 (x^^\ 

The integral 

i* (6(1), 6(2), b(Pi) 

f (x(^\ x(^i, ... a;«^J) d {x^^\ ... x^^^) 

(ad), a(-), 

may be considered in a precisely similar manner, and the condition for its 
existence is an extension of that for the cases p = 1, 2. 

339. Next, let G be a bounded set of points in plane space: it is 
therefore contained in the interior of a fundamental rectangular cell 
Let us suppose that a bounded function / a; -') 
is defined for all the points of G. Let / (x^^\ be defined in the funda¬ 
mental ceU by the conditions 

/ (x(^\ a;t 2 )) =f{x^^\ ci;< 2 )), at all points of G, 
and / x^^^) = 0 , at all points of C (G). 

If we consider, for the function/ {x^^\ the sum SS {U (8) — L (8)}, 
for those meshes of the plane net fitted on to the fundamental cell, 
which contain a point of G and also a point of G (G), we see that, for all 
such meshes, Z7 ( 8 ) — i ( 8 ) > 0, unless U ( 8 ) and L ( 8 ) are both zero, since 
there is at least one point in the mesh at which / x^^^) = 0 . Thus 

S8 {U (8) — L (8)}, taken for aU such meshes, is > 0, unless/ x^^^) = 0 

at every point of all these meshes. 
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Unless f {x^^\ a:'®') = 0, at every point of the frontier of G, with the 
possible exception of a part of Q of which the meas\ire (J) is zero, the 
limit of SS {17 (S) — L (8)}, as u ~ cxd, will not be zero unless SS, taken for 
all meshes that contain points on the frontier of G, converges to zero, as 
n ~ 00. Thus it follows that the upper and low'er integrals of / a:<*>) 

in the fundamental cell wiU have unequal values, and thus that / a-i®)) 

is not integrable (12), unless, either the set G is measurable (J), or 

f a;<2>) = 0 

at all the points of its frontier with the possible exception of a part, of 
which the measme (J) is zero. 

We define the 12-integral 




/(a:‘i>, »<*>) d »<*>), 




35 ^ 2 )) the set G, to be the value of 
/■(&(!), &( 2 )) 

I (aCD, 

when the latter integral exists, which we have seen is only, in general, 
the case when the set G is measurable (J). 

In the definition of the i2-integral of a bounded function / 
defibaed for a bounded set G, it vdll accordingly be assumed that 0 is 
measurable (J); and then the integral exists when the function that is 
equal to / x^^^) at all points of G, and is elsewhere zero, has an 

jK-integral in a cell that contains G. 


An integral 


/, 


(ad), a<-)) 




or 


J^G) 


is, in accordance with tradition, spoken of as a double integral, although 
it is defined as the single limit of a finite sum, and accordingly the sign 
of integration is here employed only once. The term “double,” in the 
name double mtegral, must be taken to have reference to the tw'o-dimen- 
sional set of points for which the function is defined. A similar remark 
applies to the case of a ^-fold integral. The above notation is such that if 

(a;(i)^ a;(2))^ or ... 

be denoted by a single letter x, a double, or jp-fold, integral may be 
denoted by 

I f{x)dx, 

J a 
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independently of the number of dimensions of the space in which the 
points a, h, x lie. This is in accordance with the parity of the properties 
of the jK-integral in any number of dimensions with those of the jff-integral 
ill linear space. 


340. With slight adaptation, the properties established m § 337 are 
applicable to the case of functions of two or more variables. The notation 
will be the same as for functions of one variable, provided the single 
letter x is employed as typical of ... in space of p-dimensions. 


The definition in (1) of 


i: 


/ (a?) dx 


rb 

as the value of / (^) 

. a 

holds for a cell (a, b). The proof of the property (2) is unaltered by em¬ 
ploying 8 for a cell, instead of a linear interval. The property (3) is 
unaltered essentiall 3 - it becomes, for the case p ^ 2. 

/ill), 

The property (4) holds with its form unaltered The properU" (5) holds 
for a cell (a, jS) contained in the cell (a, 6). 


If c is a point in the cell (a, b), the cell (a, b) is divided into 2^' cells by 
the (p — 1)-dimensional planes through the point c. and 

[ f{x)dx 

a 

is expressed as the sum of the integrals over the 2^ cells into which (a, b) 
is so divided. 


The properties (6), (7), (8) remain unaltered, and (9) holds for an 
enumerable non-overlapping set of cells in the cell (a. 6). 

A more general form of (5) which holds for p-ple integrals is the 
following: 

If G he a hounded set that is measurable (J), and if G be the sum of two 
sets G^ and G ^,, both measurable (J), then 

f f{x)dx=\ f(x)dx+\ f (x) dx, 

J{G) .'(Gx) -'«?=) 

To prove this theorem, let K be the set of points of G at which the 
saltus of f (x) is ^ k\ then K has two components, a part of 6ri, and 
JSTjj a part of G^^ The only points at which the saltus of / (re), considered 
as defined in Gj, only, and zero elsewhere, is ^ A, consist of those points 
of Ki that are interior to G^, together with points forming a set on 
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the frontier of and O^. Since the content of this frontier is zero, the 
measure (J) of is zero; and the measure (J) of the set of points of 
interior to 0^ is also zero, since has the content zero. Since the measure 
(J) of the set of points at which the saltus of / {x) regarded as defined 
in Gij and elsewhere zero, is zero^ it follows that / (a?) is integrabie {E) 
in Oi ; and similarly it can be shewn to be integrabie (i?) in (? 2 . The integral 

f / (P^) dx 

Ug) 

is, by definition, the limit of the finite sum 

8^M ( 8 i) 4- 8^M ( 82 ) + ... + ( 8 „,) 

taken for a net fitted on to the fundamental cell, or interval. The meshes 8 
consist (1), of those which contain interior points of only, but no pomts 
on the frontiers of (?i and O^, (2), of those which contain interior points 
of ©2 points on the frontiers of and G^, and (3), of those 

which contain points of C?i and G^ which are not interior points of either 
set, but are points on the frontiers of G^ and G ^. The above sum may be 
divided therefore into three portions containing those meshes 8 which 
respectively belong to (1), (2), and (3). The limit of the first of these sums is 


that of the second is 


j f (x) dx, 
f f {x) dx. 


and that of the third is at most numerically equal to U multiplied by the 
content of the points on the frontiers of and G^; where U denotes the 
upper boundary of 1 / (sc) 1 in G. Since the contents of the frontiers are 
zero, the limit of the third part of the sum is zero. The theorem has 
accordingly been established. 


rSTTEGSABLE NULL-ETTKCTIOlSiS AZSTB EQUIVALEUiTT INTEGRALS 

341. If / (x) be integrabie (jB) in the interval, or cell, {a, 6), and be 
such that in every interval, or cell, contained in (a, 6), its integral is zero, 
then / {x) is said to be an R-mtegrable null-function. 

The necessary and sufficient condition that a bcnvnded function f (a;) may 
be an S-integrable null-function is that f [x) = 0, almost everywhere in its 
domain. 

Let denote the set which contains the points x at which 

I / (®) I s 

where h is any positive number. 

To prove the stdB&ciency of the condition, let be a net with closed 
meshes fitted on to the interval, or cell, (a, 6), and let SS' denote the sum 
of the measures of those meshes of Dn which contain at least one point 
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of 6rfc. If the condition of the theorem is satisfied. S8' has the limit zero, 
as 00. The sum SSiT/ (S) employed in § 330 is in absolute value 

< P2S' {A- SS') h, 

where A is the measure of the interval, or cell, (a, &), and P is the upper 
boundary of | / (x) | in (a, 6). If SS' converges to zero 

I SSi¥ (8) I - Ak 

is less numerically than the arbitrarily chosen positive number e, for all 
sufficiently large values of %. If h be chosen < €^^4. j Z8J/ (8; i < 2e, for 
large enough values of n. It follows that lim SSi/ (8) = 0, and therefore 

/ (x) is integrable (P) in (a, 6), and its integral has tiie value zero. Tlie 
same argument applies to any integral, or cell, {a. B) contained in (a, 6). 

To shew that the condition is necessary, let it be assumed that / ( j;) 
has, in every interval, or cell, contamed in (a, 6), an it-integral tiiat 
vanishes. At any point , at winch / {x) is continuous, / (.I’l) mur^t be zeio. 
For let / (Xy) have, if possible, the positive value c: then a neighbourhood 
of a?! can be determined such that, at every point of it, / (x) lies between 
c -r € and c — where e is an assigned positive number < c. The integral 
of / (x) over this neighbom'liood, which we take to have the measure A. 
is ^ A (c — e) > 0, contrary to the hypothesis. In a similar manner it can 
be shewn that / (rci) cannot be negative, therefore / (.rj) = 0. Since f {x) 
is continuous almost every\vhere m its domain, it follows that / (a;) has 
the value zero, almost everywhere, that is, with the possible exception of 
points belonging to a set of measure zero. 

342. Two functions / {x), ^ {x) both integrable (i2), which have their 
integrals equal, when taken over any- interval, or cell, contained in the 
fundamental interval, or cell, (a, 6), must differ from one another by an 
P-integrable null-function. 

If / {x) be integrable (i2), and consequently point-wise discontinuous, 
and ijj {x) be that function defined, as in § 241, by extension of the function 
which is defined only at the points of continuity of / (a;), and has at those 
points the same functional values as / (a;) itself, then i/s (a;) is integrable (E), 
although it is in general multiple-valued at the points of discontinuity^' of 
/ (x). It has been explained in § 235 that Riemami’s definition is applicable 
to such a function as iji (x). That iff {x) is integrable (IS) follows from the 
fact that its points of discontinuity form a set of which the measure is 
zero. The function / (x) — 0 (a:) is zero at the points of continuity oif{x), 
and is discontinuous only at the points of discontinuity of / (a;), which 
form a set of measure zero. Consequently / (a;) — ^ (a;) is an P-integrable 
null-function, and the two functions have equal integrals in any interval, 
or cell, for which / (a;) is defined. It has thus been shewn that: 


H I 
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A fuTiction f (x) that is integrable {R) in an interval, or cell, is the sum of 
an R-integrable null-function and of the function ijj {x) obtained by extension 
of the function defined by the values of f (x) at its points of continuity. 


THE FUjS'DAMENTAX. THEOREM OF THE INTEGRAL CALCULUS 


343. The fundamental theorem of the Integral Calculus asserts that 
the operations of differentiation and of integration are in general inverse 
operations. Before we proceed to consider the conditions under which 
tWs is the case, the following theorem will be established: 

Iff {x) be a bounded function which is integrable (R) in the interval [a, b), 

then f f {x) dx is a continuous function of x, for the whole interval {a, b), 
J a 

and it is a function of bounded variation in {a, b). It is also absolutely con¬ 
tinuous in {a,b). 

It has already been shewn that I / {x) dx exists, for any point x of 

J a 

the interval (a, b); denoting its value by F {x), we have 
F {x ± h) — F (x) = I f (x) dx; 

J X 

hence by (8), of § 337, \ F {x ±h) — F {x) \ ^ Ph, where P is the upper 
boundary oi\f(x) | in {a, b). If € be any arbitrarily chosen positive number, 
and we take \ < c/P, then for all values of h which are ^ \, we have 

\ F {x ± h) — F {x) \ < e', 

but this is the condition of continuity of F {x) at the point x. In case x 
be one of the end-points of {a, b), h must be restricted to have one sign only. 

To prove that F {x) has bounded variation in {a, b), let {a, b) be divided 
into n sub-intervals by the points a,oi^,X 2 i ... b. The sum of the 
absolute differences of the values of F {x) at the ends of these sub- 
intervals is 





and this is, in accordance mth the theorem ( 8 ) of § 337, ^ \f{x)\dx\ 

J a 

and therefore the sum is less than a fixed positive number. Since the 
total variation of F (x) in {a, b) is bounded, it follows from the theorem 
of § 246 that the total fluctuation in the interval is also bounded. 


, If (%, 6 i), (tta, 62)5 --- (®nj f>n)i ^ finite, or infinite, set of non¬ 

overlapping intervals contained in (a, 6 ), of which the total measure is 
< 7j, we have for the finite, or infinite sum 


2 \F{br)-Fiar)\^UZ{b,-ar)<vU. 

r=l 



342—344] Fundamental Theorem of the Integral Calodiis 483 

where U is th^upper boundary of \f{3s) j in («, 6 ). The number -q being 
taken to be e/?/. where € is an arbitrarily chosen positive number, we see 
that the condition, given in § 218, for the absolute continuity of F {x) 
is satisfied. 

When / \x) is integrable in (a, 6 ), the function j f (x) d:c, which has 

J a 

been shewn to be absolutely continuous, and of bounded variation in 
(a, b), is said to be the i^ndefinite integral corresponding to / (a;). 

If / {x) be any function defined in (a, 6), a function 6 {x) which, at 
every point x of the interval, possesses a difi:erential coefficient equal to 
f {x), is said to be a prionitive of / (x). 

The definition is, however, frequently extended to cases in which 
<!>' {x) either does not exist, or is not equal to / (a;), at points belonging to 
an exceptional set, of measure zero; the condition (x) = f (x) being 
satisfied at all points not belonging to the exceptional set. 

Taking the function F (x) = j f (x) dx^ as the indefinite integral corre- 

•/ a 

Spending to / (a?), the following properties will be established: 

(A) . Under certain restrictions F {x) possesses a differential coefficient 
which is equal to / (a;), and thus F (a;) is a primitive of / (a;)- 

(B) . Also it will be shewn that, if [x) be a function which possesses 
a differential coefficient / (a;), then / (a;) may have an mdefinite integral 
F (a:), in an interval (a, x)^ which integral differs from (j> [x) by a constant 
only; and thus that the mdefinite integral of / {x) is determinate except 
for an additive constant. 

It will appear that there are cases of exception to both theorems. 
When F {x) is an indefinite integral, it may happen that at certain points 
F (x) does not possess a differential coefficient; and when <f) (a;) is a function 
which possesses a differential coefficient, it is not always the case that 
the latter is integrable (i 2 ), and when integrated yields the function (f> {x) 
except as regards an additive constant. 

344 . If f {x) be coTitinuoTis in the interval (a, 6 ), and F {x) denote the 

rx 

indefinite integral I / {x) dx, then, at every point in (a, b), F {x) possesses a 
J a 

differential coefficient which is eqwil to f (x). 

For since / (a;) is continuous, an interval {x — x -r hj) can be found 
such that \f {x ± dhj) — f {x) \ < e, for aU values of d numerically less 
than 1 . It follows that 

rx±h 

F (x ± h) — F (x) = J f (x) dx 
lies between ± A [/ (a?) + c] and ± A [/ (x) — c], 

31-2 



[CH. VI 


484 The Riemann Integral 

provided < \. Hence, since 

F_{x ±h)-F_ (x) 

±h' ' 

lies between / (a;) -h e and / (x) - €, 

for h < it follows that / (x) is the differential coefficient of F (x). At 
the points a, b, the function F (x) possesses derivatives on the right and 
on the left respectively, and their values are f {cl), f {b). 

If (j> {x) be a function which at every point of (a, b) has a differential 
coefficient, which is a continuous function f {x), then 

(x) - (a) = f f (x) dx. 

J a 

For let f (x) dx be denoted by F (x), then the function f>{x) ~ F {x) 

• a 

has at every point a differential coefficient which is zero, and therefore, 
by the theorem of § 267, the function ^ (a;) — F (x) is constant; it is clear 
that this constant must be ^ {a) ; and thus the theorem is established. In 
this theorem and elsewhere, a derivative at a on the right, and a derivative 
at b on the left, are included in the term “differential coefficient.” 

345. If a given bounded function / (x) that is integrable (J?) be not 
everywhere continuous in the interval {a, b), the proof given above is 
applicable to prove that, at any point of continuity of f {x), the function 

f j 

f{x)dx has a differential coefficient equal to f{x), and thus has a differential 
J a 

coefficient almost everywhere in (a, 6 ). 

That F {x) has a differential coefficient almost everywhere has been 
shewn, in § 298, to follow from the fact that F (x) is of bounded variation. 
It has here been proved independently, for the special case of an in¬ 
definite integral. 

At a point of ordinary discontinuity of / {x), the same proof, when 
modified by taking only positive values of h, or only negative values of h, 
and using / (a; -h 0) ov f {x — 0), in the two cases, instead of / (x), wiU 
shew that F {x) has at such a point derivatives on the right and on the 
left, and that these are f {x + 0 ), f {x — 0) respectively. At a point at 
which / (a;) has a discontinuity of the second kind, the proof fails alto¬ 
gether; at such a point therefore F {x) need not possess a differential 
coefficient, nor definite derivatives on the right and on the left, but may 
have all its four derivatives D+F (a;), D^F {x), D-F {x), D__F {x) of 
different values. 

If / (^) 1>6 integrable {R), and consequently point-wise discontinuous, 
and ifj {x) be the function formed by extension of the functional values of 
f (x) at its points of continuity, as explained in § 342, we have 

f{x)=x {x) + ^ {x). 
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^here x (*) is sn integrable mill-function; and therefore / (re) and ^ {x) 
have the same indefinite integral F (x). The derivatives of F (x) are 
independent of the function x (®)j and depend only upon 4> (x), iThich is 
determined by the values of f(x) at its points of contmtdt 5 -. 

Since F (x + h) — F (x) = I ’ll {x) dx, and since the values of tfi (x) 
in the interval {x, a: -{- /;) aU lie between ip {x 0) -r and ih {x — 0) — 


where e^, converge to zero as h does so. we see that ^ ^ 

_ h 

lies between ijj {x -f 0 ) -f- and if/ (x -- 0 ) — hence D’-T (x), D_F (x) 
both lie between* i/r (x -f 0 ) and if/ (x — 0 ). By taking /i negative, we see 
that D-F {x), D_F {x) both lie between if/ {x — 0) and if/ {x — 0 ). In case 
if/ (x) have a unique limit on the right. F [x) has a derivative on the right, 
if/ (a; + 0 ); and in case if/ (x) have a unique limit on the left, F (x) has a deriva¬ 
tive if/ {x — 0 ) on the left. It maj^ happen that if/ {x) is continuous at a point 
of discontinuity of / (x ); at such a point F (a;) has a differential coefneient 
equal to the value of if/ (j;). Even when if/ (x) has a discontinuity of the 
second kind, it is possible that F (x) may have a dinereutial coefficient, 
or a derivative on the right or on the left, or both. Thi-^ case has been con- 
sideredf by G. Prasad. 


Iff (x) he integrable (B), and F {x) be the corresponding indefinite integral^ 
any one of the four derivatives DF {x), of F [x), is integrable {R). and has 
F (a:) for its indefinite integral. 

For DF {x) differs from/(a;) only at a point of discontinuity oi f {x), 
and at such a point DF (x) lies between the upper and lower boundaries 
of ifr (x); thus / (re) — DF (x) is an integrable null-function. Therefore 

f if/ (x) dx = I D+F (x) dx — I D^F {x) dx = I D~F (,r) dx 
J a J a J a ‘ -la 

= f D_F {x) dx = f f (.r) dx = F (a;). 

J a J a 

It has been shewn that the indefinite integral of a function that is 
integrable (i2) has a differential coefficient at the everywhere dense set of 
points of continuity of the discontinuous function; there may however 


* It is stated by Schoenflies, see Bericht uher die JlengenleJire, p. 20S, that the derivatives of 
F {x) are equal to ^(k-tO), 0 (g-t-O), ^(a;-0), ^ (a; - 0). This, however, is not necessarily the 
case. It has been shewn by Hahn, Monatshefte der McUh. u. Physbk, vol. xvi (1905), p. 317, that 
f (x) may be so chosen that the corresponding integral function has, at a particular point, deri¬ 
vatives on the right having arbitrarily given values lymg between, or equal to, the values of 
^ (a; + 0), ^(x-i-0) at the pomt; and in particular that / (x) may be so constructed as to have, at 
the point, a dehnite derivative which has an assigned value between the two limits. 

■j" Bulletin Calcutta Math. 8oc. vol. xv (1924), and vol. xvt (1925). 
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also be an ever 5 rwliere dense set of points at which this continuous function 
does not possess a differential coefficient. 

346. It has been shewn that, if the continuous function ^ (x) possesses 
everywhere a differential coefficient / (x) which is everywhere a continuous 
function, then 

cf> (x) -<f){a)= \ f {x) dx = F {x). 

- a 

This is a particular case of the following more general theorem: 

If cf) [x) be a function continuous in the interval (a, 6 ), and if one of its 
four derivatives (x)j (x), D~<j> (a;), D^<f> (x) be a bounded R-inte- 
grable function in (a, 6 ), then each of the other three derivatives is also bounded 
and integrable (R) in {a, b), and 0 (ir) — <j> {a) is the integral of any one of 
the four derivatives through the interval (a, x). 

If (a, x) be divided into a number of parts (a, Xj), (x^, Xo), ... x), 

it has been shewn in § 280, that ^ between the upper 

and lower boundaries of any one of the four derivatives D<^ (x) in the 
interval Xj.). It follows that <f> {x) — <f> (a) lies between two sums 

(jBj -a)V {a,x^,D) -}- (iKa - * 1 ) U + ... + (x - x„.i) U(x„_i,x,D), 

(aij -a)L (a, D) i- (x^ - * 1 ) L (x^, a^, JD) + ... + (a: - a:„_i) L (x„_i,x.D) 

where TJ (a;r_i, x^, D)^ L D) are the upper and lower boundaries 

of D(f> {x) in the interval (^V-u ^t)\ anff is knovm that these are the 
same for all four derivatives. The limits of the above sums, when the 
intervals are diminished indefinitely, so that the greatest of them con¬ 
verges to zero, are the upper and lower integrals of any one of the four 
functions D<l> (cc). If it be known that any one of these derivatives is 
integrable (i 2 ) in [a, x), then the upper and lower integrals are equal, and 
the other three are also integrable, the common value of the integral being 
<f>{x) — ^ (a). Thus 

<f)(x) — <f) (a) = I D-^<f> (a:) dir = {x) dx = I (») dx = D^<f> (x) dx. 

It should be observed that, as has been shewn in § 280, the four 
derivatives are all equal to one another at a point at which one of them 
is a continuous function; and thus at such a point there is a differential 
coefficient. If one of the derivatives be integrable, there is therefore a set 
of points of measure equal to that of the interval (a, 6), at which aU four 
derivatives have equal values, and at which therefore a differential coeflBl- 
cient exists. 

347. In case (x) be a bounded function which is not integrable (jB), 
the above proof shews that (f) (x) — <f> (a) lies between the upper and lower 
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integrals, in {a, x), of any one of the four functions Do (x). This includes 
the case in which [x) has a differential coefficient whicii is bounded but 
not integrable {R)\ in that case (/> {x) - (a) lies between 

I {x) dx and f {x) dx. 

J a J a 

ij. \ h 

Since j ef>' {x) dx ig in absolute value less than h U, vhere U is the 
upper boundary of | <f>' {x) | in {a, b), it follows, as in § 343. that j' (r) dx 

a 

is a continuous function of x; similarly it may be seen that j (a.) dx 
is a continuous function of x. At a point of continuity of 6' both 

j <l>' (x) dx, I (j>' (a;) dx 

J Cl Jjst 

have the differential coefficient (x), as may be seen by a nrocess precisely 
similar to that in § 344. Thus the upper and lower integrals of d>' (x) 
possess properties similar to those of the integral of 6' U), when it exi'it^, 
and both of them may be regai’ded as primitives of <j>' (x), in the extcnde.'l 
sense. 

The function D<f> (j;), when not integrable (i?), may bo a non-integrable 
point-wise discontiniioiis function, or it may be totally discontinuous. 

It/ (x) be any noii-mtegrable bounded function, the following theorems 
may be established by proofs similar to those in § 343 and § 345: 

"TV rjr 

The upper and lower integrals f{x)dx, | f(x)dx are continuous, and 

a a 

of bounded variation in (a, b). 

At any point of {a, b), at which f (a;) is contmuous. the upper and lower 

integrals f f[x)dx, j f{x)dxeach possess a differential coefficient which is 
J a Jja 

equal to f (x). 

348. An important general class of continuous functions for which 
the four derivatives are not integrable (iJ), even when a differential 
coefficient exists, or when derivatives on the right and on the left always 
exist, is the class of everywhere-oscillating functions. Those functions 
which become everywhere-oscillating functions when a linear function is 
added have the same property. 

If a derivative DF (a;) be such that, in every interval, it has no finite 
upper boundary or no finite lower boundary, it is certainly not integrable 
(E); it is therefore only necessary to consider an interval in which the 
function DF (x) is bounded. Let (a, x) be such Jan interval, and let us 
suppose that F {x) —F (a) is not zero. 
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In every interval a-V) contained in (a, x), U x^, D) the upper 
boundary of DF (x) is positive, and L Xf, D) the lower boundary 
of DF (x) is negative; thus the two sums 

(*1 -a)U (a,Zi,D) + {x^-Xi) U {Xx,Xi,D) + ... + (x-x^-i) U (a;„_i,a:,D), 
{x^ — a) L (^a, Xi, D) + {X 2 Xj) L (Xi , , D) + ... + (a: ^n—i) L (a:„_i, x, D), 

are such that the first is essentially positive, and the second essentially 
negative, the non-vanishing number F (x) — F (a) lying between them. 

It follows that the limits of these two sums, as the number of sub¬ 
divisions of (a, a:) is increased indefinitely, must be different from one 
another, since they cannot have zero as their common value; thus 

I DF (a;) dx, f DF (a:) dx 
J a 

are distinct from one another. 

It has thus been proved that a continuous function which is everywhere- 
oscillating in {a, 6) cannot have a derivative which is integrahle {R) in (a, 6), 
even if it have everyivhere a differential coefficient, o?’ definite derivatives on 
the right and on the left. 

The function DF (x), or / {x), in the case of such function, may be a 
point-wise discontinuous function such that the measure of the set of 
points of discontinuity is greater than zero, or it may be a totally dis¬ 
continuous function. 

A continuous monotone function, which is not reducible to a function 
with an infinite number of oscillations by the addition of a linear function, 
has at every point definite derivatives on the right and on the left, each 
of which is either continuous or is an i2-integrable discontinuous function, 
since either derivative has only ordinary discontinuities. Thus such a 
function has JS-integrable derivatives, provided these derivatives are 
bounded in the interval. 

In case the continuous function F {x) have a differential coefficient, 
or a derivative which is not everjwrhere finite, or is not bounded in the 
interval, this derivative is not integrahle in the sense in which we have 
hitherto defined integration. This case will be considered in coimection 
with the theory of improper integrals. 

349. The preceding investigations provide answers to the questions 
which arise as regards the validity of the two propositions (A) and (B) of 
§ 343, which together constitute the fundamental theorem of the Integral 
Calculus, asserting that the operations of differentiation and of integration 
are in general reversible. The definition of a definite integral has hitherto 
been restricted to that of Riemann, and is applicable to bounded functions 
only. The extensions of that definition to the case of unbounded functions, 
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■which 'will be considered later, and also the more general definition of 
integration due to Lebesgue, to be considered in Chap, vn, ■«'ill lead to 
corresponding extensions of the scope of the fundamental theorem. 

As regards the theorem (A), that the indefinite integral 

■F (*) s f / (a:) dx 

. a 

of a bounded i?-integrable function possesses a differential coefficient 
equal, at a point x of («, 6), to / (rc), it has been shewn that the theorem 
holds without restriction in case/(a;) is a continuous function; but that, 
if / (x) be not continuous, the theorem still holds as regards every point 
of continuity of / (a;). It follows that the points of (a, b) at which F {x) 
either possesses no difEerential coefficient, or possesses one which is not 
equal to / (a;), form a set of measure zero, which may however be every¬ 
where dense in (a, 6). 

The theorem (B) that, if 6 {x) possess a differential coefficient / (x). 
then the corresponding indefinite integral F (x) = I / {x) dx differs from 

- (f 

<f> (a;) only by a constant, holds if / (a;) be a continuous function, and more 
generally, if / (a;) be bounded and integrable (R). In case ^ (x) does not 
at all points possess a differential coefficient, the more general theorem is 
applicable that, if any one of the four derivatives of ^ (x) be bounded 
and integrable (JS), then the integral function corresponding to that de¬ 
rivative differs from {x) by a constant only. The theorem fads either 
in case <f> {x) be not a function with bounded derivatives, or in case it be 
a function with bounded derivatives, but those derivatives do not satisfy 
Eiemann’s condition of integrability. 

The problem of the determination of a continuous function which shall 
have a given function / (a;) for its differential coefficient, at every point at 
which / (.r) is continuous, may be considered here in the case in which 
/ (a;) is restricted to be bounded in the interval {a, b) for which it is defined. 
This problem of the determination of such a primitive of / (rr) is regarded 
as having a unique solution provided functions exist which satisfy the 
condition, and further provided any two such functions differ from one 
another by a constant only, that constant having one and the same value 
for the whole interval (a, b). In the first place, the problem cannot be 
determinate unless / (a;) be integrable (E); for either of the two functions 

[ / (^) f / (^) ^ satisfies the condition of the problem, and these 

a Jji 

functions do not differ from one another by a constant, as they both 
vanish at the point a, and are elsewhere unequal. Kext, if / (x) be inte- 

f x 

f {x) dx satisfies the condition of the problem. 
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■but the solution is not necessarily unique. In case however the points of 
discontinuity of the i2-integrable function / {x) form an enumerable set, 
the theorem of § 267 shews that the solution is determinate; for any two 
functions which have equal finite dijBferential coefficients at all points of 
{a, b) except those of an enumerable set, differ from one another by a 

constant. In this case f f (x) dx O is the function required. When the 
J a 

points of discontinuity of the integrable function / (a:) form an unenumer- 
able set, with a perfect nucleus, although that set must have zero measure, 

the problem has not a unique solution. For, although [ f {x)dx is a. 

J a 

function which has the required property, another solution is obtained by 
adding to it any continuous function which has all the intervals comple¬ 
mentary to the perfect component of the unenumerable set as lines of 

invariability; that such functions exist has been established in § 269. 

1 '^ 

/ (a;) dx, with bounded 

- a 

derivatives, which satisfies the condition of the problem; for it has been 
shewn in § 286, that any tw’o functions which have bounded derivatives, 
one of which derivatives is prescribed at all points not belonging to a 
certain set of measure zero, differ from one another by a constant. 

Similar remarks apply to the more general problem of the determination 
of a function which shall have one of its four derivatives, say the upper 
one on the right, equal to a given function/ {x) at every point of continuity 
oif{x). This problem has a solution whenever/ (as) is bounded; in virtue 
of the theorem of § 267, the solution is unique when / (a;) is integrable (i?), 
and the points of discontinuity of / {x) form an enumerable set. When 
/ (a;) is integrable (22), and the set of points of discontinuity is unenumer¬ 
able, there exists, in virtue of the theorem of § 286, only one solution for 
which the derivatives are bounded. As before, if the restriction, that the 
required function is to have bounded derivatives, be not imposed, the 
solution of the problem is indeterminate. 

EXAMPLE 

The following example was given* by Volterra, a;S the first case of a continuous function 
possessing a bounded differential coefficient, not integrable (22). 

Let be a perfect non-dense set of points in the interval {a, b), and such that its 
content is greater than zero. Let (a, j3) be an interval complementary to the set G, and let 

^ {x, a) — (x — a)® sin —^—, and therefore 6' (x, a) =2 (x — a) sin — -cos —^ . The 

X — a ' ' X — a X — a 

function (x, a) vanishes at an infinite number of points in (a, J5);let a-h y be the greatest 
value of X which does not exceed i (a + ^), for which (a:, a) vanishes. Let F (x) = 0 at 
every point of G, and in each interval (a, jS) complementary to G, let F (x) = ^ (x, a), for 

* Oiom. di Battaglini, vol. xix (1881), p. 335. 
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values of x such that a ^ a; ^ a + y; let F (x) = 6 {a — y, a), for values of x such that 
a + y^x^p — y; and let F {x) = — <l> (x, j8), for p — y ^ x ^ jS. The function F (x) is 
continuous, and has everywhere a finite differential coefficient which is bounded in the 
interval (a, 6). It is easily seen that F' (x) vanishes at every point of G. The function 
F' (x) has a discontinuity of measure > 2 at each point of the set G, which is not of zero 
content, and therefore F' (x) is not an integrable function. 

FCTNOTIOl^S WHICH ARE LINEAR IN EACH INTERVAL OP A SET 

350. The existence of continuous functions which are linear in each 
interval of an everywhere dense set of intervals has been already referred 
to in § 274. It has been shewn in § 269 how a function / (j;) can be con¬ 
structed w'hich is continuous, and has as lines of invariability the intervals 
complementary to a non-dense perfect set of points. It is clear that the 

integral function | / (x) dx is linear in each of the intervals, and being 

also continuous, it is a function of the type referred to. A more general 
function which is continuous, and is linear in each interval of the set. 

may be obtained by adding to | / {:*;) dx any continuous function for which 

* a 

the intervals of the set are lines of invariability. 


INTEGRATION BY PARTS 


351. If V denote functions of rr, defined for the inter\-al (a, 6 ). and 

which have continuous differential coefficients . - 7 - in that interval, the 

dx’ dx 


formula 


d iiiv) dv . du 

dx dx'^ ^ dx 


leads at once, by integration over the interval (a, 6 ), to the well-known 
formula (-6 .-fi C -i& 

Ja dx ]a dx [ ja 

for integration by parts, due to Leibnitz. 

The simplest generalization* of this formula is that, if / (x), g (a:) are 
bounded and integrable (B) in the interval (a, 6 ), then 

/V(») ■ f's' (*) dx^dx + iy {x) I Jy (a;) d*} dx = jy(x) dx£ g (a:) dx. 

To prove this formula, we employ the identity 


r=p r^p 

'Si CCj. ^ Pr — ^ C^r^'r-1 + ^ Pr^ry 
r-1 r=l r^l 


where denotes + 02 + •-- + denotes -f- ^2 + ^r-i • 

* See Thomae, Zeitschr.f. Math. vol. xx (1875), pp. 475-478; also Hardy, Mtss&n^er of MatK 
voL XXX (1900), pp. 185-187, and vol. XLvm (1919), p. 90. 
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In a net D„ fitted on to the interval (a, 6 ), let a, = (S,), where 

Ml {Sr) is a number not greater than the upper boundary of / {x) in the 
mesh Sr, nor less than the lower boundary oif{x) in 8 ,; let j 8 , be S,M^ ( 8 ,), 
where ( 8 ,) is defined similarly in relation to g {x). We have then, if 


P = 

S 

r -1 


SrMi {Sr) S"'8,Jlfs (S*) 


r-inn r i r 

+ S 8,Jf, (8,) S St3Ii 

r- 1 L “ < -1 



r-^ytin r = mn 

= S SrMi ( 8 ,) S SrM^ {Sr) .( 1 ). 

I--! r-l 


rb ^ r-niH 

Let 71 be so great that / {x) dx difEers from both S 8 ^ ( 8 ^) and 

a r = 1 

r=mn 

S 8 yLi ( 8 ^) by less than rj ; and so great that g (x) dx differs from both 

r=l " ^'a 


T = itln T=yiln 

S 8 ^ ZJg (Sr) S 8 ^X 2 ( 8 ^) by less than rj ; where rj is an arbitrarily 

r T = 1 

chosen positive number. ( 8 ^), ( 8 ^) are the upper and lower boun¬ 
daries of / {x) in the mesh 8 ^, and ( 8 ^), ( 8 ^) those of g {x). 


Then it is clear that, for every value of 7\ 

8 i (St) - I V (a;) dx < 77 , and [ / (a?) dx - S 8 ^^! ( 8 ^) < 

#•>1 Ja Ja t'l 

j’Jir t^r 

hence f{x) dx and S 8^-3^! ( 8 ^) differ from one another by less than tj. 

Ja t-^1 

A similar result holds with respect to the function g {x ); the mesh 8 r 
being Xr). 


If Ml {Sf) = / {Xr^i), and M^ (8,) = g (a;,_i), we see that 

r-nin r t=r-l 

S SrMi {Sr) S S,M, (8,) 
r-1 L «'l J 


r-mn r-Tr-l r^Uln 

differs from E Kf{^r-i) g {x) dx by less than S 8^ \f{^r-i) \ ot 

by less than A {b — a) tj, where A is the upper boundary of 1 / (a;) | in 
(a, 6 ). A similar result holds with respect to g {x). 

As 7) is arbitrarily small, we now see that, when n co, the formula 
obtained by proceeding to the limit of the expressions in ( 1 ) gives the 
above formula for integration by parts. 

The formula is eq[uivalent to a somewhat more complex formula which 
was given* by Du Bois-E,eymond. 

Let a, j 8 be fixed points in the interval (a, 6 ). Writing 
■^ (*) = f f (®) (?(*)=[ g {x) dx, 

J a J a 


* AbTurndhingen d. MurtcK Ahad. vol. xn (1873), p. 129. 
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Integration hy Parts 


the above formula becomes 


I f {x)G {x)dx + g (a:) F (x) dx = f (x) dx I g (x) dx. 

•I ct - a . « « 


If we subtract from each side the expression 




^ iP) \ f (^) -f- ^ (a) I g (x) dx, 

• a - a 

and express each of the integrals on the right-hand side as the sum of 
two integrals, taken from a to a and from a to in the first case, and 
from a to P and ^ to 6, in the second case, we find, after a little reduction, 
Du Bois-Reymond's formula for integration by parts: 


j^/(«) I Sr (a:) dx^ dx + 




I fif (ic) -j I / {x) dx - dx 

} a . a ‘ 


/ {x) dx I g (x) dx ' . 

L * 3 

This formula reduces to the earlier one, if we take a = j8 = a. 

The case of functions / g both integrable (i?) in 

a cell may be considered by applying the formula (1), 

when the meshes 8 are those of a net of a system fitted on to the cell. 
The form of the resulting expression when we proceed to the limit will 
depend upon the order in which the meshes of the net are arranged 
in the series. If we count the meshes from left to right, first taking the 
lowest row along the axis, then the next row also from left to right, 
and so on, it is easily seen that the formula obtained is 

■ ,-(6(1), J,(2)) 


r(6(i), 6(2)) 

(ad), a(i)) 

r(6(i), 6d)) 

+ g {x^^\ 

J (ad), a(2)) 

r(6d).6(=)) 

(fld), o(-i)) 


' g (a;«i>, x^^^) d x(^>) I d (x<^\ x(^>) 

-0 J 


= f! 


(ad), a(^)) 

pj-(6d),a(=)) 

(ad), ad))" 


U 


/(a:‘i', x<^>) d (a:<i>, a:<2 >)d (a:<», a:'^)) 


,-(6d>. 6(2') 




J (ad), ad)) 

This is one of the formulae analogous to the formula for integration 
by parts in the case of functions of one variable. 


CAIJCHY’S DEXINITIOX OF AX IMPROPER INTEGRAL 

352. The definition of the i2-integral of a function / {x), in a linear 
interval (a, 6), presupposes that f (a;) is bounded in (a, 6). A method was 
given by Cauchy of extending the definition to cases in which f {x) is 
unbounded in the neighbourhoods of points of a finite set. 

Let us suppose that a point c, where a< c<b, is such that, in its 
arbitrarily sTnall neighbourhood, the absolute values of the function have 
no upper limit, and let us suppose further that c is the only point of this 



494 


TJie Rienmnn Integral 


[CH. VI 


kind, and that the function / (a:) is integrable in any sub-interval of (a, 6) 
which does not contain c Avithin it, or at an end. The two integrals 

[ / {x) dx, I / (aj) dx 

Ja 'C— 

both exist, whatever sufficiently small positive values be assigned to e, e'. 

It may ]ia;ppen tlvat, as e, e' are diminished independently, so as to con¬ 
verge in each case to the limit zero, the two integrals also converge to definite 
hmits; if this be the case, we define the sum 

rc-e rb 

lim I / (x) dx + lim f (x) dx 
e'^O J a J C-rc' 

to be the improper integral of f (x) in the interval (a, 6), and we denote this 
improper integral by -t 

I f{x)dx, 

- a 

using the same notation as in the case in ivhichf (x) is integrable (R) in {a, b). 


rc-€ 

The condition that lim / (x) dx 

should exist, is that, corresponding to each arbitrarily small number S 
which may be chosen, a number can be found, such that 



< 8 , 


whatever value 0 may have, subject to the condition 0 < 0 < 1. 
A similar condition must be satisfied in order that 

lim f f (x) dx 

may exist. •' 

It may happen that, although the two limits 


f f{x)dx, f f{x)dx 

J a J C-7-e' 


do not exist, yet if we take e' = e, the sum 

I f{x)dx+\ f{x) dx 

Ja Jc+e 

may have a definite limit; when this is the case, the limit defines Cauchy’s 
principal value of the integral of f {x), in {a, b). 

It thus appears that a principal value may exist when the function 
possesses neither an integral nor an improper integral in the interval (a, 6). 

In case the point a itself be a point of infinite discontinuity, then the limit 

f / ip^) 

Ja+6 
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for € when it exists, is defined to he the iinprope*' integral 

I f(x)ds: 

• a 

off ix) in the interval (a, h). 

A similar definition applies in case the point 6 is a noint of infinite 
discontinuity of the function. 

If, in the interval {a, h), there are two points of infinite discontinuity 
^2 (where a < Cj < C2 < b), let c he any point between and c,- Then 
in case the four improper integrals 

[ / (a;) dx, [ / (a;) dx, [ '/ (a;) dx, I / f.t) dx 

all exist, their sum is defined to be the improper integral of / (a;) in (a, h). 
and is denoted by 

f{x)dx-, 

a 

and it is clearly independent of the value of c. The definition, in case one 
of the points Cg is an end-point of the interval (a, b). is of the same 
character; or both of them may be end-points. If = then if 

the two improper integrals 

[ f{x)dx, f^f(x)dx 

J a . c 

exist, their sum defines the improper integral 

r/ (x) dx. 

J a 

The definition of an improper integral can now immediately be ex¬ 
tended to the case in which there is any finite number of points of infinite 
discontinuity in the interval. If these be c^, c,, Cg, ... c,j, taken in order 
from left to right, and the improper integrals 

[ V (a:) dx, [ ■/ (a:) dx, ... I / (a:) dx 

.' a J Cl . Cn 

all exist, their sum is defined to be the improper integral 

f f(x)dx. 

J a 

The definition can be extended to the case in which there is an infinite 
number of points of infinite discontinuity of / (x), forming a set G, of 
the first species, and of the first order. In that case G' consists of a finite 
number of points Ci, Cg, ... 

If the improper integrals 

I'Ci—tx rcj-«s rci— 

I f(x)dx, f {x) dx, I f {x) dx, .... 

J a J Ci-t-ei' J Cs+e*' 
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each of which falls under the last case, all exist, and have values which 
converge to definite numbers as €i, €i', ... converge to zero, inde¬ 

pendently of one another, the sum of their limits is taken to define the 
improper integral rb 

f{x)dx. 

J a 

It is deal* that this definition admits of extension to the case in which 
O is of the first species, and of any order. 

It is easily seen that an integral which exists in accordance with this 
definition is such that the integral also exists in the interval (a, x), where 
X is any point in (a, 6 ), and that it is a continuous function of x. Moreover 

\^f{x)dx=i f{x)dx-h\ f{x)dx. 

.'a -'a J I 

This definition of an improper integral was given* by Du Bois-Reyniond, 
for the case in which O' is finite. The definition has been extendedy by 
Schoenflies to the case in which O is enumerable, but possesses transfinite 
derivatives. 

353 . When the integral of a function / {x), with a finite, or an enumer¬ 
able, set of points of infinite discontinuity, exists, it may, or may not, 
be the case that | / (a;) | has an integral in the same inter^T-al. 

rb 

The im^proper integral f (x) dx 

J a 

is said to be absolutely convergent in the interval (a, 6 ), iti case 

f \S(!^)\dx 

•I a 

exists; otherwise it is said to be coiiditioiially, or non-absolutely^ convergent. 

The integral is said to be absolutely convergent at a point c, of infinite 
discontinuity of the function, when both the integrals 

) I / (*) I I / (a;) I dx 

.'c-e Jc 

exist, provided e be suiBlciently small. If either of these does not so exist, 
the integral ^6 

f{x)dx 
J a 

is non-absolutely convergent at the point c. 

An absolutely convergent integral is absolutely convergent at each of 
the points of infinite discontinuity of the function. The converse also holds. 


* Crdl^s Journcdf vol. Lxxix (1875), p. 36. 


■j- See BericUf^Yol. i, p. 185. 
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rb ^ 'b 

l/(^) I exists, then f (x) dx exists, for, if c be a point of 

J a J a 

infinite discontinuity of f {x), we have 


fC-ri. rc~e 

I f{x)dx g I \f(x)\dx< 7 i; 

J C-re' J O'- 1' 


for all sufficiently small values of e, 'whatever value e' (< e) may have. 
The corresponding condition, on the other side of c, is also seen to be 

satisfied. The condition of convergence of j f (x) dx. at the point c, is 
therefore satisfied. 

EXAIMPLES 

ri 1 1 

1. The integral / -sin - dx exists, but is non-absoliiteiv con'ic-rtsent. For con^rirler 

J 0 X X ^ 

f i i sin - dx, taken over the set of intervals 

J \ x x\ 

>) ’ " = 1 . 2 . 3 . - . 


We have 


pnir-fin- 1.11 / 1 

j 1 


hence the integral taken over the set of intervals is 

1 n-'m / 1 \ 1 rn-//< [ , 

^ „“i V 8^v ^ U^I ir 

11 I 

thus, as m increases indefinitely, the value of the integral does so, and therefore . - ^in ^ 

cannot be integrable m the interval (0,1), in accordance with Cai:chy‘s definition. On t:ie 

ri 1 1 1 3 

other hand / ;; sin dx converges to a finite hunt, as 0. so that the integral / ^ sin ^ dr 

J ^ X X " J Q X ^ 

exists in accordance with Cauchy’s definition, but it is not absolutely convergent. 

2. Let f{x) denote a function ivhich is integrable (H) in every interval (a, b). where 

0 <a < b; and let / (a:) be, in the neighbourhood of the point 0, of the form where 

is positive, and ^ (a;) is a bounded function, defined for the interval (0, c;. 

We have | 1 < ^ S < 1 - k 

where A is some positive number. 

If 0 < fc < 1, it is clear that j dx is arbitrarily small, for a sufficiently small vahie 

J t X*‘ ^ 

of c' (> e), and therefore the improper integral / f{x)dx exists, being convergent at the 

J 0 

pomt a: = 0. Jik^l, the improper integral does not exist. 

3. Let / {x) be, in the neighbourhood on the right of the point 0, of the form ^ * 

where p is positive, and ^ (a;) satisfies the same condition as in Ex. 2. 

I f.' 

_ I ^ rn«rv ^1-3) _ rir^i-r . 






We have 


<|{[log.r»-[loger-}; 


and thus the improper integral j f (aj) da; exists, being absolutely convergent. 


32 
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4. j dz, taken through aaiy interval which contaons a point of infinite discontinuity 
of tan Xf does not exist. 

TT , 

/: 


For 


tan a; , ^ 2 , sin c 
dx > -log-:—>, 
X TT ®sine 


anil this is arbitrarily great, for a suifioiently great value of c/e'; thus the integral does not 
converge at the point x = Iv, The integral possesses however a principal value at the 
point -Itt, For the sum of the integrals taken through the intervals (-lir — e, — e') and 
0 + ]7r + €)is 

fc 2x 

. cot x.r^-r — K.'ir (iTT^ — c^)“^ sin e, 

J e' i 

and this converges to 0, with e. 

Ill 1 

5. The function cos (e“) + - sin (e“) oscillates between indefinitely great positive and 

X 

negative values, in the neighbourhood of the pomt x = 0. For every \aluc of a, except 
^ 1 

X = 0, the function = t {x cos (e®)}. 


Also 


r^d ^ ^ \ 

I ' dx dx~€ cos (e®) — e' cos (6*=), 


where c > e' > 0- It thus appears that the integral of the function converges at the pomt 
a: — 0; and therefore the function is mtegrable in an interval containing that point 


BIEMAKN INTEGEALS OVER AN UNBOUNDED INTERVAL 

354. The definition of the integral of a bounded integrablo function 
given in § 330 is applicable only to the case in which both the limits a, b 
are definite points, and in \vhich therefore the interval of integration is 
finite. 

Let a?!, iCa, ... ... be a sequence of increasing numbers having no 

upper limi t; it may then happen that the sequence of i2-integrals 

[ V (a:) dx, I ■/ (a;) dx,... | / (a:) rlx, ... 

J a J a - a 

has a definite limit A, independent of the particular sequence {x^ chosen. 
When this is the case / (a;) is said to have an integral (i2) 

f f(x)dx, 

■t a 

in the unbounded interval {a, od), the value of this integral being A, It 
has been presupposed that, in every interval (a, x), the function / (x) is 
integrahle (jR). 

If the integrals 

[ f{x)dx, f f(x)dx,... rf(x)dx,.,., 

•J Jxa Jxn 

where a^, scg, ... a;,^,... form a sequence of decreasing values of x which has 
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no lower limit, all exist, and the sequence of integrals have a limit J5. 
independent of the particular sequence chosen, the limit B is denoted by 


If the two integrals 


J —CO 


f f f{^)dx, 

Jo J -OG 

as thus defined, both exist, their sum is denoted hy 


The three numbers 


f{x)dx. 


I f{x)dx, j f(x)dx, ! f{x)dx, 

J €t J —90 J —90 

being the limits of integrals, and not themselves in the proper sense of 
the term integrals, belong to the class of improper integrals. 

In each case it is necessary, but not sufficient, for the existence of these 
improper integrals, that / (x) be integrable (E) in every finite inteiwal con¬ 
tained in the intervals (a, oo), (— co. 6), or (— dd. go): and it will at 
present be assumed that / (x) is bounded m every such finite interval, and 
has therein a proper integral. 


rc 

In case the integral / (x) clx have a definite limit, as c is indefinitely 

* -c 

increased, that limit is said to be the 'principal value of 

I / (a:) dx. 

J -30 

This principal value may exist, even when the integral 


30 

-30 


/ {x) dx. 


as defined above, does not exist; but in case the latter does exist, its value 
is equal to its principal value. 

The necessary and sufficient conditions for the existence of the integral 

[ f(x)dx, 

J a 

are (1), that the integral exists in every interval {a,x), where a; > a, and 
(2), that, corresponding to every arbitrarily chosen positive number e, a value 


of X, can be found such that 


jV(a:)da: 


< 


for every value of such that f 

A similar condition applies to the case of 


f f(x)dx. 

J —00 


32-a 
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355. It was shewn in § 332 that the necessary and sufi&cient condition 
that the hounded function / (a:) be integrable (JS) in the interval (a, 6) is 
that, for a particular system {D^ of nets, fitted on to (a, b), the sum 

HI -‘inn _ _ 

S (8^^"*) should converge to zero, as oo. It was also shewn 

in --1 

that, if this condition be satisfied for one system of nets, it is satisfied for 
all such systems. 

We have to enquire how far a corresponding condition applies to the 
case of an i2-integral through an infinite intervaL 

.'CO rh 

Since / [x) dx, when it exists, is the limit lim | / (a;) dx^ we see that 

. a Z>~oo a 

the integral is given as the repeated limit lim lim or as 

7>~00 

lim lim The question then arises w’^hether, or under what 

6"-oo W'^oo 

conditions, the order of the repeated limits may be reversed without 
altering their values. When this can be done, we have 

I / (a;) da? = lim S = lim S (8^<«>), 

la W'~Qom-l H'^oo ?/# - 1 

where the summations are taken for the meshes of a net fitted on to the 
infinite interval (a, oo)- 

In the first place it is necessary that the two sums should not be 
divergent. 

The following theorem will be established: 

If, for the function f {x), bounded in the interval (a, oo), a system of nets 

oo OD 

fitted on to the interval exists, such that S S 

_ W “ 1 WJ =■ 1 

both exist, as definite numbers, 2,*, 2^, which converge, as n ^ oo, to one and 
the same number A, then [ f{x)dx exists, and its value is A. 

J a 

!Prom the condition stated in the theorem it follows that 

m - 1 

exists, and converges to 0, as ~ oo. It will be shewn that this condition 
is su£S.oient to ensure that / f {x) dx exists in every finite interval (a, 6), 

J a 

where b> a. If 6 is not an end-point of a mesh of the system, we may 
modify the system of nets by dividing into two each mesh that contains 
the point 6. The first sum will thereby be not increased, and the second 

QO 

sum win not be diminished; accordingly the condition that S 

m-l 

exists and converges to zero, as n ^ oo, will still hold good. It then follows 
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that, when we take the finite sum S (8,where 6 is an end- 

r#i=-l 

point of this sum will converge to zero, as ?z ^ x: and thus 

& 

/ {x) dx exists as an i2-integrai. 

a 

Again we have, for any finite value m, of ni. 

Hi 


m -m 

S 8™<»)Z7 (8,,(»>) 

?/i=i 


__ 1 
J a 


Hi - i/i. 

fix)dxt: S 

//t-1 


and thus < rj, where rj is an arbitrarily chosen positive number, and n is 

CO 

chosen so large that 2 < t]. The number 711 mav be chosen 

7il = l 


so large that 


s S«<"’0-(8J«>) 

//i =//i —1 


< 7}: hence 


00 

2 U - I ^ f{x) dx < 


7H-1 


for 7n > mi , some fixed integer. 

We may also suppose n to have been chosen so large that 

m =-l 

we see then that f{x) dx differs from A by less than for all values 

• a 

71) 

of f which are equal to a 4 - 2 where m ^ mi. If X be any number 

Wt “ 1 

greater than the least of these values of two values of f exist, between 

rX 

which X hes. If ii be the smaller of these, | / {x) dx lies between Ud 

* fi 

and Ld, where d is the maximum of the meshes of and U, L are 
the upper and lower boundaries of f {x) in (a, oo). It now follows that 
rx 

I f {x) dx differs from A by less than Ztj 4 , where ^ is the greater of the 

a 

two numbers | Ud |, \Ld\. Since 77, 5 are both arbitrarily small, it follows 

I'X 

that f {x)dx converges to A, as X 00 ; and thus that the jR-integral 

.a 

f {x)dx exists. 

1 a 

oo 

It should be observed that the convergence of 2 to 

m = l 

zero, as rz. ^ 00, for a particular system of nets, is not by itself suflSicient 
to ensure the existence of I f(x) dx, but only that of j f{x) dx, for every 
finite value of b (> a). In this req)eot an iutegral (ft) over an. infinite 
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interval differs from one over a finite interval; since, in the latter case, 
the convergence of the finite sum (8^”^) to zero, as n oo, for a 

particular system of nets, is sufficient to ensure the existence of the 
integral. 

356 . The converse theorem will now be proved, that: 

rno 

If f(x) dx have a definite value, a jpaHicular system of nets can always 

.'a 

oo 

be determined for {a, oo), such that S exists for each net 

/// -=1 

of the system, and converges to the value of the integral, as n ^ oo. 

Let us consider a set of points a,x-^,X2, ... ... which diverges as 

71 ^ 00. A net can be determined for the interval {a, x-f), such that 

S8D^(8)- rf{x)dx<le\ 

' a 

similarly, a net can be determined for {x^, X2), such that 
S8D-(S)- \y{x)dx< -^,e; 

and generally, a net can be determined for x^), such that 

2 SCr(8)- p f{x)dx<-y^. 

J .r„_i ^ 

Thus a net can be fitted on to {a, x^), for which 

s 8 U(S)-iy(x)dx<yi-^„'). 

Now Xn can be taken so large that f f (x) dx — f f (x) dx | < ; there- 

\J a J a I 

71 III 

fore a net can be fitted on to {a, 00), such that S 817 (8) differs from 

ao - I 

f{x)dx by less than an arbitrarily small number, for all sufficiently 

' a 

large values of 7 n. Therefore S 8 Z 7 (8) converges to a limit w^hich differs 

m=l 

FCO 

from / (x) dx by not more than €. By taking a monotone sequence of 

-a 

values of e which converges to zero, we obtain a system of nets, fitted on 
to (a, 00), such as is required. 

It may also be possible to define a system of nets jD„ such that S 8 I 7 (8), 
taken over {a, b), does not converge, as 6 00; and thus the theorem 

r fix) dx^Wm S 8 J«> 17 ( 8 ,,(«)) = lim S 

-'a ri'^oom-l = l 

only holds, provided the nets are such that the sums exist for each net of 
the system, from and after some fixed value of n. 
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It can also be shewn that: 

When the integral j" f (a;) dx has a definite value, then jor any systein &j 

QG 

tietsfMed on to (a, oo) which is such that S {h„y>) &.eistb, anrl con- 


tit = 1 


verges to zero, as co. the set of numbers S ^^cisis, and 

converges to the value of the integral. 

Since, for every value of m. 


I 


7/1 

a+SoTft^"^ t/i 'n- 

f(wydx<ssj»>u(sj>‘>)' 

a 1 - « 


/ (j;) dx - (S,,.'''-';, 


ifi 

we see that the number SS,„<">?7 (S,„‘“>) has, as ^ x. limits of indetei- 
r* OL 

minancy between ^{x)dx and f(x)tlx- 2 There- 

• « . « lu -1 

CO 'If 

fore as ?i ~ oo, 28,,/"^ Z7 converges to j f{x)dx. For a systein of 

a 

nets which is not such that 

S SJn)JP (SJ«)) 

Itl -- 1 
W 

converges to zero, 2 8,^/"^ U not m general conveige. a-- m sc. 


i/i-i 


r=« I'b 

357. The definitions of f(x)dx, | f[x)dx may be extended to the 

a . - DC 

case in which / (x) has points of infinite discontinuity. If the improper 
integral [ f {x) dx exist for every value of X which is > a. and if it 

. a 

converge to a definite limit, as X increases indefinitely, then that limit 
defines 

/ (x) dx. 


The integrals I f{x)dx, I f{x)dx, when they exist, possess many of 

J -CO 

the properties of a proper, or an improper, integral | / (a;) dx. These 

. a 

integrals are continuous functions of the finite limit x. For 
r f(x)dx=l f(x)dx-i-l f{x)dx, 

J -00 -CO . a 

f x 

f (x) dx is a, continuous function of x, so also is 

a 

I f (x) dx. 

J —OO 
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When the integral [ / {x) dx exists, the integral [ f {x) dx is 


con¬ 


tinuous for all values of x in the interval (a, oo), including a; = oo, as it 
is there continuous in the extended sense of the term, when the point go 
is regarded as belonging to the domain. 


If the integral I f{x)dx exist for every finite value of a; in the interval 

Jcf 

(a, oo), and if <f> (x) be a function which is finite and continuous for every 
such value of x, and be such that 

(f>{x)-<f> {a) = f f (x) dx, 

J a 

then, provided (f> (x) be continuous for x = co, the function / (a;) is inte- 

rco 

grable in {a, oo), and ^ (oo) — ^ (a) = i / (jc) dx. If the function ^ [x) 

J a 

have a derivative, say D+(f} {x), which is integrable in every interval {a, x) 
of (a, oo) ; then if the integral be a proper one, or be such an improper one 
that the relation rj 

<j>{x) — <j> [a) = I D+(j> (a;) dx 
J a 

subsists, then, provided the limit ^ (oo) exist, we have also 

<l> (oo) — <f) {a) = [ D^(j> {x) dx. 

J a 

A similar statement applies to each of the other derivatives of (f> (x). In 
the case in which (a;) ~ (a) differs from f D+f {x) dx by an integrable 

J a 

null-function, this holds also for the limit sc = oo. 

I'GO 

358. An integral f{x) dx is said to be absolutely convergent when the 
Ja 

rOO 

integral | / (a:) | cte exists; otherwise it is said to be conditionally or non- 

a 

-oo |.oo 

absolutely convergent. If |/(a;)|da; exists, then also f{x)dx exists; 

} a J a 

far, rar, 

for I f {x) dx ^ \ \f{x)\ dx, and hence the convergence of the latter 

- s,\ 

integral follows from that of the former one. 

//*/ {x) andf {x) (i> {x) be both integrable in every interval {a, a:), contained 

fOO 

in {a, co), and if f{x)dx be absolutely convergent, and if <f> (x) be, from 

- a 

and after some fixed value of x, numerically less than some fixed number, 
then the integral f {x) <l> {x) dx exists, and is absolutely convergent. 

* Biemanii’s Gea. Werke, p. 229; also Pringsliemi, McUh. Anncden, vol. xxxvn (1890), p. 591. 
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For, since j / {x) dx is absolutely convergent, we can find, corre¬ 
sponding to a fixed positive number a, a number ^ > a, such tliat 

fS+h 

\f{x)\dx<a, 

for ail positive values of h: we have then 

[ f i^) 4^ ^ I \f{^) \ ^ 

where K is the upper boundary of [ <^ (a;) |, and is by hypothesis finite. 
It is thus seen that j f (x) <f> (x) is convergent. Also since 

1^'"* I / (*) ^ {X) \clx^K r'" \f{x)\dx£ Kc, 
we see that the convergence is absolute. 


359. An important set of tests of the absolute convergence of an 

-GO 

integral / {x) dx is the following: 

a 

If f (x) be integrable in every interval (a, x), then j / {:r) dx converges to 

(I 

a definite finite valiie^ provided f (x) converge to zero, as x is increased in¬ 
definitely, in such a manner that one of the expressio)i$ 
f {x).x^-^^, f (x) X {Jiog 

/ (x) X log X (log log . f (x) xlogx.log logx . (log log ... log 

converges to zero, as x is indefinitely increased, h denoting some fixed number 
greaterr than zero. 


The integral f (a;) dx is not convergent, in case f (a;) be of invariable 

. a 

sign, from and after some fixed value of x, and provided also any one of the 
above expressions remains numerically greater than some fixed number (> 0), 
as X is increased indefinitely, when k has the value zero. 

rX-^h 

We see that, in the first case, | / (a;) | da? is numerically less than 


We see that, in the first case, j 
one of the expressions 

rX+fe rX+h ^ 

^ Jx ^ Jx :r'(loga;)i+* 


CX+h ^ 

’ ^ a; Qofi[a;)i+*’ 


X log X (log log a:)i+*’ ’ 


where C is a constant, dependent on X, which converges to zero as X is 
indefinitely increased. These escpressions have the values 

gfi 1 1 ^r_j_ _ ....1 _] 

* 1_A> (X + fe)»J ’ k [(log Z)* (log X + *)»] ’ 


_L_1 . - 1 

k [(log log X)* (log log X + A)»J ’ 
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hence, ifc being positive, it is clear that X may be so chosen that 

r X-t1i 

\f{x)\dx 

J X 


is less than an arbitrarily fixed number, and thus 

J a 

is convergent. In the second case, h being now zero, we see that 

rX-'-h 

J^. /(a:) da: 

is numerically greater than one of the expressions 

^ Jx’ .Lv icloga:’ log a; log log a;’ ‘‘’ 

or than one of 

^, X -'r h ^ log {X -\-h) ^, log {X H- h) 

Clog-^, Cloglog 

and these expressions increase indefinitely, as h is increased. It follows that 
I f (x) dx is in this case divergent. 

J a 

CHANGE OE THE VABXABLE IN A SINGLE INTEGRAL 

360. Let / (a;) be a function that is bounded in the interval (a, 6). We 
now assume that x is a continuous monotone function, ip (^), of another 
variable defined for an interval (a, jS), of i, and such that a = ip (a), 
b = ip {p). The following theorem will be established: 

If Dip (i), one of the derivatives of the non-diminishing monotone function 
ip (^), be integrable (H) in the interval {a, j8), then 

?/ {X) dx = m (^) di, and f / {x) dx = (f)} (i) d^. 

• a -a 

Let a system of nets {D^} be fitted on to the interval (a, j8). Since the 
incrementary ratio has, in any interval, the same upper 

bl ^ 62 

and lower boundaries as Dip (f) in the same interval (see § 280), to a meSh 
8(n) Qf there corresponds a mesh of a net 2>„, fitted on to (a, 6), 
such that where k is the upper boundary of Dip (i) in (a, jS). 

If denote the upper boundary of f{ip (^)) Dip (^) in the interval 
we see that lies in the interval bounded by V and U 

where are the upper, and the lower, boundary of Dip (i) in the 

mesh Also 8^"^ hes in the interval bounded by 8*”^ and Z*“^ 8*"^; 
we may therefore write 

where 0 ^ ^ 1. 
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We have then 2S‘"*?7 (S'"’) — SS<"> «'"> 

= SS<"> («<«) — Z<«))} JJ (S(«J) _ ,/'«>] 

= 2S‘"’ (8'">) — «<">} — 25'"’ S'"> {a<"> — Z'"') U (S'"-');. 

the summations being tahen for the w,, meshes of the net Z)„, or of the 
net D^. We shall assume that /(a;) s 0 in (a, 6 ); by the theorem of § 346 
this involves no loss of generality, for the constant 0 can be so chosen that 
f (x) -r C ^0. We then have 

0 £ 2S‘"> {u'">?7 (S'“>) — «'">} £ 28<”>Z7 (S'">) (it'"’ — Z'"’) £ r2S'"> («<"> — Z’">), 
where U is the upper boundary of/(a;) in ( 0 , 6 ); we have also 
0 £ 20'«> S<«> (u'«> - Z'»>) U (8<">) £ 2S<">Z7 (8'»>) - Z'"’) =- r2S ">(« '■’ - Z'"’). 

Since Ih}i (^) is integrable (J?) in (ce, j 8 ), it follows that 28'’'’ (a'"’ — Z'">) 
is arbitrarily small, when n is sufficiently increased: it thus appears that 

I 28'"’Z7 ( 8 <">) - 2S'»>r('"> 

is arbitrarily small. Therefore as n ~ ac, the two sums 

HL-^uin m iiln 

S 8„.'")17(8,„'“>), 2 

ill 1 7/1 1 

converge to the same limit. Thus the theorem is proved for the ca<e of 
the upper integrals, for the lower integrals it can be proved in a similar 
manner. 

We deduce at once the following theorem for the transformation of 
a single integral: 

If Di/j (f), one of the derivatives of the monotone function ip (f), be inte- 
grahle (i?), in the interval (a, j8), of and if either of the R-integrals 

rf(x)dx, rf{^(i)}D^(()di 

'a j a 

exists, the other also exists, and they have the same value; f {x) being a 
bounded function. 

Since ip {^) has a finite differential coefficient ip' (f), almost everj’^vhere 
in the interval {a, j 8 ), and ip' (^) is integrable {B) in the interval (see § 345), 
provided one of the derivatives Dip (f) is integrable (jR), we have 

rf(x)dx=f’'f{^mr 

J a -fa 

provided either of the integrals is known to exist as an i 2 -integral. 

In case ip {i), although not monotone, is such that it is monotone in 
each of a finite number of intervals (co,yi)Ayiyy 2 )^ iyn, P), where 
yij 72 9 do not necessarily all lie between a and jS, these intervals of f 
may be considered separately, and the above result can be consequently 
extended to such a case. 
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The following theorem* for the transformation of a single J?-integral 
s a particular case of the above theorem: 

If tM function f {x) is integroMe {R) in {a, b), and if a monotone function 
h (i) is defi7ied bi/x = i/i(i) = c+ wJi&re ^ (f) vames from ato ^ 

J a 

IS X varies from a to h, and <f) {$) his an E-integral in {a, j8), then 

I'’ f{x)dx^\'f{^m<t>{i)d4. 

J a 'CL 

361. It may happen that, when ^ (f) is a monotone function of the 
nterval (a, 6), of x, corresponds to the infinite interval [a, oo), of We 
low assume that ^ (oo) is the limit of ijSr (f), as ^ ^ oo, i.e. that ifi (f) is 
sontinuous at oo. If the conditions of the first theorem above are satisfied 
or every interval {a, b — €), of x, with the corresponding interval {a, j8'), 
)f we have rb-c rp' 

I f{x)dx=\ f{<lt (I)} D<lt (i) di. 

.a •> a 

Since this holds for every value of €, we have, on proceeding to the limit 

J a J a 

n accordance vdth the definition in § 355, of the integral on the right- 
land side. Similar considerations apply to the case in which the value 
of X corresponds to ^ — oo. 

fb 

If it be desired to transform the integral I / [x) dx^ by means of the 

J a 

elation ^ = <j> (x), where ^ (a;) is a single-valued function of x, then, unless 
^ (x) be monotone in the interval (a, 6), the inverse function ijj (^) will 
lot be everywhere single-valued. 

If it be assumed that ^ (x) is monotone in (a, 6), and that a = <j> (a), 
J = <l> (5), a derivative D(f> (x), of <f} (x), is reciprocal to a derivative Dtp (f) 

)f ^ (f). If it be assumed that is integrable in (a, j8), and that the 

;ame holds for 


D<f> {x) 

considered as a function of or else that f (x) is 


D<l> {x) 

ntegrable in (a, 6), then we may use the transformation 

[V (x)dx=\ ^ 

Ja ^ ja [1J<P 

If (f) {x) be not monotone, [ f(x)dx cannot in general be transformed 

. flS 

nto a single integral in y. If, for example, ^ {x) increases from a; = a to 
e = Zj, and then diminishes from x = k to x = b, we must take 

* Lebesgue, Anrudea de Toulouse, (3), voL i (1909), p. 44. 



360-362] Change of the Variable in a Single Integral 509 


and the integrals on the right-hand side cannot in general be combined 
into one integral through the interval («, jS), because in the tv/o integrals 
the integrand has different values for the same value of y. 

Thus, for example, iiy = sin.r. 


Jo 


f{x)dx= I dy+\' 

Jo a:J ^ Ji l_i 


cos A- I 


Jo Vl — Jo Vl — y- 



the value of cos x in the second integral on the right-hand side of the 
first equation being negative, and the value of sin"^ y being in the 
interval (0, 


REPEATED INTEGRALS 

362. The actual evaluation of a double integral over the fundamental 
rectangle, of v/hich the sides are x ^ x = y = y^, y ^ y^, i& usually 
made to depend upon the evaluation of successive single integrals taken, 
first with respect to one of the variables, and then ^\Tth respect to riie 
other. The expression 

I " {x,y)dy, or I ‘ \''' f {x, y) dydx, 

• '^u ' Un • •'o • Vit 

in which / (x, y) is supposed to be integrated first with respect to y. lor 
a constant value of a;, and then with respect to x, is called a repeated 
integral. Similarly, the expression 

rvi ra^i 

\ \ f y) 

J 3/0 J aro 

in which the integrations are performed in the reverse order, is called a 
repeated integral. The question of the existence of these repeated integrals, 
and, in any given case, their relation with one another, and with the 
double integral, will be here investigated. It will be observed that the 
double integral has been defined as a single limit; whereas the repeated 
integrals, when they exist, are each obtained as the results of repeated 
limits. We have then to investigate whether, or under what conditions, 
a double integral is capable of representation as a repeated limit, of one 
of the forms indicated. It cannot be assumed a priori that the existence 
of the double integral necessarily implies the existence, for each value 
of x^ of the single integral 

rvi 

f{.x,y)dy 

Jy. 
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as a definite number. Neither is the existence of this single.integral, as a 
definite number, necessary for the existence, as a definite number, of the 
repeated integral .•j,, 

dy- 

Jo • 3/0 

In fact, if we assume that the upper and lower integrals 

Tj/i [Vi 

f{x,y)dy, f(x,y)dy 

J 3/0 ^ih 

have different values for some of the values of x, it may happen that the 
two repeated limits 

1 ‘a^i Tz/i r-*i cvi 

y) ^yy \ S \^y 2 /) ‘kl 

‘ li, .3/0 •'J’o ^.Vn 

have identical values. 

The repeated integral will consequently be regarded, in this case, as 
existing; and thus it may be defined as 

r-Ji "T'Vx 

dx f (x, y) dy, 

j JTo £_3 /o 

where the upper or lower integral with respect to y is to be taken in¬ 
differently, provided the repeated limit exists as a definite number. 

rvi 

In a similar manner I dy f (x, y) dx, 

j f/o IjTo 

when it has a definite value independent of whether the upper or the 
lower integral Avith respect to x be used, will be regarded as the repeated 
integral, first with respect to x and then with respect to y. 

363. It was first established by P. Du Bois-Reymond* that, when the 
bounded function / {x, y) has a double jR-integral in the fundamental 
rectangle, then the two repeated integrals exist, and are each equal to 
the double integral. We shall first give a proofs of this theorem which 
exhibits its relation with the theory of sets of points. 

The following preliminary theorem will first be established: 

// j / {x, y) d {x, y), taken over the fundamental rectangle, have a definite 

value, then the values of x for which the single integral Jf {x, y) dy, taken 

with X constant, has a definite value, define a set of ^points on a side of the 
rectangle, of linear measure equal to the length of that side. 


* OrdU^s Journal, vol. sciv (1883), p. 277. 

t The investigation is founded on that of Schoenflies, Bemcht, vol. i, p. 193. 
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It follows from this theorem, that the set is everyw here dense in the 
interval, and of cardinal number c. Moreover, the points at which 

lUx , pJi 

/ y) cly, f {x, y) fly 

J 2/o ^2/„ 

differ from one another form a set of measure zero. 

On the assumption of the existence of the double integral, the set K 
of all the points at which the saltus of / {x, y) is = l\ w'here J: is an arbi¬ 
trarily chosen positive number, is a closed set, of phine content zero. If 
a straight line be drawn parallel to the -^-axis through the point x of the 
side y = Vo, of the rectangle, then the component of K on this straight 
line will be denoted by JT.,., and its linear content by / (XJ. It has been 
shewn in § 143 that, a denoting a prescribed positive number, the linear 
content of that set of points x, on the side y = y^^ of the rectangle, for 
which / {K^) > cr, is zero; and thus that I (Kj,). considered as a function 
of X, is an integrable null-function, for each value of J:. The function 
X {x), = lim I {K^), is also an integrable null-function: for the tot of points 

at wrhich x {^) does not vanish is made up of tho&e sets of points at which 
1 I ... I ... do not vanish: where 

... 

correspond to a diminishing sequence of valuer of L converging to the 
limit zero • and since each of these sets has zero measure, it follows that 
the set of points at which x (•'^0 does not vanish has zero measure. At any 
point Xi, at wdiich x {^) vanishes. I (K^^) vanishes, tor every value of k. 

It should be observed that, at a point of Kj,. it is not necessarily the 
case that/(a;, y), considered as a function of y. with x constant, has it-- 
saltus ^ h] in fact, this saltus may be less than k. or may be zero. However, 
all the points at which the saltus of / {x, y). taken wuth x constant, is 
h, are certainly included in the set Kg. . 

For any fixed value of x, the upper and lower integrals 

. i/o 

both exist, and the two have equal values at any point of the everywhere 
dense set of points ic, of linear measure x-^ — Xq, at w’hicli x {^) vanishes. 
The preliminary theorem above stated has thus been established. 

Let F (a:) denote I (x, y) dy, where F (a;) consequently has a single 

'l/o 

determinate value at each point x, at which 



512 


[CH. VI 


The Rienumn hUegral 

are equal. At any point of that set, of measure zero, at which 

7 2/1 ri/i 

f{x,y)dy, f(x,y)dy 
J 2/0 £. 2/0 

have diJfferent values, F {x) is regarded as indeterminate; and the upper 
and lower integrals are the upper and lower limits of indeterminancy. It 
will now be shewn that the function F (a;), so defined, is an intcgrable 
function. 

Let x' be a point on the side y y^, of the rectangle (ojq, y^', y^^ 

such that the component of K, on the line x = x\ has content < o-. 
A finite number of intervals €i, € 3 , ... can be determined on the straight 
line X = x\ neither abutting on, nor overlapping, one another, such that 
their sum + €3 + ... H- > 6 — o-, where h is the length of the side of 
the rectangle parallel to the 2 /-axis, and such also as to contain, in their 
interiors and at their ends, no points at which the saltus of / (x, y) is ^ k. 
For each point of one of these intervals e there exists a rectangle, with 
the point at the centre, such that the fiuctuation of / {x, y) in that rect¬ 
angle is < 7c. The breadths of these rectangles for all points of e must 
have a finite minimum, for otherwise there would exist a point of e which 
would belong to K. It follows that, for the point x\ an interval {x' — a, 
£c' + j 8 ) can be determined, such that the straight lines x =■- x' — a, 
X = x' + p intersect all the rectangles corresponding to all the points of 
the intervals ei,e 2 , ... If a;i,a ;2 be any two points in the interval 
{x' — a, a;' -f j 8 ), we have 

1 F {x^) - F (aja) \<bk + <x{U- L). 

Now a finite number of separate intervals Si, 83 , ... 8 ^ can be deter¬ 
mined on the side 2/ = of the rectangle (length = a), such that 

Si + 82 + ... + Sy > a — 07, 

where 77 is a prescribed positive number, and such that each point of each 
of the intervals 8 is a point x\ for which an interval {x' — a, x' P) can 
be determined as above. By applying the Heine-Borel theorem we see that 

81 , 82 , ... 8 ,. 

will all be covered by a finite number of these intervals {x' — a, a:' -f P). 
It thus appears that the side y = yo, of the rectangle, can be divided into 
a finite number of parts 

Ti , T2 3 ... Tjj , 

and 5 ^ j - - - \ 9 

such that Ti H- Tg + ... + Tj, > a — 77 , 

flJid Ai-l-^ + ... + A^<77, 

so that the fluctuation of F {x) in any one of the parts t is 

< bk a {U — L). 
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Let Iz = e;26, CT = c/2 (L — X). 

then Ave see that ¥ {x) is such that the side y = y^. of the fundamental 
rectangle, can he divided into a finite number of parts, such that the 
sum of those parts, in Avhich the fluctuation of F {x) is ^ e, i< ie>s than the 
arbitrarily chosen number t). It folloAvs that F (a*) is integrable along the 
side of the rectangle. 

It has now been shewn, on the assumption of the existence of the 
double integral, that the repeated integral 

f^i Ta/i 

F (as) dx, or dx | / (a-, y; dy., 

• -^0 - -fo _Jfu 

taken over the fundamental rectangle, has a definite Value. Moreo'-er. 
this value is equal to that of the double integral. For, let the funcianiei-.tni 
rectangle be divided up by means of straight lines parallel to the y-axi>. 
through the end-points of each inter\'’al of the tAvo finite sets {rj and .A'. 
Any one of the rectangles so constructed, with -r a< base and A^ith heiglit 6, 
can be diAuded into parts, by means of straight Imes parallel to tiie .r-ccxi.-, 
such that, in each one of a number of these parts the sum of a\ hose 'leighis 
is > 6 — C7, the fluctuation of / (x, y) is < L\ The fundamental rectanisic 
has now been divided into a finite number of parts, '^uch that the aiun of 
the products of each part, multiplied by the upper boiiiidary of f [j\ y) 
in that part, exceeds the sum of the product-^ of eacJi part, niultiiilied by 
the loAA'-er boundary of the function in that part, by le.-s than 

able -f (aa -f br]) (U — L). 

Avhich is arbitrarily small. 

r-jci T^/l r 

Also dx \ f{x,y)dy, and f (x. y) d (cc. y). 

J .J-o X_Vo 

both lie betw'een the two sums of products, and therefore differ from one 
another by less than abk H- {aa brj) {U — L). The equality of the double 
integral and the repeated integral is thus put in CAudence by the mode of 
sub-division of the rectangle Avhich has been adopted. 

Similar reasoning applies to the repeated integral in AA’hich the inte¬ 
gration is taken first with respect to x. and then AA-ith respect to y. 

It has thus been established that, if the double integral through the 
fundamental rectangle exist, then the two repeated integrals also exist, and 
are each equal to the double integral. 

All the points at which x {^) vanishes are points of continuity of the 
function F (x) ; but there may also be other points at Avhich F {x) is con¬ 
tinuous ; because the existence of a saltus of f {x, y) at a point {x, y) is 
consistent with f (x, y) being continuous with respect to x, and also with 
respect to y, at the point. 


H 1 


33 
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The function F (x) may be replaced by ip {x), the most nearly con¬ 
tinuous function related to it (see § 242). We thiis have 

I f y)d{x,y)= I 'ifi {x) dx. 

J I JLo 

If it be assumed that the set of points G, for which / {x, y) is defined, 
is measurable in accordance with Jordan’s definition of a measurable set 
(see § 142), then the double integral of the bounded function maybe re¬ 
placed by that of the function / (a;, y), defined for all points of a rectangle 
which contains O, the convention that / {x, y) shall vanish at all those 
points of the rectangle which do not belong to G. If the set G be such 
that each straight line parallel to the 2 /-axis contains points of G which 
fill up a finite, or an indefinitely great number of continuous intervals, or 
more generally, if the set of such points, for each value of x, be linearly 
measurable (J), then the integral 

Jf (*> y) dy, 

taken along the whole segment of the line between the sides of the rect¬ 
angle, may be replaced by the same integral taken through the component 
of G on the same segment. In particular, if the points of G on the straight 
line through the point x consist of all the points in the linear interval 

(/i {^)ji (»)). 

rvi 

we may replace / {x, y) dy 

• 1/0 
fAO) 

H^,y)dy, 

■'aw 

and therefore in this case, 

r ra-1 r/a(a) 

/ (a;, y) d{x,y)= \ dx \ f (a;, y) dy. 

-'O .'jTo 

364. A simple proof* of the fundamental theorem of § 363 will be 
given, which depends upon the fact that, for any bounded function / (a;, y)^ 
if the operation of taking the upper integral first with respect to y, and 
then with respect to x, be performed, the result cannot exceed the upper 
double integral; and that, similarly, the result of successively taking the 

* This method of proof was first employed by Hamack; see his edition of Serret’s Differential 
and Integral Calculus, p. 282; also Mafh. Annalen, vol. xxvi (1886), p. 566. Other proofs of this 
kind have been given by ArzeU, Mem. ddl* Ist. di Bologna (5), vol. n (1891), p. 133; by Jordan, 
lAomiU^s Journal (4), vol. vm (1892), p. 84, or Cours Analyse, vol. i, p. 42; aJso by Prmgsheim, 
SilzuTigsbearicJUe d. Munch. Akad. vol. xtvin (1898), p. 59, and vol. wtv (1899), p. 39; the first 
of these contains a history of the literature of the theorem. See also Pierpont’s paper “ On multiple 
integrals,” Trans. Amer. Malh. Soc. vol. vi (1905), where a proof of this character for multiple 
integrals is given. 
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lower integral with respect to x and to y cannot be less than the lower 
double integral: thus 

jf(x,y)d(x,y)^ j dx j f (x, y) dy sj dx jf(x,y)dy 

- i / y) d (x, y), 

the integrals being all taken over the fundamental rectangle. 

If / y) be integrable, so that 

[/ (a;, y) d {x, y)=\s (», y) d [x, y), 

it follows that ^ dx ^ f {x,y) dy = j da: J / {x, y) dy 

= \dx^f{x,y)dy | da: j/ (x, y) dy. 
and thus that the repeated integral 

j dxjf (x, y) dy 

has a definite value equal to the double integral. 

To prove this, let the rectangle be divided into a number of parts S, 
by means of straight lines parallel to the sides. Since the double integral 
is assumed to exist, this may be done in such a manner that, e denoting 
an arbitrarily chosen positive number, the conditions 

Jf (x, y) d (a:, y) - e s S {8i (8)} £ 2 {8f7 (8)} £ j f (a;, y) d {x, y) ^ e 

are satisfied, where the summation S is taken for ail the rectangles 8, 
and U (8), L (8) denote the upper and lower boundaries of / {x, y) in a 
rectangle 8. Now, if we take the upper and lower integrals of / [x, y) along 
a straight line parallel to the y-axis, we have 

J/ (a:, y) dy £ {8' U (8)}, 

f f (». y) dy & Si {8' L (8)}, 

w^here the summation refers to all those rectangles 8 which are inter¬ 
sected by the straight line along which the upper and lower integrals are 
taken; and in the case when that straight line is along one or more 
boundaries of the rectangles 8, S refers to all the rectangles on one side 

33-3 
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of that line; also S' denotes that interval along the line of integration 
which is in the rectangle S. It follows that 

Jdx Jf (x, y)dy (S)} s j f(x,y)d (x, y) + e 

and Jdx l/(x,y)dy^i: {SL (8)} (x, y) d{x,y)- e-, 

and since these inequalities hold for every value of e, we have 
jdxjf{x,y)dy£jf [x, y) d {x, y), 

J dxjf(x,y)dy^jf (x, y) d (x, y); 
and thus the theorem is established. 

365. The converse questions now arise whether, from the existence of 
one of the repeated integrals, or from the existence and equality of both 
repeated integrals, that of the double integral can be inferred. The answer 
to both questions must be in the negative. Continuity of a function / (x. y) 
with respect to x and y separately does not necessarily imply continuity 
with respect to {x, y) ; moreover, the saltus of the function at a point with 
respect to x, when y has a constant value, or with respect to y, when x 
has a constant value, is not necessarily equal to the saltus of the function 
with respect to {x,y). It may happen that the component of X on a 
straight line parallel to one of the axes may consist of points, some or all 
of which are points of continuity of the function when considered as a 
function of one variable on that straight line. Thus K may have a plane 
content greater than zero; and yet the linear content of the points on aU 
straight lines parallel to the axes, at which the linear saltus of the function 
is ^ k, may be zero. Hence either, or both, of the repeated integrals may 
exist, whilst for values of k, the sets K are not of content zero*; and 
therefore whilst / [x, y) does not admit of a double JJ-integral. 

It was shewnf by W. H. Young that the existence of the iJ-integrals 
/ (^5 y) ^^^35, for aU values of y such that 0 ^ £ 1, and the existence of 

. 0 

the JS-integral / (a:, y) dy, for aU values of x such that 0 x ^ 1, the 
Jo 

function f(x,y) being assumed to be bounded in square (0,0; 1, 1), 

* An incorrect theorem, relatmg to this point, has been given by Schoenfliea, see his BericM, 
vol. I, p. 197. In this theorem, the condition that K should be closed is stated to be the condition 
for the existence of the double integral. If, however, K were not closed, it could not represent 
the set of points at which any function had a saltus ^ h The examples given by Schoenflies do 
not in reaUty accord with his theorem. 

t Monatahefle fur Math u. Phys^lc^ vol. xxi (1910), p. 127. 
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necessitate the existence of the two repeated integrals. It \^’as further 
shewn* * * § by Lichtenstein that, subject to the same conditions, the two 
repeated integrals exist and have the same value. A further in%'estigation 
is thatf of D. C. Gillespie. The case of multiple integrals has been treated! 
by Ettlinger. 

EXAMPLES 


1§. For the rectangle bounded by a: = 0, a; = 1, y = 0, y = 1, let j'[x, y; = i, for all 
rational values of x, and / (a;, y) = 2y, for aU irrational values of x. We have then 

= 1, 

whatever value x may have; and hence the repeated integral 

I j /(a:,i/)c/^ 

Jo Jo 

has the value 1: but the double integral does not exist, since / > 0, for any value of I' 

in the interval (0, 1). 


21!- Let X be represented by a fimte or infinite decimal, excluding those decimals in 
which every figure from and after some fixed place is 9. Let ]}j. denote the number of 
decimal places m the representation of ar in the manner described. Let y be represented 
in a similar manner, with a correspondmg defimtion of Let the function/(A, y) be 

defined in the rectangle bounded by r = 0, r = 1, // = 0, y = I. by/{r, //; = ~ “"j 

when and are both finite, otherwise let/(a?, y) «= 0. 

I'l 1 

We have / - — -d?/ — 0; for there is only a finite number of values of y, m U, 1). for 

J 0 Pu ~ ^ 

which Py is less than an arbitrarily chosen fixed mteger, or -is greater than an arbi- 

Py “V ^ 

trarily chosen fixed proper fraction. The function / (a*, y) vanishes, except \\ hen one at 
least of X and y is representable by a finite decimal; and thus the double intesral 

j f (a, y) d (a:, y) vanishes. 

Now / f{x,y)dy== ^--r, f f{x,y)dy=:0; 

Jo Px~r i U 

and thus / / (x, y) dy has no definite value for any value x of the everywhere dense 
Jo 

enumerable set of points for which p^. is finite. 

Nevertheless J dx j f{x,y)dy = 0= jf (x. y) d {x, y). 

3||. With the same notation as in the last example, let f{x, y) — 0, w'hen py are 

both finite, or both infinite; let / (a;, y) = ^ —, when Pg, is finite, and Py infinite; and 

^ -r Px 

, when Py is finite, and Pg. is infinite. In this case / (x, y) differs from 0 at 


y) - 


1 


* Gottinger NcLchrichten, 1910, p 468; also Sifzber, BerL math. Ges. vol. x (1911), p. 55. 

t Annals of Maih. (2), vol. xx (1919), p 224. 

J Amer. Jowmal of Math. vol. XLvn (1926), p. 215. 

§ Thomae, Schlomilch's Zeitschrift, voL xxm (1878), p. 67. 

II Pringsheim, Sttzungsher. d. Leipziger Akad vol. xxvm: (1898), p. 71. 
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an nnenninerable set of points; and yet the set of points at which / (®, j/) > e has the plane 
content zero, since all such points are on a finite number of lines parallel to the coordinate 
axis, although they are everywhere dense on those lines. The double integral, and conse¬ 
quently the repeated integrals, exist in this case. 


4*. An example has been given in Ex. 1. § 143, of a set of points K which is everywhere 
dense and unclosed, whereas the sets Ky are all finite. Let/(a;, y) = c\ at every point 
of K, and = c, at every other point. In this case, the double integral does not exist; but 

I /(iB, y) dx^c, f f {X, y) dy = c, 

Jo Jo 


whatever values y and x may have in the first, and m the second, integral respectivelv. 

Consequently f dx f f (x, y) dy and f dy f f {x, y) dx 

J 0 J 0 J 0 J 0 

both exist, and have the same value c. 


5*. Let a set {(»', y')} be defined as follows:—^Let x' have any value for which is 
finite; and with such a fiLxed value of x', let every y' be taken for w'hich g On 
every line parallel to the 2/-axi3 there is only a finite number of points of the set; but the 
set is everywhere dense on every line which is parallel to the a;-axis, and which has for its 
ordinate one of the y'. Let / (x, y) = c\ for the set {(x', y')}, and let / (a:, y) = c, for all 
remainmg points. 

We have, in this case, 


/ f(x,y)dy=-c, and f dx f f {x, y) dy c, 

Jo Jo Jo 

But I f(x, i/) dx has c and c' for its upper and lower values; and the set of values 

,-i r^ 

of y' being everywhere dense, dy I f (x, y) dx does not exist. 

Jo Jo 


y 


61- Let / {x, y) be defined at all points of the rectangle bounded by a- = 0, 2 ; = 1, ^ = 0, 
= 1, by the condition that / [x, y) — 0 , except at those points {x', y') at which 


x' = 


2m + 1 
2»» 


y' ^ J- 


2« 


where / (x', y') = ■ 


m, n, p and q being positive integers. 

In this case the double integral exists, and therefore the repeated integrals both existi. 


IMPROPEB DOUBLE INTEGRALS 

366. As in the case of single integrals, the definition of a double integral 
may be extended to the case in which the function has a set of points of 
infinite discontinuity. This set is necessarily closed, and it will be nHanTntvT 
throughout that its plane content is zero. It will also he assumed that 
the domaiu for which such a function is defined is bounded, and that the 

* Prmgsheim, Sttzungsher. d. Letpziger Ahad. vol. xxvm (1898), p. 71. 

t Du Bois-Reymond, Crdlda Journal, vol. xciv, p. 278; also Stolz, Grundzuge, vol. m (1899), 
p. 73. 

t This is denied by Stolz, Grundziige, vol. m, p. 88, on the ground that/(a:, y) for 

is not integrable with respect to y, but has i and 0 for its upper and lower values. We have, 
however, shewn that this is no justification for denying the existence of the repeated integral. 
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frontiBr liSiS th© content zero, tKe d-omain being therefore measurable in 
accordance with Jordan s definition; and consequently the function may 
be replaced by another function defined for all the points in a fundamental 
rectangle, the new function being taken to vanish at all points not in the 
original domain, and to have the same value as the original function at 
all points of that domain. These assumptions being made, a definition of 
the improper double integral which is substantially the one given by 
Jordan*, and adopted by Stolzt, may be stated as follows: 

Let ••• Dnt ••• denote a sequence of domains contained in the 

fundafnentdl rectangle, each one of which is contained in the next and consists 
of a closed set with its frontier of content zero. Further, let us suppose that 
none of these domains contain^ in their interiors or on their frontiers, any 
point at which f (x, y) has an infinite discontinuity, and that the sequence is 
such tlmt the measure of as n co, converges to that of the fundamental 
rectangle; then if the upper integrals 

f / (», 2/) d («.!/), I / (!C. y) A {x, y), ... [ f (x, y) d {x, y) . 

• -Uj ‘ Dn 

taken over the domains D^, Dg, ..., converge to a definite limit, independent 
of the particular sequence {jD„} chosen, this limit is defined to be the improper 
upper integral — 

I f (a:, y) d {x, y) 

of f [x, y) in the given domain. A similar statement applies to the case of tie 
improper lower integral. When the improper upper and lower integrals uoilc 
exist, and have the same value, then the improper integral 

jf(x, y)d(x. y) 

over the given domain is said to exist, and to have this common value. 

It will be observed that the domains are all measurable in accord¬ 
ance with Jordan’s definition of a measurable set, and therefore also in 
accordance with the definition of Borel and Lebesgue. 

In case the function / {x, y) be integrable (jR) in all the domains 
DijjDg, however this sequence may be chosen, subject to the con¬ 
ditions stated above, then,,if the sequence 

I f(x,y)d(x,y), I f (x,y) d {x, y), ... 

JjD, 'Da 

converge to a definite limit, independent of the particular sequence {i>„], 
that limit defines the improper double integral 

J/ y) d {x, y). 

* Cours ^Anailyse, vol. n, 2nd ed. (1894), p. 76. t OruTtdsavge, vol. m (1899), p. 124. 
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If a function / {x, y) have an improper integral in the fundamental 
rectangle, then / {x, y) has a proper i^-integral in any closed domain 
of which the frontier has measure zero, and which is contained in the 
fundamental rectangle, but itseM contains no points in its interior, or on 
its frontier, at which / {x, y) is infinitely discontinuous. For, if Z) be such 
a domain, we may choose a sequence {JDJ, such as is employed in the 
definition given above, and such that D is interior to , for every value 
of n. 

Since f / (a;, y) cl (a;, y) — \ f {x, y) d {x, y) 

•' 2 > 

cannot exceed [ f {x, y) d{x,y) — \ f {x, y) d {x, y) 

J JDn 

whatever value n may have, and since this latter expression converges 
to zero, as n ^ 00 , it follows that 

I / {x, y) d{x,y)-\ f {x, y) d (x. y) = 0, 

Id jJd 

or that I f {x, y) d {x, y) exists. 

J D 

It has thus been shewn that if f {x, y) Juive an improper double integral 
in the fundamental rectangle, it mmt possess a proper R-integral in any 
dosed do'tnain interior to that rectangle, such that the domain 1ms its frontier 
of zero measure, and contains no points of infinite discontinuity of the 
function, either in its interior or on its frontier. 

In particular f {x, y) has a proper i2-integral over each of the domains 


367. The necessary and sufficient condition for the existence of the im¬ 
proper upper double integral 

J f y) d (*, y) 

is that, corresponding to any arbitrarily chosen positive number €, another 
positive number 8 can be determined, such that, if A he any closed domain 
wlmtever, of which the frontier has measure zero, and which is contained in 
the fundamental rectangle, but itself contains no poinA of infinite discontinuity 
f (^j y)i dther in its interior or on its frontier, then, provided the measure 
of A is < 8, the condition 


< e, 


I J/(*. y)d{x, y) 

taken over A, is satisfied. 

A similar theorem applies to the improper lower double integral. 
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To shew that the condition stated in the theorem is sufficient, let 
D, D' be two domains of the kind specified in § 366, such that m (-D), m (£>') 
both differ from the area of the fundamental rectangle by less than S: 
they are both interior to the fundamental rectangle, and contain none of 
the points of infinite discontinuity of the function. Let d be the set of 
points of D which do not belong to jD', and d' the set of points of D' 
which do not belong to D : then 

m {d) < A — m (Z)') < 8, 
and m (d') < A — m (D) < S. 

where A is the area of the fundamental rectangle. Also, since the domains 
D -J- d', D' + d are identical, we have 

Id — Id* = la^ Id*^ 

where I denotes the upper double integral 

\f{x,y)d{x, y) 

taken over the domain indicated hy a suffix. It follows that 

hence it is easily seen that any two sequences 

{iD'n} 

both converge to one and the same definite limit. 

To shew that the condition stated in the theorem is necessary, let us 
suppose that it is not satisfied. We thus assume that a domain d. of 
arbitrarily small measure, can be found, such that | /^ j > 

Let D be interior to the rectangle, and such that 

A — m (jD) < S. 

Taking D to contain d, we then have 

m{P-d)> A - 28, 

provided m {d) <S. 

The two domains D, D — d both converge to A, if 8 be decreased inde- 
finitely; and lo-lD-a-Ia, 

thus 1 Id — Id-a \ > 

however small 8 may be; hence the limit does not exist in this case. 

The necessary and sufficient condition that the irnjprojper dipper and lower 
integrals of f {x, y) in the fundamental rectangle may both exist is that the 
improper upper integral of 1 / {x, y) | way exist. 
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To shew that the condition stated is sufficient, we observe that, on the 
assumption of the existence of 

[ 1 /(*.!/) I (»> y)> 

it follows from the theorem established above that the upper integral of 

1 / y) I 

through a domain D of the type defined in § 366, tends to the limit zero, 
as m (P) does so. Also 

I I f{x,y)d (x, y) , If {x, y) d {x, y) 

\}d Ip 

are both less than, or equal to 

I \f{x,y)\d (x, y), 

. jD 

as is easily seen. It follows that both the integrals 

I f y) d {x, y), I f(x,y)d{x,y) 

converge to zero, as m (D) does so, and uniformly for all such domains D\ 
and these are the suflBLoient conditions for the existence of 


j / (05, y) d {x, y), 


f y) d (05, y). 


To prove that the condition stated is a necessary one, let us assume 
that, for every domain Z), satisf 3 dng the specified conditions, and such 
that m (jD) < S, we have 


[ / (*. y) d (x, y) < e. 

Jn 

Now let / {x, y) = /+ {x, y) - /- (a:, y), 

where /+ {x, y) = f {x, y) 

at all points where / {x, y) is positive, and everywhere else let 

ip, y) = 0 ; 

also f’-ip^y) = -f{^,y), 

at every point where / {x, y) is negative, and everywhere else /“ (a;, y) is 
zero. The domain D may be divided into a finite number of rectangles 8, 
some of which may lie partly outside D; the functions being taken to be 
zero in aU such outlying portions. Denoting by Us the upper boundary 
of a function in the rectangle S, we have 

{/ (x, y)} == ZJfi {/+ {x, 2 /)}, 


in aU elements 8 in which 
elements 


/ {x, y) has positive values *, and in aU other 

{/+ (a?, 2^)} = 0. 
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The elements may be taken such that, if jj be an arbitrarily chosen number, 
the inequalities 

2SZ78 {/ (a:, y)} — \^f (z, y) d {z, y) < rj. 

SSUg {/+ {z, y)} — I (x, y) d (z, y) < ij 

are both satisfied. These conditions are also satisfied for any domain 
contained in D. 

We have now 

f /-^ (a;, y) d {x, y) ^ HSU, {/+ {x, y)} ^ HSU, {/ {x, y)} 

‘ -D JD Dj 

s ( f {z, y) d {z, y)-7} 

- Xli 

<€ — 77, 

where consists of the domain which is composed of those elements S, 
of D, in which / {x, y) has positive values. Since rj is arbitrarily small, 
we have -r 

I t ^x,y)d{x,y)s.€. 

.D 

Again, since 

f / {x, y)d{x,y)=-- i - {/ {X, y)} d {x, y), 

we see that — {/ V)) ^ (^* V) 

:d 

has the limit zero, when m {D) has the limit zero: and from this it follows, 
as before, that - 

I f~ (*, y) d (x, y) a e. 

. jD 

Since 1 / (*, 3/) 1 = (®-- y) -f -1 3/)> 

we have I \f {x,y)\d (x, y) a 2e; 

. JD 

and therefore | \f{x,y)\d [x, y) 

JD o 

has the limit zero, when m {D) converges to zero. It now appears, by 
ftTnpInyi-ng the first theorem of this section, that 

J |/(*.y) \d{x,y), 

taken throughout the fundamental rectangle, has a definite value. 
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The Biemann Integral 

It should be obsei'ved tba,t since 

y) 1 ^ y)^\^\f(.x>y) 1 ^ {x, y), 

the lower integral I \f{?i>,y)\d {x, y) 

J_D 

has the limit zero, whenever zero is the limit of 

T \f^^,y)\d{x,y)-, 

J D 

and that therefore J \f(x,y)\d {x, y) 

always exists when J | / (x, y) ] d (a?, y) 

does so, the integration being over the fundamental rectangle. 

368. It has been seen in § 366 that, in case / {x, y) have an improper 
integral in the fundamental rectangle, it has a proper integral in any 
closed domain D contained in that rectangle, which has a frontier of zero 
measure, and contains no points of infinite discontinuity of the function, 
either interior to it, or on its frontier. It follow^s by the property (2) of 
§ 340 , that I / {x, y) | is also integrable in the domain D \ and we have 
already seen that the existence of the improper upper integral of | / (a?, y) | 
is a necessary consequence of the existence of the improper integral of 
/ (a:, y). It thus appears that the improper upper and lower integrals 
of I / (a:, y) \ must be identical, and therefore that, if f {x, y) he a function 
which has an improper double integral, in accordance with Jordan's de¬ 
finition, then I / {x, y) | has also an improper integral, so that every such 
improper integral is absolutely convergent. 

We have seen that Cauchy’s definition of an improper single integral 
is applicable not only to the cases in which the convergence is absolute, 
but also to cases in which the convergence is not absolute. The same 
remark applies to Harnack’s extension of Cauchy’s definition, which will 
be considered in Chapter vn. Jordan’s definition of an improper double 
integral is however much more stringent than Harnack’s definition of an 
improper single integral. In the latter case the integral is defined as the 
limit of the proper integral taken through a finite number of intervals, 
not chosen arbitrarily in any manner consistent with the condition that 
the sum of these intervals is to converge to the length of the interval of 
integration, but chosen so as to satisfy the special condition that they 
are complementary to a finite set of intervals which contain within them 
all the points of infinite discontinuity of the function, each interval of 
the finite set containing at least one such point. 
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If the proper integrals, of wliich the improper integral, in Harnack's 
definition, is the limit, were not subjected to th& above-mentioned re¬ 
striction, reasoning precisely similar to that applied above would shew 
that every improper single integral must be absolutely convergent. In 
order that a definition of the improper double integral should admit of 
the existence of double integrals which do not converge absolutely, it 
would be necessary to subject the domains A, Z),. ... ... (the proper 

integrals through which define, as their limit, the double integral), to 
some restriction which would allow of the existence of a hinit in cases in 
which such a limit does not otherwise exist, independently of the par¬ 
ticular set {D^ chosen. Such a restriction as to the nature of the domain=i 
Dn would correspond to the restriction to a special cla^s of sets of interv^iw. 
of the intervals through which the proper integrals in Cauchy's or Haniack *s 
definition of an improper single integral are taken. The true extension of 
Harnack’s definition to the case of double integrals would be the foliov'ing: 

Let the points of infinite discontinuity of f (.v. y) [the i>ef of 6uch 
being of zero content) be enclosed in a finite set of recta nghb a it/t Rifles parallel 
to those of the fundamental rectangle, each rectangle of the finite set containing 
at least one point of infinite discontinuiiy, and no such point being on the 
frontier of the set of rectangles; and let denote the renminiug pait oj the 
fundamental rectangle when the finite set of rectangles U temored. Then, if 
/(a;, y) Imve a proper integral in every such domain and if thi> ptoper 
integral converge to a definite limit when any secnience whatecer of such 
domains is taken, such that the measure of D„ converges to that oj the 
fundamental rectangle, this limit shall define the improper double integral 
■off {x, y). 

This extension of Cauchy’s definition would admit of tlie existence of 
non-absolutely convergent improper double integrals, as in the cate of 
improper single integrals. With this definition, the theorems of $ 367 
would no longer be valid. 

When it is asserted that non-absolutely convergent double integrals 
do not exist, the assertion must be taken to mean that such integrals do 
not exist in accordance with the definition of Jordan, and not that it is 
impossible to give definitions, such as the above extension of Hamack. in 
accordance with which double integrals would exist that do not converge 
absolutely. 

The properties of improper double integrals which are not necessarily 
absolutely convergent are more restricted than those which exist in 
accordance with Jordan’s definition, and it is consequently a matter of 
opinion whether, ‘though the former certainly exist as limits, the name 
integral may be appropriately applied to such limits. 
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EXAMPLE 


If we take, as the domain of integration, the rectangle boimded by a: = 0, a = y = 0, 
y = b, then the double integral of ^ sin ^ is not convergent, and therefore in accordance 

/ o 1 J 

- sin -djc la non- 
0 ^ 

absolutely convergent, and exists in accordance with Cauchy’s definition. 

1 1 i 

The existence of / - sin - dx depends upon the fact that / - siii - dx converges to a 

J Q X X J ^ X X 

definite limit, as e converges to zero, and this is sufiicient to ensure the existence of the 

single integral. Although J^sm^d {x, y), taken over the domain bounded by a; == c, a; = a, 

y = 0, y = 1), converges to a definite limit, as € converges to zero, tlus is not sufiiciont to 
ensure the existence of the Jordan double integral. Takmg Jordan's definition, let the 
domain consist of the rectangular spac(^ bounded by the lines ~ 0, y = 6, and the 
lines parallel to the ^-axis at the extremities of the intervals on the a‘-axis 


(- ^ 1 

r 1 ^ 

1 1 


1 


\i2n -r 3) w’ {2n -r 2) tt/ 


^(2m -i- »5) tt’ (2m -h 4) tt) 



( _1_ 1 \ 

\(4w -f \) TT* 4/i7r/ 

The double mtegral taken through these spaces is 

1 

fa r** 1 1 /*2pTr n>i 1 

I / -sm-dajdw-1- 2 / / - sin - dxdy, 

I 1 Jo^ ^ p-n-hlJ 1 Jo^ ^ 

(27fc-l-l)7r (2j> + l)7r 

fa 1 1 /'*' 2 > = 2m ] 

I I - am-dxdy-rb sins 2 —r~:r— dz; 

J 1 JoX X ■' Jo p^n+l~ + ^P‘=^ 


which is greater than 


or than 


of -sm-dx -h b — - - / sm zdz, 

J 1 X X (4m H- 1) ttJ 0 

(2n-i-l)Tr 

, /■“ 1.1,, 2nh 

J 1 X X (4m -i- 1) TT 


and this converges to 


) I -sm-« 

Jo ^ sc 


whereas ^ ^ V)’ i^aken over the domain bounded hy x == e, x == a, y = 0, y = b, 

converges to , Z® 1 1 _ 

b I - sin - dx. 

Jo sc X 

Therefore the mode of choice of the intervals jD„ affects the limit to which 

/ - sin - d (a;, 2 /) 

converges, as converges to the complete domain. Thus it is clear that the double 
integral, m accordance with Jordan’s definition, does not exist. 
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THE DOUBLE INTEGRAL OVER AN INFINITE DOMAIN 

369. The definition of a double integral has been extended by Jordan* 
to the case in which the field is unbounded. Let the function / {x, y) be 
defined at every point of an unbounded set of points G. which is the outer 
limiting set of a sec[uence of closed domains, each of which is measurable 
(J); and let it be assumed that the upper and lower integrals of / exist 
over each bounded set of points A, that is measurable (J j. contained in 
in accordance with the definition in § 338. or in accordance uith that of 
§ 366. This does not make it necessary that the function / should be 
bounded in even if it be bounded in every such set A. ^Ve shall denote 
the upper and lower integrals of /, in A, by /^ (/), /a (/ )• 

Consider a sequence {A„}, of sets A, such that A,, contains as a part, 
all those points of O, whose distance from the origin is < : where {p,_] 

is a monotone increasing sequence of positive numbers which increase 
indefinitely with n. 

If (/) converges to a finite number n cc^ independent of the par¬ 
ticular sequence {A„}, subject to the above condition, then the upper integral 
Ia{f)i of the function over the set G, is said to exist, and is defined by that 
number, 

A similar definition may be applied to (f ), as the limit of (/). 

When Iq (/), /^ (/ ) both exist, and are equal, their value is said to define 

(/)j the integral of f over the unbounded domain G. 

The necessary and sufficient condition for the existence of I ^{f) is that, 
if € be an arbitrarily chosen positive number, the inequality | 7a (/) | < ^ 
holds for every hounded set A, measurable {J), of points contained in G, and 
such that all the points of A are at a distance from the origin ^ p (e), ahere 
p (e) is some positive number dependent on e. 

To prove that the condition is sufficient, let A^^^ A^-^ be any two bounded 
sets of points, measurable (J), each of them containing every point of G 
whose distance from the origin is < p (e). Let be the set of points 
of A^^^ which do not belong to A^^^, and let 8^-^ be the set of points of 
which do not belong to A<^^; thus the sets A*^* -r 8^®)^ _^( 2 ) ^ gu) are 
identical. Therefore 

Iaw ( /) — 7 :^( 2 ) (/) = 75 ( 1 ) (/) — 7 fi ( 2 ) (/): 
and since 8, 8' each contains no points of © at a distance < p (e) from the 
origin, we have [ T^d ( /) — ( /) | < 2€. 

If {A„} be a sequence such as has been defined above, then if w be 
sufficiently large, Pn>p(€); if A*^^=A„, A^^) = An^^, we have 

1 (/) I < for a sufficiently large value of n, and for 

* See Coura df Analyse, vol n, 2]id ed. p. 81. 
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all positive values of m. Therefore {T^{f)} is a convergent sequence. 
Again, if {A„'} be any other such sequence as {A^}, and n, n' are sufficiently 
large, we may take A*^> = A,^, A^^^ == and thus 
KA,^(/)'-^Av(/)l<2e. 

As this holds for every value of e, when n, n' are sufficiently large, corre¬ 
sponding to each value of €, the two sequences (/)}, if)} con¬ 
verge to the same limit; and thus T^if) exists as a finite number. 

To shew that the condition is necessary, let us assume that it is not 
satisfied. Then e can be so determined that, for every value of p, however 
large, there are sets A which contain no points of 6^ at a distance < p 
from the origin, and for which | 7^ (/) | ^ e. If {AJ be any sequence of 
the kind employed above, then, for any fixed value of n, the set A can be 
so determined that every point of it is at a distance from the oiigin 
greater than the upper boundary of the distances of all points of A,,; we 
have then | iA„+A if) — ( /) I ^ If be done for each value of n, 

the sequence {/a^+a (/)} cannot converge to the same limit as (/)}; 
the set A depends on n. It should be observed that the choice of A. for 
each value of n, is a case where the multiplicative axiom is employed. 

The theorem for the lower integral may be proved in the same manner, 
or may be deduced by changing the sign of /. 

370. The following theorem will be established: 

The necessary and sufficient condition for the existence of the 
lower integrals of f over the set 0 is that the up’per integral of \f\ over G 
should exist as a finite number. 

It will first be shewn that the condition is sufficient. 

The upper boundary of | / | in any cell is the greater of the numbers 
1 Z7 1, 1 I; where U and L are the upper and lower boundaries of / in 
the cell, and the lower boundary is the lesser of these numbers. Either 
U OT L may be infinite. If D be any set of points, measui*able (J), and 
contained in A, we have accordingly 

h{\f\)^\TM)\, L(\f\)^\lD{f)\- 

If m (D) converge to the inner extent of A, we see that these relations 
still hold, when A is written for D. 

If then 7j^ (I / I) < 6, for every set of points A, all the points of which 
are at a distance ^ p (c) from the origin, we see that | /a (/) | < 

1 Ia (/) 1 < €. Hence the conditions for the existence of Iq (/), (/) 

are satisfied. 

To prove the necessity of the condition, let / = /+ — where = fi 
at every point at which / is ^ 0, and elsewhere let /+ = 0. By hjrpothesis, 
if A be any set of points such that all the points of O contained in it are 
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at a distance ^ cr from the origin, we have j 7 a (/; i < je, | /a (/) < 
provided cr is properly chosen. 

Let Ai, A 2 be the two pa.rts of A in which f 1 h, /< 0 , respectively; 
^d let Ai, Aa contain sets Dj, measurable (./). 7 ^ (/-) is the liinit oi 

(/+). or of ^Di+Dz (/+), as TO (A - Z),) converges to the lower extent 
of A.^ Hence Dj, can be so determined that 7^ (/-) - (/-) < 17 . 

and /a (/") — ^Di+Di if") < V\ where 77 is an arbitrarily chosen positive 
number. 

Since the conditions ^Di if) s ^ hold oy hypo¬ 
thesis, we have (/+) < Je, (/-) < ig. and therefore 

7a (/j) < ie -I- 77 , 7a (/-) < le - 77 . 

Now 7 a (/-+/-) = lim 7^^+^^ (/" = 7 a (/-) 7^ (/-) ^6 - 2r;: 

and since rj is arbitrary, 7 a (|/1) ^ le < e; therefore '/; has an upper 
integral over G. Thus the sufficiency of the condition has been established. 

371. It will now be shewn that: 

In order that /© (/) 'tnay exist, it is necessary and sufficient that Iq{ f ) 
should exist as a definite number. 

To shew that the condition is sufficient, we observe that, I) being asiy 
set of points measurable (J), \7jy(f) \ and j /j) (/) : both lie between 
7i)(|/|) and /jd(|/|). Hence we infer that, in the interval, 7q{'j 1 . 
Lg (I /\)y 7^ (/), Ig (/) are contained. If then Tg (\ f j) and ( j ) 

are equal, which is the case when the integral 1^0 f \) exists, it follows 
that laif) exists. To shew that the condition is nece'^saiy: we observe 
that if I]) if) exists, in any set D that is meabiirable (-/), so also doe^ 
Z 2 ) (1/ I) (see § 367), hence the same holds good for any set A, to which 
D converges; and proceeding to the limit, as A converges to G. we .--C'e 
that, if laif) exists, so also does 4(1/1). /^(I/I). 4(1/!) 

exist (§370), and each is the limit of 7a(|/|)- It thus appears that, in 
accordance with Jordan’s definition of the integral of/(,r, y) over an un¬ 
bounded domain G, given in § 369, the integral is necessarily absolutely 
convergent, in the sense that | / {x, y) | has a finite integral in the domain G. 
It has been seen, in § 358, that this is not the case for a single integral of 
a function / {x) over an indefinitely great interval of x, as this integral 
may exist, and yet the integral of \fix) ] over the same interval may not 
exist as a finite number. For example, the integral of sin x/x over the un¬ 
bounded interval (0, 00 ) is not absolutely convergent. The reason for thi.*^ 
difference between the two cases is that Jordan's definition for the double 
integral is much more stringent than the definition in § 354 for the single 
integral. The single integral is defined as the limit of a sequence of integrals 
taken each over a single finite interval. If the integrals, of which the 
integral over the unbounded interval is the limit, were not restricted in 

H I 


34 
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this manner, but might be integrals over other sets of points measurable 
(J), it would be possible to give a definition in accordance with which 
only absolutely convergent single integrals over an unbounded interval 
would exist. It w'ould be possible to restrict the domains A in Jordan’s 
definition in such a manner as to admit of the existence of non-absolutely 
convergent double integrals over an unbounded domain (?. 

When it is asserted that non-absolutely convergent double integrals 
OA^er unbounded domains do not exist, the assertion must be taken to 
mean that such integrals do not exist in accordance with Jordan’s defini¬ 
tion. and not that it is impossible to give a definition in accordance with 
which double integrals exist that do not converge absolutely. 


EXA^IPLES 

1*. The integral sm (ax - 1 - hij) d (x, y), 

where 0<r<l, 0<s<l, taken over the positive quadrant, has no existence as an abso¬ 
lutely convergent improper integral. We find that the integral taken over the rectangle 
bounded by x = 0, x = Ji. == 0, ?/ == 1 tends to the limit ctr^ l)~'* r (/•) r (a) sm (r -i- s) tt, 
as h and k arc increased indefimtely. If the integral be taken over the domain x > 0, ?/ > 0, 
ax + hy < /?, then when h is indefimtely mcreased, the integral has no limit if I < r -i s < 2; 
but it tends to the same hmit as before, when r + 6* < J The integral may be regarded as 
conditionally convergent, if we adopt a definition in accordance with which it is buflicicnt 
that the integral taken through the rectangle a — 0, x ?/ — 0, y — k should ha\c a 
defimte double hmit, as h and k arc indefinitely increased. 


2t. The integrals 


j cos (ax- -1- 21ixy -f 6//-) d (x, y), j sm (ax- -'r 'Ihzy + by-) d (x, y), 

where a, ah — h- are positive, taken over the positive quadrant, do not exist as absolutely 
convergent integrals. It may be seen that, if the mtegi-als are taken over the quadrant of 
a circle bounded hy r = B, the value of the mtegral has no definite limit, as B is increased 
indefinitely. If the mtegral be taken over the rectangle bounded by x = 0, x =■//', y = 0, 
y = k\ then, when li' and k' are mcreased indefinitely, the integrals have 


0, and 


1 

2 ^ah - 



for limits respectively, the inverse cosine having its least positive value. These may be 
regarded as the values of the integrals, subject to a suitable restriction on the domains of 
which the positive quadrant is the Hmit. 


If a = 0, 6 — 0, 7i = J, ^ sm xy d (x, y), 

over the positive quadrant, has no existence, even considered as the Hmit of an mtegral 
over the rectangle. But 

/ cos xyd(x, y) 


* Hardy, Messenger of McUh. vol. xxxii (1903), p. 96. 
t Ib%d. p. 159. 
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exists, and is e^ual to when the integral is defined as the limit of the integral over the 
finite rectangle. It may be remarked that the single integrals 

rfc' JL' 

/ CQ^xydx^ / >\iiJLydy 

J 0 J I) 

are both non-oonvergent. 

THE TRAiS^SFORHATIOX OP DOUBLE IXTEGRALvS 

372 . Let {x, y) be a point of a bounded perfect and connex domain B, 
and let x and y be expressed by means of two functions . /j in terms of 
two new variables rj, which may be represented by points (f, r^) in 
another plane. Let us suppose that the functions 

y=fi{L'n)' 

and the reciprocal functions 

i = <l>i y)> ‘n y)y 

are such that the following conditions are satisfied: 

(1) . To each point {x, y) there coiTcsponds one point (f. -q). and. C(5!i- 
versely, to each point (f, 17) there corresponds one point {.**. y ). aiul to tne 
bounded domain H there corresponds a bounded domain “H. 

(2) The functions f2 {$,!]) stve continuous function^ of (f. 

throughout the domain H. 

( 3 ) . The functions (f, 77), /, (i, 77) have, at every poii.t (f. 77;, of II. 
definite partial differential coefficients with respect to ^ and 77. and each 
one of these is everywhere continuous with respect to (£. 77', aiul nowhere 
vanishes. 

( 4 ) . The Jacobian of /i (f, 77), /, (f, 77) wdth respect to 6 and 77 does not 
vanish in the domain H. In virtue of ( 3 ) the Jacobian is everywhere 
continuous, and of fixed sign. 

From (2) and (3) it follow’s that, if -i- Af, 77 — A77}, (f. 77) be two points 
of H, and {x -1- Aa;, y -f Ay), {x, y) the corresponding points of H, tlien 

^ ® ^ + (sf *•) 

where 6^, 62, ^3, ^4 converge to zero, as Af, A77 do so, and (see § 310 ) 
uniformly for all points (f, 77) in any closed domain contained wdthin H. 
On solving these equations, we find 
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with a aiTnilar expression for Aij, where J denotes the Jacobian 

and % is a fimction of di, 6^, dg, 0^ which converges with them to zero. 
Since, by (4), J never vanishes, it follows from these equations that 
Af, Atj converge to zero with Aa:, Ay, and thus that the functions tft-y {x, y), 
y) both continuous functions. 

The partial differential coefficients 

8 «^i ^ / r ^ 

dx §7j/ ’ 0y’ a*’ dy 

are also continuoiis in H ; and therefore 

^ + (If + 

where Xu X 2 j Xsj X 4 converge to zero with Aa;, Ai/, and uniformly so for aU 
points (a;, y) in a closed domain contained within H. 

Corresponding to any closed set li, of zero content, contained within H, 
there is a closed set h, of zero content, contained within H. It is clear, 
from the continuity of the functions which define the transformation, that 
a limiting point of a sequence of points in H corresponds to the limiting 
point of the corresponding sequence in S’; and thus li is closed, since 
h is so. 

Writing A^ = LliiX + MLy, At^ = Uhx -l- Jf'AT/, 

it follows, since 

^ + M» + M'^+\LM + L'M’ I, 

where L, L\ ... converge uniformly to 

5</>i 9<^_2 

3a;’ 3i’ 

that, if 1 Asc |, | Ay \ he both restricted to be less than a fixed positive 
number e, the ratio (At^)® 

(Aa ;)2 + (Ayr 

has a finite upper limit A'^, for the whole domain H. Now let the points of h 
be enclosed in a finite number of circles, the radii of which are all < e; 
it then follows that the points of h can be enclosed in a finite number of 
circles of which the radii are all less than cA. The sum of the areas of 
these circles on the (^, 77 ) plane, which contain within them all the points 
of K, has to the sum of the areas of the circles on the (a;, y) plane, which 
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enclose all the points of li, a ratio less than A?. Since the sum of the latter 
circles can be taken to be arbitrarily small, it follows that the points of h 
can all be enclosed in a finite number of circles the sum of whose areas is 
arbitrarily small. Therefore h has the content zero. 


373. Let / {x, y) be a bounded function, defined for ail points of a 
closed connex domain 0, contained in H, the frontier of G ha^fing content 
zero; and let / {x^ y) be integrable (i2) in G. If x. y be expressed in terms 
of rj by the relations 

which satisfy the conditions of § 372, then, corresponding to fix. y) in G, 
we have a function F(^,7}) in the domain G, contained in H, v.'liich 
corresponds to G. The frontier of G. corresponding to the frontier of G, 
has also the content zero. A point of discontinuity otf{x. y), in the (x, y) 
plane, corresponds to a point of discontinuity of u) in the (f, ?/) 
plane, the measures of discontinuity at the corresponding points being 
the same. Since those points of (x, y) at which the saltus of / , y) is 

^ Ic form a closed set of zero content, it follows that the pomt& of (f, rj) 
at which the saltus of JF (f, tj) is ^ form also a closed set of zero content. 
and therefore F is integrable in G. 


In order to transform [/(a;, y) d (x, y). taken throughout G. into an 

integral taken throughout G, it is convenient to make use of an inter¬ 
mediate transformation* x = ifj « 2 )j ^ = Wg, followed by the trans¬ 
formation Ui = f, «2 = fi (f j v) > function ^ {'ii^ , ?«>) being such that 

It is easy to see that each of these transformations satisfies the conditions 
of § 372. 

3x 

Since ^ is the Jacobian of (x, y) with respect to (u^, M 3 ), we have, by 

uUi 

a known theorem, 3a:3K,M,) 

d a, ’ 

hence, since J never vanishes, 


also never vanish. 


5=; 'a M 


* This method is employed in the general case of multiple integrals by Pierpont; see his paper 
“ On multiple integrals/’ Trans. Amer. Math. Soc. voL vi (1905), p. 416. It is, however, there 
assumed that / {x, y) is integrable with respect to x for each value of yi but this is unnecessary. 
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Since / {x, y) is integrable ia G, we may, in accordance with the result 
of '§ 363, replace the double integral 

I / (*, y) d {x, y) 
by the repeated integral J dy J/ (x, y) dx, 

or by J dy J f (x, y) dx. 

Applying the transformation x == i//U q) to the upper and lower 
integrals j . 

these may, in virtue of the theorem of § 360, be transformed into the 
single upper and lower integrals 


I <f> (Ul 3 '^2) 0" ^ 9 I 9 ^^2) 0 "^' J 

where <j) {u ^, ^( 2 ) represents the function of which corresponds to 

/ {x, y). We thus have 

) / {«, y) d {X, 2/) = j dWj j ^ Ui) diti 

= [ dttj [ ^ (%, tia) du^ 

= j" ^ (%, U2) d, (Ui, u^), 

the double integral being taken through the domain in the plane (?<i, U 2 ), 
which corresponds to in {x, y). 

Applying the same method of transformation to 

j 0 ('*^15 ^ 2 ) 0 ^ ^ (%s ^^ 2)9 
where % = f, ^2 = A (f, ri), 

1 /( 2 !, y) d {X, y)=\F ii, (f, Ij), 

^ ^ 3 (tti,^2) . 

3i? 9(^, I?) ’ 

heuoe finally we obtain the formula 

\f(x, y) d{x,y)=\F (f, r,) Jd (f, ,); 

which is the formula of transformation of the integral of / (a?, 3 /) throughout 
G into an integral throughout G. 


we have 
where 
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It has been assumed that J has a fixed sign throughout the domain of 
integration. If now this sign be negative, the product A|Ary, in JA^A??, 
wliich corresponds to Ax Ay in the plane of (a;, y), must be accounted 
negative, when Ax Ay is positive. It is however more convenient to con¬ 
sider A^Arj as essentially positive, otherwise the measure of a set of points 
in the (^, tj) plane would have to be reckoned as negative. Adopting this 
convention, w’e write | */ | d (^. rj) instead of Jd (^, 7y); and therefore the 
formula of transformation uill be written in the form 

f/ (*. y) d {X, y)^\F (|. d {$. r,). 

374. Let us now assume that, at certain points of O. which form a 
set L of zero measure, either (1), / (x, y) has an infinite discontinuity, or 
(2), one or more of the partial differential coefficients 

SA ^/2 0J2 

’ CT 7 ’ ' cy) 

is discontinuous, or (3), the Jacobian J vanishes. In case J be positive 
over a part of G, and negative over another part, it is convenient to divide 
the double integral into two portions, taken over these two parts of G 
respectively, and to transform these two portions separately. It will 
accordingly be assumed that J never actually cliangcs its sign in the 
domain 0, although it may vanish at the points of the ptin L. of fr. We 
may denote by L the set of points on tlie (f. tj) plane which ccarc spnnfl- 
to L. it will be assumed that L has zero content. It will be shewn thdt. 
if one of the tw'o integrals 

I f (a-'- y) d ix, y), 

taJeen over G, and J J" (^, 17 ) | J | d (f , 17 ), 

taken over G, exists as an absolutely convergent improper integral. 0 !‘ rs 
a proper integral, then the other one exists, and the two have the same 
value. 

Let us assume that I f (a:, y) d {x, y) exists: it will then be sufficient, 
Jo 

in order to establish the existence of the other integral, and its equality 
with the first, to shew that, for any domain Gi, contained in G, and itself 
containing no point of L, either in its interior or on its frontier (which 
frontier is to be taken to be of zero measure), the condition 

f / (»j y) d {x, y) - [_ J?* (f. 77 ) I J I d (f, 77 ) i < 7 
Ja _ _ I 

is satisfied, provided that m(Q) — m (Gi) be less than some fixed finite 

number dependent on 
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A domain g, interior to G, and containing, in its interior and on its 
frontier, no points of L, can be found such that 

f f {x, y) d (aj, y)- [ f {x, y) d (x, y) < e. 

JG ■'a 

If h be any domain contained in g, such that m {g) — m {h) is sufficiently 
small, we have 

j y) d (a-, y) - jj (a, y) d{x,y) < e; 

and therefore j f (a, y) d(x,y) — f (a, y) d (a, y) < 2 e. 

J G J h 

Now let fc be a domain interior to Q, containing in its interior, and on 
its frontier, no points of L, and containing li, then 

I (». y) d (a, y) - f (a, y) d (a, y) < 2 e. 

For, let p denote the domain obtained by taking the Wo domains 
y and k together, then 

I / (x, y) d (a, y) - f / («, y) d (a, y) < e, 

•'O • p 

I f (». y) d (a, y) - \ f (x, y) d (a, y) < e, 

dp J k 

and by combining these inequalities the result follows. 

We have now 

v)IIld(i,v)= f^^(i>v)IIId a, rj) - Li?- (i,v)\J\d ($, r,), 

where U is the domain formed by taking all points which belong to one 
or both of the domains (tj and Ji; and V consists of those points which 
belong to h but not to . 

Now U corresponds to a domain in the {x, y) plane which contains Ti, 
and which domain may be taken to be identical with k ; therefore 

[ (|j Tj) 1 J" I d (I, vi) differs from [ / (a, y) d (a, y) 

Ju Jg 

by a number numerically less than 2 €. Again 

(f. ■>?) 1 1 d a, V)) < y,{m {G) — m (C?i)}, 

where /x is the upper boundary of | jF (^, 17 ) J | in the domain 7 , obtained 
by removing from h those points which belong to 
We thus have 

I f^/(*.y)d(a,s^) - 1 J I d(f,7,)|< 26 + ,x{m (G) - m 
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Now let c be so fixed that it is < then % is fixed, so that /x cannot 
exceed a fixed finite number . If then ^ be so chosen that 

the inequality 

1 1 f(^, y) d (x, y)- L -F (f, 1 ?) I J I d a, Tj) <y 

will be satisfied Therefore it follows that 

exists, and is equal to j / (x, y) d (a', y). 

375. This method of transformation may he extended to the case in 
which one of the domains 0, G is infinite, or to the case in which both 
are infinite. It can be shewn that, if either of the integrals 

[ f (a;, y) d (j;, y), j_ J’ (^, ■>]) | J | d (^, vj) 

exists, the definition of § 366 being applied when G otG in infinite, then 
the other integral also exists, and the two integrals are equal. The proof 
can be given by slightly modifjdng the procedure of § 372. 

There may be a set of points of zero measure, in the domain G. such 
that the corresponding values of f, y are infinite, or v^uch that one of them 
is infinite. This set now takes the place of the s^et L. AVhether G be finite 
or infinite, the domain h, contained in G, may be so fixed as to exclude 
all points which correspond to infinite values of f or 77 The domain k 
including h, and containing no points w’hich correspond to infinite values 
of i and 7]y may then be fixed as before, and wiU satisfy the condition 

I f (*. y) d {x, y) - f f (x, y) d (x, y) < 2e, 

JG Jk 

it being assumed that the integral of / (a;, y) over O exists. 

The domain li contains all points of G of which the distance from the 
origin is less than some number R depending on the domain G — h, which 
contains in its interior all points {x, y) that correspond to infinite values 
of ^ or 7 ), or of both. The same statement holds for k, which contains h. 
When the finite domain G^ is such that the condition 

is satisfied (and, in order that this may be the case, 6 ?^ must certainly 
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contain all points of O whose distance from the origin is less than some 
fixed number i K), we have as before 

I [ / (a-’> y) (•'». y)- I -I’d’ v) IH d> v) <v'> 

1 ' G - 

and as ^ IS an arbitrarily fixed number, Ave thus see that 

JG 

exists, and is equal to I / (x, y) d (x, y). 

J & 


THE RIEHANN-STIELTJES INTEGRAL 

376. The notion of the integral of a hounded function / (a;), defined in 
the linear interval (a, 6), with respect to another hounded function 6 (x), 
defined in the same interval, is a generalization of the integral of a function 
/ (x), with respect to the variable x, that was first introduced* into Analysis 
hy Stieltjes in connection with the theory of continued fractions. This 
integral, in a generalized form, has recently become of considerable im¬ 
portance; and consequently, an account of it, so far as it can be regarded 
as a generalization of the iJ-integral, will he given here. 

If (a, Xi, Xi, ... 6) be a net, fitted on to (a, 6), and in which the 

breadth of the greatest mesh is d, let us consider the sum 

Si s/ (li) {<i> (cCi) - 4> (a)} + / (Is) {<l> (Xi) - (f> (Xy)} -i- ... 

+ f(U {<f> (ft) - 

where / (a:), </> (x) are the bounded functions, defined in the interval (a, 6), 
and ^ 1 ,^ 2 , ... ini points, assigned in any manner, which are in the closed 
meshes (a, a^), (* 1 , 0 : 2 )... , 6) respectively. 

We may denote Xq by a, and x,n by b. 

If the fmictions / (a;), cf> (a;) be such that Sa converges to a definite 
number, as the number m of the meshes is increased indefinitely, subject 
to the condition that d converges to zero, and if this limit is independent 
of the mode of successive sub-division of the interval by the nets, and of 
the mode in which the sets of points $ 2 ^ are assigned in the nets, 
/ {x) is said to have a Stieltjes Integral with respect to <j> (x). Such integral 
is defined to be the limit of as d ^ 0, and it is denoted by 

p/(a:)rf(^ (*)• 

J a 

It will here be spoken of as a Stieltjes integral. 

In the case in which / (x) is continuous in (a,b), and (a:) is monotone 
and bounded in the same interval, the existence of the integral was estab- 

* See Amudes de la Faculty des Sciences de Toidouse, vol. "vm (1894), p. J 71. 
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lished by Stieltjes. This will be proved below as a particular case of a 
more general theorem. 

It will be shewn that: 

fb ... r® 

(!)■ f (^) {^) as a Stieltjes integral, then j <p (x) df (.r) also 

* .a 

exists; and that 

I V (X) d<f> (a:) + I ' ^ (a:) df {x) =f(b)4> (b) - f {a) 6 (a). 

.a J a 

(2). If 0 (a:) = (a;) — ^2 {^): the hounded function f f.r) has Stieltjes 

integrals with respect to the bounded functions (a;), {x). then 

[ f{^)d6 (x) 

J a 

also exists as a Stieltjes integral, and has the value 

f f (^’) - f f(^) (Hi H)- 

J a J a 

r - HI ^ 

To prove (1), we see that S cf) {^r) ^/r-^fU')’ where A ^ ^f (r) denotes 

r-I 

/ i^r) — f may be wTitten in the form 

t' “=■ //I —1 i 

- S f{Xr-i)^(r.im)+f{b)tj)[b)-f(a)<j>{a), 
r = l 

where fo denotes a. and denotes h The points «. .^^ detine 

a net with m + 1 meshes, the breadth of each of which is 2d. If d be 

rb 

sufficiently small, since / (x) d<f) (a;) exists, Ave see tliat 

a 

r #/« -i-1 t 

r-1 

r HI 

differs from this integral by less than e: therefore — d> [(,) \'^_.f \x) 

r=-l 

differs from 

- f{x)d<f>{x)+f{b)<f>(b)-f{a)ct,{a), 

J a 

by less than e, provided d is sufficiently small, howeA^er the points f are 
chosen. Since e is arbitrary, it follows that 6 {x) df {x) exists, and is 

J a 

equal to rb 

- \ f{x)d<f> {x) +/(6) ^ (6) -/(a) ^ (a)- 

J a 

In order to prove (2), we employ the identity 

1**W T =in ». T=7tb J 

2 / (fr) <k H)- 2 / i^r) (*) = 2 / (ir) A,:., ^ {X), 

r = l r = l *■"1 

and the result follows by taJdng the limits of the expressions on the left- 
hand side. 
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As ill the case of the ^-integral (see § 330), wo may. in the definition 
given above of the Stieltjes integral, replace the numbers / where 
r = 1, 2, 3 ... m, by any nimibers where Mtr-if is restricted to 

be in the interval bounded by TJ%_J {x), L%_J {x)\ these numbers de¬ 
noting the upper and lower boundaries of / {x) in the interval , a;^); 
we thus obtain the follov/ing definition of the Rieinann-Stieltjes or BS- 
integral : 

r=nh 

If Sjy denotes the sum S Mtv-if i^) ^ i^) taken for a net 

r = 1 

{a^ x^^ ... > ^)> 

fitted on to (a, 6 ), the breadth of the greatest mesh being cZ, where M%_^f{x) 
is in the interval bounded by the upper and lower boundaries of f (a;) in the 
closed mesh {x ^^^, Xy); and ^f Sj^ converges to a definite number^ as the number 
m is increased indefinitely, subject only to the condition that d coivverges to 
zero, the limit of Sjy being assumed to be independent of the mode in which 
the successive nets are defined, and of the mode in which the numbers 
M^r-if (^) chosen, then the limit of 8j^ is said to define the RS-integral 

fV # (‘^)- 

. a 

It is clear that, in case the jR/S-integral of / {x) with respect to ^ [x) 
exists, the Stieltjes integral also exists. It will be shewn that the converse 
also holds good. In the case 4^ we have the ordinary J?-integral; 

and in this case the equivalence of the two definitions has been established 
in § 330. 

In accordance with the above definition of the jRS-integral, when the 
integral exists, either of the sums 

T=m „ _ r =m _ _ 

S (*) {x), S Lt_J {X) <f> (X) 

r^l r=l 

has the jRS-integral for its limit. Assuming the existence of the Stieltjes 
integral, since it is always possible to determine the points ii, 
so that 0 s UZ_J{x) - f {ir) < €, for r = 1 , 2 , ... m; where c is a pre¬ 
scribed positive number, we see that 

\r-=m , r^m _ _ 

s UZ.J (®) <f>(x)- S / (f,) A^_. 4 , (X) < e S 1 At., .^ (*) I. 

I r-1 r=.l 

For the particular net D, e may be so chosen that e | (^) 1 does 

not exceed an arbitrarily chosen number rj (Z)). Thus the number on the 
left-hand side is <77 (D). In case the function ^ (a;) is of bounded varia¬ 
tion in (a, b), the number S | <(> (x) | is less than a number K, in¬ 

dependent of the net; in this case we may take € to depend only upon d. 
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the maximum mesh of D, and so that e converges to zero, as <\ ~ 0. We 
then see that 

r = m „ 

r ^ 1)1 

has the same limit as S / Ajr_i ^ (a;), 

r = l 

which is the Stieltjes integral. In case (x) is not of bounded Tariation, 
we consider a particular sequence of nets such that ci converges in the 
sequence to zero, whether the sequence forms a system of nets or not. 
The values of e in the sequence may be so chosen that tj (Jj) converges to 
zero; thus the equality of the limits holds for any particular sequence: and 
we have the same result as before. In a similar manner it can be sheY\ n that 

r -Vi „ 
r --1 

has the Stieltjes integral as its limit. It then follows that 

s MZ_J {x) {x) 

r-1 

has the Stieltjes integral for its limit; and therefore the i?6’-integral exi^t^^. 

The most important case is that in which 6 (a;) is of bounded variation 
in (a, 6), or in particular is bounded and monotone. Since the RS- 
integral exists w'hen the Stieltjes integral exists, in virtue of the theoiern 
(2) above, the relation 

[ / (as) d(f> (x) = I f (a:) {x) - j *'/ (.r) (a;) 

J a J a .a 

holds good for J?/S-integrals, where ^ (ic) = (x) — (x). the function? 

(a;), (^) being monotone, and it being assumed that the integrals on 

the right-hand side exist. 

It can easily be shewn that the J^aS- integral cannot exist if, at any 
point X of (a, b), both the functions f(x), cf) {x) are discontinuous. For, 
let a net be so chosen that x is interior to the mesh , x^} : for thi^ mesh 
we may take to have either of the values U7r-if(^)' -t')- 

and the corresponding sums will differ by 

(C't-x/ (^) - (X)) Ai:_, 6 (X). 

provided the values of {x) for s^r are taken to be the same in the 

two oases. This difference is greater than some fixed number, if the inteiwal 
^r), including x in its interior, is properly chosen, when f{x), 6 ry) 
are both discontinuous at x, the trivial case in which 6 {x) has merely a 
removable discontinuity at x being excluded. It follows that a sequence 
of nets and tvro sets of values of M^r-xf which differ only in one mesh 
of each net, can be so chosen that the corresponding sums cannot converge 
to the same limit. 
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376^. The following theorem* will be established for the jRS-integral : 

/// (x) be bounded in (a. b), and cf> (x) be of bounded variation in {a, b), 
the necessary and sufficient condition that f (x) should have an BS-integral 
with respect to c[> (a;) is that the variation of {x) over the set of points of 
discontinuity of f [x) should be zero. 

It w'ill be observed that the condition cannot be satisfied if f (.r), (a;) 

have any common point of discontinuity. 

The upper and lower vaiidtions of <j> (.>;), in case it be monotone, over 
a set of points in (a, 6), have been defined in § 252; when the upper varia¬ 
tion is zero, the variation over the set of points exists, and is ccpial to zero. 


We may, without loss of generalit 3 ^, assume 0 (x) to be monotone and 
non-diminishing; for in the general case cf) (.t) is the difference of tvo such 
functions P (x), N {x), and the variation of ^ (a;) over a set of points is 
the sum of the variations of P (^t*) and N (;c) over the set (see § 244). 
We assume accordingly that 0 {x) is monotone non-diminishing in {a, b). 


Let us consider a system of nets {i),,}, with closed meshes (see § 51) 
fitted on to (a,b); and let the sums Sd,^, corresponding to the ».lh net 
of the system be defined by 


Sj>„ J T Ly,_J {x) 

“ 1 - 1 


It is easily seen that, when a net x,) is divided into two parts, 

{x) cannot he increased, and (.r) cannot 

be diminished. For, if x' be the point of division, <f> {x) 

U'J._J{x).A:l,<f, ix) + U';^f{x) (.f), 

AiL, <!> {X) = A’;_, <f> (X) + A? 0 (X), 

Ut.j {X) s U:iJ {X), [X) ^ UZ.J {X), 

from which the result follow-s at once. For {x) (j> (.r) the corre¬ 

sponding result is proved in a similar manner. 

It follows that Sd^i camiot increase, and Sn^ cannot dimmish as n is 
increased; thus {8dj} is a monotone non-increasing, and a monotone 
non-diminishing, sequence, for the system of nets. Hence has a lower 
boundary S, and Sn^ upper boundary S, for the system of nets. 

It has been shewn in § 334 that, if £ be a prescribed positive number, 
the interval {a, b) can be covered by a finite set of intervals, each of 
length ^ such that, in each interval, the fluctuation of / (a;) is < co {^) + 
where f is a definite point interior to the interval, and oj (f) is the saltus 
at and e is an arbitrarily chosen number. The end-points of this finite 


becomes 

w'here 

and 


* See W. H. Yoimg, Proc. Lond. Math. Roc. (2), vol xni (1913), p. 133. 
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set of intervals divide {a,b) into a finite jiuniljer of iDarts. let 17 be the 
length of the least of these parts. Any interval whatever 3. in (a, 6 ), of 
length < 77 , is interior to one of the inter\’als of the finite set. Hence, 
in S, the fluctuation of / (a;) is < e - a; (f), vhere f is some point in an 
interval of length 1 4, which contains S in its interior. 


Let be the closed set of points at winch co e, with centre a*. 
miy point of Ge. an interval of length 2 p can be taken; all such interval, 
or the parts of them in (a, b), coalesce into a non-uverlanping finite set 
of which Ge is the inner linntmg set, as p — \). Assuming that the 
variation of <ji {x) over G^ is zero, p can be so chosen that the variation 
of <f> {x) over jffe.p is < Tj arbitrarily chosen positive number. In any 
inten^al of the set there is no point of of whicli the distance from 
either end-point is < p. We can suppose 4, and conbe(:uently tj. to be so 
small that, if S be not interior to an interval of there is no point 
of Ge in the interval 8 . 


It will now be proved that S if the condition that the %’ariation 
of (f) (x) over the set of discontinuities of / {.r) zero be >ati?ficd. We have 


Sn. -Sv,- s {u::_j {X) - LX_J ixy, A,;.. 6 (.). 


r -1 


The number n being taken so large that evciy nie>]i of lJ„ is < rj. we find 


that 


Sl>n "" (^) “ 4^ (^)] ■" r ( II — 


where the first term on the right-hand side aiises from tho<e iiie>iies that 
are not interior to an interval of £fe,p: and in each such mesh the fluc¬ 
tuation of / (a;) is < 26. The second term arises from tJie remaining meshe'^. 
Since e, can be made to converge to zero, as n ^ yi, we see that = N. 


This has been shewm to hold good for any one .-system of nets.. It 
will now be shewui that the number S - S = S in the same for all .s\’STem^ 
of nets. If possible, let it be assumed that for a second system of 
nets, the number S' = lim Snl = a value different from S. 

and let it be supposed that S' > S. If e be an arbitrarily chosen positive 
number, n may bo taken so large that 

SDn < S Sd^ > S — €, SdI < -T- > S' — 

Let the tw^o nets of order n in the two systems be superimposed, and let 
Sn \ ^n" the sums for the new net so obtained. 


We have then 

Sj)I' ^ Si)„ < /S -r €, SdI' ^ Sd^ > S — e; 
and similarly > S' — e; 

from these ineq[ualities we deduce that 
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If € be chosen to be less than the positive number \ {S' — S), we see 
that SDn' •” ^ negative value, and this is impossible. It has 

thus been shewn that S = S'\ therefore the number S is the same for aU 
systems of nets. 

It will next be shewn that the convergence of Snn to S, or of Sz>^ to S, 
is uniform with respect to all possible systems of nets, in the sense that a 
number d can be so chosen that, for any net of which all the meshes are 
^ d, the sum of the products of the fluctuation of / (a;) in a mesh into 
the difference of values of <j> (x) at the ends of the mesh is less than a 
prescribed positive number €. 

Denoting i^) - iZ-if (®) by let a fixed net Di be so 

chosen that S ^rrLi/(3^) < 

r-1 

We consider a second net Dg, for which all the meshes do not exceed 
in length a number d to be fixed hereafter, and which may be taken in 
the first instance so small that no mesh of contains more than one of 
the points in its interior or at an end-point. Those meshes of that 
contain, as interior point, or as an end-point, one of the points are 
at most 2 m in number; the remaining meshes of Dg being interior to meshes 
of Dj. A mesh 8 of which contains x^, either as an interior point or 
as an end-point, is such that the term corresponding to it in the sum for 
Dg is the product of the fluctuation oif{x) in 8 (g d) into the difference of 
the functional values of <j 6 (a;) at the ends of 8 . Since / {x), cf) (x) are not 
both discontinuous at a;,., one or other of the factors in this term diminishes 
indefinitely as d does so, the other factor being less than a fixed number. 
The number d can accordingly be taken so small that the magnitude of 

the term in the sum for Do does not exceed . The value of d can be 

^ 4m 

chosen so small that this condition is satisfied for each mesh which contains 
one of the points x ^; then the sum of the corresponding terms in the sum 
for Da is ^ The remaining part of the sum for D^ is less than -|e. There¬ 
fore the sum for Da is less than €. Therefore d has been so chosen that, 
for any net Dg whose meshes are all of length ^ d, the sum 

(») is < e, 

r =1 

which is what we had to prove. The sufficiency of the condition stated in 
the theorem has now been proved. 

To shew that the condition that the variation of <f> (x) over the set of 
points of discontinuity of / (x) is necessary, in order that S = S, we 
observe that Sx}^ — Sjy^ is ^ . S { 9 S (x^) — where the summation 

is taken for those meshes of Dn which contain points of Gr^ within them, 
or at an end-point. For, if a point of (r* be a common end-point of two 
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meshes, in one at least of those meshes the fluctuation of / (a-) Is - :e. 
Unless the variation of d> (a:) over is zero, the Mim 

remains greater than some positive niimher. however large tx mav oc. 
and in that case Si 5 „ — ^-Dn c^'niiot converge to zero. Thus it is neces^ai'v 
that the variation of </> (x) over G^ should be zero fo: every value r.f e. 
and this cannot be the case unless the variation of <r> \x) over G. the cuter 
limiting set of for a sequence of diminishing value'- of €. converging 
to zero, is also zero. 

It should be observed that the condition that S (Xj has variation zeir* 
over the set of points of discontinuity of / {x) may be satisfied even wiien 
the measure of the set is > 0. For example, if 4> (^) — at the uoiiit- (ji 
a closed set E, of positive measure, and if 4 (x) is constant over each 
contiguous interval of E, whilst all the discontinuities of f (a;) are in these 

f6 

contiguous intervals, / (x) d<f> (a;) exists as an i?>S'-integrai, althcugli 
rb 

f (as) dx may not exist as an J2-integral. 

J a 

376®. It is seen as a particular case of the above general theorem that: 

In case f (x) is continuous, the ES-integral of f (x) with respect to nny 
hounded monotone function, oi' function of bounded variation, always exists. 
In case {x) is absolutely continuous, and f {x) has an RAntegral in (a. o). 

the BS-integral f (x) d<f> (as) always exists. 

Ja 

We need only consider the case in which the absolutely continuous 
function 4> {^) is monotone, for, in the general case, <f> (x) is the diSerence 
of two such functions. The set of points of discontinuity of / (x; lias 
measure zero, and the variation of an absolutely continuous function over 
a set of measure zero is zero (see § 352). Thus the condition in the geneial 
theorem is satisfied. 

In case <f> (x) is continuous, and of bounded variation, and f {x) has ordy 
an enumerable set of points of discontinuity, and in particular in case li is 
of bounded variation, the BS-integral of f (x) with regard to 6 (a;) exists. 

We need only consider the case in which (f> {x) is monotone and con¬ 
tinuous. To an enumerable set of points on the a;-segment, there coiTe- 
sponds an enumerable set of points on the ^-segment, where i = <f> (a:). 
The measure of this latter set is zero, and therefore the measure of ^ (a;) 
over the set of discontinuities of / (a;) is zero; the sufficient condition is 
thus satisfied. 


H 1 


35 
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Iff{x), (j> {x) are both of bounded variation in (a, 6) and have no points 
of discontinuity in co^nmon, either of them has an R8-integral with respect 
to the other. 

We consider the case in which ^ {x) is monotone, as the general case 
is deducible from this. Since / {x) is of bounded variation, its set of points 
of discontinuity is enumerable. Since </> (x) is continuous at all the points 
of this set, its measure over the set is zero (see § 252); and this is the 

sufficient condition for the existence of / (a;) d</> (x), 

J a 


THE GENERALIZED RIEMANN-STIELTJES INTEGRAL 

377. Definitions of an 2iJS-integral have been given by Hardy*, W. H. 
Youngt, and PoUardf. These definitions vary in scope, and some of them 
are more general than the definition given in § 376. 

lif{x), <l> (x) be any two functions, bounded in (a, b), and such that 
(x) is monotone non-diniinishing; let D denote a net with closed meshes, 
fitted on to (a, b). We consider the two sums, for the net />, 

Si, = s ui:_j (x) . a;:_, 4 (x), ^ (x) . az., 4> ix). 

r-l r=] 

It is clear that Sd^ L{<l> (b) — <f> {a)}, Sn^ U {</> ( 6 ) — ^ (a)}; where U 
and L are the upper and lower boundaries of / (x) in (a, b). It follows that, 
when aU possible nets D are considered, Sn has a finite lower boundary, 
and Sd has a finite upper boundary; these may be denoted by 

{G) Tf{x) d<f> (x), or /, ((?) rf(x) d<l> (X), or 7, 

J a 

respectively. They may be spoken of as the upper and lower generalized 
BS-integrals of / (a:) with respect to ^ (x), in {a, b). If e be an arbitrarily 
chosen positive number, it is possible to determine a net D, for which 

Sn<(G) \f{x)d<f>{x)^e, 

J a 

and also a net D\ for which 

Sd-> {&) ff {X) di, {x) - e. 

It can be shewn that 

«?) ?/ (x) d4> {X) a ((?) f V {X) d4> {x), or J a /. 

J a 

* Messenger of Math vol. xlvtii (1918), p. 90. 

t Proc. Lond, Math, Soc. (2), vol xm (1913), p. 109. ibzd. vol. xv (1916), p. 35. 
t Quarterly Journal of Math. vol. xux (1923), p. 73, where a disciissioii of several definitions 
is given, and the properties of the corresponding integrals are discussed in detail. 
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Assume that, if possible I < L then for the net i>, Si> < / - e: and for 
the net D*, S^’ > 7 — 6 . If we superiinpose the nets 7), into a single 
net (7), 7)'), we have 

S{d,d') ^ Sn < 7 -f e, ^ > 7 — e. 

Choosing e to be less than -J (7 — 7), we see, from these inequalities, that 
D') j v/hich is impossible in accordance \i"ith the definitions of 

^(D,Ty )3 ^(z>.z) 0 * Therefore 7 cannot be less than 7. 

h case the upper and loioer generalized BS-infegrals I, I are equal, their 
common value I is said to define the generalized BS-irdegral 

{G) 

. a 

which then exists. 

It will be shewn that * 


When die generalized ES-integral exists, there exists a system of nets {7)„], 
such that SDn> ^Dn Converge to I, as 7i od. 

If {e^} be a sequence of diminishing numbers converging to zero, a set 
of nets 7)i*^^ ... ..., for which the maximum length of a 

net, converges to zero, as n ~ oo, exists such that Sj,, i < 7 — e,,. for 
71 == 1, 2, 3, ...; and there also exists a set of nets Dy - . .. . D,y-K ..., 
for which > 7 — e^, and for which dj^^ converges to zeio a-- /z ~ x. 
Consider the sequence of nets 

. 

_This sequence forms a system D of nets, and for the ?dh net A of thi.«i 

system we have S^n < 7 -h , Sr)n > 7 — . It then follow s that 

lini SBh = ^Vn = 7. 

n~aO «~qq 

Consequently we have the following statement: 


The necessary and sufficient co7idition that the generalized RS-integral of 
a hounded fu7iction f {x) loith respect to a monotone function 6 (x) exists is 
that, a system D of nets exists S7ich that 


r-=l 

taken for a net A of system, convefi'ges to zero, a.s n co. F/r-if 
denotes the fluctuation of f (x) in the interval x^). 

It is not necessarily the case that, when I exists, the numbers Sd^ , , 

for an arbitrarily chosen system of nets, converge to I, although, as has 
been shewn, it is possible to choose the system of nets so that this is the 
case. For any particular system of nets lim jSd„ must be ^ I, and lim Sjo^ 

n.'^oo n~oo 

must be ^ 7. Thus Sd^ 8^^ cannot have the same limit, for n cc, 
unless that limit has the value 7. 


35-2 
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It may happen that the generalized iZiS-integral exists in a case ia 
which / (»), <f> {x) have one or more points of discontinuity in common, 
and when consec[uently the jR/S-integral does not exist. It will however 
he sheum that, when the generalized J25-integral exists, such a common 
point of discontinuity of / (a:) and <f> {x) must be an end-pomt of meshes 
of the special system B of nets. For, if possible, let a point which is, 
for every value of n, an interior point of a mesh of the system B, be 
a point at which / (a:) and (a:) are both discontinuous. The difference 
Son — Sj)^ contains a term Fg^ f {x).Ag^ ^ (x), where Fg^f (a;) is the fluctua¬ 
tion of / (ic) in dn : and cf) (a;) is the difference of the values of {x) at 
the end-points of Since contains the point both Fg^f (.^■) and 
Ag^(f> (x) are. for all values of n, not less than fixed positive numbers; 
therefore Sd^ — ^i>n cannot converge to zero, as — oo. Thus no such 
point as ^ can exist. 

It will further be shewn that, when I exists, and when / (a;), (f> (x) are 
both discontinuous at an end-point of meshes of the system D, f (a;) must 
be continuous at the point on one side, and (f> (x) must be continuous at 
the point on the other side*. 

We have, for a mesh of the net 
UZ.J (z). (X) ^ <f> (*) 

+ uz::+j(.x).AZ:u.i>{x) + uZ-j{x).AZ-.<t>(x), 

where e is any positive number < ^ {x^ — Let e converge to zero; 

we then have 

{^)-AZ_, <!> {X) £ Mt.^f (*) [<!> (*,-x + 0) - {a:,_x)] 

+ UZZ^+of{x) [<f> (®r - 0) - ^ {Xr^i + 0)] 

-1- M^f(x) (Xr) - <l>(Xr- 0)], 

where Mx f {x)^ Mx f (x) denote the maxima of / {x) at x, on the right 
and left, respectively, and U^r-i+of {^) is the upper boundary of f (x) in 
the open interval (iCr-u ^r)- Li a similar manner it can be proved that 

BZ-J (»). ^ (z) ^ mt_J {X) + 0) - (a:,_x)] 

+ BZZ°+of («) [<f> {Xr - 0) - + 0)] 

+ mZf(x) l<f> (Xr) - (f>(Xr- 0)], 

where (x), m^f (x) denote the minima of f (x) at x, on the right and 
left, respectively, and LZZiJ-of (x) is the lower boundary of / {x) in the 
open interval (x^-i, ar,). 


* Auotlier proof of this given by PoUard, Zoc. cit. p. 137. 
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We now have Sd^Sd'^1-, So s I, where 
So' CCj+o/(a;).Ar®-.o<^ (x-) 

r = 1 

9* = >//-! 

-f S 

r-0 

r 7ii _ 

S 21 {x) [<*> lx,) - 6 {x, - 0 )j, 

r-1 

and Sd denotes a similar expression, \\ith m wTitten for J/, and L for U. 
It can easily be shewn, by re-introducing e. and proceeding to the hmit, 
that Sz/ is non-increasing, and Sn non-diminishing as n is increased in D, . 
hi case 83 ^, 83 ^ converge to 7, as are the successive nets of the system 
7 ), it is clear that S 3 J, 83 ^' also converge to 7. Xow Sn^' — contains 
the terms 

(x) — 'iiiijcrf (^’)] [.^ i^r -T 0) — <j> (a:^)] 

W] i^r) - 4> - 0):. 

and this vdll, for a fixed be a term of SjoJ “■ ^ot a .11 values of n, 
from and after some fixed integer. Unless this term vanishes it is im¬ 
possible that SDn “ ^Dn should converge to zero, as — x. If both 
f(x) and <l> (a;) are discontinuous at o;^, the term can only vanish v/hen. 
either ^ ^ = fix, - 0 '-.. 

or else (aj) = mr,f(x), and 4 > [x, 0) = 6 {x,). 

Thus ^ (a;) must be continuous at a;^, on one side, and/(:i-) inu^t be con¬ 
tinuous on the other side. 


The following theorem has now been established: 
rh 

(^) f {^) (^) ^ exists, vjJiere 0 {x) is monotone, all the points at 

Ja 

which f (x) and <j> (x) are both discontinuous must belong to a finite, or 
enumerable, set of points H; and at each point of H, f (a*) must be continuous 
on one side and ^ (a;) must be coMinuous on the other side. All the points 
of H must be end-points of meshes of a system of nets for which 

''TK_JIx).^,_,,I>(x) 

r=l 


converges to zero, as n co. 

It has also been shewn above that: 

In order that {O) f (a;) 0 (x) dx may exist, it is necessary that a systein 
— 

of nets D exists, such that 

r-i ^ _ 

converges to zero as n ^ oo, in the successive Tiets D^, of the system D» 
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This is an extension of the result at the end of § 331, for the iJ-integral. 
In case f{x)4> (*) exists as an JJfif-integral, D may be taken to be 

• a 

any system of nets. Thus we have the theorem that: 

Far an RS-integral 

r = l 

converges to zero, jar any system of nets. 

The generalized i2/S-integral of a bounded function / (aj) with respect 
to a function of bounded variation (f> (x), or P (x) — N (a:) (see § 244) may 
be defined by 

(G) [*/(«;) # (*) = («) f / (*) (*) - (G) fV (») (»), 

whenever the integrals on the right-hand side exist. 

3771 . If, for the net D, or {a,x^,X 2 , we substitute the net 

{a, a 4- €, a?! — aji -t- €, — e, x^ + ^ 6), where € is smaller than 

the least of the numbers {x^ — iCr-i)j obtain, when e converges to 
zero, the sums 

Sn" = "s™ U7,:^o f (*). <!> (it-) + "s' M,Jix) (x, + G)-<I> {x, - 0)]. 

r-0 

r^}n - ft ^ ft r="/?? 

Sd'= S L:;,J+of{x) A^r'Ii+O 0 (i») + 2 m^J(x)[<l>{x,-[-0)-(l>{Xr-0)l 

r-1 y-0 

where Jfa.,./(a:), m^j{x) denote the maxima and minima oi f (x) at 
and 0 (ojo — 0) denotes 0 (a), and 0 -f 0) denotes 0 (6). These two 
sums may be employed to define an integral of / {x) with regard to the 
monotone function 0 {x) in a mamier precisely similar to that employed 
in the case of the generalized RS-mtegral. It will be shewn that such a 
definition leads only to the ordinary i2/S-integrals, and consequently affords 
an alternative definition of those integrals. It can easily be shewn, by 
re-introducing e, and passing to the limit e = 0, that Sjj' is not increased, 
and Sd' is not diminished, when further points of sub-division of {a, b) 
are introduced. 

If SV' Sz)^" converges to zero, for a particular system of nets, it 
can be shewn, precisely as in § 377, that any point at which / (a;), 0 {x) are 
both discontinuous must be an end-point of meshes of nets of the system. 
Also, since — Sjj' contains a term 

{x) - (a;)] (x, + 0) - ^ (x, - 0)] 

which belongs to Sz>„" — Sx)„" for all values of n, from and after some fixed 
one, this term must be zero. Therefore either 4> (») or / (x) must he con- 
tinuoils at x,; and thus ^ (x) and/(x) have no points of discontinuity in 
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common. It is accordingly necessary and sufficient for the existence of 
the integral, that there be no points in common of discontinuity o£ / (.c) 
and <f> {x)y and that a system of nets exists such that 

should converge to zero for the system of nets. 

For a particular net Z) of the sj^stem. we have 

< h-n-, 

r = l 

let another net D', all of whose meshes are < be suneriniposed on this 
net; the inequality vill then hold for the new net (/>, D'). The number 
of meshes of D' which are not interior to meshes of I) is at most 2tn. 
At an end-point of a mesh of D, 

Kt’J {X). 6 {X) 

converges to zero with e, since/(a;). <!> (x) are not both discontinuous 
at x^. It is accordingly possible so to choose d that the stun of the tenn.s 
in the expression 8d> — Sn>> for the net D\ which corre.«iponcl to me-^hes 
of D' that are not interior to meshes of D, and of which the number is at 
most 2 m, is less than Irj. The sum of the terms of Su — Su>. for the re¬ 
maining meshes of JD' is less than therefore the «iLim tor all the 
of D' is less than rj, provided d is sufficiently small Thii'^. if the integral 
exists, it is such that 

r-l 

for a net such that evei 3 ’ mesh is of length < r/, is < rj. Thi-- i< the con¬ 
dition for the existence of the jR^-integral of / (.r) with respect to 6 ^.r). 
Therefore 

An BS-integral is such that a net exists* for ichich Si/' — Sjf' is, 
arbitrarily small^ when D is proi^erly chosen. 

It has also been shewn that: 

The necessary and sufficient conditions for the existence of 

f f {x) d<l> (x), 

Ct 

as an R8-integral are ( 1 ), that f (x), <f> (x) have no points of discontinuity in 
common, and (2), that, if e he arbitrarily chosen, a net D exists such that 

Y‘ft:'-o/(®)-Arx+o <!> (*) < 

r-1 

These conditions are equivalent to the necessary and sufficient con¬ 
dition given in the theorem of § 376^. 

* That thia is the case was stated to the author by Prof. D. C. Gillespie of Cornell University. 
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378. It was pointed out in § 252 that the upper and lower variations 
of a monotone non-diminishing function ^ (a:) over any set of points in 
(a, 6) are the exterior and interior measures of the corresponding set of 
points (a;)) hnear integral of provided the closed interval 

{<f> (Xi — 0),4> (a:! -!- 0)} be taken to correspond, on the ^-segment, to a 
point Xi, on the a:-segment, at which <f> (x) is discontinuous. If be 
defined on the ^-segment as having the value of / (x) at the point x which 
corresponds to f, the function x (i) is discontinuous at the point ^ corre¬ 
sponding to a point x at which/ (a;) is discontinuous and ^ (a:) is continuous; 
hut if ^ (a:) is discontinuous, x (i) is constant in the closed interval corre¬ 
sponding to X, and is discontinuous at one or both of the end-poiats 
<l> {x — 0), ^ (a: -I- 0) of that interval, in case / (x) is also discontinuous at 

It will be shewn that: 

!•& 

In order tJiat (6?) / (a;) d<l> (x) may exist, where <j> (a:) is monotone, it is 

J a 
f/3 

necessary that x (f) should exist as an R-integ7'al; where a = </> (a), 

J a 

)8 = ^ ( 6 ). A fortiori the condition is necessary in m*der that the ES-integral 

rb 

f {x) df> {x) should exist. When the generalized RS-integral exists, its value 

J a 

fP 

is that of the E-integral J x (^) 

It has been shewn that the necessary and sufficient condition for the 
existence of the generalized i2iS-integi*al is that, when e is arbitrarily 
prescribed, a net should exist such that 

There corresponds to this net (a, x^, x^, ..., b), a net (a, fi, ..., jS) fitted 
on to the ^-segment, where f^ (x,), for r = 0, 1, 2, ..., m. We have then 

r=m t 

S -Ffr-i X ii) Hr — ir-l) < e; 


r-1 


and that there should exist such a net, for each value of e, is the sufficient 
condition that the JS-integral I ^ x (f) ^ should exist. 

a 

rb 

For each value of €, / (x) dfy (x) lies between 

J a 

r*7ii _ r 

UZ-J (*) ■ A^-x ^ (^) and S LZ_J (x) . (x) 


r-1 


r = l 


or between 
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taking a sequence of values of e, converging to zero, and the nets corre¬ 
sponding to these values of e, it is clear that, since the last two of these 

sums converge, as e ^— 0 , to [ (^) df, the two first of these sums converge 

. a 

to the same value, and this is consequently the value of 

(<^) I S W (x). 

> a 

The converse of the above theorem does not hold good. It is possible 

r/3 

that I X (i) exist as an i 2 -integral in cases in %vhich / (.r) and 6 (x) 

- a 

have points of discontinuity in common and are such that the condition 
is not satisfied that, at all such points, / (a;) is continuous on one side of 
the point and ^ (a;) on the other side. Thus the i2-integrai may exist when 

f i^) {^) does not exist. 

a 

For simplicity let us consider the case when/ (x), 6 {x) are both clis- 
c-ontinuous at a single point x in (a, 6 ), and are elsewhere both continuous. 
The function x ii) tlie constant value / (x) in the interval 

[<f> (ir- 0 ),.^p + 0 )]; 

its only discontinuities are at the end-points of this inter\’al, and thus 

:/3 

X (^) exists, as an i2-integraL A net may be fitted on to the interval 

• a 

(a), (j) ( 6 )) of such that 

r -m t 
r-1 

For those values of r which are such that ^ Sr are both in the inteivai 

1<I> {x — 0), 0 (it; -{- 0)] Ave have FI’^_^x(S) = 0 . Also we may suppose that for 
some value of r, has the value cf) {x— 0 ), and for some other value of r, 
^ (5; + 0 ); for this may be secured by dividing those meshes of the 
net which contain the two points <j> {x — 0), ^ (a -f 0 ) into two meshes, 
and when this is done, the inequality above still holds good. Corresponding 
to the two meshes (f,, (f> {x— 0 )), (J; -f 0 ), of the net, we have the 

terms which are equivalent to 

(*) (® - 0 ) - ^ (a:,)], (a:) (a.-^) - 4 , { 2 -t 0 )], 

where is = ^ (^ 3)7 St = These two terms converge to zero as x^, 

converge to x; but the terms corresponding to the meshes {Xg, x), {x, Xf) 
in the expression for 8 j) — Sj^ in the corresponding net on the ar-segment are 

(®) (®) - <f> (a;,)], -P?/ (®) [<l> (««) - 4> (*)]. 

which do not in general converge to zero as Xg , x^ converge to x. 
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fb 

In case (f> (x) is of bounded variation and ((?) /(x) dcf> (a:) exists, it is 

•I a 

expressible as (O) f / (x) dP (x) — (G) [ / (x) dN (x), where P (x), N (ru) 

J a J a 

rh 

are defined as in § 244. The integral {O) f {x) d<[> (a:) is then expressible 

• a 

rb 

as the difference of the two JS-integrals corresponding to / (a;) dP {x), 

•I a 
rb 

f (x) dN (x), respectively. 

• a ^ 

It is possible to define the integral / (a;) (x), where ^ (a;) is mono- 

a 

r4>(b) 

tone, as given by the jR-integral X (^) w'henever the latter exists. 

J tft (a) 

This definition is more general than, but includes, the definition given in 
§ 377, of the generalized iZ/Sf-integral. It may be adopted as the most 
general definition of an jR;8-integral, and it will be extended in § 445 to 
the case of Lebesgue-Stieltjes integrals. 

378^. Let (x) be the jR-intcgral [ (x) dx, where (a;) 0, in 

- a 

(a, 6), and is bounded; the function ^ (a;) is then monotone non-dimin- 

[b 

ishing, and is also absolutely continuous (see § 343); thus / (a;) d(l> (cc) 

J a ' 

exists as a Stieltjes integral, provided x (^) exists, and the two have 
the same value. In accordance with a theorem proved in § 360, if either 
of the integrals [ f f{x;)D^{x)dx exists as an iZ-integral, the 

other also exists and the two have the same value, since the condition is 
satisfied (see § 345) that I D<j} {x) exists as an iS-integral; {x) denotes 

J a 

any one of the four derivatives of ^ {x) and is equal almost everywhere 
to (f>-y (a:). If either of the integrals 

[ / (x) Drf) {x) dx, p/ {x) {x) dx 

J a J a 

exists, then both exist, and they have one and the same value, since 

f f (x) [D<l> (a:) — (£c)] dx has its integrand bounded, and almost every- 

J a 

where zero (see § 341). 

If f / {x) d<f> (x) exists, either as an iZS-integral or as a generalized 

•f a 

U^-integral, then J x iS) ^ exists as an iS-integral. It then follows that 
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rh ?h 

f (^) (^) / {^) <l>i (ic) dx both exist, and have the same value 

j a -'a 

as [ f{x) d(f> (x). 

* ** 

If it be assumed that ( f (x) (x) dx exists, then | (j,-) D4> {x) dx 

o. . a 

exists, and consequently j (^) d^ exists, and has the same value, which 

Jo. 

is then that of {G) f f (x) d<f> (it). 

J a 

The following theorem has now been established: 

If i>i (^) integmble (i?) in, {a. b), and if f (,«:) is bounded in 

{a, b), we Imve 

[ / (^) {^) <1^ = (®) [ / (i^) dfi {x). where 6 {x) = j 6, [x) dx, 

• a -a , a 

provided- it is hwown that either of the integrals exists. 

This theorem w'as stated* by J. M. Whittaker, and he has given a 
direct proof of it. 


379. The fact that the generalized i?/S-integral of a bounded functic»n 
f {x) with regard to a bounded monotone function g (.r) is represented by 

an i2-intcgral j* y (^) d^ niaj’ be employed to extend the properties of an 

a 

i^-integral to the case of a generalized if6^-integral. or in particular to rl'.e 
case of an J?iS-integral. The extensions may be made uKo to the case when 
(a:) is a function of bounded variation, since the generalized ii5'-integral 
is then representable as the difference of the jR-integrals. 

We have thus the theorem. 

If (^) [ (a;)exists,then (G) I f [x)d<f> {x), {G) \ f (x) dS {x) hath. 

Ja .a -c 

exist, and 

(Q) fV (») dcl> {X) = (G) fV {X) d4, {X) ^ (G) I V (x) d6 (X), 

J a €t - c 

where a< c<b, and </> {x) is either monotone, or of bounded variation: 

the converse also holds good. This theorem holds in particular for the 

Stieltjes integral, provided all three integrals are of this t\^e. It should 

fb 

however be observed that I / (a:) dcf, (x) is not necessarily an J?£f-integral, 

J a 

rc * fh 

when I / (x) d^ {x), I / (x) d^ (x) are both iJiS-integrals. For, taking the 

case in which ^ (x) is monotone, let / (x) be discontinuous at c on the right 
and continuous on the left, whilst <f> (x) is continuous at c on the right, 
* Proc. Land. Ma&. Soc. (2), vol. xiv (1926), p. 213. 
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and discontinuous on the left. In the interval (a, 6 ), / (a;) and ^ {x) have 
the common point of discontmuity c, whereas in the intervals {a, c), (c, 6 ), 
the point c is not a common point of discontinuity of f(x) and (a;); 
thus the integral over (a, b) cannot be an JSS^-integral, whilst the integrals 
over {a, c), (c, 6 ) may both be RS-integrais. 

Since (G) f f (a:) dc[) {x) = f x(i) foUow's that, at a point of con- 
J a J a 

tinuity of <l> (a;) or f, (G) f f (x) d<j> (a?) is a continuous function of x. Also, 

J a 

at any point at which / (x) and ^ {x) are continuous, 

rx-^rlh j 

lim (G) / {X) d4> {X) {cj> [X + 70 - {X)} =-f(x): 

ft-o U. / 

and this is a generalization of the theorem to which it reduces when 
(f> {x) = X, that I / {x) dx has a differential coefficient eq[ual to / (x) at a 

- a 

point at which / (a;) is continuous. 

The following theorem will be established: 

■f/A (^)j A (^) Iwbve RS-integrals with respect to the monotone function 

(f> (as), then fi (a;) + A {x) has also an R8-integral with respect to (x), and 

[* {/i (») + fi (»)} # (®) = [Vi i^) fi (») # (»)• 

.'a •a J a 

Since the variation of (a;) is zero over the sets of discontinuities of 
fi (x) and of A (a:), the variation is zero over the set of discontinuities of 
A (^) + A (^)j therefore the JBiS-integral on the left-hand side exists. 
The equality then follows from the property 

f" {xi (f)+xs m di=rxi(i)di+ r xa (^) d^. 

.'a J a J a 

In general, the properties of the -B-integral, given in § 337, may 
be extended, in the manner indicated above, to the JSS-mtegral, or its 
generalization. 

380. It will be shewn that; 

If (j> (a;) is continuous and monotone in {a, 6 ), and f {x) is bounded in 
(a, 6), then 

(ff) ?/ (I) 64 {X) - (G) f V {x) 64 {x) = ((?) ? « [/ (*)] 64 (x), 

Ja Ja Ja 

where to [/ (a;)] denotes the saltus of f (a?) at the point x. 

Corresponding to a net fitted on to (a, 6 ) in which the meshes are all 
of length < d, there is a net fitted on to (a, j 8 ) of which the lengths are 
all less than a number d'. The numbers d, d' converge together to zero. 
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on account of the uniform continuity of ^ [x) in (a, i). To a sj'stem of 
nets fitted on to {a, b), there corresponds a sj'stem of nets fitted on to 
(c, jS); and conversely. It foUows easily that 

{0) IV (a:) d<l> {x) = [\ (I) di, and (0) j V fa:) (a;) = | \ (|; df. 

"O' m’ a .a 

For a particular system of nets can he fitted on to (a, h), such that, for 
the S 3 ratem the sums 8 xj„ converge, as n — cc, to the upper and 
lower generalized integrals of f (x) with respect to <4 (x). For the ccire- 
sponding system of nets fitted on to (a, jS), the sums 

SAt. X (i) ■ (ir - ir-,h SALJ (i) ■ (ir - ir-l) 

converge to the upper and lower generalized integrals oif{x) "with legard 
to f. But, on account of the property of the upper and lower i?-integrais 
given in § 331, these sums converge to 

da da 

respectively. Therefore "" 

(<?) [ / (*) d<l) (a:) = I X (I) di, and ((?) | / (x) d<p (a:) = | x di- 

• Ct J a * a .a 

It has been shewn in § 334, that 

) x(^)d^- f x(i)d^= I <0 [x f^)] di, 

J a. J a .a 

where cd [x (|)] is the saltus of x (i) at f; and this is equal to the saltus of 
/ (a;) at x. Moreover, applying the above result to the function Ci) 
we have ■- 

^[/(a:)]#(a:)= I a,[x(f)]c?f. 

J a do 

The truth of the theorem now follows from the theorem of § 334. 

This theorem has been established* otherwise by Pollard. 

If xi (f) integrable (22) in the interval {a^, Sj), and is zero outside 
that interval; and if xz ii) is integrable (22) in the interval {cu, ^ 2 )= 
zero outside that interval, we find by applying the theorem given in 
§ 351 to an interval (A,B) which contains both the intervals (a^, 

{02, P 2 ): ^Jiat 

/! ^ ^ .C 

do, " a* 

* Quarterly Journal, voL xuz (1923), p. 130. 
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Let 4>(,x),il; (x) be monotone bounded functions defined in the interval 
(a, b ); and let/ (a:), g (x) be bounded functions defined in the same interval. 
Let f {x) = xi (^)> where | ^ {x), and lot g {x) s X 2 (I), where f ^ (a:); 

also let Oi = ^ (a), Pi = <i> (b).. a 2 = "A (a), (b); the above formula is 

then eijuivalent to 

I'*/ (a;) 9 (*) # (»)J ip) +1^5' [P / 

= fV (a:) (») [ 9 i^) # (») .(A), 

J a J a 

provided all the integrals in this expression exist as generalized RS- 
integrals. This formula (A) corresponds, for generalized RS-mtegrals, to 
the formula of § 3ol, for JS-integrals. It clearly holds when </> (x), ifj (x) 
are functions of bounded variation, as the result is then obtained by 
applying (A) to the four pairs of monotone functions 

4>i (®). fAi {*); <f>i (^)> "Aa (^): <f>i (=»). 'As (»); 4>i 'k (■*) > 

where ^ (a:) = <^1 (a:) — (^)j ^ (*) = 'Pi (^) — Pi i<^)- 

Let us now suppose that [ / {x) (a;), [ g {x) J*/r (x) exist as RS~ 

j a -a 

integrals. In case ^ (jc), ^ {x) have no points of discontinuity in common, 

IV (*) [f ff (a-o # (*)] <^p (») 

exists as an J2S-integral. For, in order that this may be so, it is only 
necessary that the measure of (rr) over the set of discontinuities of the 

integrand should be zero. Since [ g {x)d\fj (x) is discontinuous only at the 

J a 

points of discontinuity of ^ (a:), which form an enumerable set, the measure 
of 0 (a;) over this set is zero (see § 252); also the measure of ^ (a;) over 
the set of points of discontinuity of / (x) is zero, since / (a;) has an RS- 
integral with respect to (/> (x). It follows that the measure of (a;) over 
the set of points of discontinuity of 

/ (») 9 (^) # (a^) j 

is zero, and therefore 

l^f (») 9 (®) # (»)j # (*) 

is an jRfif-integral. In the same way it is seen that the second integral 
in (A) is an JS/S-integral. 

If (f) (a;), i/f (x) had a common point of discontinuity, <f> (x) and 
f{x) rg(x)di/f(x) 

J a 
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would have a point of discontinuity in common, and thus the integrals 
in (A) would not exist as i2/S-integrais. 

It has now been shewn that: 

If <f> (x), ip (x) are functions of boujided variation in (a.b), and have 
no point of discontinuity vn common; and if f {x) is hounded and ijossesses 
an RS-^integral with respect to <p (x); and if g [x) is hounded and possesses an 
ES-integral with respect to ijs [x); then the formula (A) holds good. 

This theorem w'as given* by Hardy who furnished a direct proof of it. 

EXAMPLEiS 

1. Let ^ {x) = 0, for 0 ^ a; < -\; ^ (a;) = 1, for \ ^ x £ 1; and J{r) — 1. for a: ^ 1; 
J{.\) “ The function/ {x) being discontmuous on both side's at the point -vvhere 6 (a;) 

is also discontinuous, (Cr) j f{x)d4>{x) does not exist, but x ‘J) exists, and has the 

value zero; the interval (0, J) being ^ (] — 0). ^ (1 + 0), in wliich f^) = 0. 

2. Let <t>{x) = x, for 0 ^ a- < 1; ^ {x) = 2a:, for i a* ^ 2. /-ar) = 1, for 0 ar s i; 
J {x) = 2, for 1 < a;< 2. The functions /(j;), 6 {x} are both diicontmuous at ^ = 1, but 
/ (a;) is continuous on the left, and ^ (a:) is continiiou«s or. the right of the point. The 
generalized iSf^-mtcgral exists. Moreover, m the intervals (0, 1 /, (1, 2), / {x) and 6 (-r; have 
no point of discontinuity in common In these intervals the i?,9-inteirrals exist. £.Itliough 
the integral over the interval (0, 2) is not an .ffjS^-integral. 


THE BIEMAXX-STIELTJES INTEGRAL EOR FUNCTIONS OF TWO VARIABLES 


381. Let a bounded function/defined in a cell 
be bounded in that cell, and let <p {x^^\ x^^^) be a function defined in the 
same cell, and quasi-monotone, in accordance with the definition in § 255; 

thus, employing the notation there introduced, c/> {x^-\ x^-^) ^ 0 , 

provided ^ ^ 

Let a net be fitted on to the cell in w’hich the functions are defined, and 
let Si, § 2 , ... 8 ^ denote the meshes of the net, and As^ </> (x^^>, x^-^) denote 

(x(", where is the mesh S,; more- 

over, let U (S^), Z ( 8 ^) denote the upper, and the lower, boundary of 
/ x^^^) in the cell 8 ^. 


The sum S U (8,.) has a lower boundary, when all 


r = l 


possible nets are taken into account; and this lower boundary is said to 
define 


/. 


( 6 ( 1 ), 6 («) 


(ad). a(s)) 


f{x^^\ a;i2)) (rrd), 


the upper integral of f with respect to ff> in the cell 

a<2); 6(1), 6(2)). 


* Messenger of McAh. vol. XLvm (1918), p- 90. 
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Similarly, the Ztwoer integral of f with respect to <j> ®<®>) is 

r 

defined as the upper boundary of S i (8,.) Aj,.^ for all possible 

r “1 

nets fitted on to the fundamental cell, and this lower integral is denoted by 

r(6(i), 6 (a)) 

In case the upper and lower integrals of f {x^^\ x^^^) with respect to 

r(bW, 6(a)) 

(x^^\ x^^^) are equal, their cmnmxm value j / x^^^) d<h x^^^) 

J (aW, a(2)) 

is taken to define the Riemann-Stieltjes, or SS-integral, of f (x^^\ x^^^) with 
respect to <l> {x^^\ 

In case ^ x^^^) is simply the product x^^^. x^^^, we see that 

As^<f> {x^^\ reduces to measure of the 

cell 8,.; the iZ/S-integral is then the i2-integral, as defined in § 338. 

If ^ {x^^\ 05^^^) be a function of bounded variation, in accordance with 
the definition of Hardy and Krause, given in § 254, it is expressible as the 
difference of two quasi-monotone fimctions P N (see 

§§ 254, 255); which are also monotone. The jR/S-integral of / (x^^\ 
with respect to c[> is defined by 

r(b(«, 6<2)) 

3 .( 2 )) 

i (a(«, a(2)) 

nm,U^^) _ f(6(^),6(®)) _ 

J (a(i), a(“)) J (a(^), a(s>) 

whenever the two latter integrals exist. 

It can be shewn that a continuous function / (x^^\ a;*^)) certainly has 
an 22/S-integral with respect to a function (j> x^^^), of bounded varia¬ 
tion. We need only consider the case in which <f> x^^^) is quasi¬ 

monotone. In case the spans of all the meshes of a net, fitted on to the 
fundamental ceU, are sufficiently small, 

r =m r = 7/1 

S U {K) A», 4> (*'«, *<«) exceeds S L (8,) A^ <t> ***’) 

r-1 r-=l 

by less than eA(a(«’SSj f> which is an arbitrarily small number. 

Consequently the upper and lower integrals of / x^^^) with respect to 

<f> {x^^\ x^^^) have the same value, and the i?^-integral of f(x^^Kx^^^) 
therefore exists. 

If / have discontinuities, the criterion for the existence of 

the integral with respect to the fimction <l> {x^^\ is contained in the 
following theorem*, which may be established by a modification of the 
method of § 377. 

* See W. H- Young, Proc. Land. Math. Soc. (2), toI. xvi (1916), p, 281; also Proc. Boy. Soc. 
voL xcin (1917), p. 28. 
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The necessary and sufficient condition that the hounded function f x'^^) 

should possess an RS-integral with respect to the function cb of 

bounded variation^ in accordance ivith the defiyiition in § 254. is that the 
variation of </> over the set of points of discontinuity of f 

should be zero. 

The variation of a quasi-moiiotone mcrea'^ing function o a:'-'), 
over a set of points G. is here taken to denote the lower boundary of 
S A( 5 )^ where the summation is taken for all cells of a set v.'hich 

contain in them all the points of G, the low er boundary being taken tor 
all such sets. The variation of a function </> x^-^). of bounded varia¬ 

tion. over the set G, is taken to be the sum of the variations over G of the 
tw''o monotone increasing functions, T {x^'^K x^-^). X ), the ditier- 

ence of w’^hich is ^ x^^^) (see § 254). 

further properties of the ^*S-integral for functions of two vaiiables 
Avill be given in § 448^. 



CHAPTER VII 


THE LEBESGUE INTEGRAL 

382. The definition of a definite integral which has been introduced 
into Analysis by Lebesgue is of much wider scope than the definition of 
Riemanii. The theory of Lebesgue integration has as its foundation the 
conception of the measure of a set of points, in the sense in which the 
term is employed by Lebesgue. An account of this theory of measure 
has been given in Chapter iii. In Riemann integration, tlie domain over 
which the integral is taken is divided into a finite number of intervals, 
or of cells, and the integral is defined as the limit of the Riemann sum for 
this set of intervals, or cells. In Lebesgue integration, on the other hand, 
the domain over which the integral is taken is divided into a number of 
measurable sets of pomts, having a certain property relative to the 
function to be integrated, and the integral is defined as the limit of a 
certain sum taken for all these nmasurable sets of points, as the number 
of sets is indefinitely increased. ^The distinction between the Lebesgue 
integral and the Riemann integral rests essentially upon the difference 
betAveen the tAvo modes of dividing the domain of integration into sets of 
points .*2 

MEASURABLE FUNCTIONS 

383. The definition of Lebesgue is applicable to functions belonging 
to the family of measurable fimctions, in one, or more, dimensions. 
A measurable function / (a;) has already been defined, in § 295,^a3 such 
that the set of points x, for which / (a;) > A, is measurable, whatever real 
number A may be. This definition is applicable, whether x denote a point 
of a linear set, or denote a point (x^^\ x^^\ ... x^p^), in any number p, of 
dimensions. 

Iff (x) be a measurable function, defined at each point of a given domain, 
the sets of points for which 

A < f {pc) < B-, A ^ f {x) <z B', A <f{x) B; f {x) < A; f {x) ^ A 

are all measurable, whatever real numbers A and B may denote, provided 
A<B. 

In the first place, the domain for which / (x) is defined, and for which 
it has a definite value at each point, is mea surabl e. For let A have the 
values — — Ag, ... — ... successively, of a sequence such that 

increases indefinitely as n ~ oo. The set for which f {x)> — N^, is 
measurable, by hypothesis, for every value of w. The domain for which 
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j (.f) is defiiied. is the outer limiting set of the sequence {£„]. of measurable 
sets, and is therefore itseK measurable. The set of points for whic-ii 
/ (.r) ^ A, being complementary, relatively to the domain of the function, 
to the measurable set for which / {x) > is measurable. If be a 
monotone increasing sequence of numbers converging to A. all the set- 
for which / (x) < are measurable, and their outer limiting set, for 
which / (x) < A, is consequenth^ measurable. As the sets for whicli 
/ (x) < A and / (a;) A are measurable, it follows that the set for whicii 
f (x) = A is measurable. 

The sets for which / (x) < B, and / (a*) < A, being measurable, their 
difference, the set for which A <f{x)< B, is also mea‘durable. The other 
results in the theorem follow at once. 

A function f {x) is measurable, if the set of points x nteasiu able, for 
u'hich a </ (x) < ^8, for every pair a, of real numbers which belong to a 
given set, everywhere dense in the indefinite intertal (— X), x). The given 
.'iCt may be taken to be enumerable. 

Let A and B be any pair of real numbers such tiiat A < B. The 
number A c^in be expressed as the upper limit of a >e{iUC‘nce (*f 
increasing numbers, all of which belong to the given cvcryw here den-^e 
jset, and the number B can be expressed as the lower limit of a similar 
^equence {)8„} of diminishing numbers. The set e^ for which a„ <f(x)< 5, 
is measurable, for each value of n, the inner limituig set {e„j, of the .se¬ 
quence, is the set for which A ^-f{x) < B: and this .set is eonsequentiy 
measurable. Since this is the case whatever values A and B may have, 
it is seen, as before, that / (x) is measurable. 

A function f {x) is said to be measurable {B), if the -set of point:, for n/hich 
f (.r) > A is measurable (B), whatever value A may have. 

The proofs given above shew that the sets for whicii 
A <f (x) < B; A ^f{x) <B:A '^f(x) £B:f{x) < A:f {x) .i A 
are all measurable (B). 

384. If ... <f>n be a finite set of functions that are measurable in a 

measurable domain Q, linear, or of higher dimension's, and if F [6^. <p^. ... 
be a function that is continuous relatively io (91, 9n)^ values of 

^1? ^ben F ••• <f>n) measurable in the given domain. 

First, let us assume that all the functions , 02, ... <j>j^ are bounded in 
the given domain for which they are defined; suppose their values all to 
be in the interval (— N, N). Let a net (Cq, Ci, ... be fitted on to the 
linear interval (— N, N), where Co = — N,c^ = N, and suppose the breadth 
Cy — Cy__i of each mesh to be less than the positive number 77. Let the 
function 0,, be defined, corresponding to each function 0^ (5 = 1, 2, 3, ... n) 

36-3 
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by the conditions = Cy_i at every point at which x (f>s< c,., for 
r = 1 , 2, 3 , ... m, and where (f>^ = We have then 

0 ^ < 77 , 

and the function ijs^ taking only the values in the finite set Cq , , ... , 

this function is measurable in the given domain. 

Since F (f)-,, ... ^n) is continuous in the closed domain, 

we have | F ... 0„) — F (0i, ... | < e, 

provided 77 be taken sufficiently small; the number e being arbitrarily 
chosen. The function F (i/fi, «/r,, ... has only a finite set of values, and 
is measurable If U and L are its upper and lo'vvcr boundaries, we have 
L — 6 < Jp {<f>i y (j>^) <i U 

ill the whole domain. Let A and B be any two numbers in the interval 
(jL, U), then the set of points for which A < F ... < B 

measurable. 

Now let e have successively the values in a sequence {ej which con¬ 
verges to zero, then there exists a corresponding sequence { 77 ^}, of values 
of 77 , which converges to zero. 

The set of points for which A < F ifjo, ... < B, is measur¬ 

able, for each value of 77 ^, in { 77 ^}. Each point of the set for which 

A < F (^ij (f)2i ft) <■ B 

belongs to all the measurable sets E^, from and after some particular 
value of t, and therefore, by a theorem established in § 131, the set is 
measurable. It has thus been shewn that F {6^, (/> 2 , ... 0^) is measurable 
in the domain for which the functions are defined. 

Next, let the functions , ^ 2 »■ • • unbounded. Let be defined 
by the conditions = (f>r , when N ^ (f>r — N ; = N, when > A"; 

and = — N. when <^,. < — AT. Erom what has been proved above, 
we see that the function F ... is measurable. Let N have 

successively the values in a divergent sequence {Nt} of increasing numbers. 
Each point of the set for which A < F {<j!> 2 , (f> 2 , <f>n) < -B belongs to all 

the measurable sets for which A<F from and 

after some particular value of t. It thus follows that the set is measurable. 
Therefore the theorem holds when ^25 3 ^^® unbounded. 

In particular we have the theorem that: 

The sum, or the ^product, of any finite number of measurable functions, 
defined in a measurable domain of any number of dimensiems, is a measurable 
function. 

If all the functions <^i, are measurable (B), the function 

T <l>±, ... 0n) is measurable (B). For the sets employed in the above 
proof are aU measurable (.B). 
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THE LEBESGUE INTEGRAL OF A ^lEASURABLE FUNCTION 

385. Let US consider a measurable set e, bounded or unbounded; but 
of finite measure, and let the function / (a;) = 1 at all points of e. The 

ineasure )n (e), of the set e, is said to define the integral j f ax^ of the 

- I'ei 

function / {x), over the set e. 

If c be any positive, or negative, number, and / (.r) = c at aM points 
of e, f f (x') dx is defined to be the number cm (e). The values of / (x) at 

(e) 

points that do not belong to e are irrelevant. Next, let e,* ^ 

finite number of measurable sets, no tM'o of which have a point m common. 

Let/ (x) -= c, at the points of e,.. for r == 1, 2, 3. ... ; v^'here r- ... e., 

are assigned numbers Then, if E denote the set ~ e* ■■■ — 

integral I / (.r) dx, of / (x), over the set E. is defined as the siii.i 
J (A’) 

r n 

c^m (Bj.). 

r 1 

Next, let f (x) be a measurable function, defined for the points of a 
measurable set E, of finite measure, and bounded in tliat set. Let L, L 
denote respectively the upper, and the lower, boundary of / {x) in E. 

Let the interval (L, U) be divided into part^ 

(«!,«,). ... flj. 

A\here oto = ^such that the greatest of these parts 

for r = 1, 2, 3, ... n, is < rj. 

Let e,. be that measurable part of E, for all points of which 

where r = 1, 2, 3, ... n — 1: and let be that part of f \x) for the points 
of which U. 

Let <f)rj (x) be the function which has the value , at all points of , 
for r = 1, 2, 3, ... ^; and let {x) be the function which has the value 
at aU points of e ,, for ?' = 1, 2, 3, ... n. 

We have then, in accordance with the above definition, 


r r=n 

<f>„ (a:) dx= H (c,), 

J(E) r -1 

r r^n 

ijj^ {x) da; = S {eX 

J(E) r-l 

and therefore 0 ^ {x) dx — \ <f)^ (x) dx < yjm (E). 

HE) JcE) 
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If the interval (i. TJ) be successively sub-divided by introducing further 
points of division such that the corresponding values of 77 form a sequence 
{rj^} of diminishing numbers for which ^ 0 , as m -- 00, it is seen that 



does not diminish, and that (ic) dx docs not increase, as m ^ 00. 

'(J?) 

These two sets of numbers consequently converge to a common limit. 
This limit lim (x) dx = lim {x) dx is defined to be the value 

Ul'^00 J (Ji) /#i«-oo J (K) 

of the Lebesgue integral / {x) dx^ of / (x), taken over the measurable 

(/•:) 

set E, 

In order to justify this definition, it is necessarj?’ to prove that the 
number so defined is independent of the particular mode in which the 
interval {L, U) has been successively sub-divided. 

Let (a;), {x) be the functions which correspond, in a second mode 

of sub-division, to <f>r^ {x), {x) defined above. It is easily seen that there 

is no loss of generality in talcing the sequence { 7 )n] to be the same in the 
two cases 


Suppose the two sub-divisions of {L, U), corresponding to 77,,,, to be 
superimposed, and let {x) be the function corresponding to {x) and 
ihn (‘^)- have then 


.'(/?) 


and therefore 


L 


0 ^ (*) dx - I <#>,„ (a;) dx < {E), 

J (£?) . (iSr) 


(£?) 


<’?«.»» {E). 


As m -- 00, rjy^m {E) -—0; and therefore 

I (*) = lim I (*) dx. 

Thus the number by which the Lebesgue integral is defined is inde¬ 
pendent of the mode of sub-division of the set E. 


Accordingly, the definition may be stated as follows: 


The Lebesgue integral f {x) dx of the hounded measurable function 

HE) 

f (x), taken over the measurable set E which is of finite measure, is defined as 

r=7i r=»i 

the limit to which either S a^_^m (e^), or S a^m (e^), tefnds, as the greatest 

r-l r-l 
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of the numbers — a,_iConvet'fjes to zero-, where (L, U) is dielded into nparis 
(a,_i, Ur), fen' r = 1, 2, 3, ... and a^^ ^ L. = 17\ and where e. h that set 
of points of E, for all of which 

«i-i ^f{^) < f = 1, 2, 3, ... « - 1; 
and e„ is that set for which a„_i ^ / (^) " «/i- U and L denote the upper and 
loiver boundaries of f (x) in E. 

In case the set is a set in ^-climensionai space, f (x) used to denote 
f{x^^\x^^\ ... 

If the set E consists of the points of a finite interval {a, 6). or of a cell 

rb 

{a, b), the integral over E is denoted hy j / (a;) dx, 

• fi 

riU^Kb^-\ 

or / ... d x'^^\ ... 

J at-), af/')) 

It will be observed that the function cj>r^ {x) is a function which takes 
only a finite number of values, for all values of x in the set E: and that 
it is such that 0 :^.f (x) — efy^ (x) < rj 

The integral / {x) dx is thus defined as the limit of the non- 
Ue) 

diminishing sequence of numl^ers 

[ dx, I </&,_, {x) dx. ... I <!>,„, ix) dx . 

hE) .\e) 

where 'r] 2 , ... r),n, ... form a secxuence of diminishing numbers that con¬ 
verges to zero, as m ^ 00 . 

386. Next, let the measurable function / (x) be unbounded in the 
measurable set E, of finite measure, and such that / (.r) 0, in E. 

Let/ a- {x) be defined as a bounded function m E. by the specifications, 
fx (ic) - / (x), where / {x) < X, 

/a7 {x) = N, where / {x) > X. 

The number N is any assigned positive number. 

If there be assigned to N the values in an increasing sequence , JV,, ... 

without upper limit, the integral /_v (x) dx is a number which does not 

- (-B) 

diminish as N has successively the values in the sequence. It follows that 

/jv {^) dx either converges to a definite upper limit, or that it increases 
Ue) 

indefinitely as N does so. 

When Hm | Ar {x) dx exists as a definite number^ the integral f (x) dx 

N^aoJiE) ' -(E) 

is defined by that number. 
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The value of the integral is easily seen to be independent of the par¬ 
ticular sequence of values of N. Thus 

f / (x) dx = hm I fx (^) dx. 

HK) .Y-oQj(E) 

If / (a;) be t 0, in E, f (a;) dx is similarly defined as 

-(E) 

lim j /_.v (x) dx, 

.v-oo J (E) 

where /_.v (x) == / (x), for points x at which / (x) ■ — N, a7id f_x (x) = — N, 
when / (js) < — N. 

Lastly, let the unbounded function / {x), defined in E, have both 
positive and negative values. 

Let fix)=f^{x)-f~{x), where f^{x)=^f(x), when /(a-)''0, and 
/“ {x) = 0, when f {x) < 0; with a similar definition for f- (x). Both the 
functions /+ {x),f~ {x) are measurable. 

The integral f (x) dx is defined as the difference, 

[ /+ {x) dx - [ /- (x) dx. 

HK) .'(E) 

provided both of the latter integrals exist as finite numbers. 

When a measurable function f (x), of one or more variables, is such that 

f {x) dx exists as a finite number, f (x) is said to be summable in the set E. 

(E) 

A measurable function is always summable if it be bounded, but not 
necessarily so if it be unbounded. 

A function / (a;) that is summable in E is also said to be integrable (L) 

in E, and the integral / (a;) dx is termed the Lebesgue integral, or shortly 
He) 

the L-integral of / (x) in E. 

387. It will be observed that, in accordance with the above definition, 
in order that a measurable function / {x), defined for the measurable set 
of points E, may be summable in E, it is necessary that each of the two 
functions f + (a;), /“ (x) should be summable, that is, each one of them 
must be integrable (L) in E. Thus the two limits 

lim [ f^ (a;) dx, lim [ f~. (a?) dx 

.V-oo.'(Jgl) iV-ooJ(E) 

must be both finite. 

The definition may accordingly be stated in the following form, which 
is a generalization of a definition* due to de la Vallee Poussin, originally 


* lAouviUe^s Journal (4), vol. vm (1892), p. 427. 
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applicable to the case in which / ^ {x), / ^ (.r) are restricted to be integrable 
(i?) in a cell or interval (a, h). 

Ij flit unbounded measurable function f (.v) he defined in a measu ruble set E. 
ofjinite measure, and N and N' denote two positu'e narnbers. let /.y..v 
such fhaffx,X' {^) =f{x),atpoints such that -X'. f Cc) ' ; and fx,X' 

aipoints such thatf (x) > N ; {x) -= — X\ irhen f [x) < — X': iheto 

I / (a;) dx is defined as the double limit of | fy y, (x) dx. as X and X' 

-ip _ - 

diverge, independently of one another, to x. vhenever this doable limit exl'^ts 
as a definite number. 

In accordance with this definition, when / U) is sumniable. so al-^o is 

1/ W I; for \f{^) I =fx W -^fx therefore I ^ ’/t.ri dc is the 

rtin.i of r j 

each of which is finite. 


Since the existence of f{x)dx involves that of j fU)' dx. the 

Z-integral j / {x) dx is said to be an absolutely convergent integral. tlriS: 

The L-integral of an unbounded summahle function i^ an absolutely co't- 
vergeyit integral. 


It is easily seen that | / (x) dx ' - 

I. (E) ■ : r7.j 

value of the integral on the left-hand side is 


f [x) I dx: for the absolute 


< I /+ (x) dx -h I /- (.r) dx. 

.(£.’) -{E) 

If (a-) > (x) ^ 0, the function p^^ {x) being summabie in E. tlien 

the function p^^ (x), assumed to be measurable in E. is also summabie. 
For we see that {x) dx > pp (a;) dx, hence 

[ / v’ (*) ^ I / v' w 

and it then follows that [ p-^ (x) dx exists, and is ^ j P^^ (a*) dx. 

Ue) '(E) 

388. The above definition of the Z-integral. when / (a;) ^ 0, in E, and 
the function / (x) is unbounded, may be replaced by another definition 
which we proceed to obtain. 

Let ^ 0 , a^L, aa, ... ... be an increasing sequence of numbers, such 

that has no upper boundary, as n cx), and where Gq = 0. Also let 
Ur — cir-i ^ every value of r. 



570 The Lehesgue Integr<d [on. vii 

CO oo 

Consider the limiting sums o- S (e,), o-' --= S a/m (e^); where, as 

j* -1 i 1 

before, e, is the measurable set of points at which ■' f (») < a,. The 

oO 

difference of the two sums cr, a' is S (a^ — a,_i) m (e,.), w’hich is not greater 

r 1 

than 7 ]m {£)). It follows that a, a are both finite, or both infinite. Now 
let Uq, 02 , be the end-points of the meshes of a net, fitted on to the 
infinite linear interval ( 0 , oo); and consider a system of such nets, for 
which 7j has the values in a sequence of diminishing numbers, that 
converges to zero. If it be assumed that cr, a' are finite, it is clear that 
cr has the values in a non-diminishing sequence, and that a' has the values 
in a non-increasing sequence, as the successive nets of the system are 
taken. It follows that cr and cr' have definite limits, as 7i oo, and these 
limits must be identical, since cr' — cr 0, as n ~ oo. 

It can be shewn that this limit is independent of the particular system 
of nets employed. For, if ai, cr^' refer to one system {!>}, of nets, and 
do, cTg' to a second system {jD'}, we may take nets D, Z>' of the two systems 
such that, for D, cr^' — ct^£: rjm (B), and for Z)', era' — ctj ' 17 m {E). Now 
consider the net (D, D') obtained by superimposing the two nets, and 
let a' be the corresponding value of cr', then a' is < cti', and ^ cr ^'; therefore 
a' — cTj ^ rjm (B), and a' — ctj is ^ rjm (B), and moreover 0 =' — cti, — cr, 
are both ^ 0 . It follows that | o-i — erg | < 77 m (B); and thus the limits of 
oTj and cTg, as 77 ^ 0, are the same. 

CO 

The limit as n co, of a^^^m (e^), which is identical with the limit of 

“ r 

2 Oj-m (e^), for ike nets of a system {!)„}, defines the value of f (a;) dx. for 
r = i Ub) 

an unbounded non-negative function f {x), measurable in the 7neasurable set E, 
whenever' this limit exists. 

It will be shewn that this definition is completely equivalent to that 
given in § 386. 

Let us suppose that = N, a fixed positive number; then if cr be 

r=8 r-s 

convergent, we have a = S a,_im {e^) + Bg, or' =2 a,m (e^) + B,, where 

r = 1 r =1 

N can be chosen so large that Bg and JS/ are both less than e, 
r r=8 

Assuming that / (x) dx is the limit of S a^m (e^) -}- JRs\ the 

•'(£■) r-l 

system of nets, the integer s so varying that ag = N, we see that 

I /.V (^) dx 

is the limit of S a^m (c^) -f where Rf' < Rf < c. 

r-l 
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Since i2/' differ from one another by less than. e. it follov' that 

I / (*) /a’ (®) differ from one another bv not more than e .: the 

.'(£) .(B) 

number X ha^^ng been chosen sufficiently large. It follows that 
lim I /y (x) dx= I f (a:) dx. 

Conversel 3 ’, let j f{x)dx be defined to be lim | fy{.v)d.i-. th--n 

(E) X^x.fE} 

f (sir) dx is defined as the repeated hmit 

J(E) 

(r ^ X ' 

lim lim ■! 2 (e,) -f- 2 m (e ^), 

_V'-^oc W'N.oo Ir-’l r-s—1 J 

71 denoting the order of the net «i, ^>5 ••.)? ^ denoting the integer, 

dependent on ??, for which = N. We assume that this limit exi'-t-. 


r 

The sum S is non-diminishing as n increases, and ctNo 

r = 1 

r 

as s increases, hence the repeated limit lim lim S ar-im(e.) niu?-t exi^t, 

—cc r 1 

r =« 

as a finite number. Denoting S (e^) by Cnx^ we see that ( 

/■«! 

such that Cn'X' ^ CnXi if n' >n, K' ^ K. If we write f J '//, r, - 1 .V, 
we may regard as a function F ($, tj) of the two variables rj , a::d the 
function is monotone (see § 307). In accordance with the theorem proved 
in § 307, the repeated limits of F (^, t^), as | 0,77 0 , have one and the 

same finite, or infinite, value. That F (^, rj) is defined only when r are 
the reciprocals of positive integers makes no difference as regard'- tlie 
validity of the theorem. We now see that, if either of the repeated limits 
lim lim c^x, lini lim Cnx exists, as a finite number, the other exist-, and 

W'-OO X'^ec .V'-OO TO-^oO 

has the same value as the former. 


We thus see that lim lim S (e,.) has a finite value. It follov s 

7 J'~oo X'^to r =-l 


00 

that 2 ttr-im is convergent, and that 


r*l 


lim 2 (e^) = lim lim 2 (^r)- 

71^00 r=l A’-'CO 71—QC r=-l 

Now N 2 m(er)< 2 (O; tence, if A’ be sufficiently large, 

r-a+1 r-sH-l ^ 

N H, m (Cr) becomes arbitrarily small, and lim A 2 7n (ey) = 0. We 

-V-oo 

thus have, since this limit is independent of n, 

[ f (x) dx — litn lim [” 2 (c,.) | = lim S aj._j^7n (e,.), 

J (E) 71-00 iV—00 L»' = l J 71-00 r=-l 
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f “ 

which proves that the definitiou of / {x)dx, as liin S (e^), is 

'{E) //-OQ /■ 1 

equivalent to the definition as lim fx i^) dx. 

A’-oo . iE) 

The following theorem has been proved in the course of the above 
proof: 

If f {x) be a simi7)iable function which is 0, in the set E. then 
lim Nm =-- 0, 

A'-^ao 

where is that part of E in which f {x) X. 

When / (x) is not restricted to be > 0 in E, we sec from tlie definition 

of I / {x) dx as [ /'^ (x) dx — I /“ {x) dx, that the integral 7nay be de- 

J(E) 

m, m 

fined^ as the limit of either of the exp7'essio7is S af^i^7n (A\), S {Ey),for 

— CO - CO 

a syste7n of nets ~ •••) on to the indefinite 

interval (— co, co). 

We have also the following theorem: 

If f (x) be summable in the measurable set E, and demote that part 
of E for which j / (x) \ ^ N, then lim Nm = 0. 

*V'^CO 


OTHEE DEFIXITIONS OF AN INTBGEAL 

389, A general theory of integration has been developed by W. H. 
Young, independenttyt of the work of Lebesgue, in two memoirs. In the 
second of these memoirs, the theory there developed is brouglit into 
relation "with the work of Lebesgue. The definition of W. H. Young is a 
generalization of that of the upper, and the lower, jR-integral, in which 
the domain is divided into a number of parts, of a siDecial kind. W. H. 
Young defines the generalized upper and lower integrals of a function by 
means of a division of the measurable domain of the independent variable 
into sets of measurable parts. This definition may be formulated as 
follows: 

Let the measurable set E, which is the domain of integration^ be divided 
into a finite, or enumerably infinite, set of measurable components, and let 
the measfwre of each component be multiplied by the upper boundary of the 
function in that component, and the sums of all such products be formed. 
The generalized upper integral is defined to be the lower limit of that sum, 
for all possible 7nodes of division of E into cirmponents, as above described, 

* This IS the definition given by Lebesgue; see his memoir *’ Integrale, Longueur, Aire,” Annali 
di Mat. (Ilia), vol. vn (1902), p 258. 

t See the paper ‘'On upper and lower integration,” Proc. Land. Math. Soc. (2), vol ii (1905), 
"p. 52, and also ‘‘On the general theory of integration,” Phil. Trans, vol. cciv (1905), p. 221. 
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The geifierahzed lower integral iSs defined in a similar manner^ by employing 
the lower boundary of the function in each component. If the generalized 
upper and lower integrals both exist, and hnie the same finite value, that 
mine is said to he the value of the integral of the function over E. 

This definition can be applied, not only to bounded fujictioii", but 
also to unbounded functions. In the latter case, such* sets only are em¬ 
ployed as have finite upper and lower boundaries of the functioii. It will 
be shewn in Vcl. II that this definition is equivalent to tliat of Lcbe^Sfue. 

The definition of an mtegral has been further generalized by Pierpont. 
so as to apply to the case in which the set E is non-nieci^urable 

A set H is said to be measurable relatively to E (which may be i.on- 
measurablc) if there exists a measurable set G sucli that H = D G. E). 
Thus H is that part of E which E has in common witii a measurable •-et. 

Pierpont's ctefiiiitioiit is obtained from that of V\' H. Young by :*on- 
sidering those systems of sub-division of E into coinptjjitnt^ vwiici: aie 
such that each component is measuiabie relatively to E. In tor:niiio tiie 
expression, of which the lower boundary is the upper intcgrai. we e:np:f‘y 
the exterior measure of each component of E. and the vauk- m ic/.*;ning 
the expression of which the upper boundary is tlie lower integral 
these changes in the statement of the definiiion of W. H. Ycnmg. /'e 
obtain the definition of Pierpont. 

Anothei mode of defining an integral has bc*en develoiied by W H. 
Young. As this depends upon the theory of monotone ^equence'^ or 
functions, it will be refen*ed to in Voi. II, in that eoniiectioii. 

Another definition of an integral has been given by Borei:’:. 

THE jL-INTEGRAL AS THE 3IBASURE OF A SET OF POINTS 

390. It has been shewn, in § 336, that the i2-integrai of a funcrion 
expresses the measure of a set of pomts that is measurable (J, We 
proceed to shew that the L-integral has a similar relation to a bounded 
and measurable set of points. This relation may be expres.sed in the 
following theorem: 

If the su7mnable function f {x), defined for the bounded and measurable 
set of points E, be such thatf {x) ^ 0, in E, then the set of points defined by 
i)^y ^f{x), X in E, has for its measure, plane, or {p — 1) dimensional, 

according as E is a linear, or a p-dimensional, set, the value of I / (.r) dx. 

- {E) 

* See Hildebrandt, Bidlttin Amcr. Maik, Soc. vol sxiv (1917,, pp. liU-123. 

t Theory of Fwictions of Real Variables, vol. ii, pp. 343 et seq. 

± Journal de Math. ((5), vol. mu (1912), pp. 199-205; also Lemons sur la theorit des fokCt>o/is, 
2nd cd. pp. 217-256; see also Hahn, MonaAshefttfur Math. u. Physik, vol. xxvi (1915), p. 3. For 
a cnticism of Borel’s definition see Lebesgue, Annales sc. de Vdcole norj/iale (3), vol. xxxv (1918 >, 
p. 191. See also Borei, ibid. (3), vol. xxxvi (1919), p. 71. 
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The theorem Avill first be established for the case in which / {x) = c, 
over the set E. 

In that case the two, or (^ + 1) dimensional, measure of the set of 
points for which x is in E. and 0 ^ y < c, is cm {E), For the sets E, C (E) 
can be enclosed in sets of intervals, or cells, such that the measure of the 
set common to the tw'o sets of intervals is < rj. The set, x in E,0 <y < c, 
and the complementary set, x in G (E), 0 y c, can consequently be 
enclosed in sets of rectangles, or {p -4- l)-dimensional cells, such that the 
measure of the set common to the two sets is < crj. As rj converges to 
zero, the measure of the set of mtervals, or cells, enclosing E, converges 
to m (j©), and the measure of the set of rectangles, or cells, enclosing the 
set (x in E, i) s y c c), converges to C7n (E), which is thus the measure of 

the set. Therefore, in this case f{x)dx is equal to the measure of the 

HE) 

set, X in E, 0 ^ y ^ f (x). 

r-tiL 

Xoxt, if F = S e,, where denotes a measurable set, and/(a;) = c^, 

r-l 

for r = 1, 2, 3, ... m, the measure of the set {x in E, 0 y (x)) is the 

r m 

sum of the measures of the r sets {x in e^, 0 ^y ^ Cy), which is S Cr^n (e,.), 

/ -1 

and is therefore equal to / (a;) dx. 

If / (a*) is any bounded measurable function (:s 0), the measure of the 
set {xin E, 0 ^ y (a:)) is between the measures of the Iw^’o sets 

{xinE,Q'^y £<f>^ (x)), {x in E, i) y ^ (a;)), 

r r -tt 

employed in §385; that is between S (e^) and S a^m (e^), conse- 

r=l r=l 

quently it differs from f(x) dx by less than 7){U — L), which converges 

HE) 

to 0, as 7] does so. Therefore the measure of the set is equal to I f{x) dx. 

J(E) 

If / (x) be a bounded measurable function which has, in E, values of 
both signs, we see that 

f f(x)dx=[ f(x)dx-f {- / (a;)} dx. 

•f (E) J J (Sa) 

where , E^ are the parts of -E7 in which / (a;) is positive and negative 
respectively. 

It follows that I f (x)dx is the excess of the measure of the set 
J(E) 

{xinE:^, 0sy^f{x)), 

{x inE^.O^y^ - f i^))- 


over that of the set 
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.'h 

The value of the J^-integral I / (.t) dx. where j (x) a lueaf^urable 

•' a 

function 0, representing the measure of the set of points 

{asx^,b,0^.y -f(x)). 

may be regarded as representing what is. in geometrical language, called 
the area bounded by the curve y (x), the ordinates at a and h, and tne 

..j-axis. Similarly / cc^^)) d {x^^\ j mav be resarded as reore- 

renting the volume bounded by the surface y = f {x'^K the plane 
7 = 0 and the planes x^^^ = x^^^ = =-- x‘^'-^ = fp-K Accord¬ 

ingly, such a measure of an area, or of a volume, maj' exist, in accordance 
^vith the definition of Lebesgue, in cases in which it doe^ not exi>t 121 
accordance with the definition of Jordan, because a set of points vdiich i-- 
measurable is not necessarily measurable (•/). 

/■/> 

The i-integral I f {x) dx, when / (a?) has botii signs, may be regarded 

J a ^ , 

as expressing the excess of the area above the a*-axis over the area below i:. 
If / (,r) 0, m (a. b), and is summable, but unbounded in tlie interval, 

the i-integral is the limit, as A" go, of the area denned by a ' x c.. 
0 £ ^ ^/,v function/.v (.r) being defined as in § 3^b. 

TllK JK-IXTEGRAL as AX L-1XT£GKAL 

391. It will be shewn that an i2-mtcgral is aN() an X-integrai, althoiudi 
the converse does not in general hold. 

Let/(a‘) be integrable (jffi), in an interval, or ceil, {a, b). If E denote 
the set of points at which / (.x’) > A, any point of E which is a point o: 
continuity of / (a;) must be an mterior point of E : for such a point iias a 
neighbourhood in which, at every point,/ (a-) > A. A point of E, at which 
j[x) is discontinuous, need not be an interior point of E, but aU such 
points belong to a set of zero measure, since / (a) is integrable (i?). There¬ 
fore E consists in general of an open set together with a set of measure 
zero; and, since both these parts of E are measurable, it follows that E is 
measurable. Since A is arbitrary, it has thus been shewn that / (x) is a 
measurable function. Since it is bounded in {a, b). it is therefore sum¬ 
mable; and thus has an L-integral. The measure {J) of a set is identical 
with its measure, when both exist; and therefore the jB-integral of / {x) 
has the same value as the i-integral. 

If / (a:) is measurable, and bounded, but not integrable (JR), it is easily 

seen that I ^ f{x) dx ^ [*/(») dx ^ [*/ {x) dx. For, in any mesh 3 of a net, 

J a J a 2,a 

the i-integral otf{x) lies between SU (S) and SL (S). 
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THE LEBESGXTE INTEGRAL AS A EI^NCTIOH OF A SET OF POINTS 

392. It has been pointed out in § 208 that, if a class of sets of points E 
be assigned, and if hy any rule, or set of rules, a definite number is given, 
corresponding to each set E of the given class, the set of all such numbers 
may be regarded as defining a function of E which has these numbers for 
its values. 

Let the sets of points E be all measurable sets, and let us assume, for 
the present, that the class E consists of all measurable sets contained in 
a measurable domain K which may be bounded or unbounded, but of 
finite measure. Let a function/ (.r) be defined for all points of that domain, 
and let it be taken to be sunnnablein K, whether the function be bounded, 
or not. It is easily seen that / {x) is summable in any one of the sets E. 
For I / (a') I is summable in K, and tJie function cf>j.j (.r) which is equal to 
\f{x)\ in E, and to 0, in C (E), the complement of E rclativcdy to K, i^^ 
such that its integral over K is less than that of | / (re) |, and is therefore 
finite. The integral of {x) over K is the same as over E; therefore 
I / (a;) I is summable in E, and consequently / (.^’) is also summable in E. 

The value of I f(x) dx may be regarded as defining a fuiictioji cJ [E) 

. (E) 

of the measurable set B. In the particular case in which / {x) = 1, at all 
points of the L-iiitegral is m {E), which, as has been shewn in § 130, 
is a completely additive function. 

The function 6 [E) = / {x) dx converges to zero, as m (E) 0, uni- 

J(E) 

formly for all sets E in the fundamental donmin K. 

Let A" be an arbitrarily chosen positive number, and let be that 
part of the fundamental domain K in which \f{x)\> N. Let 

3 % 3 ^2 » - ■ • ^3 ^S+1 3 ^5+2 3 ■ ■ • 3 

where = 0, = N, be a sequence of numbers increasing indefinitely, 
such that < e, for all values of n. The numbers e, N can be so 

GO OC 

chosen that S (e^), 2 (e^) both converge to values less than t], 

r«s 

where is the set of points for which a, s | / (as) | < . The integral 

\f{x)' dx, which lies between the two sums, is therefore also less than Ty. 

Now I \f{x)\dx=\ \f{x)\dx-r\ \f(x)\dx', where K^te 

J(E) .'(e:.ye) J(£:-Ev£) 

denotes the set of points I) (E, common to E and that this is 
the case follows from the definition in § 385. 
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We see that I ] / (a:)) di- s I \f(x)\dx< 7 ): hence 

[ I / (*) f < 17 + Sm {E - Kxe) < -t Xm (£•} < 27j: 

' (S) 

provided m (E) < 7}/N; whatever set E be taken that satisfies thife con¬ 
dition. Since tj is arbitrary, it follows that lim I :/ {x) :dx= 0; and 

(A')' 

that this convergence is uniform ^^’ith respect to E. 

Since | f (x) dx \ £ i \f{x)\ dx, we see that j f {x) dx converges 
l-'(S) I J(A?) J(£,/ 

to 0, as m (E) 0, uniformly for aU sets E. 

A function of E which converges to zero uniformly, as m [E) o. in 
the fundamental domain K is said to be an absolutely concergent function 
ofE. 

Accordingly the function / {x) dx is an absoiutelv’ con^’ergent 

J (E) 

function of E. 

If an unbounded set O, of finite measure, be the outer Utuititig se^ of a 
sequence {(?„} of bounded measurable sets, each of which ih contained in ^he 
next, then 

f{x)dx = lmi\ f {x) dx 

J (G) n.'^rx) . (Gjtj 

For, since m (G) = lim m (G^, (see § 134), we have 

TO"-00 

lim / (x) dx = 0, 

TO'^oo V (Cr —On) 

from which the result follows. 

393. Since, in accordance with § 390, ^ {E) is, if / {x) ^ 0, the mea&ure 
of a two-dimensional set, or a (]p -{- l)-diineiisioiial set, according E is 
a linear set, or a jp-dimensional set, it follows from the theorem 130) 
that the measure of a set is completely additive, that, in the case in which 
/ (x) 0, hi K, the function ^ (E) is complete^ additive. In the general 

ease in which / (x) is the difference /-*■ (x) ~ /" (x), of two summable func¬ 
tions, each of which is > 0, by applying the result to each of these functions, 
we obtain the following theorem: 

The function ^ (E) defined as the value of \ f (a?) dx, where E is a 

- (iST) 

measurable set contained in the fundamental interval, or cell, in which f {x) 
is summable, is a completely additive functiohi of E. 

In particular we have 

I f{x)dx= I f{x)dx+\ f (x) dx, 

J(E^+Ey J(E,) J(E^) 


H I 


37 
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A special case of this theorem is that, if Sj, ... S,,, ho a finite, or an 
enumerable, sequence of non-overlapping intervals, or cells, contained in 
the fundamental interval, or cell, and A denote their sum, or limiting sum, 

then Qo 

f{x)clx=i:\ f {x) dx. 

EQTJIVALJSNT i-INTEGRALS 

394. If the values of a function / (a;), that is summable over a set E, 
be altered at points of E belonging to a part Eq , for which m (E^) = 0, 

the value of f{x) dx is unaltered. For, in the definition of the integral, 

J(£J) 

the measures of all the sets employed will be unaltered. Moreover, the 
integral of / (x) over the set E will be the same as over the set E — Eq. 

Two functions defined for a measurable set E, which have almost 
everywhere in E, equal values, are said to be equivalent functions. Thus 
all summable and equivalent functions have the same JD-integral. 

A function that is unbounded in E may be equivalent to a bounded 
function; for all the points at which the unbounded function is numerically 
greater than a certain fixed number, may form a set of which the measure 
is zero. 

In some cases, especially in the theory of functions defined by series, 
it is convenient to admit infinite values of a function at particular points 
of the set E. If these points form a set E^ such that m (Eq) = 0, we can 

regard f{x)dx as existing, and equal to / (a?) dx, whenever this 

J(JS) JiB-Eo) 

latter integral exists. 

If f[x) be ^ 0, in the set E, of measure > 0, and such that f {x) dx = 0, 

HE) 

then f {x) is zero almost everywhere in E. 

Let E^ be the set of points of E at which / (a;) s e, then from the 
definition of thei-integral, we should have f{x)dx^€m (E ^); it follows 

HE) 

that the integral of / (x) cannot vanish unless m (Eg) = 0: and this must 
be the case for every positive value of e. The set of points at which 
/ (a;) > 0 is the outer limiting set of the sets Eg^, Eg^, ..., corresponding 
to a sequence of diminishing values of c, that converges to zero. It follows 
(§ 131) that the set of points at which / (a?) > 0, has measure zero. 

If the summable function f (x), defined for an interval, or cell, (a, b), he 
such that its integral over any interval, or cell, whatever, contained in (a, h), 
is zero, the function f (x) must be zero almost everywhere in (a, b). 
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Let A denote a set of non-overlapping intervals, or cells, containing 
the points of the set , that part of (a, b) for which/ (jt;) ^ 0. We have ther. 

[ / {x) dx \ f (a;) da; = I / {x) dec = 

The set A can be so chosen that m (A — E^) is arbitrarily small, and there¬ 
fore so that the integral off (x) over A - is arbitrarily small. It follows 

that [x) dx — 0, and therefore / (.r) is zero at almost all points of 

Similarly, it can be shewn that / {x) is zero at almost ail points of the set 
of points at which / (a*) s 0. It foUows that / {x) is zero at almost a:: 
pomts of (a, b). 


PROPERTIES OF THE LEBESGUE INTEGRAL 

395. It has been shewn in § 384 that, if (x), /, (x) be functions that 
are measurable in the measurable set E, then their sum /, {x) — f> .'ct; is 
also measurable in E. 

It will now be proved that 

I {/i (^) + /a (*)} = f A (-c) + i A U'i 

JCA) HE) .'(i) 

First, let it be assumed that(a;),/^ (x) are bounded. If e be an arbitrarily' 
chosen positive number, let denote the two sets in v. hicli 

re {x) < (r -}- 1) e; re xf, [x) < {r - 1) e. 

r--/3 r -/3 

Consider the two sums S rem ^ where a, ,3 are integers 

r-a r-^a 

(positive or negative), such that all the values of /, [x). (a-), in E, are 

^ ae, and < (^ -{- 1) e. If denote the sot which is common to 
we have 

S^re?^ -h S^fiem ( 6 / 2 )) = S^2?ie'j S m = 12 n.'2ehi {Ef), 

where E^ denotes that set of points in which ne [x) ~ /> (.t*) < {ti -f 2) e. 

s = ;3 / * 9 

This follows from the fact that = S e„; and = — 6,.^. Making 

s =a r- a 

/J,=2S 

€ converge to zero, we now see that S n,2em (Ef) converges to 

n=*2a 

J(E) 

It thus follows that this integral is the sum of (x) dx and I /g (x) dx. 

J (E) J CE) 

Next, let one, or both, of the functions /i (j;), /g (a?) be unbounded in E. 
Let Ej)j^ be that set of points in which 

2N >/i {x) 4-/a (x)> - 2N; N>fi (x) > - N; N ; 

37-2 
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then m {En) ~ m (E), as N ~ oo. We have then 

I ifi (*) +/2 (*)} ^=\ ^ /i (a:) daj + [ A (a;) d*; 

J(Ea') -'(-B/n 

and since by the theorem of § 392, the integrals of 

Si (®) -^Sai^), Si {*). Sii^), 

taken over the set E — En, all converge to zero, as iV ~ co, and 

m (E — Ejsf) ^ 0, 

we see that 

I {/i (*) +/2 (*)} d® = [ /i (a:) da: + [ (a;) da. 

J(E) J(E) J(E) 

396. If {f(x)}“ be summable in a set of finite measure, so also is 
/(a:), but the converse is not necessarily true. For {f{x)}^> |/(a3) |, if 
I / (flj) I > 1; and therefore \f{x) \ is summable over that part of i? in each 
point of which it is > 1, since {f {x)Y is summable over that part. It 
follows that \f{x) I, and consequently / (ic), is summable over E. 

If [/i (*)]^ 1/2 (^)y summable over E, so also is/j (x)/^ {x)\ 

ior I Si (a:)/a («) | ^ i [{/i + {/a (a?)}®], and therefore | Si (a?) A (x) | is 

summable over E, 

It can be the case that/^ {x)f 2 (x) is summable over E, but not {/^ {x)}^ 
or{A(a:)p. 

Assuming that {x)y, {/a (a;)}- are both summable over E, we have 

f Si (®)/* (.■») da: I s I I Si («)/2 («) I da: 

J(®) 1 .'(ffl) 

^ ^ f iSi ^ + \\ {S 2 (*)}* dx ...(1). 

^ J (E) ^ (E) 

Also {A I /i (a;) I + /i. I /g (x) |}® is summable over E, as it is the sum of 
three summable functions; A, jul denoting constants. 

Since 

A* I {/i(a:)Pda: + 2A/. f IA (a:)/, (a:) | da: + ,*4 {A (a:)}* da: 

■ (S) J(E) J(E) 

is essentially positive, we see that 

■ /i N A (^) da:}* s [ 1A (a=) A (^) I da:}* 

sf {A(®)}*da:f {A(®)}*‘fe .(2). 

The inequalities (1) and (2) are of considerable use in questions connected 
with the convergence of series. The inequality (2), being a generalization 
of a theorem due to Schwarz, is known as ScWarz’s inequality. 
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397. ///i (x) be summahle. hut not equivaleyit to a hounrJed function, it 
is always possible to detemnine a siirmnable function ix) so that f-^ (.r)/, {?:) 
is not summable^. 

If CLn^ ■ • • be a set of positive increasing numbers v\ithout an 

upper limit, and denote the set of points at which f-^ < a,.,: 

then m (e„) > 0, for an mfiiiite number of values of n. The seiles S ui {e,.. 

is convergent, being s / \fiix)\dx-, let I/, (a:) ' =-—, for ali 

J(S) I na,m{in) 

points of e„, for each value of Ji. We have then I ' f, (x) ■' dx = Z " : 

and if the numbers a„ be properly chosen (for example a ^ /i;. this series 
is convergent, and {x) is summable. But the series 

^ }ia„m (e,,) 

being divergent, j IA (x) (x) , dx 

■(E) 

has not a finite value, and therefore/, (rr) is a function ^ueh i< required. 

398. If fu (.f) denotes a sequence of meaau table fu net ions. den,}ed h* 'he 
interval, or cell, {a, h). and such that \f„ (.e) | ts.for every value oj n, andjor 
e^ety point x, in the interval, or cell, {a, b). less than a fixed positive u»infh^r A, 
then if{fn (x)} converges for each value of x. to the value of *he futviloi* f \c\. 

rb ,'o 

that function is summable, and I f {x) dx -=■- iim j /, (x) dx 

J a n-^x . a 

Since, for any fixed value of x. \f(x)—ff^{x) : < £. provided n he 
sufficiently great, we see that \fix) | < | /„ (.r) j — € < A — e. and there¬ 
fore since € is arbitrary, | / (a;) | < ^4. Therefore the function/ ix) bounded. 
Let en denote that measurable set of points of {a. h) at which (a-) > c \ 
then the set e, of points at which f (x) > c, is such that each point of e 
belongs to all the sets {e„}, from and after some value of a dependent on a*, 
and therefore, employing a theorem given m § 131, the set e is measurable. 
It follows that / {x) is a measurable function, as c can be arbitrarily chosen: 
and since / (a;) is bounded, it is summable in {a,b). 

Let gn denote the set of points x, at which | / (a;) — /,, (.r) [ > e; the 
set is measurable, and lim m (( 7 „) = 0. For if this is not the case, there 

71*^30 

are an indefinitely great number of values of n for which m (g^) is greater 
than some fixed positive number a. In accordance vith the theorem of 
§ 136, there exists a set of points, of measure ^ a, such that each point 
belongs to an infinite number of the sets . This is inconsistent with the 
condition that /„ (x) converges to / (x), for each value of x. It has thus 
been shewn that m (gn) ^ 0, as ^ oo. 

* See Lebesgue, AnnaUs de Toulouse (3), vol. i (1909), p. 3S. 
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[CJH. VII 


['*{/(*)-/» (»)} = / {/ (*) - /»(*)} + 1 {/ (^) - /«(»)} 

The first integral on the right-hand side is numerically less than 
2Am and the second integral is numerically less than eZ, where I is 
the measure of the fundamental cell. The integral on the left-hand side 
is arbitrarily small, for all sufficiently large values of n; and thus the 
theorem is established. 

It may be observed that, in case there is an exceptional set of points, 
of measure zero, at which the sequence {/„ (a;)} does not converge, the 
above theorem still holds. For, in the above proof, we can disregard this 
set; the integrations being all taken over the complements of this set, 
the measures of the sets over which they are taken are unaffected. 

399. The following theorem is concerned with the I^-integral of a 
function which is, at almost every pomt of its domain, the limit of a 
monotone sequence of measurable functions. 

Let {fn (a:)} be a sequence of non-negative bounded functions, sumniahh 
in the measurable set of points E, in any number of dimensions, and let it be 
assumed that, far each value of x, in E, the sequence is monotone and non¬ 
diminishing. Let it be further assumed that lim /„ {x) dx has a definite 

HB) 

value. Then (1), the points of E at which the sequence {/„ (a;)} does not con¬ 
verge to a definite number form a set of points of measure zero; and (2), \f 

f (a?) denote the limit of the sequence {fn (a;)}, the integral f (a;) dx exists, 
and has the value lim fn (x) dx; those points of E at which f (x) is unde- 

TL'^ta '(E) 

fined being disregarded. Conversely (3), if f (x) dx exists as a definite 

'(B) 

number, then lim (x) dx exists, and has the same value as the integral. 

rt"-oo J (E) 

The first two parts of this theorem were given* substantially by Vitali, 
and byt B. Levi; the proof here given was publishedf by Hobson. Let h 
denote a positive number, and let the functions fn^^^ (x) be defined by 
fn^^ (a;) =/„ (x), for values of x for which fn (x) s k, and by fj^^ {x) = k, 
for values of x for which fn (a?) > k. Let (x) be a function such that 
fy^) [x) = f (x), when / (a;) ^ k, and (x) = k, when / {x) > k. For each 
value of X, f^f^^ (x) defines a monotone double sequence, that is a monotone 
function of n and k,iin have the values 1, 2, 3, ..., and k have the values 

* Rend, del Circ. Mat. di Palermo, vol. wttt (1907), p. 137. 
t Rend. ddiP Istit. Lombardo, (2), vol. wvTg (1906), p. 775. 
t Proc. Land. Math. Soc. (2), vol. vm (1910), p. 28. 
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in any monotone increasing sequence of number^ M’ithoiit an unper limit. 
It is clear that | (jc) dx, regarded as dependent on yi and k. defines 

j (fij) 

a monotone double sequence of non-diminishing numbers. From a pro¬ 
perty of such double sequences (see § 388). we infer that the two reocrtted 
limits 

lini lim | (x) dx, Hm lim I (x) dx 

/.-QO .'(£) . (£; 

are such as to have the same finite value, if either of them is finite. 

Since(a;) is bounded, for all values of h and .r, we have (-ee § 398j, 

lim I /„(*•> (a:) dx=\ /„ (x) dx. 

and therefore lim lim I (a:) dx =- lim [ f„ (x) dx. provided that one 

of these two limits is assumed to exist. 

Also, we have lim /„<*) (a;) dx = I /<'•> (.v) dx, since t. t.f) i> 

w-co (E) . iE) 

bounded for all values of n and x. Therefore 

lim lim j (a;) dx = Um ) p' ^ (x) dx, 

provided one of these two limits exists. 

Since summable, so also is {x). and therefore also 

lim p^^ (a:), or/(a;), is measurable. In case lim j p^’ (x) dx 1*^ finite, its 

^-eO k'-‘:X^J(E) 

value defines 

First, let it be assumed that lim j f,^ (a*) dx exists If be the set 

n.'^oo {E) 

of points for which /<*-> [x) = k, we have 

km (ejt) < / (a;) dx < lim f /„ (x) dx. 

(E) n'^ooJ(E) 

The set of points at which / (a;) is indefinitely great is contained in all 
the sets e;., hence its measure is 

^ m (ej < y lim j fn{x) dx. 

Therefore, since k is arbitrarily great, the measure of the set of points at 
which f {x) = CO is zero. 

f f(x)dx = lim [ p^^ (x) dx = lim f /„ (x) dx. 

.'(E) k'^ao J(E) Ti'^co J(E) 



Also 
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Next, if I fix) dx, or lim lim I /„«> (a;) dx, is assumed to be finite 

J(E) fc~»m~oo.'(E) ’ 

it wiH be seen, from what has been proved above, that Km I /„ (a;) dx 

W~oo J (/*J) 

exists, and has the value of I / (ps) dx. 

THE L.niITS OF A SEQUENCE OF MEASURABLE FUNCTtONS 

400. Let /i (x)j /a (a;), (x), ... be a sequence of measurable func¬ 

tions defined in an interval (a, b), or iii a cell of any number of dimensions. 
Let Vn (ic) denote that function which, for each value of x, has for its value 
the greatest of the numbers /i (x), (x), (x). The function (x) is 

measurable; for the set of points at which ^ (^) set each point 

of which belongs to one or more of the measurable sets for which 
A </i (x), A <f 2 (x), ... A </„ (x). 

The functions (x), V 2 (x), ... ••• form a sequence which, for any 

value of X, gives a monotone non-decreasing set of numbers; let (x) 
denote its limit. The value of Wj (x) is finite, or infinite, for each value 
of X. Let the function w„ (rr) be formed in the same manner from the 
sequence {x), Vn+i (a;), ..., obtained by leaving out the first n — I func¬ 
tions in the sequence % (x), ( 2 c), — The sets (x), (x), ... are all 

measurable; for the set of points x at which (a;) > -4 is the set of points 
which belong to an infinite number of the measurable sets for which 
(a;) > A, V 2 (x) > A, ... v„ (x) > A, ...; 
hence (x) is a measurable set, and similarly w„ (x) is measurable for 
each value of n. The functions (x), {x), ... define a monotone non¬ 

increasing sequence of numbers for each value of x. The limit of this 
sequence is f [x), where J {x) denotes lim/^i (x). As before, this function 

/ (x), being the limit of a monotone sequence of measurable functions, is 
itself measurable. In a similar manner it can be shewn that/ {x) = lim/„ (a;) 

?^~oo 

is measurable. It has thus been shewn that : 

fi A a sequence of measurable functions of one or more 

variables, defined in an interval, or a cell, {a, b), the functions f {x), f (a;) are 
measurable, where J [x), f {x) denote, for each value of x, the upper and lower 
limits {finite or infinite) of the sequence of numbers {f^ (x)}. 

If, instead of the upper and lower limits of {fn (a?)}, their upper and 
lower boundaries are taken, we have the corresponding theorem: 

V {fn ^ sequence of measurable functions of one or more variables, 

tf!s functions U (x), L {x) are measurable; where TJ {x),L {x) denote, for each 
value of X, the upper and lower boundaries of the numbers { /„ {x)}. 
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The set of points for which U (jc) > A, is that set which consists of 
ihe points that belong to one or more of the sets for wiiich 

fi i^) ^ -^3 /> (^) > -- 1 , .... 

It follows that the set is measurable, and consequently that U (x) is a 
measurable function. Similarly it can be shewn that L (.r .> is a measurable 
function. 


THE DERIVATIVES OF A FUXCTIO^T 

401. If <!> {x) be continuous in the linear interval ia, b), the four rl'^rlvnfives 
D"0 (x), {x), D-cf) (.r), Z)_^ (a;) {finite o>' infinite) are tnea:»iiiahle janc- 

tions of X. In •particular^ if (f> (x) have almost everyiche/e a differencial 
coefficient (/>' {x), then <j>* (x) is a measurable f a net Ion of x 

We shall consider the case^ of D^<j> (.r) and 1) 6 {x,: the case* of the 
Other functions being then dediicible. 

(f) {x) is the upper limit lim I {x, x — h). when h > 0, and I U\ x — /-) 

7i~0 

denotes the incrementary ratio, (x — h) — 6 (x); h. It will be *he’\:i 
that a secj[uence of positive values of li, converging steadily to zero, ran 
be determined, such that the upper and lower limits or I 'x — h i. 
h has successively the values in the sequence, are for every vanir? of .*■ 
the same as when h is not restricted to have such values Let 

7?/. ... 77/. . . 

be a sequence of diminishing positive numbers, converging to zero, and 
let 61 , €2 5 ... , ... be another such sequence. Since I \x. x — h] h con¬ 

tinuous vdth respect to {Xj h), for all values of x m (a. b). and for ail vahit-s 
of h that are > 0, it follows from the uniformity of continuity of / x — h.. 
when h is confined to the interval f7i'„_i. 7/'„). that this interval can bo 

divided into a definite number of parts, such that 

I I (re, X -h 7<!) — Z {x, X 4- h') | < €... 

for every value of x, provided h and h' both lie in one and the same part 
of the interval {h'n+i,h\). Let this sub-division of be made 

for each value of n, and let 7^2, ... denote the end-points of ail the 

parts of all the intervals. The sequence Tii, 7/.j, ... converges to zero, 
and it is a sequence such as satisfies the required condition; for we have 
\I {x.x^-h^) — I {x,x->th)\<€s, provided h,^ ^ 7^ ^ the integer s 

being determinate, corresponding to each value of m. It follows that the 
upper and lower limits of the sequence 

I {x,x Ai), I {x,x hf ),... I {x, X -f- 7i^), ... 
are identical with those of any other sequence 

I {x, X -f- A/), I {x, X h^),... I ( 3 ?, X A^ ), ..., 

when Ai ^ A/ ^ A 2 , 722 ^ ^ ^3 5 
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and generally ^ hj ^ case for every value of x 

in (a, b). Therefore the sequence {A^} has the required property. 

If we identify the functions /„ (x), of § 400, with the functions 
I {x,x -r hn), where the sequence is formed as indicated above, we see 
that the two derivatives D+<f> (x), D+(/> {x) are measurable functions, since 
the functions {</> (x -i- hn) — </) (x)}/h^ are measurable for each value of n. 

It follows from the theorem that: 

The set of points in which a derivative (r) of a coyitinuous function 
is finite is measurable. 

For the set is the outer limiting set of the sequence of measurable sets 
for which n > Dc/y (x) > — n; for n = I, 2, 3, — 

402. If E be a set of points in the interval (a, b), at which Df (sc), one of 
the derivatives of a function f (sc), continuous in (a, 6), has a fixed sign [and 
is not zero), the set E, when it exists, is unenumerable, and contains a perfect 
set. 

It will be sufficient to consider the set of points E, at which D-f (x) < 0 : 
the other cases may be treated in a similai- manner. 

If a be a point of E, another point j 8 (> a) can be determined such 
that / (jS) — / (a) has a negative value — A. 

Let 77 be a fixed positive number such that 7 ] [^ — a) = X, and 
let X; be a positive number such that 4 - A; < A; we shall consider the 
continuous function <j> [x) = f (r) — / (a) 4 - *7 (ic — a) 4 - h, in the interval 
[a, p), of X. Since ^ (a) is positive, and (f> (P) is negative, cj> [x) must have 
the value 0 at one or more points within (a, p); let ^ be the point nearest 
to p at which this is the case. Since (f> (i) = 0 , and (P) is negative, 0 (x) 
is negative for all values of x such that ^ <x < p. Since <f> [x) — <l> (f) is 
negative, it follows that (|) ^ 0 , whence w’^e have D^f [0 — yj < 

and therefore f belongs to E. 

The number A^ being kept fixed, h may vary continuously wdthin the 
interval ( 0 , X — Xi)\ and, to each such value of k, there corresponds a 
single value of which belongs to E. It follows that the set E contains 
a single point corresponding to each value of k within the interval 
( 0 , A — Ai), Therefore E contains an unenumerable set of points, of the 
cardinal number of the continuum, and thus contains a perfect set. 
Accordingly the theorem* has been established. 

403. Iff (a;) be a function defined in the interval {a, b), and E he the set 
of points at which one of the derivatives Df (x) has a fixed sign [and is not 

* See de la Vallee Poussin’s Cours Analyse, 2nd ed., toI. i, p. 80. The proof there given 
corresponds to the case 17 = 0; hut the conclusion there drawn that (|) <0, is incorrect This 
is remedied above by the introduction of the positive number tj. 
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zero), then, if Df (x) is finite {bounded or iinbovmUd) at every iwint of E, 
the exterior measure of E is greater than zero. 

It will be sufficient to consider the case in which B is the set of points 
at which D+f (a;) < 0; it being assumed that, at no point of E, is 

= - CO. 

Let it be assumed, if possible, that (B) = 0. Let be that part of E. 
in the points of which n — Is - D-f{x) < n. then (£,) = 0. The set 
B„ may be enclosed in a set A„, of non-overlapping intervals, of total 

measure e„; and this may be done for all the sets E„ {n = 1, 2, 3_). The 

numbers can be so chosen that S converges to a value which is 

71-1 

less than an arbitrarily chosen number e. Let A„ (x) denote that nart 
of Art which is in the interval {a^ x), and let 

(x) = m {Aj (x)} + 2m {A, (x)} -f ... -f [Art (x)} - : 

the function (f> {x) being consequently < e. for all values of x. 

Consider the function ijs {x) =f(x)~c/> (x). Since 6 (a.*) is monotone 
and non-diminishing, we have D+i/j (x) > D~f (x), at all points of C [E). 
At every point x, of E^Mx belongs to E ^, the increment 6 (x 7i) — 6 ix). 
for sufficiently small values of h, is at least nh; hence 

(a;) ^ 71 -f D^f (x) > 0. 

It has thus been shewn that 0 (it-) is monotone and non-diminishing in 
(a, 6); thus 0 (^) — ?/f (a) ^ 0, for any two points a, jS, when j8 > a. Since 
<f> (P) — 6 (a) < €, it follows that f {P) — f (a) > — €. But if a is a point 
of E, a point j8 can be so chosen that / (jS) — / (a) is negative, and ha^ a 
value — Jc ; and thus k < e. Since e can be so chosen as to be less than l\ 
the hypothesis that (E) = 0 has been shewn to lead to contradiction. 
It has therefore been shewn that (E) > 0. In case / (.r) is continuou'-, 
since E is then certainly measurable, its measure must be > 0. 

INDEFINITE INTEGRALS 

404. If / (x) be summable, whether bounded or not, in the linear 
interval (a, 6), it is also summable in the interval (a. .r), where a ^ x ^ b. 

i ''jr 

f{x) dx may be regarded either as a function of the upper 

. a 

limit, or as a function of the set of points which constitute the interval 
(a, a:). 

If F (x) be a function defined in (a, x), and such that 
F {x)- F (a) = I (x) dx, 

J a 

it is called the indefinite integral of / (a?), and is determinate, when / {x) 
is defined, except for an additive constant. 
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An indefinite integrcd, is contimious, and of bounded variation, in the 
interval for which it is defined. 


Since 


F{x^h)-F{x)= 

J jr 


fix. 


F (ar) — F (x— h) = [ / (a;) dx, 

Jj‘-h 


and since the integrals on the right-hand side converge, in accordance 
\vit.h the theorem of § 392, to zero, as h 0, it follows tliat F (.r) is con¬ 
tinuous at every point x, of (a, b). Again, if (a, h) be divided into any 
number n of parts (x^-i, x^), where = a, = b, we have 


S I F {X,) - F I = S 

j- -1 r -1 


- >r-l 


r=n I'jv 

sS| |/(x-)|rfx 

r =1 . Jr—\ 

^ [ I / (•*) I 

• a 


Ssnce this inequality holds for every possible set of vsub-divisions of 
(a, 6) into parts, it follows that F (x) is of bounded variation. This 
may also be proved by utilizing the fact that a summablo function / (a?) 
is the difference of two non-negative sumniable functions (x), (a*). 

Then F (x) is the difference of the two monotone functions, i'\ {x), F 2 (.r), 
which are the indefinite integrals of (x), j\ {x). Then by the theorem of 
§ 244, it follows that F (x) is of bounded variation. 


405. The indefinite integral F (x) has a finite differential coefficient almost 
everyivhere in (a, h). 

Since F (.r) is of bounded variation, it is expressilile as the difference 
of two monotone functions, and in accordance with the theorem of § 298, 
it consequently has a finite differential coefficient almost everywhere in 
(a. b). 

This theorem is included in the following more general theorem*: 

If F ix) be the indefinite integral of a summable function f (x), defined in 
(a, 6), F {x) has, almost everywhere in (a, 6), a differential coefficient equal 
to f {x). 

The theorem will first be proved in the case in which / (a:) is bounded in 
(a, 6). Let e (a?) be the part in (a, x) of a measurable set of points e, in {a, b). 

The metric density of e has been defined in § 137 as 
lim + e(a?- fe) . 

A = 0 2^ 

* See Lebesgue, Lemons sur Viniigraition, p. 124. 
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since the contimious function e (a;) is monotone, it has, for almost all values 
of a;, a differential coeflS.cient, and wherever this differential coefficient 
exists, its value is identical with the above limit, and therefore with the 

metric density of e (a;). It follows that (a;) exists, and has the value 1, 

at almost all points of e, and that it exists, and has the value 0. at almost 
all points of O (e) (see § 140). 

If X, TJ denote the lower and upper boundaries of / (a-) in (a, b). let 
{L, U) be divided into parts (uq, a,), (ci, g.,), ... where g. = Z, 

cbn = Uf and where a^. — < e, for aU values of r. Let c. be the ^et of 

points at which < f {x) < except that is the set at which 

and let (x) be the part of in (a, x). Let (,r) = , at every puint 

of fiy, for all values of r, and let <f >2 {x) = a,, at each point of e^.. for all 
values of r. 

Also let (x) = I (x) dx, (a;) = ( {x) dx ; 

J a “ . a ** 

then jFi {x) = a^m {e^ (a;)} + ajm {e^ (a;)) -f ... t- 

F^ {x) = a^m {ci (a;)} a^m {e^ (x)} -r ... -r wfc fe,. (.vj;. 

The function Fj^ (x) has a differential coefficient equal to (.i-) aliiiot 
everywhere in {a, b). For m {e^ (a;)} has a differential coefficient ahnos-t 
everywhere equal to 1, or 0, according as x belongs, or does Jiot belong, 
tq e,.. Similarly F^ (x) has a differential coefficient equal to 6> {x) almost 
everywhere. 

Also 

jFi (a; + A) — (a:) F (a; -j- ^) — F (.r) F, (.r — /f; — (a-j 

A ^ “■/»“” - s - 

for positive and for negative values of Ji, since F, (a;) cannot increase more 
than F {x), and F {x) cannot increase more than F^ (a*), as x increases. 

Therefore the four derivatives of F (x) all lie between 6^ (.r), a 2 {:c) 
inclusively, at each point x which does not belong to that set, of measure 
zero, at which F^ {x), F^ (x) do not have differential coefficients equal to 
respectively. Now {x), 6^ (.r) differ from each other, and 
from / (a;), by less than e; therefore, almost everywhere, the four deri¬ 
vatives of F (x) differ from one another by less than e. Taking a sequence 
of values of e, which converges to zero, we see that F (a;) has a differential 
coefficient equal to / (x), almost everywhere in (a, b). 

The theorem has now been established for the case of the indefinite 
integral of a bounded function. 
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In order to prove the theorem for the case in which / (a;) is unbounded, 
the following Lemma* will be required: 

/y ^ (x) be a continuous monotone non-diminishing function, (a;) is 
summable in {a, b), and 

f 6' (a:) dx ^ cl> (b) — cf> (a). 

J a 

The fact that (/>' (a;) does not exist, or is not finite, at points of a set 
of measure zero, has no effect on the integral, which is taken over that 
set of points at which <f)' (a;) exists, and is finite. 

Let Xv (^) ~ (^)j values of x such that </>' (a;) ^ N, and Xy = ■N', 

when (a;) > N. In accordance with the result obtained in § 401, (a;) 

and XV (^) measurable functions. The function f Xy (•^’) beuig an 

J a 

indefinite integral of a bounded function, has a differential coefficient, 
equal to Xy i^)) almost everywhere in (a, 6). At all points of (a, b) its 

rb 

derivatives are all s N. Let the points of the set G, at which I Xjsr (^’) 

•'a 

does not possess a differential coefficient equal to Xv (^')j enclosed in a 
set of intervals A, of measure e/N, and let A^. be the part of A in the 
segment (a, x). 

We shall consider the function ^ {x) + Nm (Aj.) = ifj (x). In G, we have 
DiJ; (x) ^ N ; and at points not in G, Di/j (x) D<f> {x) i-: Xy (^‘)> where J) 
denotes any one of the four derivatives. The increase of the function 

ifj (ic), with X, is not less than that of f Xy (^) therefore 

•la ^ 

[b 

^ (6) - ^ (a) + e s Xv (“') 

• a 

jb 

It follows that I Xy (^) is bounded, for all values of A, and it is 

a 

also greater than Nm where Hy is that set of points at which 

D<l> (x) > N. We infer that lim m{Hjsr) = 0. If .^y is the set complementary 

N^ao 

to ify, we have 

I D(f> (a;) dx ^ I Xy dx ^ <f> (b) - <f> (a) + e. 

• -I a 

rb 

If A" ~ cx), we see that D<^ (x) dx is finite, and ^ ^ {b) — <f> (a), 

J a 

From this Lemma we deduce that: 

If fj> {x) be a continuous function, of bounded variation in {a, b), then 
Dffy (as) is summahlCy when taken over the set of points of {a, b) at which it is 

* See de la Vallee Poussin, Cours d’Analyse, 2nd ed., vol. i, p. 266. 



591 


405 ] Indefinite Integrah 

finite; D<f> (x) denoting any one of thefouf dei ivatiieb of 6 {:c). The integral 
of D<f> {x) has the same value for all the four derivatives. The set of poirds at 
ichich D(f> (x) %s not finite has measure zero. 

!For (a;) is the difference of two monotone non-dimmishing functions 
<i>i 4*1 Since {x), (a;) exist almost everywhere in {a, 1), and 

are summable over the set of points at which they exist, we see that 
(a;) exists almost everywhere, and is summable. The theorem follows 
from the fact that J}</) {x) = (x), almost everywhere in {a, b): thus 

I (a;) dx = I {x) dx. 


We are now in a position to prove the general theorem, ^vhen fix) is 
unbounded. 

Consider the function/.v (x) which =f(x). when/(.r)A', and is equal 
to N, when/ {x) > N ; it being assumed that/ (x) is a non-negative function. 

Since f f {x) dx and f fx (x) dx are monotone functions, they both have 

J a J a 

“j 

finite differential coefficients almost ever^-where. and that of | fy (x) dx 

- a 

clearly does not exceed that of I / (x) dx. Since fx (-i’) is bounded, the 

J a 

differential coefficient of 1 fx {x) dx is fx (^f), almost everywhere: therefore 

J a 

fxix)^F' {x), almost everywhere. Since X is arbitraiih' great, it follow-^ 
that / (a;) < F' (a;), almost everywhere. 

ffe .-6 

Now f (x) dx = F (6) — .F (a) ^ F' (a;) dx, as is seen by empioj'ing 
J a J a 

the Lemma proved above, but since / (x) < F' (x), we have 

f f (^) ^ [ F' (x) dx. 

J a J a 

It follows that [ [F' {x) — f (a;)] dx = 0: and since F' (a:) — / (a:) ^ 0, it 
J a 

then follows that F’ (a;) = / {x), almost everywhere. The theorem has 
therefore been established for a non-negative unbounded function. 

Since every summable fmiction is the difference of two non-negative 
summable functions, the theorem is completely established. 

It is easily seen that, at every point of continuity of the function / (a;), 

I / (a:) dx has a differential coefficient equal to f{x). Por at such a point, 
J a 

if Z, u be the lower and upper boundaries of the function m (a; — 7z, a; 4- 7i), 
F {x -\-h) — F {x) and F [x) — F {x— h) 
are between Ih and uh inclusively, and since I and u both converge to / (a;). 
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as li ^ O 3 it follows that F (x) has as its differential coefficient / (a;). The 
set of points at which F (x) has f (x) for its differential coefficient conse¬ 
quently includes all points of continuity of / (a;), when such points exist. 

The important theorem here established, which is due to Lebesgue, 
throws light on one of the fundamental questions which arise as to the 
reversibility of the two processes of integration and differentiation; as it 
asserts that the process of integration of any summable function can be 
reversed by differentiation, at almost all points of the interval for which 
the function is defined, and certainly at every point of continuity of the 
function. 


406. The necessary and sufficient condition that a function, defined for 
an interval, may be an indefinite integral is tliut it should be absolutely con¬ 
tinuous in the interval. 


To shew that the condition stated in the theorem is necessary, consider 
F{x)^F{a)-\- rf(x)dx. 

J a 

If A be any set of non-overlapping intervals such that m (A) < 77 , we 
also have m (Aj) <rj,m (A^) < rj, where Ai consists of those intervals of A 
for which the variations of F (x) are positive, and A 2 those for which 
they are negative. 

The integral / (cc) dx is the smn of those variations of F {x) that 
are positive, and / (x) dx the sum of those that are negative. 


Since 



< €, provided m (E) < rj, where 77 is determined 


when € is given, we see that the sums of the variations in the intervals o: 
Ai and of the absolute variations in the intervals of A, are < €, for aU sets 
of intervals A, such that m (A) < rj. The condition of absolute continuity 
(see § 218) of F (x) is therefore satisfied. To prove that the condition 
stated is sufficient, let us assume that it is satisfied by F {x) ; it has been 
proved in § 244 that F {x) is of bounded variation in (a, b). 


Since F {x) is of bounded variation it has a finite differential coefficient 
/ (oj) almost everywhere. It follows from the Lemma in § 405 that, F (x) 
being the difference of two monotone functions, its differential coefficient 

f (a;) is summable in {a, b). Also j f (x) dx, which has thus been shewn to 

exist, has a differential coefficient / (x), almost everywhere. Therefore 

f / (^) dx^<f) (a;) has a differential coefficient equal to zero, except 

J a 

in a set G, of measure zero. Enclose Q in non-overlapping intervals of a 



405-407] liuhfiiiite Integrals .193 

set A, where m (A) < €. Each point a, at which {x) exi^rs, and h^^ the 
value O 3 is such that, if a; is in a sufBcieiitly small iieicrhboiirhoocl of a. 

\ (j> {x) — (j> {a) \ c e \ x — a\, A Lebesgue chaiii (see §78) may be defined 
as follows, so as to reach from a to b. To a point «. of G, attach the part 
of that interval of A that is on the right of c; to a pcjint a, not belj'.nging 
to G, attach an interval (a, such that | 6 (x) — cb (c) i < e (x — cc,. if 
a < X < a^. This interval may be defined uniquely, by taking [a. cq. to 
be the maximum of all the intervals which sati.'-fy the condition Tnere 
is one and only one chain from a to x (s. b) composed of ti.e interval's -='0 
defined for every point a such that a x § TS; 

Now \ <l> {x) — cf> (a) I cannot exceed the sum of the absolute values of 
the differences of the fimctional values at the ends of an iiiten'al of the 
chain from a to x. To this sum those of the interval riiat are j)arta* of 
the intervals of A contribute a part that is < 77 , depend.eut on €. ^ii:ce 6 i.rj 
is absolutely continuous. The other intervals of the chain contiiirure a 
part < € {h — a). Hence | ^ (a-) — ^ («) | < 77 — e (b — u.id >inv.e e i' 
arbitrarily small and 77 , € converge together to zero. \xo nave 6 (.r; ^ 6 {a). 

i '^r 

f(x)dx, and thus F Uj Iss an i.'i^leiinite 

- a 

integral. 

The following theorem has been proved * 

If F (x) be an indefinite integral in (a, b), then F (x) — F \(i) ^- \ F' c. '>.€: 

. It 

the set of points at which F' (x) may not exist being ignored. 

It has been shewn in § 218 that the sum and the product of two 
absolutely continuous functions are absolutely contmuous functions. 

It follows that: 

The sum and the product of two functions which are injiefinife integrals 
in (a, b) are both indefinite integrals in the interval. 

407. The necessary and sufficient conditions that F (.v; should be an 
indefinite integral have been stated by Lebesgue in another form: 

The necessary and sufficient conditions that F {x) should be an indefinite 
integral in (a, b) are that ( 1 ), it should be of bounded variation la {a. b.. and 
( 2 ), the total variation over any set of points of measure zero shoidd be zero. 

By the total variation of a continuous fmiction F {x) over any set E 
is meant the limit of the sum of the absolute variations of F (a*) in a set 
of non-overlapping intervals A which contains E, as m (A) ^ m (E), when¬ 
ever such limit exists. 

It has been shewn that, if the condition of the former theorem is 
satisfied, the condition (1) is satisfied. Also the condition of absolute 
continuity ensures not only that the condition ( 2 ) is satisfied, but also 

H I 30 
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that it is satisfied uniformly for aU sets of points of measure zero. Thus 
the conditions (1) and (2) are necessary. That the conditions are sufficient 
is shewn by the proof in § 406, if we apply (2) to tlie set G, in which 6 [x) 
has not a differential coefficient equal to zero. 

The above theorem may also be stated in the following* form: 

If x=f(t), where f (t) is a continuous monotone function of t, a'nd 
a =f (io)j the necessary and sufficient condition that 

fit)-HQ - \'rit)dt 

•'jfu 

is that, to every set of points on the t-interval, of measure zero, there shall 
correspond a set of points on the x-interval, of measure zero. 

For the total variation of f (t) over any set of points on the 
^-interval, is the lower limit of the measure of a set of non-overlapping 
intervals on the rc-iiiterval which encloses the set of points that 
corresponds to and this lower limit is Thus the condition 

that the total variation of / (i) over a set of measure zero, should be 
zero, is equivalent to the condition that 7n (G^^^) should be zero. 

A continuous function of bounded variation is an indefinite integral, 
if both the monotone continuous functions of which it is the difference 
satisfy the condition of the above theorem. 

It will be observed that the fiuictions which are indefinite integrals 
form a sub-class of the class of functions of bounded variation. 

A function which is expressible as tlie sum of an indefinite integral and 
of a bounded monotone (not necessarily continuous) function, and which 
is therefore of bounded variation, has been named byf W. H. Young an 
upper semi-integral, or a loioer semi-integral, according as the monotone 
function is non-diminishing or non-increasing. 

It has been shewm by W. H. Young that an integral is both an upper, 
and a lower, semi-integral. It is accordingly sufficient, in order that a given 
function may be an indefinite integral, that it be less than some indefinite 
integral by a monotone non-diminishing function, and also greater than 
some indefinite integral by a monotone non-diminishing fmiction. 

It can be shewn that the necessary and sufficient conditions that F (x) 
should be an indefinite J?-integral are that it should have bounded de¬ 
rivatives in (a, 6), and that a derivative should be continuous almost 
everywhere. 

408. If Fi {x), JPg (^) indefinite integrals, and "F (x) be the function 
that is equal to F-^ (x), for all values of x such that F-^ {x) ^ F^ {x), and to 
J ?2 (aj) when F^ (a?) > F-^ [x), then F (x) is an indefinite integral. 

* See Hahn, Monatshefte fur McUTi. u. Physiik, vol. xsni (1912), p 163. 
t Proc. Lo7\d. MaJLh. Soc. (2), vol. ix (1911), p 294. 
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The theorem can be at once extended to the ca-^e of anv finite number 
of indefinite integrals {x\ F, (x), F^ (:c). The function F U) ha- at 
each point x the value of the greatest of the given function-. 

To prove tlm theorem, it will be observed that, in any interval (a-,, a-,;, 
the variation | F (x^) - F (x^) | is equal to that of F. (x), if F, {.l\) < F, 
and F^ (x^) ^ F^ (x ^), it is equal to that of F2 (x) if both the inequalities 
are reversed, and to | F^ (Xj) - F., {xy) |, or to j F^ (.uj - F. {x,j , if only 
one of the inequalities is reversed. Considering the ease in vv'hich 

(^1) — (^i)j 1 1 Ct’>) -- F 2 {X2}: 

ii -^1 (a^i) ^ -^2 {^2), we have 0 ^ Fj^ (Xj) - F^ (xy) F:^ (x^] - F.^ '.<\). hence 

I -^i (‘*' 1 ) 1 2 (^2) I — I Ii (^ 1 ) Fi (^2) I s “^1 I F2 (X2). we ha'.'e 

0 5: Fy (xy) - Fi (X2) ^ F2 {X2) - Fy (a-i 

and therefore | F^ (x^) — F2 (.r,) | ^ | ^2 (-^i) “ Fy [x^) ■. 

A similar remark applies to the case in which 

i^l) ^ Fy (a-i), F^ (.1*2) Fy {Xy} 

Thus the variation of F (x) in (a’l, as) is in any ca<se not greater tiian the 
sum of the sepanate variations of F^ (a*), Fy (.r) in the same interval, hence 
the sum of the absolute variations of F (a*), in any set of intervals, is ii-jt 
greater than the sum of the absolute variations of F. (x). and of Z', 
in the same set of intervals. It then follows that, il Fy (x), Fy (.*•; are 
absolutely continuous in (a, 6 ), so also is F (a;), which is theiefoie an 
indefinite integral. 


409. The criterion that a function F (a’), defined in the hite’.val 
may be the indefinite integral of a function of bounded variation ha^s been 
obtained* by F. Riesz. It is contained in the following theorem- 

The necessary and sii^cient condition that the Junction F (a;, defined in 
the interval (a, b), may be the indefinite integral of a function of bounded 
variation is that the expression 

r-m-i p (*,+1 - a;,) _ F (a:^) - F 

r =1 ^V-rl “ ~~ 

loliere {x^yX^y ... Xy^J) defines a net fitted on to the interval {a,b). and x^ = a, 
= 63 shendd be less than a fixed positive number, independent of the 
particular net. 

That the condition is necessary follows from the fact that 


F (a;,+i) - -F (a;,) _ 


^ f [x) dx = 


where is some number between the upper and lower boundaries of f {x) 


* Anncdea sc. de ViedU ivormxdc (3), vol. xxvni (1911), p. 36- 


33-2 
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in the interval (x^ , When/ (x) is of bounded variation, the expression 
in the theorem is seen to be bounded for all possible nets. For the proof of 
the sufficiency of the condition, reference may be made to Riesz’s memoir. 


THE FUNDAMENTAL THEOREM OF THE INTEGRAL CALCULUS 
FOB A LEBESGUE INTEGRAL 


410. Let F (x) be a continuous function, defined for the intei-val {a, b), 
and let it be assumed that F {x) has, at every point of {a, 6 ), a differential 
coefficient F' (ic), that is bounded in (a, 6 ). It has been shewn, in § 401, 
that F' (a) is a measurable function; being bounded, it is consequently 
integrable (L), 

Let fn i^) = ^ ; where {7i„} is a sequence of numbers 

*^n 

converging to zero; then | /„ {x) | is bounded, for all values of n and x, 
as it has the same boundaries as F' (x). By the theorem of § 398, we have 


Thus 


Imi I fn (x) dx = I F' (x) dx. 

J a Ja 

fj' 1 ( fJTn-hn ra-rhn ) 

F' (x) dx = lim ^ i F {x) dx \ F (x) dx\ 
J a 0 (Jo: J a } 

^ F {x) — F (a). 


The foUowmg theorem has been established. 

If F (re) he a function which possesses, at every point of the %nterval (a, b), 
a differential coefficient F' (x), bomided in that interval, then F' (a;) possesses 
an L-integral in the interval {a, x), which differs from F {x) by a constant only. 

This theorem corresponds to the theorem (B), of § 343. For the 
JJ-iutegral, the theorem is subject to the condition that F' {x) should be 
integrable (jR); but it has here been shewn that the corresponding theorem 
holds without restriction, when Lebesgue’s definition of an integral is 
employed, so long as the differential coefficient is a bounded function. 


411. The following theorem was given* by Lebesgue; 

If a function 6 (x), defined in a given interval, he such that one of its 
derivatives {say jD+<^ (a;)) is finite at every point, the necessary and sufficient 
condition that the derivative is summahle in the interval is that the given 
function be of bounded variation in the interval. 

The indefinite integral of such a summahle derivative is the function of 
which it is the derivative. 

To prove the theorem, we assume that, for each value of x in (a, h)', 
the derivative (a;), of the given continuous function 0 {x), has a finite 

* LeiQons aur Vtntigration, p. 123. For a discussion of hig proof, and for corrections to its 
original form, soe Atii dei Ltncei, RendteonU, (5) vol. xv (1) (1906), B. Levi, pp. 433, 561, 674; (5) 
vol. XV (2) (1906), Lebesgue, p. 3, B. Levi, p. 358. Also (5) vol. xvi (1) (1907), Lebesgue, pp. 92,283. 
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value. Let the unbounded interval (— oo, zo) be divided into interval'? 
(c^, where the integer t has all positive and negative values, iiiclading 
zero, for which we assume Cq = 0: also let - c, < e, for all values of i. 
Let c\ denote that set of points x, in (a, b), for which c,< D ’6 ix) ^ c. .1; 
and arrange the sets e, in the order 60, ei, e,. ... e. 

Let Jjq , 5 /j_i, Z-’o, k _^, ... /j„, , ... be a sequence of positive numbers, 

ail less than 1, so chosen that the hmiting sum of 

A-q 4 - l\ I Cl I -}- i^i I C_i I -I- ... -f kn \Cn'- \C_,[ - ... 

is less than €. Let the set Cg be enclosed within non-overlapping interval-- 
of a set Aq, and the complementary set 0 (c,,) within intervals of a <et A,/, 
so that the measure of that set of intervals which is common to A... A/ 
does not exceed Icq. Enclose in a set of intervals Aj. and C in 

a set of intervals Ai': where Ai,A/ are both within A/, and have :;i 
common a set of intervals of measure not exceeding k-^. Proceeding in 
this manner, we enclose where p is positive or negative, in a ^et oi 
intervals A,, and a {e, + e, ^ ej 

in a set of intervals A^', so that A^, A^' are both interior to A/, v'hc:c v 
immediately precedes tiiiid such that A,,, A,/ liavo in common a set of 
intervals of measure not exceeding k ^. 

We have m (A^,) — m (e^) < 7 j^; and A^ has in common with a'L the other 
sets A a set of intervals whose measure is ' Ag — l\ — A-_, — ... — k 
say . 

Since S | C;, | m (Aj^) — S | c^, | m {e^) does not exceed E A*^ [ |. or is 

VP 

< e, we see that S | Cj, | m (A^) and S | c^ | in (e^) are either both divergent, 

V p 

or both convergent; and in the latter case the difference of their limiting 
sums is less than e. 

Since | c^, | — e < | (3?) | < I c, | -f e, in the set e^,, we have 

S 1 Cj, I m (e,) - € (6 - a) < [ \ D+ ^ (x) \ dx <Z \ Cj,\ m {e^) - e (6 - a). 

p ‘la P 

Hence, if S | c, [ m (e,) is convergent, j | D+^ (x) j da; is finite; and 

p ^ a 

conversely. It has now been shewn that the necessar 3 ’’ and sufficient 

WD^<t>{x)\dx 

J a 

exists, as a finite number, is that S | Cj, | w (A,) should be convergent. 

p 

Any point x, in (a, b), belongs to one of the sets let Sj, be that 

interval, of the set A^,, which contains x. Let (a:, a: -h be the longest 


condition that 
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interval, on the right of x, contained in Sj,, of length not greater than e, 
and satisfying the condition Cj, — e £ I (x, x + h) s Cj,+i -f- c. It follows that 
A {| c, I - 2c} < I ^ + A) - ^ (») I < /i {| Cj, I + 2e}. 

A unique Lebesgue chain, reaching from a to b (see § 78), may be 
defined by means of these intervals (x, x + 7t). For all left-hand end¬ 
points *», of the cham, that belong to one and the same sot Cj,, let Bj, 
denote the intervals of the corresponding part of the chain. Then 

2 I ^ (a:a + A) — ^ (a:„) | 

a 

is between the two numbers | c^, | m (B^) =L 2 em (B^); therefore, for the 
whole chain, S | <^ (a; -f 7 i) - (a;) | 

is between the tw’o numbers E | | m (JS^,) ± 26 (b — a). 

p 

Now S I I m {Bp) '^'5^\Cp\m (Aj,), and therefore S | | m {B^) coii- 


fh 

verges if I 1 D+ ^ (x) | dx is finite. 

J a 


It has now been shewn that, if (x) is smnmable in {a, /;), 
the total variation of (f> (a;) over the Lebesgue chain, is less than 


or than 
and this is less than 


S 1 Cj, I m {Bp) 4- 2€ (6 - a). 


S I Cj, 1 m (Bp) + € -4“ 2€ (6 — a), 

p 


j I jD+ ^ (a;) I dx + 6 -h Se (b — a). 


We have also 


and therefore 


(b) — {a) I ^ E I {x + h) — ^ {x) 


I (6) — <^ (a) I < [ I ((> (x) \ dx 6 + Ze {h — a). 

J a 

Since | D-^cf} {x) \ is integrable in any interval (a, P) contained in (a, 6), 
the last inequality may be applied to the interval {a, P). If (a, b) be 
divided into m parts («^, p^), where r = 1, 2, 3, ... m; we have 

r -m rh 

2 I ^ (A-) ”■ M I < I 1 </> (x) I dx -h me -r Sme {b — a); 

»*"1 J a 

and since e is arbitrary, we have 

r^iti fb 

2 I ^ (^r) - ^ («r) I ^ I I ^ (*) I dx. 

r = l J a 

From this we see that ^ (5c) must be of bounded variation in {a, 6), 
i I D+<f> (x) dx exists. 

•I a 


in case 
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Next, let it be assumed that (jy {x) has bounded variation in (a. h). then 
\ <!> [x 1i) -- (jy {x) I taken for the intervals of the chciin is convergent 

sc 

(see § 243), and therefore S | c, | m (jB,) converges to a finite nunibei. 

3)=l 

Take a fixed value P, of jj. All points of that are not in an interval 
of JBp necessarily belong to intervals of A^, Avhere q ^ p. and tiieir mea'siire 
docs not exceed hence 

's' I c, I m (AJ - 's''| I m {B,) K, ; c, .. 

^“1 P-1 jj 1 

Jj I' 

The numbers k can be subjected to the condition Z K, ■ c, | < €. for 

p 1 

p - p 1* 

every value of P; we then have S | c, | (A„) — e < S ' c,' m I By,. 

“ 1 .V 1 

It follows that 


's I Cj, I TO {e„) - e <'s I c, I TO {B^,) < S | c, , (BJ - e. 

P I p-1 

GC /■* 

and therefore, if S \ Cj,\ m [Bf) is finite, so also i'^ S ■ r^, in (e^,). and 
7)“i ' r 

this last sum is bounded for all values of P: it therefore follows that 
rb 

I I>+<56 (a;) | dx exists. It has thus been shewn that it is a -efficient con- 

J a 

fb 

dition for the existence of j D-^c/y {x)dx, that 6 (.r) should be of boiuided 

- (t 

variation in {a. b). 

In any interval of the chain, wre have 

{Cp — {x h) - <f> (x) r h (c, .j - e): 

therefore, for that part of the chain for which p - P, 

- € (6 - a) ^ S {i {x -h A) - (x)] S' cj/? (Bj - ^ (b - a). 

p-1 p-1 

7* 

It now follo^vs that S (a; -h 7i) — (fy (a;)} lies between the numbers 
2J-P 

S Cj,m (ep) dz (6 - a -f- 1) e. 

p =1 

p -P ^ so 

Now P may be so chosen that E c^m (e^,) differs from S c^?/2 (efj by 

p=-i 'p = 1 

less than e; then S (a; + 7i) — (ic)}, for the whole chain, is between 
the two numbers S c^m (e^) dz (6 — a -f 2) e. Therefore <f> (b) — 6 (a) is 
between 


5>-l 


f D-^ (f) (x) dx ± {b — a S) e; 
J a 
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and since e is arbitrary, wo have 

>!> {x) dx = <h {b) - ^ {a)-, 

• a 

and in general [ D+<f> {x) dx = </> (a;) — <f> {a), 

. a 

if X is in (a, b). 

The theorem may be proved for the case in which s,iry one of the other 
derivatives is employed, in a precisely similar manner. We have then the 
following theorem ■ 

If cl> (x) be of bounded variation^ and have its four derwatives finite at 
each point, we have 

^ {a) f {x)dx = f (x)dx ■-= f (^‘) dx ■=- j D_<j> (a;) dx. 

J a -J a -a o 

This holds for every interval {a, P) contained in (a, b) ; in every such 
interval | (x) — (^^’)} dx == 0; hence (see §394) we have 

almost everywhere. Similarly, by taking the other derivatives in pairs, 
w'e see that, almost everywhere, all four deiivatives are equal, and thus 
a finite differential coefficient exists. Tliis is a particular case of the 
theorem, established in § 298, that any function of bounded variation has, 
ahnost everywhere, a finite differential coefficient. 

We have, further, the following theorem: 

If (j> (x) be of bounded variation, and one of its derivatives (x) is finite 
at every point of the interval (a, b), then 

{x) dx = tf, {b) - <f, {a); 

J a 

the integral being taken over the set of points at which (x) exists, and is finite. 
In particular, the theorem holds if <f>' (re) exists at every point, and is finite. 

412. The theorem of § 411 may be applied* to obtain a proof of the 
theorem already established, in § 298, that a function of bounded varia¬ 
tion, and in particular, any monotone function, has a finite differential 
coefficient almost everywhere. 

As any function of bounded variation is the difference of two monotone 
non-diminishing functions, it is sufficient to consider the case of a monotone 
non-diminishing function f (x). All the derivatives of / (x) are ^ 0, hence 
those of f (x) Jcx = (/> (x) are aU ^ k, where k is any chosen positive 
number. It wiU be sufficient to prove the theorem for ^ (x). Let <f> {x) = f, 
and consider the inverse function x = F (f), regarded as defined on the 

* See W. H. Young, Quarterly Jourrud of Math. vol. XLn (1911), p. 79. 
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^-segment (<j 6 (a), 95 ( 6 )), which is also monotone non-diminishing. VOiethtr 
S (.t) is continuous or not, T (^) is a continuous function of All the 
derivatives of F (i) are in the interval ( 0 . 1 --): and thus, as the^^e are ah 
finite, F (i) has a differential coefficient for aLnost all valuer of c. If 
be any fixed number > we have Aa- < /lA^, and thu^ we 
SA.r < iTSAf. From this it follows that, to any set of point's of niea^iue 
zero on the ^-segment, there corresponds a set of points on the .i;-:segnient. 
of measure zero. Therefore x = F (i) has a differential coetncient F' if . 
for almost every value of x: and thus (x) has a diiterential coeftieie.nr 
almost everywhere. Each point on the |^-seginent at which F' -= 0 can 
be enclosed in an interval A^, such that Ax < eAf, where e is arbitral il;/ 
cliosen It follo^vs that, if F be the mea.'^ure of the ^et of points on the 
f-segment at which F' (f) — 0 , the measure of the corrt'^pondlng .^et on 
the .r-segnient is < e {?ri {E) -f 77 }, where 77 is arbitiarily small, and ^ince 
€ is arbitrary, it is zero. Thus the points on the a*-axis. for whic-li F' 
and consequently cf>' {x) = -f co, form a set of measure zero. Tiie:c-f.»:v 
6' (.r) exists, and is finite, almost everywhere in (/n o). 

413. There remains for consideration the ecl.'^e in which a contimious 
function ^ {x), of bounded variation, is such that one of its derivative-, 
say [x), is not everywhere finite. 

If ^ (x) is continuous, and D<f> (a;) is finite, except at the points of a 
reducible set G, and if 

I D<f> {x) clx 

. a 

exists as an L-integral, then 

f D<j> (a;) dx = S (x) — o (a). 

' a 

Consider the closed enumerable set G\ If (a', x) be interior to an 
interval contiguous to 0\ then 

4{x) — <f> (o') = [ Dtf> {x) dx; 

.a' 

and therefore 

<f> {x) — [ D4> (x) dx = ^ (o') — f D<f> {x) dx. 

J a -a 

It follows that the continuous fuuction 

^ (x) — f D<f> (x) dx 
J a 

is constant in each interval contiguous to 0\ and therefore, since G' is 
enumerable, it is constant in the whole interval (a, 6), and equal to <f> (a). 
We have therefore the following theorem: 

If ff} (x) be a continuous function, and if one of its derivatives D<f> {x) be 
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infinite only at the points of a reducible set in (a, b), and is suminahle in 
[a, h), lohen those points at which it is infinite are ignored, then 

D(f> {x) dx = <l> {x) — (f> (a), in {a, b), 

} a. 

The condition that Dcf) (x) is sum^nable 'inay be replaced by the condition 
that (f> (x) should be of bounded variation. 

If the set G were irreducible, but non-dense in (a, h), the set O' would 
contain a perfect component H. The reasoning given above would shew 
that rj 

(f> (x) — I 2)0 (a;) dx 
J a 

is constant in each interval contiguous to H, but it would not follow that 
it would be constant in (a, b). In fact it may be a continuous function 
with an everywhere dense set of lines of invariability (see § 260). In this 
case the relation - ^ 

I jD 0 (x) dx = 0 (a;) — 0 (a) 

J a 

does not in general hold good; but we have the following theorem: 

If 0 (.r) be a continuous function, with one of its derivatives D(l) (r) 
infinite at the poinU of a non-dense set G, such that O' consists of a perfect 
set H and an enumerable set {which may be absent), and if D<l> {x) possesses 
an L-integral in {a, b), then 

I* 2)0 (x) dx = 0 (a;) — 0 (a) + (7 (x) — (J (a), 

J a 

where U (a;) is a continuous function with an everywhere dense set of lines of 
invariability. The condition that 2)0 {x) is summable may be replaced by 
the condition that 0 (a;) should be of bounded variation. 

It has already been shewn, in § 405, that, if 0 {x) be continuous, and 
of bounded variation, 2)0 {x) is summable, when taken over the set of 
points (necessarily of measure equal to that of the whole interval) at which 
it is finite. 

414. It has been shewn in § 405 that, for a function / (a;), which is con¬ 
tinuous, and of bounded variation, f (x) is summable in the interval for 

which f(x) is defined. The indefinite integral j f' (a;) dx is however not 

- a 

necessarily equal tof{x) — / {a), unless / (a;) satisfies the further condition 
that it should be an indefinite integral. In accordance with § 407, this 
condition may be expressed in the form that the total variation of / (x) 
over any set of points of measure zero should be zero. 

In the general case of a continuous function of bounded variation 
which is not subject to this last condition, the relation of the function to 
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the indefinite integral of /' (a:) is expressed by the folloiving theorem, due'' 
to de la Vallee Poussin: 

U f ^ continuous function, of bounded variation in fhe inter cal 

{a, b), then __ 

/(«)-/ (a) = /' (x) dx T'l (r) - /.r), 

a 

where (x) is the total variation of the monotone CGyitinuoU'i ftinciion t\ -Xj 
over the set of joints in {a, x), at which one of its derivatives Df^ iXj not 
finite, and (ic) i-s similarly defined, relatively to f, (x); and f^ ^x},f, ^£’; are 
two continuous monotone non-diminishing functions whose difference is f \r)- 

It will be sufficient to assume that f {x) is monotone, either non- 
increasing or non-diminishing; the result will be obtained by considering 
the difference of two such functions. 

Let {x) = I Df (a;) |, at all points at which | Df [x) > JN". and 

(^) = when | Df {x) | ^ JV; thus {x) — Df {x) ^ — T. Let the set 

of points E, at which Df (x) is not finite, be enclosed in a set A. of non¬ 
overlapping intervals; the set A can be divided into a finite set A^. and 
an infinite set Ag, such that the sum of the variations S (/ iX) 
taken for the intervals xf) of Ao is numericalh’ < e: the>e variat:-.j;i< 
are taken with their proper sign. 

Let Vi (x) be the sum of the variations, each with it-=: proper «ur.. of 
the function , r 

fix)- {Df{x)-4>^^{x)}dx. 

a 

for the intervals of Ai that lie in [a, x); and let T, (.i:) be the sum of xho 
variations of / {x), taken positively, for the inten^als of A 2 that lie in 
(a, x) ; we thus have Fg {x) ^ F., (6) < e. If x is within an inter\'al of A-, 
or of A 2 , the variation in the part of that interval on the left of x is counted 
in Fi (x), or F, (x). 

Let us consider the function 

X (*) s/ (a;) - r {Df {X) - fv (*)) dx - J\ (x) - V. (x). 

J a 

In an interval of the set , Fj (*) and 

f(x)- r {Df {x) - (a;)} dx 

. a 

both increase by the same amount, or both dimmish by the same amount, 
and F 2 (x) does not vary; thus such an interval is one of invariability of 
X (x). In a finite interval complementary to A^, (x) does not vary, and 

r^y(x)dx, Fa (a?) 

J a 

* See the Cours Analyse, 2nd ed., vol. i, p. 269. 
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do not diminish. The function 

f{x)~ [ Df{x)dx 

lias a derivative which is equal to zero, for almost ail values of x\ and it 
follows that the points where the derivative of x negative form a 
set of measure zero, in case there are any such points. 

Moreover, Dx {^) has nowhere the value — oo, for x (■^') is tlie sum of 

[ (a-O --D/(•«)} 

J a 

of \i']iicli the derivative is — iV', and of 

f{x)- V,{x)+V,(x), 

of which the derivative is finite, except at points in Aa, and at such points 
cannot be negative, as in any interval (x, x -i- h) contained in an interA^'a! 
of A 2 in which / (a:) diminishes, f (x) -t- (x) does not vary, and also (x) 

does not vary. Since, in an interval complementary to Ai, Dx{x) has 
nowhere the value — 00 , and is certamly 'r 0 almost everywhere, it follows 
from the theorem in § 403, that it is nowhere negative, and therefore x (■*'’) 
never diminishes, for its incrementary ratios are all 0. It follows that 
X (x) is a monotone non-diminishing function; thus x (^) -- X 

f{x)-f (a) 5 [ {Bf (x) - {x)} fix - Fi (x) + T'a (.}•). 

. « 

Since this holds for an arbitrary value of €, let e 0, then Fo (x) ^ 0, and 
{x) converges to the total variation of 

/(X)- nDf{x)^<f>^{x)}dx, 

J a 

over the intervals of A, each variation having its proper sign. Now let 
N CO, then 

I </)j^ (x) dx 0, 

a 

and Fi (a:) converges to the variation, taken with its proper sign, of 

/(«) - [ Df{x) dx in A.; 

J a 

this may be denoted by (x). Now let m (A) ~ 0, then the variation of 

iJC _ _ 

I Df (x) dx, in A, converges to zero, and {x) converges to V (x), the 

a 

total variation, with its proper sign, of / (re) over the set E. We then have 

f{x)-f{a)^ r Df{x)dx + T{xy, 

J a 

we can now change f (a;) into — / (a;), when V (x) changes to — F (a;); we 
then find that 

f{x)-f{a)^ Df{x)dx+V{x). 

J a 
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From the two inequalities, we have 

(ffl) = f' (*) da: + T (z) = j‘'f' (z) dx - T (X,. 

where / (a;) is monotone, either non-climinishing or non-increa-insi. 

When / (a;) is of bounded variation, and the difference oi two lUoi^otone 
non-diminishing functions, / (a) -r P (a*). X (x), we have 

(«) = rr (a:) dx - V, U) - T, 


THE TOTAL VARIATION OF AN INDEFINITE INTEGRAL 

415. It has been shewn in § 404 that the indefinite integial F of a 
function / (a-), summable in (a, 6 ), has its total vaiiation 

Va -F (^) s j I / [X) I dx. 

> a, 

It can however be proved that 

. a 

Let the set iSj, of points at which/(.c) - C». be encio-^U m a -ft of 
intervals A^, of which the measure exceeds that of P- by an arbitral iiy 
small amount; a finite set Aj of these intervals can then be cho'-en Mich 
that the difference of m (A^) and m (P^) is arbitrarily small. 8 imilarlv rhe 
set Pg 5 points at vrhich / (a-) < 0, can be enclosed in a ffiiite >et A,. of 
intervals, so that m (Ao) and m (P,) differ by an arbitrarily small number. 
Further, A,, Ag, can be so chosen that the measure of the common part 
of Aj, A, is arbitrarily small. 

We have/ {x) = /+ {x) — j~ {x), wliere/+ (x) = 0 . overP,.- and/- ,/■; = 0 , 
over Pi. Remove from Ai, and from Aa, the intervals of the set D{\. A,;, 
which they have in common; there remains then a finite set of inteiwals A, 
consisting of the remaining parts of the intervals of A^ and A,. The sum of 
the absolute variations of F {x) over the intervals A diff’ers from the sums, 
added together, of the absolute variations over Ai, A,. by not more than 

2 I _ _ !/(*) I 

J D (Ai, Ag) 

and this is arbitrarily small. The sum of the absolute variations over the 
intervals of and Ag is 
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where Aj = { 8 ^}, Aj = { 83 ); and this differs by an arbitrarily small number 

from r r 

I f+(a;)dx + I /- (x) dx, 

J (A.) J c-^) 

rh 

which differs by an ai-bitrarily small amount from | / (a;) | dx. Therefore 

Ja 

a set of intervals A can be determined such tliat the sum of the absolute 
variations of F (a;) over them differs by an arbitrarily small amount from 

I l/(a;)|rf*; 

Ja 

consequently this integral is, in accordance with the definition of § 243, 
the total variation of F (a;) over {a, 6 ), since that total variation cannot 
exceed the integral. We have further 

raF{x)=\'\fix)\dx, 

J a 

and thus Va F {x) 

exists, and is equal almost everywhere to | / (a;) |. 

The variation of F (a;), over any set E, has been defined (see § 252) as 
the lower boundary of the sum of the variations of P (a-) and N (a;), P (a:) 
and N (x) denoting the positive, and the negative, total variation of 
F (x) in (a, x), taken for a set of intervals (a„, j 8 „) which enclose the points 
of E^ when all possible such sets of inteiwals are taken into account. 

We can shew that the variation of F {x) over E is equal to 

f 

He) 

J?or the integral of \f(x) | over {a^, j 8 „) is the sum of the variations of 
P (.v) and N (a;). 

The above theorem holds also* in the case of functions of two, or 
more, variables, defined in a rectangle, or cell. In the two-dimensional 
case, the total variation of F {x^^\ over a measurable set E is the 
lower boundary of 

S 1 {F _ F - F + f |, 

where the rectangles enclosing E are denoted by 

(aji), ^ 8 ,( 2 )). 


* Lebesgue, Anndles ac. de Vecole normoLe (3), vol. xxvn (1910), p. 383. 
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THE GE:5sEEALIZED INDEFINITE INTE&EAD 

416. If / be measuraole in a fundamental interval, or ceil, in whici: 
it IS defined, and Ij] denote any measurable set of point'^ in that intervj.I. 

or cell, I j (a?) dx = 0 {E) may be called the generalized indefinite integral 
Ue) 

of / been shewn in § 392 to be a function of E which c■onverge-^ 

to zero, as m {E) does so, imiforinly for all such -sets, and it ha'^ been 
shewn to be a complete^ additive fimction and al^o an absolutely con¬ 
tinuous function. 

Let jB + S-E7 be a measurable set which contains. E, and let E — oE 
one which is contained in E. A function ^ (E) is said to be continuous:, for 
the jiarticular set E, if ^ {E hE), cf) {E — Si/) converge to 6 'E . a'^ m .Sjl, 
converges to zero This is the case if, for every positive number €. 

\^{E ±8E)-6 (E)_' < 6. 

provided {8E)< rjei where depends upon €. and coiivergt-.'^ zero 
as € does so. 

If, for every value of e, a value of can be so eho^e:: a- to he t:.e 
same for all measurable sets E in the given domain, the fanction o E 
is said to be uniformly contiiiuouj^ in the given domain. 

We obtain now the theorem that: 


- (E) 


Iff (a*) be a suminahle function, defined in a funda mental cell, or ut*^t 
f (.f) dx is a miiformly continnons function of E. 

f f (x) dx - I / (x) dx -= I / (.«• > 'V 


For 


and 


(E-hSJE) 

f {x) (Za; - I 


(£) 


(3ii; 


•' {E) 


f(x) dx = I f{:c) dx: 


J(E-SE) .(5F) 

and the integral on the right-hand side is numerically < e. tor ail set:? dE. 
of which the measure is less than a number , dependent only on e. 

That f (x) dx, f x^-^) d a.-'-') are absoluteiv con- 

}a .'(a(i),aO)) 

tinuous with respect to x, or are particular cases of this theorem. 


417. The following theorem is the analogue of the property of a con¬ 
tinuous function of a single variable, given in § 214, that the function 
takes every value between its upper and lower hniits in the interval for 
which it is defined: 

If 0(e) denote the generalized indefinite integral |^^/(a;)dar, for oil 

measurable sets e, contained in a given hounded measurable set E, for uihicli 
the sumrncbble function f (x) is defined, e can he so determined that 0 (e) has a 
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prescribed value lying between the upper and lower boundaries of <j& (e) Jqy 
xdl sets e, in E. 

In the first place we see that, if ^7 is a measurable set, in any number 
of dimensions, a component F, of E, can be so determined that m (F) has 
any prescribed value between 0 and m (E), For if be one of the co¬ 
ordinates which determine the position of a point in space, the section 
E (^), of E, between a plane and a fixed plane = a, where 

those points of E for which < a form a set Avhich has a measure less 
than the prescribed number, is such that its measure m {E (f)} is a con¬ 
tinuous function of and thus the theorem follows from the theorem of 
§ 214. 

We have no\v / {x) dx = f {x) dx + f {x) dx, where e, is a 
he) J(e,) J(e,)' 

component of Ej , that part of E in wliich f (x) is positive, and where e, 
is a component of JS/g, that part of E in which / (x) is negative. The upper 

and lower limits of / (x) dx, in E, are clearly / (x) dx, and f (x) dx, 

he) J(Ei) 

which may be denoted by 7n (Gi) and — m, {G^), respectively, where Gy 
are sets whose dimensions exceed that of E by unity. Any number C 
between these two can be expressed hy A — B, where 

A< m ((^i), B > m {O 2 ). 

The set can be so determined that / (rr) dx = A, and e> can be so 
determined that ^ 

f{x)dx=-B] 

(e™) 

then if e = Cl -r Co, we have / (a;) dx == C. It should be observed that 

J(c) 

Gj and Gg are unbounded in case / (a;) is unbounded in E, but they have 
finite measures. 


THE IXDEEINITB INTEGRAL OE A FUNCTION OF TWO VARIABLES 
418. It should be observed that the indefinite integral 
F {x<^\ a;<2)) = / a;(3)) d (x^^\ a;<2)) 

J (aCi>, o<=>) 

can be expressed as the difference of two monotone non-diminishing 
functions, which are also quasi-monotone (see § 255). 

For, let /i (x^^\ =/ at the points at which the function 

/ is ^ 0, and let /i at the points at which / is 

negative; thus / =/j —/g and 

F (x^^\ = Fj {x^^\ a;<2>) - F^ {x^^\ x^^>), 

where and Fg are the indefinite integrals of /i and /g respectively. 
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The two functions a;i«), F, are both monotone and 

non-diminishing, in accordance irith the definition of | 253. Again, vrith 
the notation of § 264. 




/i x'-‘j d ;.i- c - , 


•\\ith a similar result for F^. It follows that the function> F-^. F, are ciia-i- 
monotone, in accordance with the definition of § 255. 


419. If the function / a:<->) be summable in the cell 

a'®>: 6«), 

it has been shewn* by Fubioi and Tonelli that the iiidc-fisute integral 

J a^-tj 

denoted bv F has the propertv that ^ - ex:-t-. ani ha-- 

the value / at almost all points of the cell; and rL-.- that 

'' cx^^^dx^^* ~j {X- .X -V 

almost everywhere in the cell This result lias been ho\ve'‘’ei fl-^duced-^- ]jy 
W. H Young from the more general theorem whicn he t-tabl>Iiecl. th it 
any function F {x^^K that i> of bounded Vcirn.tion In the c-l'.I. in 

accordance with the definition in §254. has the pro'oeitx that — 

' * * " Cj' “ fix ^ 

exists almost everywhere in the cell. This property we proceed to e^tabi>h. 

It is sufficient to consider the case of a qua>i-monotone function 
F {x^^\ a;<2)). 

Since F is monotone vith respect to e-xist-^ ror each nxed 

value of x^^\ for all values of with the exception of Those belonging 
to a set jS( 3.(2)) of linear measure zero. Let have all rational value? in 
the interval then all the linear sets taken together form a 

set S, of linear measure zero. For every value of that doet not belong 

dF 

to /S'. X -m exists for all rational values of a;<-h 

Consider any value of that does not belong to S, then 
F -f h, x^^^) - F {x^^\ 
h 

is monotone non-diminishing wdth respect to x^^\ and the two functions 
DF {x^^\ JDF {x^^\ x^^^) which denote the greatest and least extreme 


H X 


* Rend, del Girc. Mai. di Palermo, vol. XL fl916), p. 295. 
1[ Comptes Rendus, Paris, vol. clxiv (1917), p. 622. 
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derivatives ol F respect to arc also niojiotoue non- 

diminishing with respect to Conseqiioiitly, for tlu^ lixod value of 
they are both continuous functions of excc})t for an cniuncrablo set 
of values of For a value of for whicli they are l)olIi continuous, 
each of them is the limit of a sequence obtained by giving rational 
values only. But when is rational, JJF and (r^'\ are 

oF 

equal, since exists at such points. Hence, for any valiu^ of not 

belonging to the enumerable set, the two functions DF, HF are e([ual, as 
the}^ are the limits of one and the same sequence of niiinbcn-s; and t heroforo 
cF 

exists. It thus appears that, for each value of :r^*^ not belonging to 

oF 

a set S of linear measure zero, ^^(ly oxists, for all valiu‘s of except 
those of an enumerable set. 

When has a fixed value not belonging to /.V, the two functions 

DF BF {x^^\ 

being monotone functions of x^-\ have differential e.oofficionts with I’esjiect 
to x^-\ for almost all values of thus 

DF {x^^K ^ yfc) _ x^^)) j)fp , /.) .. 

k "" ’ k 

both have definite limits, as k ^ 0, if x^^^ does not belong to a certain set 
of measure zero. A sequence of values of k, converging to zero, may be 
so chosen that none of the values of + k belong to the exceptional set, 

dF 

which consists of the enumerable set for which docs not exist, and 

of the set of measure zero at which the limits are not definite, h'^or this 
sequence of values of k, D + k) ---- D {x^'-^ -h k); and also 

DF = DF {x^^\ if does not belong to the exceptional 

set; hence the two sequences are identical, and their comiuf)ii limit is also 


lim 7 


?F (x^^K a;t®) -!- k) dF (x^^\ rc<®>) 




ox 


( 1 ) 




; and therefore exists. 

When all values of are considered, the exceptional sets all belong to 
a set of plane measure zero. The following theorem has now been estab¬ 
lished ■ 


If F (a;^^*, a;*®^) be a qu(isi-monoto7ie function, defined in a given cell, 
d^-F {x^^\ a;<®J) d'^F 
dx^^^dx^^^ ’ ■ aa;<®)aa;<"i>'” 

both exist, almost everywhere in the cell. 

If F (a;^^^, a;^®^) be an indefinite integral, it may be expressed (see § 386) 
as the difference of two functions F^ a:‘®>), F^ a;^®^) which are the 
indefinite integrals of two non-negative functions 
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\vhosc aifforonc'c 3s the fimction / of which F is the 

iticlefiiiite integral. 

Consider the quasi-jnonotoiie function 


(x'd), ^ 


/i (see § 255). 


o F 

For a fixed \Mliie of exists, and is equal to ( dx^-\ 

J at-) 

for alniosl. ail valiums of , and when this exists, its differential coefficient 
witii respecl to exists, and is equal to (x^^K for iilinost all values 
of .r<“^ Lt thus folIoAvs from the proof of the foregoing theorem, that 
F~F. 

o-xi^its and is equal to x^-^) almost everywhere in the cell. 

As the corresponding result holds for the function F,, we have the theorem 
that ■ 

,-(/(», A-)) 

If F :r<“0 / (x^^\ d wheie f x^^^) is 

• (at*-), at->) 

nHtHmahle %u the. cell {a^^\ theyi, almost everywhere in the cell, 

c-F a-F 

This is i he ariahjgue of the theorem for an iiitcgnxl of a function of a single 
variable, given in § 405. 

419^ The funetjon F (.fO>, being defined in the cell 

(a<^ a<2>; 

let us consider at any interior point {x^'^\ the ratio 

wdierc h is positive and such that 4- h, -r h) is within the ceil 
a^-); We may define the two numbers D-^- F{x), _ F 

by the relations 

D-^ F (x) ^ hm ~ A(jU),‘/u)f F 

/)++ F (X) = Hm /j F x^»). 

In a similar m<xnncr we can define six numbers 
D+-F(x), D^^F{x), D-^F{x), D_^F{x), D~ F {x), D__F(x): 

for example, D+” F {x) = lim A(^i)tcU)f ^ F (^'), 

7t«'0 th 

D_+ JT (a:) = Hm A(^u.aW)f F {x), 

D — F (x) = hm A(jc<i), a:(2)) F (a;). 


If F :r<“0 
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The eight numbers, so defined, may be termed the eight Jipecial (feriratires 
of F point When, at a point, the eight special 

derivatives have one and the same value, finite or infinite, their value is 
said to define that of the special dijferential coegicietit at tlie point. 

In the case of a ^-dimensional fund ion, 2^'^^ special derivatives can 
be defined in an analogous manner. 

If F be continuous in the celL the eight sj)ecial derivatives 

{finite or infinite) are measurable functions of 

For example, consider Z)++ F (x), we may then denote the iiierenioiitary 


ratio 


-I 






by I {x, X -f h), where x symbolizes The ])roof of the corre¬ 

sponding theorem for fimctions of a single variable, given iii § 4fil, is ihen 
applicable, without essential change, to the present case. 

It follows, as in § 401, that the set of points in wliich a special deri¬ 
vative DF of a continuous function is finite is measurable 

4102. It will now be proved that: 

If the function F is continuous and of hounded canation in 

the cell {a^^\ a special derivative DF is finite ej:vept 

at the points of a set of plane measure zero 

Consider the special derivative «;<->), let K denote the 

total variation of F x^^^) in the cell (a, b). Lot it be assumed that, 
if possible, the measure of the set of points 1/ at wJiich ' + F .>'-*) 
is infinite lias a value A (> 0 ). Let the set of colls 

«(i) .L „(2) 

all interior to (a, b), in which h has the values in a sequence converging to 
zero, and r a) > 7 , 

I F (a:(i>, a;(2>) | > h^, 

be denoted by C. It is clear that L belongs to the sot 6r, the inner limiting* 
set defined in § 136^, in connection with the set G. In accordance with 
Vitali’s theorem there exists an enumerable sot of cells, all belonging to C, 
and no two of wliich have a point in common, such that the sum of their 
measures is ^ A. Of these cells there axe a finite number such that the 
sum of their measures is > ^A. Let these be the cells 

K<i>, (^.d), a,( 2 ); «^(i) + 7/^, «^( 2 ) + 7 ^,... 

We have 

S 1 F «(*>) I > > K; 

r “1 A 

and this is not possible, because K is the total variation of F x^^^) 
in (a, 6). It follows that the measure of L must be zero. 
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A special derivative of a continuous function of bounded variation in the 
cell {a, b) is swtimable over the cell^ the points at which it is infinite being 
neglected. 

If D bo one of the special derivatives, let be the measurable 

set of points such that nh | B {x^^\ \< {n -j- 1) h, where h is a 

positive number and n is a positive or negative integer, or zero. Let 
lu, ... bo the values of the /i, for which m (e„) > 0; and consider first 
the sets Lot e be a positive number less than all the 

t -33 

muiibors m (c,.,), m (e,^), ... m (e„^), let P = S | 6». |. and let -q = e/P. 

L 1 

By a corollary to Vitali's theorem (§ 136^) a finite set of squares, O^, no 
two of which have a point in common, exists that enclose a part of e^^. 
of measure greater tiian m — rj, such that the measure of Ci is 
< (^nj- points of Cn, tliat are exterior to the squares of form a 

set of measure > m — rj; and therefore a finite sot of squares (7^, no 
two of w'hich have a point m common, exists, all exterior to Oj, which 
encloses a part of e„j ,, of measure > m (e„.) — 2rjj and such that 

m (O^) < m (e„J - rj. 

We proceed in this manner to obtain finite sets of squares (7,j. C\. ... C^. 


Let C\' denote the set of squares each of which is interior to one of the 
squares of C, and such that, if (a^^\ ^^re its corners, 

a<^)) S y 


nji 


< h. 


The measure of the inner limiting set, corresponding to C/ is greater than 
m (e;,J — LT), and less than rn — (t — !)*»]. Therefore an enumerable 
set (7/', of wsquares exists, no two of which have a point in common, ail 
of which belong to (7/, and such that their total measure is > m (e„J — ltj, 
and < m — (l — 1) rj. 

A finite set of squares belonging to G/' exists, whose total measure 
has a sum between m (e„J — ltj and m (e„J — (t — 1) rj. Let these 
squares bo denoted by p[y\ where y = 1, 2, 3, ... A,; and 

we consider those sets of squares, for all the values 1, 2, 3, ... p, of t. 

No two of the squares of the complete finite set have a point in common. 


If 


where 1 0 iy | < 1 , we have 


^ jv. •_ aJ-;= n,h 




e,yh, 


S A F »«') = nM + OM., 

y-l 


laW, a<«) 

\“iy » “ty f 
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where | ^^ | < 1. It follows that 

S S ^ a;<2)) .-_ h S 1 - It ^ (K^s‘,. 


err. vii 


Since 


c- 1 7 - 1 

i -p 

S 0.-9. 

i- 1 


<m (A), the measure of the cell r/^-^, anil also 


< 17 i] I t//i 

L 1 


7>r/. 


2 j — S ^ 2 /i?AA (^nj 

|i-l t 1 

we have 

2> y^K 13 ( 2 )) 

■ • .X 

where | S | < 1, 1 ^ 1 < 1- 

Since the numerical value of the expression on llie Ii‘ri-liiin(l sidi* is not 
greater than K, and rjP e, where e is arbitrary, ii- follows that 


F (x^^\ x^-^) ^ It Zll 'r<2lt/^yj i 0It7ti{A), 


t-53 

h S n,m (e„) 

t 1 ‘ 


'£ K 4 //m (A) 


Since this holds good for every integer p, it follow^s (sec* S -h^S) tliat 
DF (x) is siimmable over A. 

419®. It wdll next be shewn that: 

If F is absohitely contimious in A, then the hitefjrai 

r(,t sc('-^i) 7/(1) /•(-)) 

DF d (x^^>, ■ AI;,..,;;;.,} F (x). 

J (CtCD, 0,(2)) 

uliere DF is any one of the special derivatires of F 

This theorem and the preceding one were givcii**^ by Vilali foi- thi* cu'^c 
of a function of one variable. The proofs are a])plieal)lo, w ithout esscMitial 
change, to the case of functions defined in a et'll in any nunil)c*r of 
dimensions. 

If ^ be an arbitrarily^ chosen positive ninnbin*, since F is 

absolutely continuous, the sum of the moduli of thc' inc*.rcnienl.s 

AF {x^^\ 

in every set of rectangles, the total measure of wliic'.li is less tJian some 
number dependent on is < Using the notation ein])]oy(‘d in tlie 
proof of the last theorem, p can be chosen so large and € so small that 

I --jO t =-33 I p 

2 fit— S m(e„) stnd 7n (A) — 2 /// (f„) : .1^. 

i-i 1-1 ‘ I i ‘ " 

The points of A that are not interior to sonic siiuaro of the set 

where y = 1, 2, 3, ... A,, i = 1, 2, 3, ... p, form a finite sot of rectangles 

* Atii d. Torino, vol. xmi (1908), p. 238. The extension to the case of two or more variables 
is indicated, p. 244. 
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where T --- 1 , 2 , 3, ... ( 7 , Kiich that 


Since 


» <1 


<£. 




(aj. 


<I) „(2) 


(Od) o(2J) 


t -f) y \ 

V y 


we liavo 


■- F rt't-J), 


^(Ilf.^■<“*) — AS 72,/// (e,j) 

t 1 ‘ 


< ^ + e7^ -f hm (A). 


The miiuber h can be chosen so small, and the number 7 ; so large that 


I n r(m\lM)) 

h S }},m (e,A - DF {x^^\d {x^^\ 

>. i J («(», 


< C; 


also A may be taken so small that /f (e f- m (A)) < We have now 

:(/>«'),/jui) 

VF (x^^K d 


«(-)) r 

Since ^ IS aibitrarily small, we have 
J («“), „(j)) 


< 34 . 


As may be replaced by x^'*^, corresponding to any point in A, 

the genera.l theo!‘em lias been established. 

Since the intc'gral, over any cell contained in A, of the difference of 
any pair of the special derivatives of an absolutely continuou?^ function 
is zero, it follows (sec § 394) th^it the two special donvcitives are equal 
and finite almost everywhere in A. It then follows that: 

A function F ahaolutely continuous in the cdl A, hcbs a finite 

special differential coefficient almost everywhere in A. 

It has been shown in § 416 that the indefinite integral 


f(SO,j-(3)) 

of a function f {x^^\ that is summable in a cell (a, 6 ), is absolutely 
continuous in the cell. The converse theorem that an absolutely con¬ 
tinuous function is the indefinite integral of one of its special derivatives 
has been proved above. The two results combined give the theorem that: 

The necessary and sufficient condition that a function of two variablesy 
defined in a cell A, should be the indefinite integral of some function, sum¬ 
mable in the cell, is that it should be absolutely continuous in the cdl. 

The proof given above is applicable, without essential change, to the 
case of a function of any number of variables. Another very interesting 
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proof of the fhcorcni, dependent upon tho theory of functions of sots of 
points, has been given* by de la Vall6e J^oussin. 

IXTEGSATION BY PARTS BOB THE i-INTHORAE 

420. Let the two L-intograls f U (x) (lx, j F (;f) fZa; be denoted by 

u (x), V (x) respectively. The functions u (a:), v (.f) arc absolutely con¬ 
tinuous, and of bounded variation in the Ihroar interval {a, /;); moreover, 
in accordance with the last theorem in § 40(), tho product nr is an inde¬ 
finite integral in (a, b). In accordance with the theorem established in 

§ 405, u (x) and v (x) have difEerential coctTfie.ients equal to IJ (a;), V {x) 
respectively, almost everywhere in (a, 6). Let E denote the set of points 

at which this is the case: then, since arc summable in E, u. 

dx dx dx dx 

are also summable in E, since u and o arc bounderl. We now liave 

}{E) dx J(JS) dx dx 

and since 7n {E) = b — a, and uv is an indefinite integral, we may write 

this equation r p r& dit , dv , 

and this is equivalent to 

J" U (a:) IJ'" V (x) da;| dx=J‘'u (x) dx V (x) dx - ^ V (x) J' f/ (x) da:| dx 
which is the general form for integration by parts, for /y-iiitcgrals. 


MBAlSr VALUE THEOREMS 

421. It is frequently of importance to be able to assign upper and 
lower limits between which the value of a definite integral lies, in cases 
where the exact determination of the value is not required. Such estimates 
of the value of a definite integral may frequently be made by tho em¬ 
ployment of theorems known as mean value theorems; the most im¬ 
portant of these will be here investigated. 

If / (a;) be a bounded function, summable in the measurable set of 
points E, we have, denoting by U and L the upper, and the lower, boundary 
olf(x)mE, , 

Lin [E) ^ f {x) dx Um {E); 

J{E) 

and therefore f (x) dx = Mm (E), where M is some number which 
Ue) 

satisfies the condition U ^ M ^ L. 

This holds good whatever be the number of dimensions of the set E. 


* Int^grdlea de Lebesgue (1916), p. 73. 
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In case / (a:) is a continuous function in the linear interval (a, b), there 
njuf-t be sonic point in (a, b) at which f (x) = M. If that point be denoted 
by a -I- 0 (6 — a), we obtain the following theorem: 

[f / (.«) be continuou'i in the linear interval (a, 6), then 
I / (.k) clx = (6 - a)f{a + 8 {h - a)}, 

• ft 

^\herc 6 is some number sucli that 0^0^ 1. 

Next, let / (x) and ^ (x) be summable in the measurable set E, and 
suppose / (a;) is bounded in E, and (a;) everyw^here ^ 0 in E. We find 
inuuediatoly from the definition of the integral of / (x) (f> {x) in E, that 

L I 6 (.r) dx - f / (x) (if) dx ' U I 6 (,i;) dx, 

.'(/o Ue) Jas)' 

where if and L are the upper, and the lower, boundary of / (.r) in E. 

It follows at once that 

[ / {^) ^ dx = Jfefi j ij> (a;) dx, 

J(E) J(E) 

where Mi is a tiiiinber such that (7:^ M^:^. L. 

In case/ {x) be a function that is coiitmuoiis in the linear interval (a, 6), 
we obtain the following theorem: 

If f (a;) be coyiUmiom in the linear interval (a, 6), and (f> (.t*) be a stun- 
imhle function ihai ii 0, 

[ f {x) 6 {x) dx =/{a + 6i (b - a)} [ <f) (ji;) dx, 

J a J a 

where 6^ is some number such that 0 <6i-^ 1. 

This theorejii, including also the more general case in which the inte¬ 
gration is over any measurable set E in which / (a;) is continuous, is known 
as the First Mean Value Theorem of the Integral Calculus. 

An extension to the case in which ^ {x) is not necessarily everywhere 
of the same sign, but has a finite lower boundary, is obtained by applying 
the theorem to <j> [x) 4- G, where G is such that (f> [x) G in (a, h), or 
in the set E. 

For the case of a fmiotion of two variables, where / is con¬ 
tinuous in the cell and <l> is summable, and 

s 0, in that cell, the theorem may be written in the form 

b(2)) 

J (a<i). a(a)) 

' ’ ^ r(6a),6(=)) 

=/{ati) 4- 01 ). + ^2 i d(x^^>,x<^^), 

J (ftW, at*)) 

where 0^, 02 satisfy the conditions 0 s g 1, 0 g ^ 1. 
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422. IJthe boimded Junction f (x) be monotone and non-invreaiiln(j in the 
linear interval («, 6), and everywhere i. 0, ayul ij <ji (.* ) be ^^ununable [whethet 
hounded or not) in {a.b), then 

IV (aO <i/> (x) (he --- / (n) (% (.r) <h\ 

where f %s some number such that a ^ 6. 

Also, if f {x) be monotone and non-diminishing in (a, b)^ and aret ytrlierc 
^ 0. then j-b 

/ / {x) <f> (x) (lx = / (ft) I cfy {x) (lx, 

wheae ^ is some number such that a ' ^ zb. 

This theorem was first given* by Bonnot, foi* the ciiso jii wJiioJi cf) (.t*) 
has an jR-integral, and was applied by him to tlio th(M)i‘>' oi‘ I^'ourior’s series. 

Another form of the theorem was obtained by WeicM-slrass, and also 
by Du Bois-Reymondt, for the case in whicli </> (.r) has an //-inlegrai, and 
it is generally known as the Second Mean Value Theorem. AVhen g(.‘nei*al- 
ized, so that <(> {x) is only restricted to be summablc‘ in (r/, b). the theorem 
may be stated as follows: 

If f (x) be ononotone and bounded in the linear Intarral [a, b), and if 
<f) (iu) be summable {bounded or unbounded) in that vntctvaL then 

r f (•'») <}> (x) dx=f (a) r 4> (x) dx + / (ft) [ ^ [x) dx, 

* a J a J P 

where | is some 'point in (a, b). 

The theorem in this form is dt'ducible iinniediatcdy from Bonnet’s 
theorem, hy writing/(a) — fib), or/(.r) -f {a), in the two eases, instead 
of f {x). Bonnet’s theorem is however not iiniuedialc'ly dodueiblej fn)m 
the second theorem. 

It is clear that, since the value of f (-v) (j> (.r) dx is unaJtcrcd by 

. (f 

changing the values of f (a) and/(6), wc may, in the above statement, 
take, instead of/(a),/(6), any two numbers§ A, B whicli are such tliat 
the function \}j {x), defined by ih {b) ~ B, (:r) (.r), for 

a< x< 6, is monotone. We have thus the generalizecl form of tlm thoorein: 

f f {^) (^) dx = A I 0 (x) dx I- B f <l> (.r) dx, 

a J a Ji 

where JL 5 :/ (a -f- 0), B > / (6 — 0), if f {x) is non-diminishing, and 
A^f{a^0),B^.f{b-i)), 
iff (^) non-increasing. 

* Mim. Acad. Bclg vol. xxm (1850), p. 8, also Lioumllc's Journal, vol. xiv (1849), ]>. 249. 
t Crdle's Journal, vol. Lxix (1869), p. 81. 

J This was pointed out by Pringsheim, Munch. Bear. vol. xxx (1900), p. 210, where au 
account of various proofs of the theorem is given. 

§ Du Bois-Reymond, ScJUdmtlch's Zeitschr. vol. xx (1875), Htsf. Lit. Ahtg. ji. 126. 
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Tlie value of | depends in general upon the chosen values of A and B. 
In this generalized form, the theorem includes Bonnet's theorem as a 
particular case. For we may take A = 0, B = f (b), f (a*) is positive and 
non-diminishing, or A ==f (a), B = 0, in case f (x) is positive and non- 
increasing. 

Various proofs* of the theorem of Weierstrass and Du Bois-Reymondj 
liave been published. In these proofs the function (a:) has usually been 
restricted to change its sign only a finite number of times, and sometimes 
to be differentiable; but a proof free from the former restriction was given 
by Du Bois-Reymond. A proof has been given by PringsheimJ in which 
(/> (x) is not restricted to bo a bounded function, but niaj^ be any^ function 
such as possesses an absolutely convergent integral, or in certain cases it 
may have an integral that is not absolutely^ convergent. 

423. '’fhe following proof of the second mean value theorem, in its 
general form, in which the only restriction imposed upon the function 
(r) is that it is to be suinmable, whether bounded or unbounded, was 
given§ by Hobson. 

Let (a-) bo a function which, whether it bo bounded or not, is siim- 
mable in the interval («, h). Let f (x) bo monotone and non-increasing in 
the interval, and suppose^ it to have no negative values 

Let €, be an arbitrarily chosen positive number, loss than 
/ (a -h (») — / {h — 0), 

and let the function/ (a;) bo defined for the interval (a, h) follow^. 

An interval {a, x^) can be so determined that f {a 0) — f {x) < , 

for a X < and so tliat / {a 0) — f (x^) si In case Xj^ is a point of 
continuity’ of f (x), wo shall have / {a -'r 0) —f{xi) = but this vill not 
bo the case if .rj is a point of discontinuity. Isoxt. an interval (a;i, as) can 
be so determined that f {Xi -1- 0) ~f{x)< e,, for i x< Xo, and that 
f {xi I- 0) — / (.I’o)' €r. Proceeding in this manner to determine intervals 
(.r.,, .rg), (a'g, .Tj), ..., for some finite value of n, not exceeding 

{f{a-r0)-f{b-0)}le,, 

we must have 

/ + 0) -/ (x) < €r, for a;„_i <x<b] 

we then take Xn to coincide with 6. 

Let/, {x) =/(a 4- 0), for a;< x^; lot/ {x) -f 0), for x^^x< x^; 

and in general let / {x) =/(«:« + 0), for -X x < Xs^t^. The function / (a*), 

* For example, by Hankel, ScUomiUKs Z&iUchr. vol. xiv, by Meyer, Ma^h. Annalen, vol. m 
( 1873), p. 313; by C. Neumann, Kreis- und Cylinderfunctionen, Leipzig, 1881, p 28, by 

Holder, GoUinger Anzetger, 1894, p. 519; by Kowalewski, Math, Anndlen, vol. lx (1905), p. 151. 

t Crellds Jcniriud, vol. lxxix (1875), p. 42 See also Kronecker’s Vorlesungen, vol. i. 

i Mimch. Bcr. vol. xxx (1900), p. 218. 

§ Proc. LcmA. Math. Soc. (2), vol. vn (1909), p. 14. 
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so defined, has only a finite number of valiw's in the interval {a, 6 ); it is 
monotone and non-incrcasing, and is := 0 . Moreover, we iiavo 

0 - '/CO < 

for every value of x except for the values (U .r,, .to.J'-t which it 

is not necessarily the case. 

We have now 

T/, + | I- - 

Ja J 

-I/(.r„ I I 0) I </,(.v)(/u:. 

•' J/t I 

Denoting | (it) dx by F (a'), we have 

J a 

ly, (.r) ^ (A-) =={/(« + 0) -/ (a-, -I- 0)} F (x,) 

+ {f(xi + 0)-f(x^+0)}F(.r,) H... 

+ {/(a'«- 2 0)-/(a-vi I- 0 )} 2 '’(.f„ i) I /(.*•„ , ! (>)/’’(/>). 

Since f (a-h 0) -/ (*1 + 0 ), / (.-c, + 0 ) -/ (.c, ■; (»)./ (.»•„ , ! 0 ) arc 

all 0 , the expression on the right-hand side will Ikj iinalU^nMl in vdliie if 

F (a'l), F (X 2 ), . F F ( 6 ) be all replacod by a (h^linite number N 

which lies between the greatest and the least of those numbers, "rho ex¬ 
pression then becomes Nf {a + 0 ) Moreover, since F (.r) is continuous in 
the interval {a, b), some value of a;, exists such that X F It has 
therefore been proved that 

[ fr (x) <f> (x) dx=f {a + 0 ) j ■' ^ (.»;) dx. 

J a J a 

where is some point in the interval (a, 6 ). 

Also [ fr (a*) c/> (x) dx -- f f (a;) ^ (.r) dx < j | </> (.<•) | dx. 

‘•a .'a . Ja 

It follows that 

I fV (X) <f> (X) dx -f {a + 0) f ^ (X) dx I -- 7,,, 

> a J a I 

rb 

where | <^ (*) | dx. 

J a 

Let r =1,2, 3, where € 3 , € 3 , ... form a soqucnce which converges 

to zero; then also ' 371 , ^733 '* 73 > form a sequence wliicli c.oiivorges to zero. 

The set of points has at least one limiting point; and it is 

clear that the sequence {e^} may be so chosen by neglecting, if necessary, 
a part, that the sequence has a single limiting point 
We have then 

j ^ ^ (^) dx < 7]r +/(<» 4 0) j {x) dx\^. 
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If ^ be an arbitrarily chosen positive number, a value of r. may be 

so chosen that ij,< and / (a + 0) ^ (.r) i 

- f *■ 

Then we have 


I dx 


< provided r }\, 


I / 4^ (^O — / (a -!- 0) j (.r) dx 


< 4; 


and tlierefore, since ^ is arbitrarily small, we must have 
I / (•«) 4 (‘^) = / (a -i- 0) [ ^ (a;) dx 


.(i). 


Li a precisely similar manner, when/(a;) is non-diminishing in fa. h), 
and is never negative, it may be shewn that 

[ / M 4 M =/ (^ “ 0) [ cj) (x) dx .(2), 

where ^ is some point in (a, h). 

In case/ (a) =- f {a + 0), / (ft) = /(ft — 0), these results are equivalent to 
Bonnet’s form of the second mean value theorem. 


Next, let / (.r) bo only restricted to be bounded and monotone in (a, ft), 
but bo uiirestrioted as regards sign. In crnc / (.r) is non-increasing we may 
apply the theorem (1) to the function / (a;) — / (ft — 0), and we thiiN have 

I f (•»■■) 4 (‘C) f (a <0 [' <l> (*) +f(lj- 0) f ^ (.r) (h\ 

• a -a -? 

In case / (a;) is non-diminishing m {a, ft), we may apply the theorem (2) 
to the function / (x) — f {a -I- 0), and we tJien have 

f f (^’) 4 i^) dx =f (a 0) ( 4 (^) -rf(^ — 0)f 4 

j a -a • »/ 

It has tlius been shewn that, if / (x) be boimded and monotone in 
(a, ft), and 4 (x) be summable in the same interval, 

[ / (*) ^ (®) fir = / (a + 0) j ^ (a:) da: + y (6 - 0) [ <f> {x) dx. 

J a -'a • X 

whereL A' is some point in the interval (a, 6). 

In order to obtain the more general form of this theorem, let A and B 
be numbers such that A > f (a + 0), B (b — 0), when / (x) is non¬ 
increasing; or else let -4</(a4-0), J?^/(6--0), when / (a;) is non¬ 
diminishing. 

Consider an interval (a — A, 6 -f- A) which contains (a, ft) in its interior, 
and let / (x) = A, for a — X ^ x< a; and/ (x) = B, for ft < a; ^ 6 -h A; the 
function / (x) being already defined for a ^ x ^ h. Let 4 (^) ” 
a — \ < X <. a, and for 6 < a; ^ 6 -h A, where 4 (^) already been defined 
for cb ^ X ^ h. Now apply the theorem above established, for the interval 
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(a - A, b -1- A), for which / (« - A 4- <>) --I. <un\ f {b \ X - 0) U, \Vo 

then have ^ 

fV (a;) <!> (x) (Ix - .4 <;& (.»•) ,lx \ !i V cj, (x) ,h , 

where X is some point in (a — A, h -i- A), aiul which clcMrly lies in h). 

The general form of tlie second meiin value lh(‘oi-(‘in m.iy now 1x3 
stated as follows. 

Jf f (jt:) be hounded and monotone in iJw inletnd (a. h). an {I if tf (x), 
ichether bouyided or not, be smnmable in (#'/,/>), then, if J, /> he ninnhern 
mchtlmt A'.fia '-a), B J(b 0). 

or A r f {a -1- 0), B fib - (>), 

according a&f {x) non-incrsailing, or non-dimini-sinng, in (a, h), 

I f ^ (“*0 I dx I B j </) (x) dx, 

J a ‘ i ft X 

where X is some number bi (a, b). The number X irdf depend upon the ivdiieit 
of A and B. Tn particular, we may have -1 f (a)^ B J (b), ni fdso 

Ill case the function/ (x) is never negative in («, />), we may iake B ■ (J, 
iif{x) is a non-increasing function; and we may lake A 0, \i' f (v) is a 
non-dimimshing function. We obtain thus the tollow'ing geiUM-ahzed form 
of Bonnet’s theorem 

If f {x) be a bounded monotone function, never negative in {a. h), and if 
<f> {x) be any function summable in (a, b), then 

[ (») *4 I ()> (.»;) (lx. 

■fa ’a 

where A is any number '\f {a A- 0), and X is some nunihex, dependent on A, 
in the interval {a, b), py'ovidedf (sc) is non-increasing. If f (r) is non-dimin¬ 
ishing, we have 

[ / (a;) ^ (sc) dx B \ (sc) dx 
J a J X 

where B is any number > / (6 — 0), amd X is some number in {a, 6), dependent 
on the value of B. In particular, we may take A -^f (o), B --/ (ft), in the 
two cases. 


424. If the function / (sc) be of bounded variation in the linear interval 

I 

{a, ft), and M be the upper boundary of I (sc) dx , for all pairs of 
values of a, p in the interval {a, ft), we may make use of the fact that 

f{x)=P{x)-N{x), 

where P (a;), N (sc) are monotone non-diminishing functions. 
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4iJ-42r)] 

We have 

{P ( 4 :) - P (a)} cf> (x) (lx = {P (6) - P (a)} ['’ <f> {x) dx 
with a similar equation for X (a;). By subtraction, we have 
I " U i^) - / («)} {^) = {P {h) - P (a)} I' <!> (x) dx 

- {i\' (i) - N (a)} f (a;) dx. 

■ 

Hence w'e have* the following result; 

i [ f (•>=) 0 (a:) -f(a)[ <f> (x-) dx < M. TV/ (a;). 

VJ‘f{.v) denotimj the total oariation in {a,b), where f {x) is of bounded 
variation in (a, b). and M is the tipper boundary of | (/> for ail 

intervals («, contained in {a, h). 

This result is of considerable ii^o in estimating the value of the integral 
of the ])ro(luct of a fund ion of bounded variation and a suinmable function. 

425. Let (.r) denote a tiinctioii of any nimiber of variables, that is 
suinmable 111 a bounded measurable set B\ and let/(.r) denote a function 
that IS bounded and suinmable in E, and is everywhere v 0 If U and !j 
denote the upper, and the lower, boundary of / (a*), in E, lot a„, f/>.... (i,t 

lie a set of decreasing numbers, w'hero «(, ■ -4, a number U, and L a„ 0. 
Let e,_i denote that set of points for which .. / (.r) > a ,, for 

r = 1, 2, 3, ... ?i. 

Letf^‘"^ (.^■) in the set for each value of r; we have then 

I {x) <h {x) dx ==afjl <f) {x) dx -h fli f i Cf) dx a„_i I ^ (.r) dx 

J {K) J (<•„) J if\) J 

-= («o — «i) I ip^) dx -f (Oi — a>) I <!> (x) dx 

J (r’o) . (fiuT-Ci) 

+ ... + (<^n-2 — ^n-l) I ^ (^’) dx 

~ (€0-^ € 1 + -I C»—s) 

"i" ®n-l [ 4 * 

and therefore I /<»*>(*) ^ (*) da: = where M„ is some number 

•'(ii) 

betweenthegreatestandtheleastof the numbers j (a;) da:; denoting 

fio + ®1 "V ®s-l> 

for « = 1, 2, ... n. The set JE^ is that set for which A &/<”» (a:) > a,. 

The numbers 0 ^, 01 . 02 , ...On can be so chosen that the greatest of the 
* See Lebesgue, Annedes de Toulouse (3), vol. i (1909), p. 37. 
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differences of the successive numbers is < , vhere {e,„) is a sequence of 

decreasing numbers converging to zero. We have now 

I /<™» (a-) <f, (a) dx - j f (a) (f) (a) dx < j | rf, (x) \ dx. 

which converges to zero, as co. The nuinbors consoqueiitly 

converge to I / (oc) <j> (a:) ri'-.r, as ?/i ^ cc>: and thus / (.r) A (.r) r/.r - .-i J/, 
J(B) -(/o' 

where-M is between the greatest and the least of the numbers 0 (x) fL)\ 

(0 

and e belongs to a family of sets such that in any one of I Iumii / (.r) oxecerls 
a certain mimber between A and zero. J^y the theorem of § 417, IIk^ic 

exists a set of the family, for which / 0 (-0 ^/-r 

•' (A’l) 

The following theorem* has thus been est ablislu'd: 

If E be a set of points which is measurable and hoiimied. and in 
number of dimensions, <f> (.r). f {x) are sununahle in E, /(.r) heinij bounded 
therein, and £= 0, then 

I fipo)4> {x) dx--- A \ <l> (.r) r/.c. 

m J ac,) 

where A is any assigned mimber i the upper boundary of f {x) in nod 
E-y is a part of E depiendent on the value of A. and belonging lo a fannly o/ 
sets of hicreasinxf measure, such that for any one of them f (.r) is greater than 
some fixed number. 

This theorem may be regarded as the eom])loli^ geiierahzaliou of 
Bonnet’s theorem, for any number of dimensions, and for iutogration 
through any measurable and bounded set ol‘ points. 

If / (ir) be no longer restricted to be 0, wo inav apply the above 
theorem to the function / {x) — B, where B is any nuin)>er ' Jj. tlie lower 
boundary of / [x) in E. 

The theorem then takes the form: 

[ / (a:) ^ {x) dx = A' \ ^ {x) dx + B' I 6 (x) du\ 

•(JS?) .'(A-’i) .U/c w.) 

where A' and B' are such that A'TJ, B' L; U, L being the upper, and 
the lower, boundary of f (x) in E, and Ey is a part of E mich that f (x) /v 
therein greater than some number dependent on A' and Ji\ 

11 we take the set B to consist of tho points of a linear interval [a, b), 
and / (a;) to be monotone, non-increasing, and : 0, the set will bo the 

set of points of some interval (a, i), and thus M ^ (x) dx, for some 

value of f in (a, b). Similarly, iff (x) be r 0, and monotone, non-decreasing, 
we must take for Ey some interval b). Thus tho first theorem given 
above reduces to Bonnet’s theorem. 

* See Lebesgue, AnTiales sc. de Vecolc normede (3), vol. xxvn (1910), p. 443. 
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426. It will now be Mhcwn that, in case* the set E is the set of points 
in the plane rectangle ^( 2 ))^ and when the function/ 

is (^[uasi-monotono and non-iiegative, of any of the four types considered 
in § 255, the sot E^^, in. ^ 425, may be replaced by the set of points in a 
plane rectangle with one corner at one of the corners of 

Let / be quasi-monotone, non-negative and non-dimmishing 

with respect to {x^^\ and also wath respect to x^^^ and 

We have, from the theorem of § 448^ 

' (//‘), ?/■!)) 

/■ a;***^)) rj {x^^K d a;<^0 

- («<»). ,,U)) 

where O denotes 

and this may bo ti-ansfoi-med by means of the formula (Hj) of § 448, 
changing the two functions /, ry, there employed, into O, /. The three 
integrals in this formula arc all less than, or e(£ual to, the values which 
w'’ould be obtained by sul)stituting for the integrands tlu^ value I" of the 
upper boundary of aJ!,'*.)’.! u)} O {x^^K and their values an^ grea.tcT than, 
or equal to, tiioso wiiich would be obtained by substitiiling for the inte¬ 
grands the lower boundary L of the same e\})ression Hence the sum of 
the three integrals is not greater than U {/ 6^-^) -- / (rd’h rd-’)}, and not 

less than L {/ {b^'^\ _y a^ 2 ))y 

Also tho term / («<», a<«) (*'"», *'"») 

is U f «'nd is Lf {a^^\ It now follows that 

■ (&a), IM)) 

f a'<2)) dG 

is equal to M {/ {b^^\ 4- Mf 

or to Mf wiiere M is some number in the interval (L, U). 

Since A(*(i))a( 2 )) G 

assumes all values betw'^een L and U, it follows that 

M = O (a:t«, *<*>) 

for some point ^<®>) in the rectangle. 

We thus have the formula 

r(bw, b(a>) 

/ a;<2>) g {x^^\ a;< 2 )) d 

= /(5a), 6(2)) g d (a;(i>, .(1), 

* See W. H. Young, Proc. Lcmd. Math. Soc. (2), vol. xvi (1916), p 273, where the case of 
quasi-monotone functions of any number of variables is treated 

H I 
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wkerc f‘-’) i« some point in the closed rccttWigle («”>, /;(•>, ftiai). 

It is clear that in this formula/ /><->) may be replac'd by any iiuinbcr 
A which is 5 for this only involves a change in value of the 

function / at the point ( 6 o>, 6 <®>)> condition that the lunetion is quasi- 
moiiotone non-diminishing being conserved. 

In case / is positive, qnasi-inonotono and (iion-diminislnng, of 

one of the other types defined in § 255, we oblain in a similar maimer, 
by employuig the formulae (B^), (Bg), (B 4 ) of § 4-t-S 

ftU)) 

/ (.r'o, a;<s>) g (a:<», a;<^>) d (.r'‘). 

(«<», o<->) 


where / (a'O)^ is non-increasing with respect to and with respect 
to a:<-h 


/ (a'o, a(2>) (j (.,■(•), .r(2)) ,l .,.(n) .( 2 ) 

. («<U, «<i)) 


’ 


AlsOj when f is non-diminishing with ivspocl. to and 

non-increasing with respect to we hixvc 

/ g {x^^\ d {x^^K 

J a(^)) 

,'( 6 ( 0 , f(^)) 

a<2)) (J d x^^^) .(3). 


When / is non-increasing with rospo(;t to 

diminishing with respect to we have 
«>(-)) 

r(s<», 6 (i)) 

= f{a^^\ (7 d {x<'\ 

■I 


find iion- 


w. 


In case/ is 0 but is non-incrcasitig with respect to (x^^\ 

the above formulae are applicable, according to the type of the function 
in regard to monotony with respect to the separate vfirifibles .r<‘^ 


REPEATED LEBESGITE INTEaUADS 

427. The L-intcgral of a function of any number of variables has been 
defined as the limit of a sequence of simple sums; but it is convenient to 
represent such an integral as a set of repeated limits of sums with respect 
to the separate variables, and thus to express the iulegral fis a repeated 
integral with respect to the separate variables, tfikcn in any order. As 
an i-integral with a non-negative integrand is the measure of ii set of 
points in space of dimensions one greater than the dimensions of the space 
in which the function is defined, we first shew that tlie measure of a set 
of points, measurable in p -f- 1 dimensions, can bo exhibited as the single 
i-integral of the measure of the ^-dimensional section of the set by planes 
perpendicular to one of the coordinate axes, or more generally as the 
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(jr-cliiiiousioual i-iategral of the measure of a (j) - g+ 1 )-dimensional 
aectioji of the set. 

Let E denote a measurable and bounded set of points, in the (j) + I)- 
diniensional space between the two planes perpen¬ 

dicular to tJie a:;^^^-axi.s Denote by E the ^-dimensional set which is 
the section of E by the plane corresponding to anj^^ fixed value of in 
the interval 

The sol E is contained in a set of closed cells A. of measure < m {E) -f- e, 
where e is an arbitrarily small positive number (see § 127). Giving to e 
the values jii a sequence of decreasing numbers that converges to zero, 
we have a sequence {AJ, of sets of closed cells; and the sequence may be 
so cliosen that each set contains the next. The inner limiting .set of {A^| 
is a sot which contains E, and is such that m {Ej) = m {E). 

Let A,i, A._,, ... A^,,, ... be the cells of the set A,; we have then 
m (A,) - S r 7ti {A,„ 

n iJ a 

where A,„ is the section of the cell A.„ by a plane perpendicular to 

the a-^'^-axis, and the measure m {A^^ is the p-dimcnsional measure 

of A,,, vSince an /y-integral is completely additive, we have 

m(A 0 = (\/i{A, 

-'a 

111 virtue of the theorem of § 398, we now have 

m (E) m {E^ =-- hni m (A.) — [ {E-^ (■^'*^^0} 

l~00 

.since lim -m {A, = m {j&\ (a;^^^)}. 

Again, the set — E. which is of measure zero, is contained in each 
set of a sequence of sets of cells {A/}, where A,' can be so determined as 
to be contained in the set A,. This sequence of cells has an inner limiting 
set Eu which contains E^ — E. 

We have now, as before, 

7n (A/) = f m {A/ (a;^i>)} dx^^>, 

J a 

and therefore, tailing the limit of both sides of the equation, we have 
{^2 (*<!>)} = hm m (A/) = 0. 

It follows that, for almost all values of x^^\ m {Ej, = 0; and since 

Eo contains the section of E^^ — E, m {E exists, for almost all 

values of and is equal to m {E^ which exists everywhere, as 

j&i is the limit of a sequence of measurable sets. 


40-2 
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We have now 

m (i’) = f* m {El (a:<i>)} = I w {E 

j a - it 

The following theorem has now been estabhsliod: 

If E be a hounded measurable set of points in {p n- lyditnvnsiomd space, 
its section E {x) is measurable, as a p-dimensional set, for almost all values 
ofx. The function m {E (a:)}, of x, defined, for almost all values ofx. is linearly 
measurable and its L-integral with respect to x is equal to m {E). The co¬ 
ordinate X may be any one of the ^ + 1 coordinates which determine the 
points of E. 

Instead of taking x to be one of the coordiiialos ... it 

may be taken to be typical of a group {x^^\ of 1 .Ik*s(» coordinates, 

Avhere q has any value < j) -h 1 . The section E (.t) will llien dcuoti‘ that 
-r 1 — g')-dimensional sot which is the section of the s(*t E obtained 
by.giving 33 *“^, ... fixed values. This will then entail no essential 
modification in the above proof of the theorem: a.nfl accun-dingly wo 
obtain the following more general result: 

If E be a bounded measurable set of points in {p -h 'lydim.ensional yiace. 
its section E x^^\ ... where q<p 1-1, is measurable as a set tn 
(p 1 — qydimensional space, for almost all points (a;^^\ ... The 

function m {E x^^\ ...x^^^)}is measurable as a q-dimensionuL set. and 
its L-integral with respect to ... is equal to m {E) Instead of 

..>x^^^,wemaytakeanyqof thep !- 1 coo'idinaies .. 


428. Let/ x^'^\ ... x^^^) be bounded function, defined in the 
cell 6 ^-^ ... and measurable in that cell. We 

first assume that the fmiction is at all points 0 . 'J'iie integral of the 
function may be regarded as the measure of a (/> H- l)-diinensional set, 
defined in a (p -f 1 )-dimensional cell a^'^\ ... , b^^\ b^“\ ... 

where is any number less than the low^cr boundary of the function 

in the cell, and is any number greater than its upper boundary. 

We may suppose the function to be defined to have the value zero at any 
point of the {p + l)-dimensioiial cell, for which it was not originally defined. 


We now have, from the foregoing theorem, 

. 6 <P)) 

/ ... d (x^^\ ... 


r(6W.6(a),...W) 


r(6W.6(a),...W) C p 


for every value of q (< p). 


/ x^^\ ... 

... a^pJ) 

d ajte+a*, ... ®‘i»)l d 
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If we take ?/ = 1, we have 

r(//) fr(//-),//«), .&«/')) \ 

J(a) J U («(-), «fO, f,(p)) j \ 3 3 /j 

Ba' repeated use of this result, we express f f (x) dx as a repeated 

7 1 . 

ititetjralj taken, successively with respect to each coordinate; and it is clear 
tIuiT the order in which the integrations are taken is immaterial. 

[ii particular, we see that 

/ rt42)) d a;<2)) = J f ^(2)) ^^.(2)1 dx^i) 

.'ad) (JaCs) ^ J 




ad) (-'«(») 

f6(i) ( rU^i ) 

= I J I dx^^K 


Jad)lL 


J' 


If the function / ... is no longer restricted to be non-negative, 

it can be exjiressed as the difference of two measurable non-negative 
fund ions, and the general theorem may be applied to each of these 
functions. VVe have then the following result: 

U f be defined' in. the cell ayid he bounded 

and tneafiiirable, the two repeated integrals 

fdW r6d) 


'fo(i) .'//J) 

. «(!) lad) 


f 6 d) r 6 d) 
'a(^).'ad) 


r ( 6 <i), WO) 

both exist, and are equal to | f x^^^) d 


(ad), a( 0 ) 


.• 6 d) rW-) 

The form j I f [x^^K dx^^^ dx^^^ is employed to denote the re- 

j’ 6 d) r ) 

peatecl integral < f \ dx^^\ in which the integration 

- a(i' (. a(-) ) 

is taken, first with respect to x'^^^ and then with respect to 

r ?/-) 

It has been shewn that / x^^^) dx^-^ has a definite value for 

almost all values of 

More generally we have the theorem that: 

The L-integral of a function of p variables, defined in a cell {a, h), and 
bounded and measurable in that cell, is equivalent to the repeated integral 
obtained by integrating the function stcccessively with regard to the p-co- 
ordinates, taken in any order. 


429. In order to extend the results of § 428 to the case of an unbounded 
function, it will be sufficient to consider the case in which the function is 
non-negative, since any summable function can be treated as the difference 
of two such functions. 

In the two-dimensional case, let/ be a non-negative function, 

summable over the measurable set E. Let {A^} be a monotone sequence of 
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positive numbers nithont upper limit, aiul let- /„ (.»■<'>. .»■<->), 

when / (a:'», a:<-') ■ k„, and let /„ (.i;"), /•„. w lien / (.r<», »■'=:)) /.■„. 

We have then, from § 428, 

I fn (I a:<2i) - I I /„ (.r”>, 

'(A’)' ■' 

If ( (a:”>, *<“>) exists, it is detined as 

'(A’)' 

lim f /•„ (.-c*”, a;<®>) d 

11-00 '{A,')' 

which is equal to lim I I /„ 

J J 

Denoting J/„ by 5,* wo see tl\al l-s*„ is a monotone 

non-decreasing sequence, for each value of .7;**^; and on the assumption 
that f / d x^^^) exists, we concludo ihat Inn / 

I (/ 5 ) ji- ' 

exists, and has the same value as the integral. 

Appl 3 dng the theorem of § 399, we sec that {.v„ eon verges for 

almost all points x^^^, and also that 

J J (K) 

where -s = lim == lim j f„ d.v^-K 

rl'^zo H'^co ' 

Applying again the theorem of § 399, wo see that, for each value of 
for which lim f /„ x^^^) is finite, 

rt~oo J 

a:<*>) dx‘^> = lim j /„ (.b”>, .-b'®') 

Therefore j da:<“ |/ f/:B'=*> 

exists, and is equal to 

■' (K) 

The complete result may be stated as follows: 

^ f any function, hounded or nnbomidcd, t/uii integrahle 

{L) over the measurable and bounded set E, then the repeated integrals 

I da:<i> J f (»<“, a:<«) J dx^i) j" f (jc^), a:'^)) 

both exist, and Tmve the same value as the L-integral function over E. 

It is clear that this statement includes the case of a function of any 
number of variables, as and x^^^ may each be regarded as typical of 


where 


Therefore 
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a set of variables. The first proof of tliis result was given by Fubiiii*, 
v'ho clediicocl the theorem from a definition due to Lebesgue, of the 
superior and infei'ior integrals of a function, which are not identical with 
Darboux's upper and lower integrals, defined in § 331. The above proof 
of the theoremwas given by Robson, who also gave the following 
extension: 

/// he. measurable in the measurable ami bounded set E. and if 

I | dx<^> 

has a definite value, then 1 / d exists as an L-integral, 

J (/•:) 

and is consequently equal to the repeated integrals of f 

Let us consider the fiiiictioii J j f | dx^-^ and applj’ the last 

part of the theorem of § 399 Thus, if | s dx^^^ exists, it follows that 
lim 1 A'rt dx^^^ exists, and is equal lo s dx^^K 

tl'^ao J 

Also 

f (*'!>) = j dx(^> I | /„ a;'-*)) | = f | /„ | d (.c»>. ; 

J J J .(/O 

where s^ denotes j |/„ | dx^^K 

If we assume that J dx^^^ j lf(x^^\ | dx^“^ exists, we sec that 

' (A’) 

which is defined as 

lim / fn x^-^) d or as lim f s,, dx^^\ 

exists, and is equal to 1*5 or j j | / x^-^) | fZrr^-L 

It then follows that / x^~^) is summable in E, 

In the case in which / is bounded in E, the theorem is an 

immediate corollary from the preceding theorem. 

It may happen that the repeated integrals off (£c*^>, x^-^) exist, but that 

j dx^^^ [ I / x^^^) | dx^^^ does not exist. In that case the Z^-integral of 

/ (x^^\ £c<2 )) does not exist, and the two repeated integrals of / (x^^\ x^^>) 
may have unequal values. 

* Rend. del. Real. Accad. dei Ltncei (5), vol. xvi (1910), p. 008. 
t Proc. Land. Mcdh. Soc. (2), vol. vm (1909), p. 22. 
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It has been proved* by 8ierpinsld tliat the oxist<'iic*(i, for a function 
/ bounded in the square (0, 0; 1, 1), of the integrals 

da;<‘>, for 0 a;<=*> 1 , 




and fV for 0 1, 

J (I 

does not necessarily entail the oxistciico of tlie repc^ated inh^gral 
J 0 J 0 ‘ 

but his proof involves the assumption of the truth oi C.intor’s liypotliosis 
that 2^0 = The hypothesis is not recpiirecl in 1 he ease of an unboiuidod 


function. 


1. The rcpoatcfl inteajrals 

J U J» (•*' I" // ) 1 ti J 0 (‘^ // ) 


KXAMIM.KS 
/fi) /(n 


.t" u~ 

both exist- but have iiiicqiial valuer, the fimotioii . ' . . not «nniin.il»I(* in the 

square (0, 0; 1, 1). 

2. Let / (a:, ?/) == - \ , for 0 < /y < | j - ^ |; and h‘t / (.t, //) 0, for // | .r - 1 |, 

V* — jJ* ^ 

and for r/ == 0. The integrals / / (a?, y) dx, I J (x, /y) dy oxist as /i-Integra Is and therefore 

1 1 ” i i 

as Jj-integrals, also / dy I f{x,y)dx exists, but / dx I f{x,y)dy does not e-xist This 

J ti ' J 0 J t) J a' 

example vas given by Sierpifiski. 


A ^FUNDAMENTAL APPROXl-MATIOlSr THEOREM 

430. The following theorem affords the moans of relating the /.y-integral 
of a summable function with a sequence of integrals of continuous func¬ 
tions, in such a way that various properties of the //-intcgi'al may bo 
obtained by considering the special case in wliicih tlio integrand is a con- 
tinnous function; 

//t f (x) be summable in a given interval, or cell, {a, 6 ), a contmvaus 
function ^ (x) can be constructed which satisfies the condition that 

[ I / (a:) - ^ (a:) I of* 

. a 

is less than an arbitrarily prescribed positive number. Moreover, in case 
f {x) ^ 0 , in {a, 6 ), the function <f> (a;) can be so determined that ^ {x) 0 , in 

{a, b). 

The proof of this theorem may be exhibited as a process which has 
several stages. 

* Fundamenia Math. vol. i (1920), p 142. 

t See Hobson, Proc. Ltmd. Math. Soc. (2), vol. xii (1913), p. 156. 



4‘iy,-i3o] A Faiidaiuental Approximation Theorem 633 

(1) . Consider the case in which f (x) = 1, in the cell, or interval, (a, p) 
contained in {a, b), and is elsewhere zero. 

Let the continuous function <j> (re) be defined to be equal to 1 in the ceil 

and to bo equal to 1 — on the boundary of the cell 

^(1) 4- (96, -f- 06, 

for each value of 6 such that 0 5 0^1: and outside the cell for which 
0=1, let {x) = 0 We may disregard all points that are not in the 
fundamental cell (a, h). 

’'Phe function </> (rt-) has values between 0 and 1 in the set of points 
between the two cells (a, jS) and (a — 6, ^ -h 6); and it is continuoub in 
(ff, b). Since / (a;) — ^ {x) vanishes in the cell (a, jS), we see that 

[ 1 / (*) - <^ (a-’) I dx 

- a 

is it‘Sri than Ae, where -4 is a fixed number independent of e\ and this is 
cirliiti'cirily small. 

(2) Let /(.f) = 1, in each cell of a finite set A^, A,, .. A„, of non¬ 
overlapping cells contained in (a, 6), and let / (a*) = 0 at ail other points 
of (a, 6). Let (x) be the continuous function, defined as in (1), such 
that, itfr (.c) --- 1 in A,, and everywhere else = 0, 

I fr (a:) - 4>r (») 1 dx < L; 

also suppose i-^) defined for r = 1, 2, 3, ... 7i. Let 

cf) (x) = (x) -f (^) d- ... "T (x), 

we have then 

f jf(x) - <^ (x) I dx < i: [ I /, (j;) - (*) 1 <?■» < e. 

J er r 1 J a 

The function </► (x) is continuous, and satisfies the condition in the 
theorem for the particular function / (x). 

(3) . Let / (a;) = 1 in a measurable set of points e, contained in (a, b) ; 
and letf{x) = 0 in G (c). 

A set of non-overlapping cells Aj, Ag, ... A^^i, ..., of total measure 
exceeding m (e) by less than Je, can be so determined that they contain 
all the points of e either within them or on their boundaries. An integer n 

CO 

can be so chosen that S m (A,.) < ^6, and that 

r=n-\-l 

r ~n 

0 < S m (Ay) — m (e) < i6. 

r-l 

Let /„ (a;) be the function that has the value 1 in each of the cells 

Aj, A 2 , A^, 
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and elsevhere tlic vainc zero. In virtue of (2) <i eonliiuious I'uiietiou ^ (j;) 
can be so determined that 

f I /» («) - ^ (^‘) I -ic- 

J It 
I'/l 

We have also | / (a;) -- (.r) | f/.r < U -, 

J a 

r7j 

and therefore | / (.r) — (.r) | r/.r ^ e. 

■I (f 

The continuous function ^ (x) satisfies the condif ion of the llieorc'iu lor 
the particular function / (a;). 

( 4 ) . Let 63 , 60 , ... e„, be 7/1 measurable sets, no two of wliieli have a 
point in common, and all of which arc in the ccOl (a, />). Ix^t. nuinbers 
63 , Co, ... c „4 be prescribed, and letf(x) bo Uie function Unit, has the value 
c,, ill the set Cy, for the values 1, 2, 8, ... 'm, of r, and has tlu‘ value zero 
at points that do not belong to any of the sets 

Let (f>r (x) be the continuous function determined as in (:i), such that, 
if (x) = 1, in 6^, and is elsewhere zero, 

I I /, {x) - 4>r {X) I rfa: < I j- I I I i ... I I «,„■ I ’ 

and let these functions <!>, {x) be constructed for tlu' val ues r 1.2, U. ... ra. 
If <f> (*) = {x) + Ca <^4 {x) + ... H. (a;), wv have 

rh r m rb 

\f{x)-4>{x)\dx- S i c, 1 I (.r) <j>, (.r) | dx < c. 

J a t I ■' a 

Therefore ^ (x) is the continuous function ]•(»({iiired by tlu^ theorem, 
which corresponds to the function / (a-). 

(5) . Let/(as) be a bounded and KSiunmable fuiu-lion. In accordcUice 
with § 385, a function / (.r) can be determined which is siicli that 

lf(x)-f(x)l<r), 

and that/(as) has only a finite number of distinct, values, eacli t^f which 
it talres in a measurable set of points. Lot </> (x) b(^ the <;ont inuous fiiiiction, 
constructed as in (4), such that 

J a 

We now have 

f I / (a:) - ^ (») 1 rfa; s [ | /(*)-/(*) | dx -h f | / (:c) - ^ (») | dx 

J a J a J a 

< 7]m (a, b) + €; 

where m (a, b) is the measure of the fundamental cell {a, b). 

Since rj and € are arbitrarily small, a continuous function </> (x) such 
as the theorem requires can be determined, corresponding to any bounded 
function that is summable in (a, b). 
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(6). Lastly, lot / (a;) be unbomided, but summable m [a, b). A bounded 
summable function/^, (a) can be determined, as in § 386, such that 

I 1/(2^)-A-(a;) I 

a 

is arbitrarily small, say < then if (x) be a continuous function, 
obtained fis in (5), such that 

) I fa (*) - («) I dx < ^e, 

. a 

fb 

wo have lf(x)-^(x)j dx < e. 

J U 

'This completes the proof of the theorem, for the general case ot any 
sumniablo function / (a-) It is clear, by examining the successive stages 
of the process of construction of (x), that if f{x) ^ (), in {a, h). then 
<!> (x) 2 : 0, in (u, h). 

We observe that 

I f if (a-’) - <i> (a:)} dxi f jf(x)-<f> (x) I dx < e. 

If 6 have successively the values in a diminishing sequence {e, J that 
converges to zero, and if cf>, (x) be the continuous function that corresponds 
to the value €,, of e, we see that 

:h fb 

lim I {x) dx = / (x) (l\\ 

1*^00 ft Ja 

fb 

and also lim | / (^) — i^) | dx ~ 0. 

#•'^00 ' a 

The following deduction from the approximation theorem is ot im¬ 
portance in view of applications: 

IJ f [x) he summable in a given inteival. or cell, {a, h). a fiinctio/i i/j {x) 
which has a constant value within each interval, or cell, of some finite set 

rb 

into which (a, b) is divided, can be so determined' that I | / (a*) — 0 (.r) | dx 

J a 

is less than an arbitrarily ^prescribed positive number. 

On the boundaries of the cells of the finite set, / (a;) may have arbi¬ 
trarily assigned values, as these do not affect the value of the integral. 
Taking, in accordance with the above theorem, the continuou.s fline¬ 
rs 

tion tj> {x), such that \f[x)-^{^)\< h, we may divide (a, b) into a 

• ® 

finite set of intervals, or cells, such that, in each of them, the fluctuation 
Let 0 (a:) have, within each such interval, or cell, the value of [x) at 

fb 

its centre; then \<f>(x) —^{x)\dx< |e. 
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fb 

It now follows that | / (.c) -- ^ (■«) | </•« < e- aiul t!vus {x) satisfies 

J a 

the required condition. 

A sequence {/, (j;)) of functions of the (ype ^ (x) c.xists, such tliat 
lira [ I / (as) — (■»•) I 'fr - 

) ~CO . fj 

431. Various theorems of importance in the llu^c^ries of integration 
and of series can be deduced from the theorem of § t-SO. 

Let f(x) be snmniable in the open linear interval («, and let (a, b) 
be a closed interval contained in (a, jS). (\)nsi<ler 

[ !/(•»+ <)-/(■«) I 

. a 

where t is < ^ — h, so that the integrand is defined in (a, b). Led (/> (x) l)e 
the continuous function, determined as in llie theoi’enn of § 430, so that 

The integral of \f{x-T t) — f {x) | over (a, b) does not excx'od l!u* sum of 
the integrals of 

\f{x + i)-<f>{x + t)\, I (a: + «) - ^ (j;) I, and j <f> (.t) / (.»■) | 

over the same interval. The first and the third of tliese integrals an* each 
< and the second integral is also < -Je, provided t is less than a lixecl 
number S«, dependent on €. Therefore 

I \f{x + t)-f{x)\<lx<f. 

. a 

if ^ < 8*; and since e is arbitrary, it follows that the limit of the value of 
the integral, as ^ ^ 0, is zero. 

We have thus obtained the following theorem, whicdi has l)eeu estab¬ 
lished in a different manner* by Lebesgue: 

If f (a:) be summable in an open linear interval («, jS), and if (a, b) be a 
closed interval interior to (a, jS), then 

hm [ \f{x + t) -f(x) I dx ' 0. 

- a 

The corresponding theorem holds for a summable function defined in 
an open cell (a, jS) of any number of dimensions; thus, in the case of a 
function / of two dimensions, we have 

No essential change in the proof of the theorem for the linear case is 
required to make this extension. 

* See the Lemons sur les senes trigomyrndtriqueti, p. 15 
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432 . The following theorem, also due to Lebesgue*, may be deducsed 
from the theorem of § 430 : 

7// (a;) he summahle in a linear interval (a, 6), then, fat' ahnost all jtoints 
Xq, in {a. b). \ f {^) — (^\ for x ^ x^, the differential coefficient of its 
indefinite integrah whatever value the constant a rnay have. In particular 

f I / (a;) - / K) I 

*' J'a 

has a differential coefficient at x = Xq, equal to zero, for ahnost all values of Xq, 
in {a, b). 

'The integral j | / (x) — a \dx 

is between the two nianbers 

[ I ^ (x) - a I dx ± I ' \f{x)-<f> (.r) | dx, 

where- ^ (.c) is a contimioiis function winch we may take to be .«uch that 

[ I / (*) - 4> i^) I 

It follow's from this inequality that the set of points at which 

I / (x) - (a.) I - 

has its measure less than e. and therefore, if Ji'(, be any point of a certain 
set 77,, wdicrc* m (JI^) > h — a — e. the condition | / (j*„) — 6 (.Iq) • < e is 
satisfied. 


Since | <^ (a:) — « | is a continuous function, 

I r-co-i h 

iim I \ (f) {x) — a \ dx 

tiJ r„ 

exists, and is equal to | (.ro) — « |, for all points Xq interior to {a, b) 


For almost all values of Xq, 

lim T I ” \ f (x) - <f> {x) \ dx 

/t~0 ^ . a -0 

exists, and is equal to | f {x^) — <f) {ocq) |, since \f{x) — ^ (a:) | is a sumniable 
function (see § 405). 

_ 1 rxo-r-h 

We now see that lim ^ \f{^)’-<^\^ 


is between the numbers 




for almost all values of Xq, 
such that ^ 


whatever value a may have. 
= m (jBTe) > b — a — €, 


In a set K^, 


* Loc. cvt. p. 13. 
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_j* f'u ' ^ 

it folloAvs that lim . | I/(■**) - « | 

is between the iiunibcj*s | / (aio) - cc \ L :2e. 

Let e have the values in a sequence which coiiv^c^r^es lo zero, then tn (A\) 
converges to b — a. w'o see then that, tor ahu(\sl all valiu's oi* .r„, 

1 rto+* 

i; I / (“0 - « I 

7t- 0 J J-n 

exists, and is equal to | / (a;o) ~ a \ , 

wdiatever value a may have. The theorem has now ('siablished. 

433 Let fi (^’) be a function which is summable, and is 0, in a cell, 
or interval, {a, b); let us further assume that {J\ (.r)|“ is suiuniable in {a, h). 
A continuous function <^i (.r), at every point 0, ca-n be so determined that 

f 1 {fi - {<^1 i^^yr I 

. a 

is less than e/4. We have, for every value of .r, 

{fi {^) - 4>i (^O}" ■ I {fi i^)r- - ('A. I: 

and it follows that ( {/^ (cc) — <f>i (a;)}“ dv < e/4. 

d a 

Next, let / {x) be no longer restricted to be ■ 0, in (^7, />), Init let {/ 
be summable in that cell, or interval; /(.r) (jan then be e.xpressed as the 
difference/i (a;) of two functions, eacli of which is 0, in (a,h), 

and such that the square of each of them is summ«ible in {a, h). 

Let c />2 (a;) be a continuous function, corrcsiioriding to J\ (.r), suclilhat 

[ {/a (••«) - ^2 (*)}* < e/4; 

• a 

and let <f> (as) =-- {x) — (•-t'’)- 

We have now 

I" {/ (a:) - (*)}s da: < 2 I' {/, (a:) - (a;)}^ dx 

4-2 ['{/,(.»:) ■ 

- a 

and the expression on the right-hand side is < e. 

The following theorem has thus been establislicd: 

If {f (^)}® summable {whetJher it be bounded or unJmmded) in the 
interval^ or cdl, (a, 6), a continuous function ^ (tc) can he so detmnined that 

• a 

is less than a ‘prescribed positive number €. 

As in § 430, it can be shewn that the continuous function <f> {x) may be 



432.-i;3.i] A /^'nnf/ameiitccl A 2 ) 2 )y^^ Theorem 639 

replaced by a fiiiictioii ^ {x) wliich has a constant value in each interval, 
or cell, of a finite set into wliich (a. b) may be divided. 

hroni lliis theorem a result can be deduced which has been otherwise 
obtained, for the case of a linear interval, by A. C. Dixon*. 

// iJ (^0)“ siimmable^ in an open cdL or interval, {a. P). and {a, b) be 
a cell, or an interval, contained in (a, P), then 

Inn r'{/(« + a-)-/WPf/« = 0. 

I 0 J a 

In the caj^e of a cell of two dimemiom, oc represents a pair a:'-’) of 
munbers, and the limit is talceyi as converge independently of one 

another to zero. 

\Vc assume x to be such that i -f- a; is in (a. P). for all values of t in 
{a, b). if </> {t) be a continuous function such that 

1“ {/ (0 - <l> (<)}“ < e, 

J a 

:b rh 

we have {/ {t -1 x) - f (t)\^dt <3 {/(^ -r x) — cfi {t - x)}'dt 

. a . a 

4 3 l*{^ (« -f a:) - <l> {t)]^(U 

• V 

+ 3 |'(cM0 

J a 

'J''he first and third integrals on the right-hand side are each < e The 
funelion cf> (t) being uniformly continuous in a closed interval (a', I/) whicli 
contains (a, b), and is in [a, P), wc see that if \ x \ , or in the two-dimen¬ 
sional case, I | and | |, be sufficiently small, tlie second integral 

is < €. It follows that 

j {f {x + t) - f {t)}^ dt < Qe, 

if I I be sufficiently small. Since € is arbitrarj'’, the theorem has been 
established. 

From this result, the following theoreiiif may be deduced: 

If (/ (a-)}^ a 7 id {6 (a;)}- be sumynable in an open interval, or cell, (a, P), 
and {a, b) be contained in {a, P), 

if 

a 

is a continuous fuyiction of x, for all points x in {a, h). 

In the two-dimensional case, f {t -\r x) denotes f -h t^^^ 4- 
* Proc. Gmnb. Ph%l. Soc. vol. xv (1910), p. 210. 

t For the case of a linear interval, this theorem has been proved in a different manner by 
A. C. Dixon, loc. c%t., in the case in which the functions / are identicaL 
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Let F (x) denote r <f> (<) / x) <1t ; 

J a 

then, employing Schwarz's inequality, we have 

{F (X,) - F ^ 1- .r,) -/(/ I 

- a * a 

the second integral on the right-hand side is less than 

J H, 

if (cEj, ^i) is an interval or cell contained in («, /?), and x' dtMU)t(‘s x^ -- .r,. 
This integral converges to zero, with — x.r, hence | F (.rj) F (.t’o) | is 
arbitrarily small, for all sufficiently small valiu*s of | — x., |, and there¬ 

fore F {x) is a contiiiiions function. 

APPROXIMATE REPRESENTATIOX OE AN 7v-lNTIfi(.JK\!. AS A UlIOiMANN Sl'M 
434. Let / (x) be summable in the interval, or cell, {a, h), and lei J\ {x) 
denote the function that has the same values as/ (r) .it all points at wliiv.h 
I / (a:) I < iV^, and which has the value N, or — iV, at all oi.hei* poiuls of 
(a, b). Let the measure of the set JtJ, of points at which \J‘{x) | N, 
have the value c. By the theorem of § 430, a continuous function 6 (.r) 

can be so determined tliati ( [fj^r (.^;) — </> (.r) | dx < e-. hi a certain set 

ft 

of points L, such that m {L) < €, we may have |,/^ (*<0 “ (•*') I n\ 

the complementary set G {L) we have |/^v (•<■) ~ 0 I - function 

<f> {x) may be taken to bo such that \ ^ {x) \ N; lor it it h.ive values 
numerically > N, these may be replaced by N ov -- N. witliout/ affecting 
the conditions that </> (a;) is to satisfy. 

A net can be fitted on to the interval, or c’.ell, (a, h). such that 

r ui 

r 1 
rb 

differs from (a?) dx by less than e; where Sj^, c%,... denote the ?» 

J a 

meshes of the net, and the points {f J arc clioseii in any uiaiiuer so that 
is a point of 8;.. If there are meshes of the not- such that all ilieir points 
belong either to L or to E, the total measure of siieli mesiies cannot 
exceed 2€. 

In aU the other meshes there are points that belong iieitlior to L nor 
to E. In these latter, the points can bo so chosen that they do not 
belong to L, or to E. In a mesh 8^, all the points of whicli belong to L 
or to E, we can choose so that | / | differs from the lower boundary 

of I / (a;) I in 8y, by less than c. Let this be done for all such meshes; then, 
denoting the set of all such meshes by A, where m (A) 2€, wo see that 

I S/ m (8^) I < em (A) H- I \f{x)\ dx. 

J(A) 
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The Slim on the left-hand side is here taken for all the meshes of the 
set A \^e have also | (SJ ( < 2?7e; where U is the upper 

boundary of | <jS (a;) | in (a, b). 

In the other meshes of the net we have 

where I is the measure of the interval, or cell, (a, 6 ). 

Also y (a;) dx differs from ^ (x) clx by less than e- + If (x) I dx: 

• (^) 

J o r ui 

f (.«•) <lx differs from S <f> »n ( 8 ,) bj^- less than 
a /•- 1 

^+LI 

/ nt r III 

Now N {$,) m (8,) differs from S / (^,) m (8,) bv less than 

i- -1 /I 

h 2€“ r 2L € -f- f I / (a?) I dx 
J (A) 

As X -- a.', vv'e have e -- 0, and then f I / (x) I dx and I I / (a*) I dx 

J (A) J (K) 

converge to zero. Also 2U€ { 'ZNe) converges to zero (see § 388). 

rh 

We now see that | / (a*) dx differs from the Riejnann sum 

a 

f I 

by an amount which can be made arbitrarily small by choosing X suffi¬ 
ciently largo. 

We have thus proved the following theorem, of which Lebesgue* has 
given another proof: 

If f {x) he any function that is summable in the interval, or cdl, [a, b), 
a net can be fitted on to (a, b) such that ( / {x) dx differs arbitrarily little 

. a 

r«?w 

frmn the Riemann sum S / (8;.), provided the points he chosen 

r -1 

properly in the 'tneshes of the net. 

The chief interest of this theorem arises from the fact that, if we have 
a finite set of functions {^)j (^)j summable in the 

interval, or cell, {a, b), it is possible to determine a net, and a defimte set 
of points ^ 1 , in the meshes Si, 82 , ... respectively, so that, 

for each of the s functions, the difference of the integral and the corre¬ 
sponding Riemann sum is less than an arbitrarily chosen number, the 
points f being the same for all the s functions. 

* See Annales de Toulouse (3), vol i (1909), p. 33. 

H I 
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To shew that this is the case, only a slight inodilicatioii in the fore¬ 
going proof is required. VVe have to deal with h sets /6\, hi,, ... A’,, corre¬ 
sponding to a fixed value of ; the mini her e can be taken to be the greatest 
of the numbers m (A\), m ... m (A\). The ineslies of tlie net wliich 
are such that every point of one of tJieni belongs to one at least of the 
2s sets m (jBi), m ... m (A\),/w (i/j), m ...///■ (/>J have a total 
measure - 2s€, and these meshes must be (‘onsidered s(q)a.ra.t(^Iy from the 
others, as in the case 5=1; they form a set A, siudi that /// (A) 2.se In 

one of these meshes 8^, we take so that | | dilfin's from the 

1 

lower boundary of E {x) | in 8,, by less tha.n e; \v(‘ then have, tor 

ji 1 

the set of meshes A, 

I (f) m (8,) 1 < (A) Y [ | /'"> (x) | d.v 

for each of the values^ = 1, 2, ... 5, of p. '^rhe pivceding proof may then 
be appHed to each of the fmictions (.r), {a), without essential 

change. 

We have now obtained the followdiig theorem* 

(^’) befmictio}ist/iatarefWw.wahloiii the interval, 
or cell, {a, b), then a net can befitted on to {a, b), and a set of points ,... 

can be determined in the m meshes of the net, so that, fo) each of the s functions, 

rb r in 

f (x) dx differs from E f{^i)m{^f) hij less than an (uhitrarih/ chosen 
r-l 

number. 


435. By means of this theorem, various algebraical inc(|uahties can 
be extended so as to obtain corresponding inequalities wliicli involve 
iy-integrals. The simplest case wo shall consider is that of t-he w'^ell-known 
inequality 

(Oifti + + ... + a„6„.)» \ ... a„r) (V l b^- |-... l- b,„^). 

If we write 

Oi =/‘“ (li) {m (8,)}^, a, =/<» {Q {m (8,)}^.... a,„ - /<•> (U {m (8 ; 

6i =/‘^’ (^i) {m (8i)}^, 6, =/<^> (^,) {m (8,)}i,... - -/(« (f,J {■>». (8,„)}^, 

we have 


(r’=m 2 r m 

tr = l J J--1 r ‘L 

Emplo 3 dng the theorem, we have at once the Kchwarzian inequality 
(see § 396), 

{£/'“ (*)/‘*> (*) s £ {/‘“ (»)}* f'' {/<=»> (x)}» da;; 

since the expressions on the two sides are given to any required degree 
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of approximation by the corresponding expressions in the preceding 
inequality, provided ^i, fas ••• are so chosen that the theorem of § 4-34 
is applicable to the three functions {x)}\ (a’))-,(a’)(a?)- 

4he following more general theorems* may be obtained in a similar 
manner: 


{x)P^^ {X) dx 


J ^ {/<“ (»)}* £fa:J y ^ {/!2) (A-)}-/ rfe , 


\vliere p and q arc any positive numbers such that 1/p + 1/g = 1; and 


■|rir> i^)+n {;^)Vdx\'“ : 

(. fl J 




1> 


(x)l>dx 


■ I> 

’ 3 


where > 1. 

These are derived from the known inequalities 


^ m I fr m ni.'jj rr---?/i n 1 o 

L a^br j X I a, 1^ S I 6;. I® , 
i' 1 I L»’“i J 


1 * ^ . 


-fU 1 F/ - ut 



S 1 a, |» + S 1 6,1^ 

_'-i J L^--i 


where p and q are positive numbers such that 1/p -f 1/^ = 1. 

In the case of the first inequahty we take (fr) and 

br =/<^> iir) {m (8,)}''". 

This method has been apphedy by Lebesgue to obtain a proof of the 
second mean value theorem (§ 423). 


435^. The above theorems hold good when the integrations arc taken 
over any bounded measurable set E instead of over the interval, or cell, 
{a, h). For we may suppose the functions {x),p-^ (x) to have the value 
zero at all points of the complement of E relatively to an interval, or cell, 
w'hich contains E. In case E is unbounded, but of finite measure, it is 
the outer limiting set of a sequence of bounded measurable sets {E^}, 
each of which contains the next. The theorems may be applied to integrals 
taken over jE 7„, and then the hmits of the integrals, as ~ oo, may be 
taken; from § 392 it then follows that the theorems hold good when the 
integration is taken over E. In case E is measurable, but of infinite 
measure, employing the definition of an integral over sucli a set E, given 
in § 437, we can take E to be the outer limiting set of a sequence {E^^ 
of bounded measurable sets, of which E is the outer limiting set. It then 
follows, applying the theorems above to integration over the sets E,,, 
and taking the limit, as oo, that, when the integrals on the right- 
hand side of the inequalities exist, the theorems still hold good. It has 

* See S’. Biesz, Moith. AnneUen, vol. LXix (1910), p. 456. 

t Annalea de Toulouse (3), voL i (1909), p. 36. 
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thus been proved that, if E be a lucasurable set. boumled or iinboimded, 
such that the integrals on the right-hand side exist, 


f /u> (.^)/<« {X) ^4“ ^ I {/“’ f/a; I {/<=“' (..-))== ...(I). 

}m } -(/'-) .'(it') 

f /(i> (a:) p» (X) d.-*: j :4 f I /'" P' ' 'Tf I (■••) I" 

(E) I L (^•-) J ‘ U’‘) J 


l/v 

(^)- 


where p and q are any positive minibers sudi that I/p | ^Iq - \ ; 

11 //> 




+ 




(.*) I r/.i* 




■(3), 


where p > 1. 

The foEovdng relations*, which are of iinporlance in viev of a])pli(ci- 
tions, hold also whether m (E) be finite or not: 

f I /'“ (a:) + (*) fte r aJ f I /"> (.«:) |* d.r 1 [ | (.,•) |* d.rf 

J(E) UiE) J in ) 

.(4), 

where k > 0, and \ has tlio value 2*-^ or I, according as k > I, or 0 < /■ 1: 

f ^ |/<i>(a:) !*(&- f !/<==> (a;) |* 

(iS) • (A) 

|*rfxp 


J/m I /'■’(*) I* + I /,„ I <•') l‘ J 


'I (A I)//. 


(5), 


where /c > 1. 


The inequality (4) follows from the known tJa'orcnis that, 

(a H- bf ^ 2'-^ (fi/^ -h 

when /c> 1, and that (a + &)^‘* < aJ'- -j- 6*, when 0 k ' I; where a and b 
are positive numbers, by lotting a (a;) |, h =-- (rr) |, and ob¬ 
serving that 1/tiJ {x) +/<2) (x) I |/<i) {x) | -h | {x) \. 

In order to prove (5), we observe that, if a and b ^iro positive numbers 
such that a > b, we have 

11 ? = * ® ~ 

where ^ is a number within the interval (0, 1), (sec § 202). Hence 

(a* - b^)/(a - b) 

is less than or kb^-\ according as fc $ 1; and it is in either case less 

than k -f 6^“^), provided a and b are unequal, whichever be the 
* See Hobson, Journal of LonJ. Malli. Hoc. vol. i (1920), j> 219. 
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greater of the two, for h > 0. We have accordingly, writing a=\A\, 
6 == I i? I, and observing that | ^ - 5 | s j a - 6 |, the inequality 

[i-1 j. I B [i-i}. 

From this snequahty it follows that 

■ i- f I (a:) - (a-) [ [| /m (a) (a) dx. 

J (r.) 

Also, if /l' > 1, employing (2), the expression on the right-hand side 
does not exceed 




-[L 


|/<2, 


I'A'- 


\\herc l//i' -j- Ijh' -- 1. From this, the ineq[uality (5) follows iniinedidtely. 


436. Another method has been indicated* by F, Riesz of expressing 
the L-intcgrals of functions approximately by finite sums, in such a manner 
that the above extensions of known inequalities to the case of integrals 
can 1)0 carried out. 


It will be siijficiont to consider the case of the summable functions 
(.r), (.r), as the extension to the case of any finite number of such 

functions will then he obvious 

Jt has boon seen, in §§ 385-388, that the inrcgrals | (x) rLr, 

* ft 

I (;r) (Lv differ respectively from two finite sums 

•' a 

a^m (ex) -1- a.2?n (Cg) + ... -r cij,m 

ai9n (e/) + a^m (e>') + ... 4- (e/). 

by less than an arbitrarily chosen positive number, provided the increasing 
set of numbers ax, 0 . 2 , ... a^, is properly chosen, and e,, e/ are the sets of 
points for which - (a?) < ar-hij (^’) < respectively. 

If we denote by the set 1) (e,., c/), we have 

fiy = S Eri,, e/ = S Ersl 

s«l r=l 

all the sets E„ can be arranged in order as a single sequence {F^j, and the 
two finite sums then take the forms 

Ajm (Fj) + Ajvn, (F,) + ... -f- Ayvn (Fi.), 

B^m (Fi) -I- (F^) + ... -f- F;.m (FO, 

where F, is the set F„, and A^ = ar, B^ = a^. In the set Fj, we have 

^r+1 j ®s+l- 


♦ Loc. cif. 
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It is clear that (F^) -\-{F,) \ ... ! J-/>*,./// {Fj) is an ap- 

proxiination to [ {^') 

J a 

LGBESCa’K TXTI30RAI-.S OVER Al^ INETMTM Ii’IEJ.I) 

437. The definition, in §§ 385-388, ol* the of a sinnmabk* 

function/ {x) over a measurable sot E. is applicabk' v hcni E is imboiuulecl, 
provided it have a finilo measure, in accordaiu-e with the tu'tinilion, given 
in § 134. of the measure of such a set. \Vc pi-oc.eed to fonsidin- liio ease 

in wdiich E is a sot such that the portion of it in eaeli tiniti' eidl, or inlin*vai. 

is measurable, but in Avhi(ili E has not a luiile nK'u.snrc'. 'Plie si't E 's then 
said to be measurable, but of infinite nieasure. i^et / (-0 be a function, 
defined over the set E, and everywdicre 0; and Iid. it bc^ assinned that 
/ (a;) is suramable in every finite coll, or interval, A. 

If I f{x) dx converges to a definite number, as the dislances f'-om the 

• (A) 

origin of all the boundaries of A increaso iudehiutely, in any manner, tluit 

number is said to define the iy-integral / (.i;) d.r, of f (.r), oviu* the un- 

J (h') 

bounded set E. 

If the set i? be in ^ dimensions, f{.v)(fx is llu' measure of the 

'(A)' 

{P + l)-dimensional set of points ... ?/), \vhiM*i^ 

aO) - 

for r = 1, 2, 3, ... p, and 0 ' y ••• *'b('. cell A being 

... ... At points x, not in /(/, w'(' t-ake/ (.r) --- 0 

It is clear that, when a sequence of ceils (A,,} is ta.ken, ea.e.Ii one of 
which is contained in the next, and such that, as wc^ progre^ss in the 
sequence, all the numbers ... b^^*^ become indefinitely great, and 

are positive, whereas the numbers... become iiulefiiiitely 

great, and are negative, the values of / {x) form a monotone sequence. 

•f i^fi) 

Assuming that this sequence has a finite upper limit, t.ha.t limit, f{x) (h\ 
is the measure of the {p -h 1)-dimensional unbounded set for W'hieh 
- 00 < < 00, (r = I, 2, 3, ... ^), 0'y-f(x)i 

it being assumed that / (a:) = 0 at all points tliat arc not in E. 

It can be shewn that the limit | / (a?) dx, when it exists, has its value 

independent of the particular sequence {A„} of cells, each of which is con¬ 
tained in the next. For we may consider two such sequences {Ajt ^}, 
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of cells. For a value of n tliere is a value of ii' such that is contained 
ill and thus 

Since It' Jimsl ijit rcaso indefinitely nith n, we hare 

1,(1)/ lira ) / (a;) dx. 

»Sincc and Aj,“^ may clearly be interchanged in this relation, we see that 
liin f 

H~ao '( 


.j,f(x)r/.i:=rlim I ^ f (x) cLv. 


If denotes the set of points of B which is contained in A„, {-^n} 
a sequence of bounded measurable sets, each of which is contained in 

the next, and of which E is tjie outer limiting set. Thus I f (x) dx is 

the limit of the sequence of integrals of /(re) taken over the bounded and 
measurable sets of which E is the outer limiting set. 

If / (a?) is not 0, at all points of E, it may be expressed as the differ¬ 
ence /+ (.r) -- /“ (x) of two functions /«- (a;), f- (a;), each of which is 0: 
where/ - (x) = 0, at any point x at 'which/(a;) is positive. 

In case the two integrals /+ (a*) dx, f- (x) dx both exist, in ac- 

J tK\ } tj':\ 

/ (.t) dx is defined 

to be the value of I /'■'■ (^■) dx — [ /“ (x) dx, and / (.i’) is said to have 
J (/i)' ( 7 -;) 

an absolutely convergent -L-iiitegral over the unbounded set E. The 
existence of the absolutely convergent integral entails the existence of 


.'(A’}" .'( 7 .’; 

cordanco Muth the above definition, the Z-iritegral 


(/-) 


the integral | / (x) | dx. We have then, as before, 

I / (a;) dx = lim I / (x) dx. 

J {E) U'-oo (E„) 

It may however happen that, although /+ (ic) dx, /“ (x) dx 

(Art) J (Art) 

become indefinitely great as the cell, or interval, A„ becomes indefinitely 
great, I {/+ (x) —/~ (x)} dx converges to a finite limit, independent of 

.1 (Art) 

the particular sequence {A„}. In that case, the limit is said to define the 
non-absolutely convergent i-iiitegral of / (x) over the unbounded set E. 

When ( / (x) dx exists as a non-absolutely convergent integral, 

J (/£?) 

does not exist, because j {/+ (*) + /" (*)} dx does not copiverge. 

J(B) 
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438. la the case of integration over a linear interval / (.r) d.v is the 

. tt 

limit, as 6 ^ 00 , of I f {x) ilx\ it being assumed that/(.♦:) is suininalde in 

•I a 

r=o 

{a, b), for ail values of b (> a). If | | / (x) \ <l.v e.Kisi,s, the inic^gral 

. a 

is said to be an absolutely convergent /v-integrtil over the unbounded 

i - jC. .• A 

I f{x) I dx is not finite, | /(.r) dx is said lo be a uoii- 

a ■ a 

absolutely convergent /^-integral over the unboimded inl-erval {a, ro). 
r» rk) 

If both f{x)dx and j f(x)dx exist, lli(‘ir siini defines ilie value 

Jo J GO 

I 'CC 

f (x) dx, which is absolutely or non-absolulcly couvei-geiit over 

. -oo 

(— CO, go), according as f | / (a:) | dx is finite or not. 


The following theorem provides a criterion for the (‘xistcMico of an 
L-integral over an unbounded interval W'hich is fnHjuently ol usc^* 

f (^) f (^) ^ summable m ecert/ itUarral (u ,and if 

f{x)dx exists, and <l>{x) be monotone and- bounded in (X. r/j)^ for mnie 

. a 

value of X (> a), then / (sc) ^ (sc) dx exists. 

J a 

A value of x, can be so determined that 

positive values of h, where € is an assigned positive tuiiuber; and this 
value of I can be chosen to be ^ X. Wo have then, by the second mean 
value theorem, 

I / (sc) 0 (x) dx = ^(i) j f {x) dx -I- ^ (^ -i- h) I / (x) dx, 


I fi 


f (^) 


€, for all 


' i : fl/i 


< 2k€ ; 


w’here 6 has some value in the interval (0, 1). Lf | <f> (x) | < /c, for every 
value of X in the interval (X, oo), we have 

I f / (*) 4> (®) ^ 

\ J f 

rco 

and since e is arbitrary, the integral / (sc) (x) dx exists. 

J a 

A similar criterion for the existence of an absolutely convergent integral 
is the following: 

f {^) f (^c) 0 (sc) be both summable in every interval {a, x), and if 


* See Riemanu s Werke, 1st ed, p. 229; also Prmgsheim, McUh. Annalcn, vol. xxxvii (1890), p. 591. 
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I ./ (■*) exists as an absolnidy convergent L-integral, and j ( 2 ;) j be 
boiouled in (X, cc), fen' some value of X (s a), then the integral 

{^) i> {^) dx 

e^vists, an an absolutely convergent L-%ntegj'aL 

l^or, since | J (a:*) dx is absolutely convergent, a number ^ X) can 


rt'-i A 


.'p 


be so (letcnninecl that 
where e is any assigned positive number. 
We iiave then 


I / (a;) I dx < €, for all positive values of h ; 




fi;- h . 




/ (•^) 0 {^) I I / <l>(x)\dx< K \ ' I / (a;) I dx < k€, 

I ■ f * fe- 

where k is the upper boundary of | ^ (x) \ in (^, oo). Since e is arbitrary, 

rac 

the condition for the existence of | / (a*) (/> (.t*) | dx is satisfied. 

'a 

439. An ini})ortant class of integrals over an unbounded interval, of 
w liich tlie c*.onv(u*genc*e is not iiccessarih" absolute, is that of the integi-ctis 

f </> (x) sin xdx, f cf> {x) cos xdx, 

wJiere </> (rt) is monoloiie, from and after some fixed value of .r, and con¬ 
verges to zero, as x is indofiiiitelv increased 


We liave ^ (a*) sin xdx ^ </> (Xj) | sinxdx — (/> (a’>) j siiix’fZu;, where 

'I -fi s 

is so large that </» (u;) is luoiiotoue for x * rt’i, and f is some number in the 
interval (;ri, a’o). 

Prom this 'wc have 

i’- ^ 

j </) (.r) sin xdx \ =: 2 | ^ {x-^ | -}- 2 | </> {x^ \. 

j\ I 

Since I (a:) I converges to zero, x-^ may be so chosen that | (a;i) | and 

I <l> (.Ta) I are both arbitrarily small; hence the condition is satisfied for the 

existence of f c6 (cc) sin xdx, as an iy-mtegral which is not necessarily abso- 
' 0 ^ 

lutely convergent. The case of the second integral may be treated in the 
same manner. 


CHANGE OK THE INDEPENDENT VAEIABLE IN A LEBBSGITE INTEGBAD 
440. The transformation to a new” variable, of the integral / (a;) dx, 

J a 

of a function f {x) that is summable in the linear interval (a, 6) will now 
be considered. The following theorem* will be established: 

* See Lebesgue, Annates de Toulouse (3), vol. i (1909), p. 44. 



(}r)0 The Lehemve Tntiiiru! |<iu. vu 

If f {x) be sumniable in the linear interral (a, b), and ifi/j (^') be a- inonofone 

function of ^ which is an indefitnie inteyial a j x (^) ^^dierc the inter rat 

■ » 

(«, jS). of i, is made to correspond to the interral {a. b), of a\ bt/ meaths of the 
relation x = ^ {i}, then j f (.r) dx ~ f F (^) x (^) d$, where F (^-) denote,s tf.c 
function f{^ H)]. 

^Yo assume, without loss of gcueralily, t hai c/) (^) is iion-diiMiu- 
ishing in (a, jS). It has been shewn, in § 407, lluifc ihe necessary ami. 
sufficient condition that the monotone function (/> (f) sluaild he an in¬ 
definite integral is that, to any set of ])oints of ineasurt' z(m-o on Mie 
f-segment, there should correspond a set of points of nuMsure zt‘r(j on tlie 
a;-segment. 

The above theorem is equivalent* to the statement thal, wiien the 
condition here referred to is satisfied, then tlie equality 

\' fix) dx^ I" 

. a n 

holds for every summable function / (.u). 

Let denote a set of non-overlapping interva.ls in (u, b), and A, < > 
the corresponding set of intervals in (a, j8); wo liave Humi 

m (A„‘»>) = I X (^) 'fi 

If be the inner limiting set of a sequence of st^ts of intei'vals, each 
of which sets contains the next, there coiTes])onds io a. sel- E^'K t*n- 
inner limiting set of the corresponding soquenc.ii of intervals in the 
f-segnient. We have then 

?n == lim m (A,,<“>) == lim f x (t) f X (^) 

?l'-oo il'^OO*' (A„ (• )) 

If m {E^^^) = 0, it follows that x (i) ‘d- all points of E^'K with the 

possible exception of those wliich belong to a e.oni])on(mt of inea-siu’c zero. 

The set of points on the ^-segment that oorros|)()nds to a sid of jioints 
of measure zero on the a:-segment Inis not necossarilx' ( niea.siiro zero, 
and is conceivably not a measurable set; but in any e.ase that conqioiicut 
of the set at which x (i) is not zero is of measure zero. 

A set of points on the a;-segment which is nieasnra.])I(‘ (E) (i()ri*(\s])onds 
to a set on the ^-segment that is also moasurabUs (E). Any nuNisiirable 
set on the as-segment, contains a set which is measiirablo (B). 

and such that E^^^ — E^^^^ has measure zero. If E^^^, coiTcsjioiid to 
on the f-segment, E^^'^ contains the measurable set and 
at all points of the set E^^'^ — with the exception of a component of 
measure zero, the condition ;^ (^) = 0 is satisfied. Thus is the sum of 
a measurable set, and of a set of points in which x (i) ” 

* See Hahn, Moniatshefte fur Math u. PJiyatk, vol. xxm (1912), p. 11)7. 
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If is tho set of points at which f(x)> A, is the set of points 
at which F {^) > A. If F^ (^) is a function defined only at those points 
of tho interval (a, in which x (i) ¥= 6, and is equal to F (^) at the points 
for which it is defined, tlie set of points at which F^ (^) > A ifi measurable. 
It folloAvs that F], X (f) is a measurable function, defined over that ^et 
of points at wdiich x (^) 6; and thus F (f) x (i) is mea'^urable over (a. ;S) 

Let us first consider tho case in which / (a;) is continuous in (a. h ): then 
F (f) is continuous in (a, Let a net (a. Xi, x^, ... a;,!-!, b) be fitted on 
to {a, b); and let (a, ... P) he corresponding points of {a. ,S). 

If Uf, Lr arc the upper and lower boundaries of f (^') in lx,., x,). or of 
F (i) in i,), we have 

Ur r X (^) rff » r F (^) X (i) ^ Lr r X (i) di. 

• ^ 1 - ^-1 J j 

Therefore 


(X, X,.. i) ^ f (f) X (0 ^ ^ Ir (^V “ ^r-l)’ 

I ^ . -I 


If the net be one of a system of nets fitted on to (a. 6), the two .sums 
converge to / (x) dx, when the nets of the sj^stem are taken successively'. 

J a 

It then follo'ws that 


l'l’(i)x(0di= f'/Md.v. 

a . a 


Since b and j8 may be replaced by x and the theorem has been estab¬ 
lished for the case of a continuous function / (x) 


Next, let / (x) he any sumniable fimction. bounded in (a, b). A con- 

•?> ^ 

tinuous function/, (a*) can be so determined that | / (.t) —/« (x) j (he c e-. 

a 

and so that the upper boundary of | /« (a:) | does not exceed that of | / [x) [ 
(see § 430). Denoting by F^ (^) the function that is equivalent to t\ (.f), 
we have 


f {F (i) - F. m X (I) ^ f X ii) di + iU \ X (I) d$-. 

where U is the upper boundary of \f{x) | in (a, 6). and is that set of 
points at which x (f) 6, and which is a component of the set that 

corresponds to the set H on the a;-segment, in which | / (x) — /«(a;) | > e. 
The measure of H cannot exceed €; and if we assign to € successively the 
values in a diminishing sequence that converges to zero, the set 
which corresponds to a value in the sequence contains the set 
The inner limiting set of the sequence {i?*®*’*} has the measure zero, and 
therefore the inner limiting set of the corresponding sequence has 

the measure zero, as it contains no points at which x (i) = 6- 
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It follows that m ~ 0 , as e ~ 0 ; aiul thus wu iuivo 

f F (f) X (f) = Inn f ii) X (f) li'u (.r) <h-. 

Ja t~0 J a Jit 

It has now been shewn tliat 

£i’(^)x(^)<7| ==£/(■«■) <lr, 

where/(if) is any boimclocl sumniable 

Lastly, let/ (a;) be unbounded and suiuinabie; since il can b(‘ cx})ressed 
as the difference of two noii-negativo sinninalilo i’uiudions, it will be 
sufficient to consider the case in which/ (a;) 0 , in (a, h). ht‘t fx (a*) - / (.r), 

at } 30 ints where/(.f) N, and le 5 t/\ (a;) jV, al points wlu'r(‘ /(.r) >N; 
the positive number N being arbitrary. We have tluMi 

["ly(.v)(/x- r Fa-( i) X (i) 

where (i) is equivalent to fx (.v) Since I lie inlt^gral on tlu* left-hand 
side is non-dimimshing as JV is increcxsed, and since it has the iinite limit 
rO 

f (a;) dx, as N co, il follows from the theorem of § that 
J a’ 

J a J a 

We may replace b by any point x, in the interval (a, />), and fi by the 
point in (ft, P) that corresponds to x. 

If F be any measurable set in (a, 6 ), and Fi be the measurable com¬ 
ponent of that set in (a, P) which corresponds to Id, and in which x (^) ^ 
we may replace / (a;) by a function which has tlu^ same value a.s / (.t) in E, 
and is zero in C (E) ; we have then 

f f{x)dx^l F{i)x{i)di. 

J m J (itf.) 

In accordance with the theorem of §405, since :v -a x (^) 

•I u 

dx 

^ = X (^)s for almost all values of ^ in (a, P). IJeiicc Ihc above fheorein 
may be written in the form 

dx 

it being assumed that is integrable (X), in {a, j 8 ). 

The more general case of substitution in which the function <j 6 (f) is 
not necessarily monotone but is absolutely continuous, and is consequently 
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an indefinite integral, has been treated* by de la Vallee Poussin. He has 
shewn that the equality 

« J a. 

■where a — ^ («), b — <j> {fi), F (^) =f (f)}, is valid provided either (1), 

F {<f> (^^)} IS absolutely continuous, where F (x) denotes | / (a-) dx; or (2), if 

F (f) <!>' {^) sumniablc. The case has been considered by Piclitcnholz 
in Avhich <f> {^) is not necessarily absolutely continuous, but is continuous 
and monotone He has shewnl that the formula is still valid when the 
function F {f/» (f)} is absolutely continuous. 


441. The extension of the theorem of §373 to the case in which the 
function / {x, y) is any summable function aviU here be considered. 

It will bo assumed, as iji § 372, that a ( 1 , 1 ) correspondence between 
the points of a perfect connex domain //, in the plane of (x. y), and the 
corresponding domain II, hi the plane of (^, 77 ). is defined hy x = (f. rj), 
y -- f 2 (fj v)} ^vherc tlie partial differential coefficients of/i and fo are con¬ 
tinuous in II, and the Jacobian = J does not vanish in II. It 

0 a, v) 

was shewn, in § 372, that, to a closed set //, in II, of content zero, there 
corresponds a closed set /i, in II, of content zero. 

If 8 denote a closed cell in H, and 8 the corresponding closed donicun 
in II, by taking/(.r, y) --- 1 , in H, ive have, in accordance with the result 
obtained in § 373, 


(S) = f / y) d (a;, 2 /) = I F U, v) \ d \ d v) = (^)> 

•'(fi) -'(7) 

where k is some number between the upper and low er limits of [ J [ in 8. 

If O be any connex perfect domain of 'which the frontier has its plane 
content zero, G being contained in H, and if O, in the plane of (^, 77 ), 
correspond to G, we see that, | J | being continuous and never vanishing, 
it has a lower limit 1/A, in G, where A> 0; therefore m (8) < Am (8), for 
every cell 8, contained in 0. 

If A be a set of non-overlapping cells, contahaed ii^G, and A be the 
set of domains in G that corresponds to A, we have m (A) < Am (A). 

Let E be any measurable set of points in Q, then E is contained in a 
set jEj, of measure m (E), which is the inner Jimiting set of a sequence 
{A<»>}, of sets of non-overlapping cells. Let {A‘">} be the corresponding 


* Gouts SAnalys einfimUsimaU, vol i (1914), pp. 280-284, also Trans. Amer. Math. *Voc. 
vol, XVI (1915), p. 466. For a critical remark on the proof m this memoir, see Fichtenholz, 
BuUeiin de VAcad. rmj de Belgique (1922), p. 441. 
t Log. cit. p. 443. 
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sequence of jion-ovcrl.ipping dojiifuns in (}. 'riio s<'f. /i/, -- E — t\ wliich 
ha? measure zero, is ooutamed in a 8(^1. b\, also of nu-asim- zcm-o wliich is 
the inner limiting set of a sequence of sets vjf cells. Let. h\ be the 

set. m G, ■n-hich con-eaponds to F^‘, then 

m (Fj) - lun in A Imi m (A'<">): 

iJ —30 « - / 

hence m (Fj) =■ 0. The set JS is contained in I^Jj, and contains 7(7, — 
and hence the set 7ji7, correspondin^lo 7 j7, is contained in /(/’,, and contains 
— F^ ymee VI (Fj) = 0, and 7(7j^ is nieasnr.ihle it follows that E is 
measurable, and _ 

in (E) - VI (JiJj) Xni {E^) Xvh (E). 

It has thus been shewn that the set E, in f/, that c-orn\s|)onds to a 
measurable set E, in G, is measurable, and that its nu^asurc does not 
exceed Xin (E). 

If/ {x, y) be a measurable function, detined ovin* the set f/, the function 
F (^, 7^) which has the same value at a point (f, t;), of f/, as / (.c, y) has at 
the point (x, y) that corresponds to (^, i]) is measurable in f/. 

Fii'st, let / (a;, y) be bounded in G\ IJion a continuous runetion (r, ij\ 
can be so deteriiiined (see § 430) that 

I y) - {•«. y) I (•'•- ?/) - 

In a set of points of measure > m {G) - e, wo havc^ 

I / {X, y) - (a--. y)\ ' e- 

Moreover (a;, y) can be so defined that its nnimu’ical value nevc'r exceeds 
the upper boundary of | / {x, y) | in G. 

From the theorem established in § 373, wo Jiavo 

I 4 >, {x, y) d {x, y) = I F, r;) \J \ d (^, 17), 

‘ J (fj) 

where F^ {^,'n) = y)^ corresponding points. 

To estimate the value of 

f_ J-(f,r,)| f F.(^,ri)\J\d{tri) 

- iG) • (77) 

we divide the set O into the two parts L and (J (/J), w'horc, in L, the 
condition j F (f, iq) — F^ (^, tj) | £ e is satisfied. The absolute value of the 
difference is then seen to be 

< € [ \J\d{^,iq)-^ 2 U[ 17); 

■® JaiT) 

where U is the upper boundary of | / {pc, y) | in G. 

Since m {G (L)} ^ Am {C {L)} < Ae, we see that this expression is arbi¬ 
trarily small, if e be taken small enough. 
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It has thus been slievra that 

(<0 '( G ) 

and therefore wo have 

/ / ix, y) d(a;,y)=.\_F(i,y,)\J\d (|, r,). 

- (G) 

Next, let jf {x, y) be unbounded. Smee it can be expre.ssed as the 
difference of tw'o .suniinable functions, each of which is non-negative, it 
will be snflficiont to assume that/ {x, y) ^ 0 . Let N be an arbitraril 3 - chosen 
positive number and let/,v (re, y) = / (a;, j/), at all points where f{x,y) 
and elsewhere let f.y (rf, y) = X. Wo have then, since fjy {x, y) is bounded, 

) /.V {x, y) d(x,y)-=f_ ^.Y (f. 1 }) 1 J I d a, 7]). 

■ *' (G) 

where Fx{i,rj) has the same value as/lv(.r. ^), at the point (x,y) which 
corresponds to (^, 17 ). 

Since Inn [ /.v (x, y) d {x, y) == f f (a-, y) d (.r, y), 

A'-00 . iO) J (O) 

it follows that lim | Fjy t]) \ J \ d (f, tj) exists, and is e(iual to 

iV~QO. (G) 

I / (x- y) d (x, y). 
m 

Since F_\ (f, ^) | -/ | if< monotone as X is increased, it follows, b\’ applying 
the theorem of § 399, that 

I (f. ■n)\'J \d{S,7]) f (. 1 -, y) d {x. ij). 

•'(O) '(G) 

The transformation obtained in § 373 has now been extended to the case 
in which / {x, y) is any function that is summable in G. 

The extension, given in § 374, to the case in which, in a closed set of 
points of content zero, the Jacobian either vanishes or is indefinite, is 
apphcable when / {x, y) is a summable function. Moreover the case in 
which one of the domains 6r, G is unbounded, or in which both are un¬ 
bounded, can be considered, as in § 375. 

442. A more general treatment of the transformation of a double, or 
of a multiple, integral has been given by W. H. Young, in which it is not 
assumed that the Jacobian is necessarily of one sign, or that the corre¬ 
spondence of the points (a;, y), (f, 77 ) is necessarily a ( 1 , 1 ) correspondence. 
He has established the following theorem: 

Letx = x (i, 7 j),y = y (f, rj) be functions of (f, 77 ) ^possessing the propeHy 
of having all their partial derivatives with respect to (|, 77 ) hounded for all 
values of (f, 77 ) in the furidamental rectangle (%, ocgj ft) / ^ 
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the area of the curve in the (x, y)-plane wirich i/t the image, of the jmritneter 
of this fundamental rectangle. Then 


-.CiC 


3 (.c, y) j ^ .. 


where a?, represeyit any of the partial (lerirafire,^ of x and y inth 

017 oy ' ' 

respect to f and y. 

More generally^ the same is true, if the partial derirafires are not hounded, 
provided only the following conditions are satisfied: 

(1) . X is an integral with respect to and an integral irtfh rey/crr 
to y; 

( 2 ) . y (^, 71 ) is an integral with respect to and an integral with respect 
to y; 

0'?/ 0i‘l/ 

( 3 ) . ^ and J are, except for a set of values of y, of measure zeio. le'ts 

urj crj 

than suonmable functions of y alone, say p (y) and M {y) ; 

(4) . The same condition as (3) is satisfied, with $ and y udei changed, or 

mai'e generally, when p (y) d (f, 7 ^), M {y) d (^, rj) ex/isf as ahsolufely 
convergent integrals. 

For the proof of this theorem rcfcrciicc may ho made to a memoir’^ 
by W. H. Young. 

For the transformation of the integral/ (x, y), ho has given the following 
theorem: 

Let X = X (f, y), y = y y), cohere the functions are continuous with 
respect to (^, y), in a fundamental cell. Let it be assmned that any cell ^n the 
(f, y)-space has for its image in the {x, y)-space, a portion of that space whose 
boundary divides it into two distinct portions, an cfcterior and an interior. 
Further let it be assumed that the area of a pcn tion of the {x, y)-space is giren 

f 0 (uU u) 

by J ^ '^)j absolutely cojwergent integral, which may he positive, 

negative, or zero. Then Jf(^, y) d {x, y), taken over the potlion of the {x, y)- 
space which corresponds to a cell in the (f, y)-space, is egiial to 






taken over the cell. 

For the proof of this theorem referenoel may be made to a memoir 
by W. H. Young. 


* See Proc. Land. Math, Soc. (2), vol. xvni (1918), p. 339, “ On a formula for an area.” 
t Proc. JRoyal Soc. vol. sovi (1920), p. 82. 
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iiarxack's definition of an integral 
443. A definition ot* the integral of a function/(a;), unbounded in the 
linear intcrva-l for which it is defined, was given* by Harnack, which in 
its original form depended upon the employment of Riemann’s integrals 
in sub-intervals of {a, b) in which such integrals exist. The definition given 
by Harjiaek Oiin liowever, without essential change of form, be extended 
to the case in which Lebesgue integrals take the place of Riemann integrals. 

Tlio set of points of infinite discontinuity of a function / (x), defined 
for the finite interval {a, b), form a closed set O. 

It will be assumed that this closed set G i'a of content zero. Let G be 
enclosed within tJie intervals ... of a finite set A, such that each 

interval of A c;ontains at least one point of G. The coiuplement C (A) 
consists of a finite set of intervals, free at their ends, a.nd in their interiors, 
from points of G. 

Let it be assumed that /(.r) is mtegrable {L) in each of the intervals 
of C (A), and thus that I / (.r) dx exists as an L-iiitcgral. Tlie inlegral 

.'(■(A) 

of / (ri;), in (c/, b), when it exists, is defined as follows. 

Let it be assumed that a number I exists such that, corresponding to each 
arb%tran ily chosen positive number e, a positive number can befeterniined 
so that 

k - I S(x)dx\<£ 

I w'U) I 

for every finite set A of intervals which satisfy the conditions given above, 
and which is such that m (A) < The number I is then taken to define 
the value of 

. a 

It is convenient to define a function /:^ (x) which is zero m aU points 
of the intervals A, and is equal in value to / {x), at all interior points 
of G (A). 

We have then, in accordance with the above definition, 

'If rl> 

I / (x) dx = hm /a {x) dx, 

the convergence being uniform with respect to all sets A. 

The necessary and sufficient condition for the existence of the integral 
T/ (x) dx, as a finite number, is that, e being assigned, 4^ can be so deter- 

J a 

mined that j i, 

f^(x)dx- U (x) dx < 2 e 
J a J a 

* Math Annalcn, vol. xxiv (1884), p. 220. See also Jordan, Cours Analyse, vol. ii (1884), p 50, 
where a definition is given, except that the condition that the set of points of infinite 

discontinuity should have content zero is omitted. 


H I 
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for every pair of finite sets A, A' of intervals, such (hat (‘aeh interval of 
either sot encloses within it at least one point of f/, providtnl 

m (A) < Ce, WA (A') 

and that this condition is satisfied whatever valiu^ c ina-y have'. 

It is easily seen that the above definition is eciuivalcMit to Unit of 
Oaiichy (§ 352), in case tlic set Q consists of a. finite tiiiinhin* oi points 
It wiU be shewn that the above definition is more j^cmera! tlian tliat of 
Lebesgne, in tliat it defines integrals which do not- ru'cc'ssanly exist in 
accordance with Lebosgiie’s definition. It is (dcnirly h\ss g(Mun-al than 
Lebesgiie’s definition, in that it applies only to tlu^ ease in which t lu^ set 
of points of infinite discontinuity of the intc^grand is of coiitcMit zero. 

As w (A) converges to zero, the iiiiniber of intervals of A, will increase 
indefinitely. If any sequence A,, A,, Aj, ... c(>rr(\spon(ling (o a s(‘(iiience 
€ 3 , ..., of values of 6 , which converges to zero, be taken, a se([uenec 

may be chosen out of the given scejueneo in such a w*iy t hat A„^ contains 
for all values of r For let C^(A„,) consist of, say, intervals («, jQ) 
each contained in some interval (a, jS) contiguous to (L 'I'lie iiunduu’ 
can be so chosen that it is the smallest, integer (".* ;/,) su(*.h tluit m (A„J 
is less than the least of all the 27\ numbers a (c, fi ~ /?. ( 1 (‘arly tluai 
(«, jS) is within an interval complementary to tlu' s(d. Tlu' numbers 
... may then be chosen successively by the sam(‘ procedure. The 
sequence A„^, A„,, ... is therefore such that eac-li set eoiitains the next.. 
rb rb 

When both f (x) dx and I | / (.t) | dx exist, in accordance with the 

a J a ' 

rb 

above definition, I f {x) dx is said to be absolutely c.onvcrgimt. Those 
J a 

integrals which exist in accordance with tlie above dtdinition, and a.re not 
absolutely convergent, be considered in C’hapter viii. 

444. It will be shewn that: 

7/ [ / {x) Ax exists, and is absolutely conven/e^it, the inteyrnl also exists 

J a 

as an L-integral, and conversdy, that, if it exists as an L-inteyral, and th^ 
set of points of infinite discontinuity 1ms canlent zero, it also exists as an 
absolutely convergent integral, in accordance with the above definition. 

First, let / {x) ^ 0, in the interval (a, 6), Taking the sequence 

A^, A 2 , A 3 , ... 

so that each set contains the next, we see that the values of 

[ Ar (:») dx, 

J a 

for r = 1, 2, 3,, form a monotone non-diminishing sequence of numbers, 
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and thus they either increase indefinitely, or they converge to a limit -4. 
Assnuie that the latter is the case. 

E^et Ai', A,', A./, ... be any other sequence of finite sets of intervai^ 
which satisly the conditions in the definition, but not necessarily such 
that A/ contains A\ ..i, for all values of s. We have 

I /a' a dx — I (x) dx < Pm (Aj) : 

‘ tt 'a 

where P is ihe upper boundary of/(a;) in the intervals of C (A/): for the 
above (lifi'crence is less than the integral of / (a') over those intervals that 
are in A, and also in C (A^'). If e be arbitrarily chosen, and 6' be fixed, for 
all siiEficicntly large values of r w'e have, on the assumption of the existence 
rit 

of the limit of | {x) dx, 

a 

I /a', (.f) rlj; - I /i, (.b) r/x<£. 

</ * « 

and therefore | /^',(a-) dx :: A -fe; 

• a 

this holds for each value of s. Siinilarl 3 ’, we see that, for a fixed value of r, 
and for all sufficiently large values of s, 

I /a a W dx > j {x) dx — le; 

. ti •« 

and by choorfiiig the fixed value of r so great that 

) V'a, (j:) > A - U, 

J a 

we have j fs'g {^) dx> A — e, 

for all sufficient!}'' large values of 3. As 

f /a', {x) dx 

- a 

lies in the interval {A — €, A A €) for all sufficienth'' large values of s, and 
since € is arbitrary, it follows that 

I (^’) dx 

J a 

converges to A. Moreover, suice 

T/a, (x)dx-j /a', {x) dx < P'm (A',), 

J a Ja 

where P' is the upper boundary off (x) in O (A,); and also since 

f/ a, (*) - [Vav (*) 

J a ■' ® 

where {A",^} is any other sequence of intervals enclosing G; from these 

43-3 
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inequalities, we see that, jf m (A'*), m (A'\-) aiv both less 11iaii ie/P'. t/ic 
integrals ^ ,, 

/ /v, I 

J ft it 

are both > A — e, and they have been slusv'ii to be A ye; li follows 
that the integrals dijffer from one another by less Ihan 2c. Hence the 

condition for the existence of the integral J (a;) dx is saiislied, on the 

assumption that the integrals of (a:) eonvcM-ge to a linile nninber as 
r ^ 00 . 

Thus it has been shewn that: 

fff (x) be neve) negative, it is necessary and snlficicnt for the existence nf 
the integral I f{x)dx in accordance with llaoiarf/s dcjinition that, if 

J a 

Ai, Aa, ... be a sequence of finite sets of intervals extek con tinning the nexL 
such that each interval of each set contains within it a point of (f and such 
rb 

that m (Af) 0, then I fj^^ {x) dx shxmld be less than a< Jived finite number, 
J a 

for all the sets A ^. 

Let it now be assumed that j f (x) dx exists as an L-integral; we 

have then . . 

(x) dx f (x) dx - f (x) dx; 

Ja Ja .(A) 

and since (§ 392), / (a;) dx converges to zero, uuifornil}^ as m. (A) 0, 

• (A) 

rb rb 

we see that (x) dx converges to j f{x)dx; and thus the lulegral also 

- a J a 

exists in accordance with Harnack’s definition, ft appears moreover that 
in this case of a non-negative function the condition that each interval 
of A should contain a point of G is umiecessaa-y. 


It has thus been proved that, if / {x) be non-ncigative, and liavc an 
L-integral, it has also an integral in accordance with Harnack’s definition, 
and the two have the same value. 

Next, let f{x) have both positive and negative values, in (a, b). and 
assume that it is summable in the interval. 

If / (cc) =/+ {x) —f-' (a;), /*^ (a;) and/*" (x) are summable, and therefore 
they have not only L-integrals but also Harnaok integrals. It is clear that 

[ /a {x) da; = [ /^+ {x) dx - \ f^r (a?) dx. 

J a J a J a 

Now, as m (A) converges to zero, the two integrals on the right-hand 
side converge to ^ 

I /+ (x) dx, I /- (a;) dx, 

Ja J a 
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as has been slicwn above, although A is such that an interval of it does 
not necessarily contain a point both of and of the sets of points of 
infinite discontinuity of/+ (x) and of/- (a;). 

rb 

It follows that I / (a;) dx exists in accordance wdth Harnack's defini- 

■ a 

tion, and is equal to the i-integral. 

Lt follows immediately that j | / (a:) | da; exists as a Harnack integral, 
and IS equal to the sum of the integrals of/+ (a:) and/- (a:)- 
(lonvcrscly, let us assume that 

f f (x) dx and j | / (a;) | dx 

•fa 'a 

exii^t as Harnack integrals. 

Tlio points of infinite discoiitiniiitj^ of the two functions / (a:), | / (a;) | 
.ire the same, hence the Harnack integrals of the two functions are the 
limits of L-iritegrals taken over sets of intervals that are the same for 
the two functions. It follows that \f{x) | 4-/(a;), | / (a?) | — f (x) have 
Harnack integrals, the sum and difference of those of \f{x) | and/(a;); 
or the two functions/*- (a:),/” (a;) have Harnack integrals. 

It IS then sufficient to sliow that the existence of the Harnack integral 
of a non-negative function involves the existence of the L-integral of the 
same function. 

Let it therefore be assumed that / (.c) 0, and that the Harnack 

integral of / (a;) over (a, h) exists The points of infinite discontinuity of 
/ (x) can be enclosed in a finite set A, of intervals, where m (A) is so small 
that 

I f {x) dx 

is less than the Harnack integral 

I Six) dx 

•' a 

by less than an arbitrarily chosen positive number Let N be a positive 
number not less than the upper boundary of / {x) in G (A), and let /.v (a?) 
be the function corresponding to / (ic) employed in de la VaUee Poussin s 
definition (§ 387). Let another set of intervals A^ all interior to intervals 
of A, enclose all the points of infinite discontinuity of/ (x). The integral 
of / (x) over G (A') lies between the integral over G (A) and Harnack’s 
integral, and therefore differs from the last by less than 

It follows that I f (x) dx< Cj 

J (a-aO 

[ /.V (a?) dx< C- 

JCA-A') 


and therefore 
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From this ^ve deduce that 

I (iv) (ix < ^ \-Kni{A'): 

■'(A) 

and since this holds for an arbitrarily small value of tti (A'), A' being 
we have 

fN (.'0 

(A) 

It iiOAV follows that f fx’ (x) (lx — [ / (.r) r/.r 'C ; 

‘n JO is) 

and since ^ is arbitrarily small, N being snniciently increased, it foliou s tliiiL 

f/v (rf) <U 

J a 

has a definite limit, as N oo, and that tins limit is llarnaek's integral 

I / [x) (lx. 

‘ a 

It has thus been shewn that the exist (Mice of I larnaek's intc^gral implies 
that of the integral as defined by do la Vallce Foussin, tln^ int(‘grals having 
the same value. By § 3S7, it follows that the /y-inlegral ('\ists, and is the 
same in value as the Harnack integi‘al. 

Accordingly, an absolutely convorgonl integral of a fmuitjon such that 
the points of discontinuity form a sot of nu^asurc^ /aM'o. mid which exists 
according to either Lebosguo's definition, or that of llarnac.k, exists als(^ 
according to the other definition, and has tJu' samc^ value for thi' two 
definitions. It has moreover been slu'wui that tlu^ condition that eacli 
interval of A must contain at least one point of fr, tlu^ set. of points of 
infinite discontinuity of the function, is umuMicssarv wIkmi the integral is 
absolutely convergent. 

THE L.BBKSGrK-STllflnTJKS lNTl«n<.\Ii 

445. Let / (a;) be a measurable function, detined for tlu' linear interval 
{a, b), and let (x) be a bounded monotone non-diminishing function 
defined in the same interval. Denoting 0 (a;) by we consider, as in § 252, 
the functional image on the ^-segment, of a set of points on the 
a’-segment, such that to a point x', at which cf) (;r') is dise.ontiiiuous, there 
corresponds the whole interval (</> (.c' — 0), </> {x' H 0)) of ])oiiits on the 
^-segment. It was remarked in § 252 that, if is measurable on the 
a-segment, it is not necessarily the case that 7^*'^ is measurable, but that, 
if is measurable {B), then E^^^ is measurable (B), 

Let F (f) be the function defined, at every point of the ^-segment, by 
the condition F (^) =f {x), where x is the point that corresponds to 
if a" is a point of discontinuity of cf) (a), the interval {<f> (x' — 0 ), ^ (a' + 0)) 
is an interval of invariability of F (f), in which F {^) = <f> (x'). 
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.jS 

Whenever the L-integral | F (i) exists, where a = <j> {a), jS = (b), 

a 

its value 'may^ be said to define that of the Lebesgue-f^tieltjes integral, or 
LS-integral / / (x) d<f> (x), of the measivrahle function f (a:), with 2 'espect to 

•» (t 

the monotone function ^ (a;). 

fft 

Ill case j F (^) d4 exists as an fi-integral. the integral j / {x) df> [x) 

may bo an i^/Sf-inlegral (see § 378) It has been shewn, in § 377, that the 
necessary and sufticient condition that the integral may be an -R/S-integral 
is that the variation of (x) over the set of points of discontinuity of j (x) 
should be zero. 

If the function / (a:) is measurable (B). the function F (f) is measurable 
(jS) on the ^-segment, and Lebesgue’s definition is applicable to define 

I 

. a 

In case cf) (x) is of bounded variation, and is therefore expressible as 
the difference of two monotone non-diniinishmg functions (a’). 62 (‘^1- 
the LS'-intcgral of / (jj) uitli respect to (x) may be defined to be the 
excess of the Z/A'-integral of f{x) with respect to ^i(.r) over its LjS-mtegral 
with respect to (^o whenever these latter integrals exist. 

Referring to the definition, m § 252, of the Vciriation of the inoiiotone 
function <56 (x*) over a set of points E in the a;-segment. and denoting hy 
Cn that set of points at which c^ ^ f {x) < c„ we see that the LAS'-integral 

rb cc 

j / (ac) d(l> (x) is defined as tlic limit* of S {x)\ the set of numbers 

{cj being such that c„^i — is less than a fixed number e, for all positive 
and negative values of n, and the limit being taken as € ~ 0: it being 
assumed that the variation ^ (a;) exists for all tlie sets e^, so that 
F (f) is measurable in {a, p). 

The definition of an X/S-intogral, over the a;-segiiient, as an L-integral 
over the ^-segment, may be employed to extend the properties of L-inte- 
grals to the case of LS-integrals. 

We have, for example, the extension of the property of L-integrals, 
that, if {fn (a;)} is a sequence of sumniable functions that converges to 
/ (x), and such that | /„ (x) | is bounded for all values of n and x, then 



The corresponding property of the LiS-integral is that 
[V (x) d<l> {x\ = lim I /n (x) 34 (x), 

Ja n~oo Ja 

* See Hildebrandt, *■ On integrals related to, and extensions of, Lebesgue integrals,” BuU. 
Amer. Math. Soc. (2), vol. xxiv (1918), p. 191. 
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where the boLiiidecl fiiiietioiis {J\^ (.r)} <ii*e siu-h th.U lh(‘ir />AV-iii1ei»;riils with 
respect to (x) exist. 

446. It has been pointed out by HiUlebraiidt- {/or. clf.) iluit tlie defini¬ 
tion of an integral due to VV H. Young, referred to in § IJSS), may be so 
extended as to give rise to adefiintion of inli^gration of a summable fimelion 
with respect to a monotone function, luon^ g(‘uera.l than the detimtion 
given above. 

Let the interval {a, h) be divided into a finite, or enunuu-ably infinite, 
set of parts a,,... over eae.h of wtiieh (Ik* fuiKition <{> {x) is 

measurable, and such that, over each of the sid.s r„, the I unction f (x) 
has finite upper tind lower boundaries (J„, (V>nsi<li‘r tlu' sums 
-- cl> (.r), aS\, c/> (.r); 

then the lower boundary of /S\, for all such modes of division of {a, h) into 

the sum of sets, is defined to be the upper integral /(■♦’) r/f/> (.r), of/(.r) 

with respect to ^ (a*), over the interval {a, />). Similarly, t he lower integral 

/ {x) d</> (a;) IS defined to be the upper boundary of *S\, for a.ll such modes 
a 

of division of the interval {a, b). When the u}>per and lower integrals liavc 

[h 

the same value, that value may be said to cleliiie tlui integral f (a;) r/</> (.r), 

' a' 

off(x) with respect to </> (a;). In accordaiUH^ with this delinition any 
summable function / (:r) will have* an integral with ri^spi^ct to (/> (;r), the 
division of (a, h) into parts being restricted to be a division int-o sets that 
are all measurable (15). The definition of § 445 is su(‘.h that all funetions 
that are measurable {B) have integrals, finite, or infinite, with resjie.ct to 
the monotone function <f> {x). 

Lebesgue has givent two modes by which a Sticltj(\s int.(^gral can be 
reduced to an L-integral. A transformation of an L-int-egral into a Stieltjes 
integral has been givenj by Van Vlcok. If e (;//) ihuioics the measure of 
the set of points for which L <f{x) < y, where L is t.lie lower boundary 

rb 

of / (.r) in (a, b), the X-integral / (a;) dx is equal l-o the Stioltji^s integral 

rr ' 

rU 

yde {y), where U is the upper boundary of / {x) in {a, b). This inchxdes 

•' Tj 

the case in which one, or both, of the numbers f/, L arc infinite. It has 

been shewn by Bliss § that an L-integral is redu(iiblo to an jW-intcgral. 
rv ru 

For, I yde («/) = 17 (6 — a) — e {y) dy\ and the last integral is an 

j Ij J Xt 

jR-integral, since e {y) is a monotone function of y. 

* See Hildebrandt, loc. c%t. 191. 
t Comptes U&ndua, Paris, vol cl (1910), p. 80. 
t Trans. Amer. McUh. Soc. vol. xvm (1917), p. 32ri. 

§ Bull. Amer. Math. Soc. vol. xxiv (1918), p. 1. 
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Th.e Lehesgm-Stieltje>t Integrid 

447. From the theorem of § 440 we see that, if 4> (.v) = f ^ (x) dx, 
whei-o €> (x) its a monotone function of x, in an interval (a, b), then 

ff(x)<^(x)dx 
rf ^ ‘ ^ 

is equal to j F (f) provided F (|) is siiniiiiable in the interval (ot, j8) 

OL 

that cori-eaponds to {a, h), when the transformation i = cc -h (x) dx 

is employed, and F (|) = / {x). It then follows from the definition in § 445 
that 

I (*) dx=ff (x) cfO (x) 

This may be extended to the case in which O (x) is the indefinite integral 
of any suininable function <l> (aj). For <f> (a:) may be expressed as 

(^) “ (•^’)» 

where (x), <f >2 {x) are non-negative summable functions; and thus 
(a;) ^ j (a;) dx — j (*i-) dx 

a ' tr 

“■ (if) — Oi (x). 

In accordance with the definition in § 445, we now have 

[ f (•‘■) <l>(x)dx = \ f {x) {x) - I f (x) d^, (.E) 

J a a da 

or f f (.r) <f) (x) dx= ( f (x) d<^ (.e), 

a d a 

where O (.r) denotes the indefinite integral of the summable function <fy (^•). 
Let / (a;) be monotone and bounded in the interval (a. 6). then 

[ f (x) do (x) 

J a 

is an jRAS-integral, since the variation of O (x) over the set of points of 
discontinuity of / {x) is zero, because O {x) is an indefinite integral. 

We then have (see § 376) 

P/ (a;) d<l> {x) = |/ (a:) O 

and thus the theorem for integration by parts may be written in the form 
j^f (x) 4 >{x)dx^ \^{x) $ 

Moreover, since / {x) is monotone, 

f 0 (x) df (x) = (6) - / (a)}, 

•' a 

where fi is some point in the interval (a, 6). 
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Therefore | /(.r) 4> (.r) dx J(f>) cD (h) - tl) (/4) |/(/.) - /(«)! 

- /(«) r I /(/^) I 

a 

A proof of the soooml moan valuo llioorom* iias thus hotai ohtaiiiod 
by employing the niotliod of iiitogration by parts, .is applied to the 
J^iS'-intcgral. The more general form of the tluMirom, .ind boiiiud's form, 
can be deduced, as in § 422. 

TIIJ3 7?iS'- 1NTKORAL KOR inWl’TlDNS i)K TWO V\niAHI.KS 
448. Let/(.r<^h (/(.r^^h both bofiiuetious of bonndul variation, 
in accordance with the definition of § 254. Ijot the fiiiietions I>(‘ siioh that 
each of them has an i^A’-intcgral with rospeel to lh(' otla'rt, taken over 
the cell Then these inU'grals satisfy th(‘ Following rel.it ion- 

f 

(A). - /(.rn),.*:Oi)) r/ 

rf/» 

/(.rn),a:U)),/fy(,.n),,(2)) 

b,(i) „(:• 

f//0> 

.hr'-’ ' Jff'*' 




.(rS'),,,(=)) 




where 


r ■ /;«» 

/ d(i [x^^K xy^>) 

L ' l^r" 

- f {a^^\ di 

f (J (x^^\ 

' Jfrfe),rrf" 


denote.s / rc^-^) dg {h^^\ dg x^-^), 

r 1 (/>"'. M’l) 


denotes 

/( 6 <lh g (^( 1 )^ /^( 2 )) ^( 3 )) ^^( 3 )) f.rZ)) g (^/(D, /j( 2 )) 

I J {a^^K g {(d^K 

In order to prove this formula, lot the i*e<d.aiigl(‘ r/‘^h he 

divided into (m— 1) (??. - 1) partial rectangles, and let- P,, iliMioti'- a (joriier 
of one of these partial rectangles, where i has tlu^ valiu\s 1.2,...///. - 1, 
and j has the values 1, 2, — 3. We have then the idiMilily 

7/r -1 ?i -1 

^ \^t,J (/«,J l) 

l=*l J=-l 

f/i I3w “ ih.jil i f//ll,rll)] 

m-1 91-1 

/i-1.1 (l/i+i.i “■ 9i,i) "T S fj^j n [g^^j - g^^j) 

1-1 J-l 

jn “1 ft. 1 

^ f i-i If n {9t-rlfn 9ifn) ^ Jmfjyi i.9wfj\l t/fnw) 

1-1 j 1 

' [j^l> 1^1*1 fl,ii9l,n fmiX9'¥ihl d" n^/rn, «J ) 

* See W. H. Young, Proc. Lond. Math. Soc. (2), vol. xvi (1010), j). 280. 
t This can be shewn to be the case ji one of the functions is continiiouH. 
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where g,^j denote the values oi f g at the point 

P.- 

If \ve assiimc that the functions / g{x^^\x^-^) are both of 

bounded variation in accordance ^vith the definition of § 254, and that 
each of tlicni has an i2/S^-integral with respect to the other, as the numbers 
m and n are indefimlely increased, and the rectangular sub-division is 
such that the maxim uni diagonal of the partial rectangles converges to 
zero, the integrals m the formula (A) will be given as the limits of the 
summations in the above identity. 

TJie formula (A) may be reduced to a different form which is one of 
four different forms. 

It can (‘asily bo verified that 


whore 


/■?/') r "If/-* 

/ 6«2)) dg d g 

i),r/(J))' jfiiO |_ Jrt'-' 

"I /A2) 

g denotes g - g {x^^K a^^)). 

J 


Employing Ihis result, we liave 


L 


/ x<^^) dg 


I j 
0/“ 


”16'’:) 

.r‘2)) 

J «<-) 












Of” >,««-)) 


^ J («'■>. «i=v 

V/(6'», a<®>) «'->)]. 


A similar expression for 

(,(!!) r “li"’ 

/ (*<1), a;<s>) dg ic<®>) 

./ f,(2) [_ J «”> 

can be obtained. On substituting these results in (A), we obtain tJie 
formula 

r(MU,6‘-)) 


(B.)- r 


J (a<u, at"J) 


g(x<^>, x(^^)df(xt^>, a;(2)) 


1 (6(1), 
'.a(=)) 


r 1(6(1), 6 

L J(a(i),£! 

f(6(i). 6 ( 2 )) r 1 

-{. r ’ f(x<^>,x<^>) dg(x(^Kx^^>) 

J(a(0,a(*))L J(-c<^^a:(2)) 

+f^ [/(*". »'”)T, 


-j (&«">. 
-|(6W,6(«) 


dg a'®>) 


J(oW,ar<‘)) 


dg (a<i>, a:'*)). 
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In a aimilar manner, or by interchange of (1 k‘ <-oriici-s of tlvo cell, we 
obtain the fonunlae (B,), (B,,), (Bj). For cxaniplc. the foriiiiila (B,) is 

' fibW^U^)) r I(!<*), 

4- (.»■<>», 

-/(«(»), r/<=)) L J («<*’. r/'-') 

r&(>) r 

- ^/i/(.rn),/>(-)) 

'a(^) L 

J tt(2) L 

The foniiuiae for functions cjf tliroc varia-blt^s liav(‘ been giv(Mi**= by 
\V. H. Yoiinff. 


U-)) 

r&<'> r 


r&(>> r 
' at^) L 




448^. Jjct f be a function of hoiinilcd vanal.ion, in acconl- 

ance with the definition of § 254, and let G denote t!u‘ indefinite 

integral g {x^^\ d where q is any fune.tion 

which is sunimable in the coll It will tluMi be shewni 

that the L-i/itegral f g {x^^K d is' equal to 

1 f dO which exists'fS'hice. G is absolufelu 

continuous. For its variation over the set of points of discontinuity of 
/ of measure zero (§ 308), is zero (see § 3SI). ® 

To prove the theorem, let it be assumed, in tlic lirst instance, that 
g is a non-negative function, so that G (x^^\ is (|uasi-inono- 

tone. 

We see that / (.r<^>, a:<2>) g ^-(a)) (,♦;(!), jxz)) 

J (aw.rtf^)) 

J m f(SrW,/3rt-)) 

or S / «;«*■'>) g a;<2>) d (.♦;«», 

r-l j (arC),Ar(-)) 

in accordance with the notation of § 381, hes between 

r ■-= m r m 

S cr (S,) Aa^(? (xti), a;< 2 )) and E i (S,) As// 

r-l r- I 

/•(&(»), b(S)) 

both of which converge to f (x^^\ dG x^-^), as 7n is in- 

■I (flC), a<-)) 

definitely increased. Thus the theorem holds when g ic^-*) is non¬ 
negative. Any summable function g {x^^\ can be expressed as the 
difference of two non-negative functions x^^^) and g^ to 

each of which the theorem applies; it then follows that the tlieorem 
holds generally. 

* See W. H. Young, Proc. Land. Math. Soc. (2), vol. xvi (191(>), p. 281. 
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Hellinger's Integrals 


hbixinger’s integrals 

449. Ill connection with the theory of the reduction of a quadratic 
form involving an infinite number of variables to a canonical quadratic 
form, certain limits were introduced by Hellinger*, for the representation 
of which he used the notation of integration. A limit, of this species, may 
accordingly be spoken of as a HeUinger integral. It was shewn by Hahn 
that every Hellingcr integral can be expressed as an //-integral. 

U kn) ^ continuous non-decreasing monotone function, defined 
for the linear interval (a, j8); and let f{y) be a summable function, defined 
for the same interval, and such that it is constant in any interval, con¬ 
tained in («, j8), in which (j [y) is constant. 

Let a net be fitted oii to the interval (a, p ), and denote its niesliefs b}^ 
( 2 / 0 > 2 / 1 ). (y/i^ 2 ^ 2 ). (2//»-i> y/m). where = a, y^ = 

r m / f /y \ _ f /y p2 

If the SU7H S — f-'-- --—hds a finite upper boundary, when all 
r-l 9 \yr) *■ 9 kUf-l) 

possible nets are taken into account, that upper boundary is denoted by 


j called a Hellirujer integral. In the above smn, any term 

in which the denommaioi, and consequently the 7iumerator, vani'>heb, is 
omitted. 

Let the new variable x be defined for the interval {a, b), inhere a = g (n), 
b ^ g (j8), by the defimtion x = g {y). 

The sum employed in the definition of the Hellinger integral becomes 

S ^ where x^ corresponds to y^, and F {x), or F {g {y)], 

r = 1 ^r-l 

is identical with / {y). 

^/A ky)^ A ky) swnmable functions, defined in {a, p), and each is 

constant in any interval in which g (y) is constant, then if the sum 

^ 2 "' {/l (yr) - A (S/r-l)} {fi {Vr) - f2 {.Vr-l)} 
r -1 9 (3/r) - 9 (Vr-l) 

has a definite limit, the same for aU systems of nets fitted on to (a, ^), this 
limit is denoted by f ^ and is also called a Hellinger integral. 

^ ^ (y) 

The sum here employed is eqmvalent to 

{F, (^.) - F^ jXr^^)} {F^ jx,) ~ F^ 

r-1 X^ — Xjr-i 

where {g (j/)} =fi (y), and J’j {g (y)} =fi (y). 

* See the dissertation ‘‘Die orthogonal mvarianten q^uadratischen Formen von unendlich 
vielen Veranderlichen,” Gottingen, 1907; also a memoir in CreUe's Jourrud, vol. cxxxvi (1909), 

p. 210. 
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The Lebeiujue Integral 

450. The followijig thcoi’oiii he e.stiihli.slie<l • 

7/ (."c) d'etwte a function, bounded, or unbounded, in {u, b), uurb that 

{<!> (a?)}® is suniincdde in the inieroal, then 

lolie/i'e Si, S,, ... S,„ cue the interralfi of a nri Jiifrcl on lo (ct, b), votn'enje,s to 

(b " 

I of nets. Jf [<r/> (.>■)•- i.s not ,snnnnahlt\ the. above 

* “ 

sum diverges, for a system of nets. 

In case {x) is iiitcgrablo (7^), the Irulh of the Iheoivin is o’hvioiis; for 
d> (.f) dx IS equal to S,. luiillipliod by a miinber 1\ iiig llu* nnpor 

■' (fir) 

and lower boundaries of 6 (.r) in 8,; and thus tlu* exprc'ssion reduee.s to 

1** 

the Eiomann sum employed in tiie delinition ol {c/> (.r)|-r/.r "riuis tlio 

. ti 

theorem holds, in particular, for a continuous function </> (.0. 

Next, let <l>{x) be any function that is non-negative, summahie, and 
bounded, in {a, b). A continuous function /(.r), also non-negative, can 


be so determined that 


f \{d>{x)}^-{f{x)y^\d.v<c, 

J a 


and consequently that {<f} (ir) — f {x)}- dx < €, (see S “J-b‘5); where e is an 

a 

arbitrarily prescribed positive number. 


r --m X . . , - 

The sum S g |j <f> {x) clx'^ may be expressed hyxS^, I -j N,, where 

and aSs = 2 S -M {x) — f (a;)} dx I f {x) dx. 

r -1 OrJ (s,) J 

By using the iSchwarziau inequality (§ 3i)G), W(i have 

I I {^ (») - / (*)} <*»!- - Sr I {</> {x) ~ / (j;)}® f/j;; 

( J (fir) ) J {Sr) 

and hence we find that Si < e. Also, since / (-c) is continuous, we have, 
for all nets of sufficiently large order, in any systcni of nets. 


I {/ (a;)}2 tZa; > /Sa > {/ (x)}- dx - 

•' a J a 

We also have 

I )Ss 1 < 217 I <f> (x) — f (x) I dx < 2U l^(b — a)j {<^(x) -f (x)}® ctej"; 

and thus \ S^\ <2U {b — a)^ where U denotes the upper boundary of 
(f> (a;); since the function / {x) may be so chosen that its upper boundary 
does not exceed that of 0 (a;). 
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Since € is arbitrary, 8 ^ and are arbitrarilv small; and differs from 

tb 

{(f> (a')}^ (lx by loss than 2 c. It now follows that 

n 




\ I (a;) rfa,’!' 


^ r-l 8, -J 

converges to {(f> (a)}® dx, as tlie summation is taken successively over 

- a 

the nets of any system of nets. 

Next, let 0 (a;) be unbounded, but everywhere ^ 0; and let (.u) 
have the same value as (a-), at a point where ^ {x) ^ N^, and have the 
value N^, at a point where </> (a;) > 

r m j r I* 'I 2 

Denoting by the number S <f)x^ (x) dx - ; as s has the values 

r 1 U(Sr) ) 

in an increasing set|iionce such that N., co, and vi increases indefinitely 
as we proceed througJi the nets of a given s^-steni, the numbers torm 
a monotone double sequence. For a sub-division of any net increases the 

value of easily seen from the inequality ---f . 

If either of I he repeated limits lim lim a„^si Ihn lim exists, then also 

the other exists, and the two have the same value (see § 38S). 

rh rU 

Now lim a,„s = / {(px^ (a-)}- dx. and lim lim = I {6 (a*)}- dx. 

lU'^co Ja ///'•30 J (( 

rfj 

hence hm hm = {p (x)}^ dx. 

>»~a3 Ja 

and thus the limit, as we proceed through a system of nets, of 


r in 

s 


fn I (f )2 rb 

-j P (a:) dx^ , is {P {x)y dx. 

l07-('(6r) ) '« 


Lastly, let p {x) be any summable function whose square is suminable, 
and which may have both positive and negative values It may be ex¬ 
pressed as the difference of tw'o summable functions p^ (x). p^ (a;), each of 
which is ■ 0, for all values of x. 

Since S rf {p^ (x) 4- p-, converges to I {p^ (£c) 4- pz 

Or \J (5r) J - a 

-& :h rh 

that is to {<^1 (a;)}2 dx 4- {<^2 («)}^ dx-h 2 and also 

j« 'a -'a 


i I [ (a) da: 

Or 1. («r) 


converges to {^1 (a:)}® dx, 

J a 

and 2 :i|j’^^^<^ 2 (a:)da:|® converges to j {<^2 (^)}^ 

it follows that S ~ f p^ (x) dx f p^ {x) dx converges to I p^ {x) p^ {x) dx. 

Or .'(fir) -^fir) Ja 
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It now appears that 

1 ( r 1 

S K- i I {(f>i {^) - 02 (•^)]“ converges in jr/.j (.r) t/,. (.r)}^ (U, 

Or ' (Sr, 

and thus the theorem as e.stablisliecl geiierallN' for c*vc‘ry fiiuetion r/, (x) 
whose square is summable. 

The follo^villg theorem, which includes the theorcau established above, 
may noAv be stated: 

If (x), 02 (i^') (uiy funciums w/iasr .sY/////re.s aro nnwinablr m the. 
interval (a., b), the s<im 

r in If r I if 

S 5 , / </>i (a;) dx <^3 (.c) dx ccmrayc.'i to / c/j, (.r) <1^, (x) dx, 

r--l Of J (i,) (Sr) -f tt 

as the summation is talcen mccesslvcly over thv nets of ani/ sysian of 

fitted on to {a, b). 

To prove this tlieorciaa, we observe tliat <l>^ (.r), {x) may lx'- replaced 

l>y 0 i'^ (^) 0 i” 02(-*0 "" 02 ' respectively, whei-e the four func¬ 

tions in these t'xpressions are all non-nogaiive. As the theorem holds for 
each of the integrals 

I 0 i‘*' C'-r) 02 ' (•'*'•) dx, [ c/>i ‘ (.t) ^2 - (.c) dx, 

J ft J a 

rO rb 

i>i~ (a:) ^2'*' (■«) (•'«) <f>/ (•»•) 

a . a 

it clearly holds also for 

(a:) - <f>i- {x)} {^ 2 + (.c) - (j )| ilx, 

J a 

'b 

that is for {pc) 

. (7 

451. Let X g {y), a == g (a), b = g (fi), where g (y) is a continuous, non¬ 
diminishing function of y, in the interval («, j8); also Ic^t. / (//) - F {g (//)}, 

I !C 

where ( 2 ;) = ^ (a:) dx. 

' a 

The sum employed in the theorem of § 450 then be(x)nu\s 
^^^ {f{yr) -f{yr 1 )}^ 

r 1 9(yr) -U (Z/r-l) ’ 

where the net {y^, yf), y^), ... y^) corresponds to the net 

{Xqj ( 3!*3 , X-f), — > ^m)‘ 

It will now be shewn that: 

The necessary and sufficient condition^ tkai should exist is 

that, if X == g (y), the function F (x) =f (y) should he the indefinite integral 
of a function (ar) whose square is surnrnahle in the interval (a, 6), of x. 

* Tkifl theorem was given by Hahn, see Monatshefta fur Math. u. FhyMtk, vol. xxni (1912), 
p 172. Another proof was given by Hobson, Proc. Lond. MaLh. JSoc. (2), vol. xviil (1918), p. S-IS. 
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/•jB Tfir rh 

Moreover dg (y) ^ I Hdlinger integral being thus 

expressed as an L-integral. 

To establish the siifhciency of the condition, let it be assumed that 
F {x) = (:c) dx, where (0 (a:)}^ is summable. 

' a 

We have then F (pc,) - F (x,_i) = [*" ^ (x) dx, and thence we see that 


[f' (*r) 


and thorofore 


fSCr 

O “ -P' - {Xy — j 


X {cj!, (x)}^ dx, 


for any net fitted on to (a, h). It follows that the limit of T exists. 

io. dg {y) 

Next, let the existence of the Hellinger integral be assumed. It is 

nj \df 

evident, from tJic definition, that —7 : exists, for anv value of m in 

'a dg(y) ' " ^ 

the interval (a, jS), and that it is a monotone increasing function ot y, 
say xtt (y). 

We have then, in any iiitei-val of y, contained in («, P). 

^!/(y) 

and thus 

I F (•«,) - (a^i-i) I ' [(•‘-v - iKr-i) be i^r) - X whepc >li(y)--x (•*•■)- 

From this, we have 

f III r III 

S J Gtv) - F {Xy_,) I <^[{Xy - x,_^) {x {X,) - X (:cy^^)}-^ 

^[{b-a){x{b)-x{a)i]K 

and tliiis the function F (:c) is of bounded variation in (a, b): from which 
it follows that F' (x) exists for almost all the values of x In order to 
shew that F (x) is the indefinite integral of F' {x), it is sufficient to shew 
that the variation of F (x) over any set of points of measure zero vanishes 
(see § 407). Wuch a set can be enclosed in the intervals ( 8 ) of a non-over¬ 
lapping set of which the measure is arbitrarily small. The variation of 
F (x) over this set of intervals is, as above, ^ [SS (x (b) — x (a)}]-, where 
SS is arbitrarily small; hence the variation is zero. Denoting F' (x), at 
every point at which it exists, by ^ (x), we may suppose (x) to have 
the value zero at all points at which F' (x) does not exist. The function 
(a;) being summable in (a, 6 ), the theorem of § 450 is applicable, and it 

follows that I {<^ {x)Y dx exists, and is the limit of the sum 

--^ [F {xy) - F {xy_^)-]^ 

— a^r-l 


exists. 
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for any aysteiii of nets fitted on to (a. b). IMuis we have 

rx .Cl'" 

and accordingly the theorem has been established. 

It is sufficient for the existence of tlie Ib^lliiiger iiilegral 

p/AJ?y)/(/2 (//) 

J a d(j (y) 

that the functions i\ {x), F., (a;) should be the indeiinite integrals of two 
functions (a;), </>., (a:) whose squares are smunia})I(^ in {tt. h); wliero (.*;), 
Fn (x) are the functions which are equivalent to /\ {//),./\ (//), and .r - (j {y). 
In accordance with the second theorem of 440, \\t‘ I hen set^ lha.t 

452. The theorems of § 450 can be generalizes! so as io relate to a 
function 0 (a;), such that is sunnnable in tlie interval (aj)), 

where A is a positive number. The proofs of the tln'orinns in tlie (‘xtended 
form are essentially similar to those of the origina.1 tlu^orenis. ''I'hus we 
obtain* the theorems: 

If (j) {x) be a function that is non-ne(jative In the interval {a, />), and such 
that is surnmable in (a, b), where A denotes some posit ire nntnher, 

then tU mm . 1 rr Iua 

converges to {<f> (x)}^ dx^ as the sum is taken snccessirely ore) the nets of 

n 

any system of nets fitted on to {a,b). In case A is a positive integer, cf^ (.r) 
may be any swmmable function, not necessarily of one sign in («, b). 
Hellinger’s definition may be extended to a])j)ly to the integral 

r 

J« 9 -(/{>/)]’" ’ 

defined as the limit, when it exists, of tlie sum 

\J3 {Vr) -ybjr j)l'‘ 

In this case: 


m \fU' (fA 11 i-A 

The necessary and sufficient condition that ^ should exist is 

Jo. \dg{y)\^ 

that the function F (a;) (=/ ( 2 /)) should he the indefinite integral of a function 
^ (x) such that [<^ (a;)]^+^ is surnmable in (a, 6). Morearer 




Other generalizations of the HeUingcr integral have been made by 
Radonf and by E. H. Mooref. 

• See Hobson, toe. cit. p. 263 See also F. Riosz, Math. Annalen, vol. i.xtx (1910), p. 462. 
t See the memoir “Absolut additive Mengenfunktionen,” Wiefier Silzungftber. vol. oxxn^ 
(1913), p. 1351. t See Hildebrandt, Bull. Amer. Math. Soc. (2), vol. xxiv (1918), p. 198. 




CHAPTER VIII 


NON-ABSOLUTELY CON\’ERGENT DhTEGRALS 


453. Tlie dcfiiutious of Hai'nack and Lebesgue have been shewn 
(§ 444) to load to Ihe same values in the case of absolutely convergent 
integrals when the points of infinite discontinuity of the function form a 
set of meiusure zero. Wo proceed to consider the integral of a function 
j‘{x) over a linear interval, in accordance with Hamack's definition, 
when that integral is non-absolutely convergent, that is, Avhen | f (x) j 
is not integrable over (a, b] in accordance with Harnack's definition. 
A point of (a, h) winch is such that / {x) is not suminable in any interval 
which contains the point watliin it, or at an end-point, may be called a 
jioiaf of non-summabikty, or a Ilamack povni, for the function / {x) It 
is clear that the points of non-snriimability of / [x) form a closed set H, 
for if P be a hunting point of H, any interval that contains P contain^ 
points of the set, and consequently f {x) is not auinmable in the in¬ 
terval The points of H are points of infinite discontinuity of/(a), 
but H IS not necessarily identical with the set G, employed in § 443. 
of all the points of infinite discontinuity of f{x). In any interval in¬ 
terior to a contiguous interval of H the function / {x) is sunimable. 
though it is not necessarily bounded. The definition of § 443 will be 
nioflificd, by eniploymg the set H instead of 0; so that the L-integrals 
employed in the dcfimtion are not necessarily L-integrals of a bounded 
function, those points of infinite discontinuity of f (x) winch are not point.s 
of non-sunmiability bemg interior to the contiguous uitervals of H. Thus 
the definition takes the following form; 


If tftere be a non-dmse dosed set H, of content zero, of poivis of non- 
siminability of f{x) in (a, b), and H be enclosed mthin intermh of a finite 
set A, such that each interval of A co7itains at least one point of H, then if 


the L-integral [ f{x)dx exists, and is such that, corresponding to an arbi- 

trardy chosen nurnber e, a number which converges with e to zero, exists 
mch that 


[ f(x)dx-j fix) da 
Jew Jets') 


< 


for all such pairs of sets of intervals A, A', provided m (A) < m (A') < 

then the limit of I f (ic) dx, as m (A) 0, defines a number which is denoted 

JCf(A) 


43-3 
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hy I /(a:) dx, and is calied the Ifarnack-Lcbcsijnc, or It L-iiiletjivl, oj J (x), 

a 

in (a, b). 

The jyi-iiitograls of functions contain as a. sub-chiss Harnack- 
Kiemann, or i/J?-mtegrals, in which the integral of the fuiuition over any 
interval interior to a contiguous intoiwal of // is an /^JnlegraI. 

It will appear that Iho condition that each inUnwal of A must, eoidain 
a point of H is an indispensable condition. It ha.s Ix^en slu^wn (S 444) 
that, in the case of absolutely convergent integra.Is, the corresponding 
condition relating to G is unnecessary. When I his condit-ion is a n<Hu\ssary 
one, the integral has been termed* by K. H. Moon' a na.i-row iiiU'gral. In 
the contrary case the integral is called a broad inl('gr«i.l; and il. will a|)peci.r 
that a broad integra] is necessarily alisolutely I'onvc'rgenl, so Unit, the 
seti/ does not exist. The i./-iiitogra! in the deliinlion may Ire ((mb* g(‘iu'*a! 

It vdli now be shewn that, iif{x) have an ///y-int('gral in (r/, h), i(. has 
an jffiy-integral in any interval (a\ b') contanu'd in {a, h). 

Taldng two sets of intervals A, A', as in the definition giv'^c'n above, 
we have, for every value of e, 

f/^ (X) dx - f (.f) dx < r, 

provided m (A) < 4 \,>a(A')< 4,;whcre/A (.r) / (.r), in the mlervals (A), 

and/^ (a:) =-■ 0, in A; with a corresponding detinition for,/\/ (.r). .\ssinning 
that this condition is satisfied for every value of e, it will be shewn tinit 

I (a;) dx - j /j., (.r) dx < e, 

. a' ' fi' 

provided A, A' satisfy the more stnngojit cojidit.ions 

Let it bo assumed that, if possible, A and A' ('aiii be determined so as to 
satisfy these last conditions, and so that 

I /a (x) dx - f /a^ (x) d.v ' e. 

. o' J a' 

It wiU then be shewn that finite sets of intervals A, A' ca.n ])e detcu’inmed 
which satisfy the condition that each interval of either set contains at 
least one point of //, and such that 

m (A) < S,, m (A') < t,, f/i. ipc) (lx - T/a' (x) fAr e; 

and since this is contrary to the hypothesis made above, the impossibility 
of the assumption will have been demonstrated. 

define A, A' we take each interval of A, in (a', I/), as an interval 
of A, and each interval of A', in {a', b'), as an interval of A'. Further, we 
* Trans. Am&r. Math Soc. vol. ii (1901), p. 290. 
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take for the parts of A, A'-in (a, a^) and (6', 6), the set of those intervals 
which are common to the parts of A and A' that lie in (a, a') and (b', b). 
In case a' is contained in intervals (a, |S), («', P') of A, and of A^, respec- 
tivoly, wo take {a', P), [a', ^') as intervals of A and A' respectively, where 
a' > a. A similar specification will refer to b'. 

It is now clear that(a-) =A(a), and/^.(a:) =fj-(x), when x is in 
(«', b') ; and tliat, in (a, a') or in (//, b), we have fi (x) = fy (x). It follows 
that 

I /i (a;) fix - I fy (x) dx = I (x) dx — I fy {x) dx, 

• « • « . a' : a' 

I 

and lienee that (a:) dx — /j- (r) dx s e. 

I • a .a 

Jloreover it is clear, from the mode of construction of A, A', that 
VI (A) < ^tnd m (A') < . 

The impossibility in question has therefore been demonstrated. 

S]jice, for every pair of numbers a\ b', such that a ^a' <b' ^ b, corre¬ 
sponding to an arbitrarily chosen €, the number can be so chosen that 

I f fs {X) dx - I fy (x) dx < e 

I J a' J ft' 

for oveiy pair of sets A, A' that enclose the set H narrowly, and such that 
Vi (A) < Vi (A^) < it follows that j / (x) dx exists. 

. fi' 

Moreover, since is independent of a' and h\ w’e have estabhshed the 
following theorem. 

:b rb' 

If f (x) dx exists as an HL-integral, then f (a;) dx also exists, zvhere 

Ja -a' 

a :: a' < b' b; and the convergence of this integral is uniform with respect 
to a' and b'. 

The last part of the theorem expresses the fact that 
j f {x) dx - (») dx <€, 

provided m (A) < , for every value of a' and b', the number depending 

on €. 

454. It will be shewn that: 

For the HL-integral, the theorem 

f / (a:) dx=fs (x) dx + IV {x) dx 

J a -a • c 

is valid. 

This follows from the correspondmg theorem for the Iriategral of 
(a;). For it appears that, employing the last theorem, the expressions 
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on the two .sides of tlie equation clifTcr from om* another by i(\ss than 2e: 
and since e is arbitra-ry, their equality is established. 

Since the existence of the ////-integral of / (.r) in a.ny sub-interval 
(a', b'), of (a, 6), has been shewn to be a n(M‘t\ssary eonseijuenee of ilio 
existence of the //i-nitegral over (n./ j), it is eh'ai* that, the integral of 
/(k) taken over any finite set of non-overlapjjing intia-vals, eonkiinedin 
{a, b), also exists; being the sum of the int(‘grals lakiMi ov(u- tlie separate 
intervals. However, if a non-finitc set of non-overla|)|)ing intervals l)o 
taken in {a, b), it is not in general true that the sum of th(‘ iniegra.ls taken 
over these intervals converges to a definik^ numl>e!*, nnk'ss the integral 
of / (a;) is absolutely convergeiit, which ease has beiai t.!*eat.(‘(l in (‘oniuTtion 
with the L-integrals. it will in fact bo shewn, l)y means of an (example, 
that the property in question, that / (x) i.s integrabh^ oveu- c'vta-y noji-fiiiite 
set of intervals in (a, b), does not appertain lo non-ab.soluk^ly eonvergont 
integrals, and must be regarded as peculiar to absolutely convergent 
integrals. This does not however seem to bo a snlfieifait. i*ea.son for re¬ 
fraining from applying the term ‘‘integrar’ to non-absolukdy convergent 
integrals, as defined above. 

455. The following property of an indefinite^ ///v-ink‘gral will be 
established: 

The HL4ntegral f {x) dx is a continvous funcf ion of the upper limit x. 
J a 

Denoting the indefinite integral by F (.t), we have, in acjeordanee with 
the addition theorem proved in § 454, 

F {x -f h) - F {x) - r ‘ / (.r) dx. 

. .»• 

Employing the fimction /^ (x), which vanishes a.t all point-s of the 
intervals of the set A enclosing the set of poiiit.s //, wc^ have 

rjc I fi 

f{x)dx-\ j\ix)({x. <e, 

J .r J X 

provided m (A) < for every point x, and for all valuc\s of A, sucli tiiat 
a; + A is in (a, 6). The integral [ /^ (x) dx being a continuous fimction 

a 

nc-\-7i 

of X, the numerical value of j /a (a:) ilx in the int<u*val (0, A,), of h, ia 
less than «, if be properly chosen. Heimc the nninericjxl value of 

p+Ti 

/ (a:) (fo: is less than 2e, if A is in the interval (0, 7(,). Rinoo e is arbitrary, 

X 

this shews that F (a;) is a continuous function of .t, on the right, in the 
interval {a, b). Since F {x) — F (x — h) = \ f {x) dx, it can be shewn, in 

Jx-A 

a similar manner, that F (x) is continuous at x, on the left. 
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In an interval of the set 0 (A), j / (a;) dx difEers by a constant from an 

'tt 

I 'C 

f (o;) dx possesses, almost every\vhere in the 

a 

interval, a diflerential coefficient equal to f (a;). Since the measure of C (A) 
converges to b — a, when A belongs to a sequence {A„}, such that m (A„) 
converges to zero, we have the following theorem, which is the extension 
to the HL-iniegvdly of the property of the Z-integral proved in § 40o. 

The indefinite HL-integral j f {x) do; has, ahnost everywhere in {a, b), 

•l a 

a differential coefficient of lohich the value is f (a:). 


THE //i-IXTEGRAL OVER A FIXITE SET OF IXTERVALS 


456. An extension of the theorem that the integral of / {x) over anj’^ 
interval contained in {a, h) necessarily exists, if the //L-integral over (a, b) 
exists, will now be made. 

Let D denote a finite set of intervals, each one of which is contained 
in an interval complementary to the set H, and no two of which are con¬ 
tained in any one such interval. 

Using the notation of § 453, as regards A^^^ such that m (A^^^) < JSe, 
m (A^^^) < it will be sheTO that 


I /^(.) (a-) dx - f /i(.> (r) dx | < e. 

J (D) J f/J) ' 


For, assuming that the expression on the left-hand side is > e. we can 
define A^^^ A^^^ as follows; 

The parts of A^®^ A^^^ that are interior to C [D), which is a finite set 
of intervals, we take to consist, in each case, of those mtervals that are 
common to parts of A^^^ and A^^^ interior to C [D). If intervals (a, fi) 
{a', jS'), of A^^^ and A<“^ contain an end-point of an interval of D, we 
take (a', ^8), («', Avhen a' > a, or (a, fi), (a', /3), if a' < a, as intervals 
of A^®^ and A^^^ respectively. No interval of A^^^ or A^-^ is interior to an 
interval of D. 

We have now m (At®^) < -JS*, m (A^^O < i^e; and 

/a(=) {^) =/ao) {x), /aw W =/a(--> {x), 

where as is in Z); also, in C (D), we ha^vef^n) (a;) =/aw {x)- it then follows 


that 





which is inconsistent with the conditions that 


m (A*®^) < JSe, m (A^*^) < 


Hence 


f /a<i) (x)dx - j /a( 2 ) (a?) dx 
.'(D) Hm 


< €. 
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It follows that I f f (;<■) dx - [ l\ (x) dx ' e, providisl m. (A) ^ iS,. 
\J(n)' '(/J) I 

It has thus been established that: 

If D denote a finite fiet of interraU^ each of irhich 'hs in one of the com- 
plemeyitary intervals of //, and no two of irhich are in one and the mine ,siich 
comj)lem€sitary interval, then if € is pre^scnhed, there exisf,^ a number IS,, 
such that 

I f(x)dx--l fj,(x)dx 
•'(/)) J(/i) 

fen' every such set /), and every set A enelofsiny // narrowly, such that 

m (A) < IS,. 

Tliis is a particular case of a somewhat more gtMUu-al tluiorem ^ivcMi by 
E. H. Moore, which allows more latitude as rc'^anls tlu' set- of inliM'vals D. 

Since the function/^ {x) is sunimable, we see that-, in iie.cordaiiee with 
the property of simmiable functions established in S 

I [ /a (»•) ‘' c, 

I • (1)) 

provided m (D) ia loss than some number 8/ whieli eonv(‘r^(*s to zero with e. 
Also, provided D satisfies the condition of the abov<‘ tlu‘(>rc*iu, we liave. 

If f{x)(Ix-l Js{-r-)tlx f. 
iHiJ) •'(/>) 

It now follows that f (x) dx < 

I hm I 

We have now the theorem that: 

If D be a set of intervals, finite in number, each of irhlch iff in an intexval 
complementary to the set H, of points of non-svnvm,ability, and no tiro of 
which are in the same such interval, then. 



for all such sets D, py'ovided m (D) < 8/'; where c is arbitrary, and S/' 
depends upon e, and converges to zero as e does so. 

THE COKDITIONS FOR THE EXISTENCE OK AN ///j-lNTE<lIlAli 

457. The following theorem, due to E. 11. Moore*, contains tlic 
necessary and sufficient conditions for the existence of the ////-integral 
of a function / (a;), defined in the linear interval (a, 6), in which // is the 
set of points of non-summability of / (x). The content of 11 is assumed to 
be zero: 

The complementary intervals of H being denoted by (a„, bj), the necessary 
and sufficient conditions for the existence of f (x) dx are: 

J a 

* Traris. Amer. Math, Soc, vol. n (1901), p. 324. 
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(1) , that all the integrals f {x) dx shall exist, each such integral being 

dejinecl as the limit of I / (x) dx, when e, e' converge independently to the 
•I a„+t 

limit zero, and, 

(2) , that coi CJ 2 + ••• “h shall converge to a definite number, as v is 

indefinitely increased; where o), denotes the fluctuation of f f {x) dx in the 

■ a,. 

interval (a^, h^). 

Moreover, when the conditions (1) and (2) are satisfied, the sum 


V fbr 

S f(x)dx 

r-^1 Jar 

rb 

is convergent, and its limit, as v co, is f (x) dx, 

• a 

rb 

1'’o shew that tlie conditions are necessary, we assume that / (a:) dx 


exists; it then follows from the theorem of § 453, that I f (x) dx exists. 

J a„ 
rx 

If fp', i/' be the points of (a„, b^) at which / (x) dx attains its maximum 


allies we have = / (a:) dx. 


and minimum Vi 


The number p may be chosen so large that S {b^ — a„) < 8/'. For 

V=‘IL-\ 1 

some values of v we may have fand for others < f/'; one, or 
both, of these two sets of values of v will be an infinite set. If Eci;„ is not 

/a' 

convergent, a number y (> p -\- 1) can be found such that S a)^> 2€. 

v = |U,-rl 

One at least of the two sots of those values of v between /x 4- 1 and /x' for 
which fand for w'hich < f/', must be such that the sum of 
the corresponding values of oj^ is > e, and the sum of the corresponding 
intervals | if' — [ is < 8/'. We have thus a fimte set of intervals D, 

whose sum is < 8/', all contained in complementary intervals of G, no 
two of which are in the same such interval, and such that 

I I f{x)dx>€, 

IhD) 

which is contrary to the last theorem of § 456. 

It follows that Sco,, must converge. 

Further, let j8„) be interior to bf^ and such that 

P; — == ^1 — (6if 
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r ut 

We may choose 9//. so that (/;„ — <t,.) > b a t;, wIumv 7; is pt^sitive, 

!■ I 

and arbitrarily chosen. Then 

1-7// / 1 \ I 

(jS„-«„)>(/>--a — ij) p -- /j a ■)] j (h ■ a) 

If we tate A to bo the st't of intervals coinplonieiiiary t-o (<«,., /S..), for 
V = 1, 2, 3, ... 7 )1, we have m (A) < 77 -! (/> - a) 8^ if 77 anil /• are properly 

chosen. It tlicn folloAVS that 


fb V /// r^i* 

. rt V I J tt,. 


r =///. P^i' 


Also may be so chosen that S / (j*) r/.t; differs from 


«■ 1 ' 


i «/ 

r 1 -'a,. 


by less than e; we have then 

I rh I* w/ 

/ (a:) rfa: - S / (a;) r/a: 

I • rt I - 1 • a,, 

00 r^*i> ri) 

It now follows that S / / (.r) converges to the' value of / (.r) J.r. 

r-lJ (-/j, 

To prove that the conditions (1) and (2) are suffieieiit; Ic^t / be such 

00 

that S a)„< then if j8„) denote any int-orval contained in (a^, b,,). 
1/+1 

we have 


00 r"i' 

S f(x) 

!• -1 J a„ 


r/:r 


Let the finite set A enclose ?I narrowly; the com})l(nnentary set C (A) 
is a finite set of intervals interior to a finite soli of t/ho int.ervals (J [H) 
complementary to H. Assume that these intervals G [FI) a.r(‘ arranged in 
descending order of magnitude. Those of them t hat are of length > w (A) 
must each contain an interval of G (A), and others ma^>' also contain 
intervals of G (A). Let the first s of the intervals {a^, b„) b(' (‘ach of length 

00 

> m (A). The convergence of S 

n iJ a, 

have then 


f (*) d’X follows from that of ijo),. 


We 


I f /a (®) - 2 r / (!c) dr 

I •' a I' 1 u„ 

Ii«s| 1*|| fPv “I I fftn 

£ S f{x)dx — \ f{x)dx+I, / (*) (fa; -I' D f [x) dx 

where n' (> s) has a finite set of values, and («„, j3„) arcs the intervals of 

CIA). 

eo 

We may suppose s to he so chosen that S < e, and thus that 

V =.*1 


s 

n'>a 


rfin 

■I «n' 


dx 


< e, 
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CO I I 

and also so that E I f {x) dx \ < e. The number s having been so 

chosen, we may suppose A so chosen that in (A) is less than each of the 
first s intervals of C {H). Also m (A) may be chosen, still smaller if neces¬ 
sary, so that 

I' -s I f^i> rfi,. I 

^ ) f {oc)dx—\ f {x) dx < €. 

'* -CL,, i 

Wo now have I j Va (a;) cZa; - S | / (a;) ttc | < 3e. provided m (A) is 
less than some number depending on e; and since this holds for every 
value of €, we see that j J\ (a:) dx must converge to the value of 


E f(x)(lx, 

I' 1 J ft,. 

rb 


ro 

as m (A) 0; and thus the existence of f (x) dx has been established. 

J a 

fh 

It has been hero established that, if / (.r) dx exists as an i/L-integral, 

. a 

rb,, 

it is necessary that S / (.r) dx should converge, where {a„ , h„) denotes 
a contiguous interval of the set H of points of noii-summability oi f (x), 
it being assumed that m {H) = 0, and / (.r) dx being determined ris 

a„ 

lini I f (x) dx, where (a, jS) is interior to {a„, 6„), but it is also nece-j'^aiy 

J a 




to assume that, denoting the fluctuation of f{x)dx in {a„, b„), the 

a,, 

series of positive terms Ea)„ should be convergent. 

458. A more general definition of [ f{x) dx has been suggested by 

J a 

Lebesgue*, as a development of a definition given by Jordan. This is 
obtained by substituting for the condition that Utoin should converge, the 


less stringent condition that E 


rbn 
J an 


dx 


should be convergent. It is 


clear that an -H£-integral is also an integral in accordance with this 
definition of Lebesgue, but the converse is not necessarily the case. It 
can be seen that the substitution of Lebesgue’s definition for that of 
Hamack involves the introduction of a limitation in the selection of the 
sets of intervals A that include the points of H. 


* See his “Remarques but les theories de la mesure et de Tmtegratioii,” Annales sc. de Vec 4 jlle 
TMrmdLe ( 3 ), vol. xxxv ( 1918 ), p: 204 . 



684 Noiuahiioliitely Couvenjint InUyniU [on. vm 

This limitation must bo such that, in iho jn-ool’ of sunh-ionov in E. H. 
Moore’s theorem, the convergence of H I / (.r) f/.r (mu Ik‘ inhuivtl from 

V 1 

that of S I I / (.c) d.v . 

r l| 'a,. 

In case the sum of tlie iniegrais over the in((M*vals wore imt 

absolutely convergent, the sum of the integrals 1 heinselvc's, if oouvergent, 
would have a siun which would depend upon th<‘ order in which the 
intervals arc taken, and thus would not afford a siidabh^ definition of the 
integral over (a, /;). 

459. A method will now bo given of constrnct.ing a fnne lion /(.c) 
which is continuous at every point of the interval /;), (‘xe.ept at the 
point 6, at which the function has an infinite discontininty ot such a 

ffj 

character that I / (rr) rLv converges noii-ahsoliitely. 

^ a 

Let a sequence of intervals (a^, h^), (a,, />.,), ... />„), ... he defined 

in the interval (a, b), such that no two of them overlap, and that h is the 
limiting point of each of the sequences 

(%j ^2 j ^2» 

Let% 4- 'Mo -f ... + n„ 4 ... denote anon-absolutely convergent arithmetic 
series; that is, the senes is to be couvorgoiit, but not the s(n*ios 

I “l I + 1 «2 1 + ••• -I- I '»'« I I 

In 6„), let/(a;) be defined so as to bo continuous, and everywhere of 
the same sign, and let/(a;) be zero at a,^ and h„. lAirther, iet/(.t;) bo so 

rbn 

chosen, in (a„, 6„), that / (a;) dx — 7i„. At all points of {a, h), external 

J Un 

to all the intervals ((X„, b^), let / {x) 0. 

The function/(a;), so defined in {a,h), is continuous, e.\e.o])t at the 
point b. 

In (a„, bn), the function \f(x) | has a maxiinmn value greater than 
\'^n\K^n — therefore / (a;) has indefinitely groat positive and 

negative values in every neighboxirhood of the point b. 

For, if there existed a positive number k, such that | ?fc„ \/(bn — a„) < 

r a r' n 

for all values of n, we should have S \Un\<k S — ar), and thus 

r-l r 1 

CG 

the series S | | would be convergent, which is not tlie case. 

r =■! 

We have now f f (x) dx = u„ + du^+x, 

J a r “ 1 

if X lies in the interval {bn, 6n+i)j where 0 ^ d s 1. 
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Also the integral f f (a:) dx is defined as lim I / {x) dx\ and its value 

i n 

is therefore lim ^ Un, which, by hypothesis, has a definite value. 

;<~oo r- 1 

It is further clear that \ f (x) \ dx is not finite, since the series 

- flr 

I I -f I //o I + • • • -f I I -f ... is not convergent. 

Thin result may be employed to illustrate the fact that the non-abso- 
liiloly convergent integral is not necessarily the limit of the sum of the 
integrals taken over a set of intervals which, in the limit, converges to 
the whole interval of integration; and thus that such an integral i.s not 
a broad integral. 

Let the integral of / (.r) be taken over the intervals (cf, 

Pi>Pii ■■■ are increasing integers, all greater 
than m, and sucii that ii^,, ... are all of the same ^ign. It is clear 

ftha 

that 7/A may be so chosen that I / (a-) dx is arbitrarily near in value to 

J a 
rb 

f {x) dx; then, for such a value of m, the integers pi, pi, Pr i^^^y be 

} a 

SO chosen that vf,,, -1- -\~ ... -j- is as large as we please, since the 

series 227/,, does not converge absolutely. As 7?i is increased indefinitely, 
the Kset of intervals (a, //„,), ... 63,^) converges to the whole 

inteival {a, h), the complementary part of (a, /;) clmiinisliiiig indeliiiitel\', 
and yet the sum of the integrals of/ (x) taken over the interval ot the set 
does not converge. 

460. llic construction here given of an .^^//-iutegral, with a single 
point of non-summability, may be employed to illustrate the fact that, 
in tlio definition of such an integral given in § 453, the condition is indi.s- 
pensable that the set A of intervals must be such that there is at least 
one point of non-summability in each interval of A. This fact differen¬ 
tiates the non-absolutely convergent HL-mtegral from an absolutely con¬ 
vergent integral, in w’^hich / (a;) dx converges to I / (a;) dx. for every 

./C(A) 'a 

set of intervals A, when m (A) 0. It is not in fact true that, in defining 

the /-/i-integral, the set of points Og, ... ... 63: which 

is of content zero, may be excluded by enclosing these points in a set of 
intervals of arbitrarily small sum. 

For we may include all the 2m points a^, a2, ... chmj ^ 13 ^ 2 j ••• which 
occur in (a, b^) in a finite set of intervals, so that "when these are excluded 

rbjn 

from the interval (a, 6^), the integral f {x)dx is altered by an arbitrarily 

'a 

small amount. Again, we may shorten each of the intervals 6®i)j 
(a,,, 6,,), ... (o^, 6^) at each end, so that the sum of the integrals oif{x) 
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taken over thcv^o intervals i.s diminished by an rarily small amount 
All the points «•>, ... ... iire now iiielnded in intervals of a iinite 

set. such that the integral of/(.r) over the eomplmnentaiy intervals is 
arbitrarily great Tliese complementary intervals eonsisi of t hose intervals 
whicli have been obtained by shortening the intervals (a ... 

parts of («, b,„) which remain when the points 

3 3 ^2 ' ^tii ’ 

have been included in a suitable set of intervals. 

r* 

Let <f> (a;) be a function for which I </j (.r) d.r c^xists as an ///./-integral, 

J a 

with the points a^, ••• ••• b. as the set of points of 

infinite discontinuity, in tlie nLCighbourhoods of whieli </> (.r) is not. siuu- 

[0 

mable. Also the integral f (x) dx e.Kists, as constriie.ted above, with its 

' a 

single point of non-sum inability at b. It apjiears howevin* that 

["{/(■«) + (^01 

docs not exist as an //L-integral. The set //, of points of non -smumability 
of the function/ (ac) + (x), consists of the points 

Ui , , Of>2 , /I 2 3 • • • 9 b,f , ..., 

and in general of the point b. 

We may now define a set A, of intervals (Mielosing t.lu^ points of //, to 
consist of the finite set defined above for the ease of Mie integral of/(x). 

For a sequence of such seta A, / (x) dx iiujreases irulefinitelv, as 

JC'{A) 

m (A) ^ 0, whereas 6 {x) dx has a finite limit; thus 
Jo(^) 

i {/(a;) + <A (:>.•)} 

JCU) 

fb 

increases indefinitely as w (A) ~ 0, and thorefon^ I {/ (x) | rf> (.»;)} f/..: docs 

J a 

not exist. It will however appear in §§ 472, 473 that the integral exists 
as a D-integral. 

It '\^^ll he proved that. 

U f Ms <t> HL-integrals in {a, b), mid the .nets Z/^, Z/.^, of points 

of non-summability of the two functions have no point in common, then 
/ (x) -h ^ (x) has an HL-integrcd in (a, 6), given by 

[ {/ M + (x)} dx = j / (x) dx -h I <f> (x) dx. 

Denoting f {x) + <{> (x) by ^ (x), it is clear that the set of points of non- 
summahility of ^ (x) is K = The two closed sets have 

a finite distance between them, and therefore must be contained 



4f)(.,4<!i] The Comhttoiii^for the Existence of atiHL-Integral 687 

within the intcrv^als of a finite set, each interval of which is within 
one of the intervals contiguous to . The part of in each such interval 
is ciosecl. If the set K is enclosed narrowly in a finite set of intervals A, 
then, provided m (A) is sufficiently small, A is the sum of a set A^ of 
intervals enclosing narrowly the points of'-ffi, and of a set A2 of intervals 
contained in enclosing narrowly the points of The integrals 

I / /ai {^) dx differ from one another by t f (x) dx, and this is 

J a J a J (s,) 

an //-integral which converges to zero with m (A): therefore, in defining 

b 

f {x) dx, w'c may employ the set K instead of the set Similarly, it 

a 

rb 

is seen that, in defining <j> (x) dx, we may employ the set K instead of if,. 

b ^ 

Since (x) dx = \ f {x) dx -j- j ^ (a;) dx 

J ft Jr (A) J C(A) 

and since the limits of the integrals on the right-hand side, as m (A) — 0, 
are the //L-iiiiegrals of / (x) and (x) respectively, the truth of the 
theorem follows 

When //^ and //o have points in common, such a point may or may 
not be a point of non-summability of / (x) -f (x). It can be shewn that: 

Iff (x), 0 (a;) both hare HL-integrals in {a, b), and haoe one and the same 
set H of points of non-smnmaJnlity, then if the set of poUits of non-siimma- 
hility off {x) -h (x) consists of the points of H with the exception of those in 
a closed set L contained in H {which set L may be fiyiite or absent), then 
f (.r) <ji (a;) has an HL-integral in {a, b), given by the sum of the HL- 
integrals of f (x) and <f> {x). 

The sets H — L and L both being closed, it follows, as above, that L 
is contained within intervals of a finite set D, each interval of 'which is 
interior to one of the intervals contiguous to H — L. It can then be 
shcAvn that, in defining the integral of ^ (a;), the set H may be employed 

instead of the set H — L. For {^) dx, ^ai (^) dx differ from one 

J a J a 

another by the i-integral of ^ (x) taken over the set Agj where A = Ai A3, 
and Aj, Ag enclose narrowly the points of the sets H — L and L respec¬ 
tively. The result then follows as in the last case. 

461. If p ^ (x) dx is an jff£-integral, for the function [x), and the 

• CL 

set of points of non-summabihty of ^ (as) is H, and f (a;) is bounded and 
summable in {a, b), it may happen that some or all of the points of H 
are not points of non-summability of the product function f {x) <l> (x). 
This will be the case, for example, if / (a?) has the value zero in a neigh¬ 
bourhood of a point of JS. If, at any point of if, / (f 4- 0) exists and 
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is mimerically greater than sonic posiliA’c iiuinlier if. \\\' have, provided 
e is sufficiently small, 

I / (a-’) ^ (•■«) I > « I ’ I ^ (.r) I (lx. 

It follows that if ^ is a jDoint of non-suinniability on i lio ri^ht, of </» (.*■), 
then it is also a point of non-suminability of / (.r) </> (.v). A siniila-r rtauark 
applies to the left of the point- 

The following property* of aji ///y-iiitegra! will now be ('stablislied 

,'b 

If i^) UL-inte(jral, the sH of i)oinf.s of H()H~j<tntrinahili(i/ of 

a 

<l> (x) being Jl, and 'if f {x) he a funciion with hotnidvd nuintioH iti ((^b), 
such that f (x) ^ (a:) is non-summable at avonj point of //, irifb the po-sfiUde 
exception of those belonging to a closed set K, of points of //. then 

f /(••«) 9^ (•-Vj'a-- 

J a 

exists as an lIL-integml. The set K nutij be finite, or (d>sent. 

The condition in the tlicoreni is certainly satislied, in i)a.r(ic*nlar, if 
there are only a finite number of points of II at w liich / (.♦;) is continuous 
and has the value zero. An important (‘xample of (-he tiieorcnn is that, 
if <!> (x) has an //L-iiitegral in (a, b), then </> (x) c.os A.r, </> (.r) sin A.r Inive 
JTL-integrals in the interval, A denoting any c.onstant. For tlu‘ only points 
of H which may not be points of infinite discontinuity of the iiroduct 
functions are the zeros of cos \x, or of sin Xx, 


First, let it be assumed that all tlie points of II are points of non- 
summability of f {x) </> (a;). Let A, A' be two sets of int-ervoils tmclosing 
narrowly the points of H, and such that 




€, 


where m (A) < (A') < for all points x in {a, b). 

Let F (x) = (f>^ (£c) — <l>^. (a;), mid suppose that. / (.r) fj (.r) -- f> (.«)> 
where/i (x),f2 (as) are monotone bounded functions. 

We have 


I ^ (a:)/i (*) =/i (a) f^Jf’ {x) dx 1-/1 (h) [ Z'’ (x) (h:, 

'a j a J i 

with a similar equation for /g (a;); ^ is in each case sonic point in (a, b). 
From this we have 

I (x)f (x) dx {^)f (*) 

< 26 {[A (a) I + IA (6) I + IA («) I -H1 A(6) !}• 


* See Hobson, Proc. Lond, Math. Soc. (2), vol vii (1909), p. 22. 
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Denoting the number on the right-hand side by e', we see that, since 
converges to zero with e', the condition for the existence of 

I f (*) <f> (*) 

J a 

as an //X-intcgral is satisfied. 

In case there exists a closed set of points of H. which are not points 
of non-smnmability of / (a;) <f> [x), we see, exactly as at the end of § 460, 
that in defining the i/L-integral of / (a;) <f> (a;) ^ve may employ the set H, 
instead of the closed set H - K, of points of non-summability of the 
func'.tioii. Thus the theorem is at once extended to this case. If H and K 
are identical, the i/X-integra] becomes an X-integral. 

TJJE SECOND -MEAN VALUE THEOREM FOR AN HL-1STKORA.U 

462. With a view' to the extension of the second mean value theorem 
given in § 422 to the case of //^-integrals, it wall be first proved that: 

If <!> (x) has an lIL-integral, and f (ic) is bounded and monotone in the 
interval (a, h), then f {x) c/> (x) has an HL-%ntegraJ, or an L-integral. in the 
same interval. 

Let // and H be the sets of points of non-summabihty of the functions 
<!> (x),f (a;) <!> (if) respectively. Anj pomt x, of //, at which neither / ( 2 - - 0) 
nor / {x “■ 0) has the value zero is also a iioirit of H. If theTe be no line 
of invariability of / (x) for which the function / (.r) has the value zero, 
there may bo a single point c, in (a, b), at which / (c — 0) or / (c — U) has 
the value zero, or at which both of them are zero. If c be a point of H 
it is not necessarily a point of H, and in that case it is an isolated point 
of H. In accordance with the theorem of § 461, / {x) <f> (x) has an HL- 
integral in (a, h), the set K consisting of the single point c. In defining 
the integral of / (x) <f> (x), the set H may be employed instead of H. In 
case there is a line of invariability (a, ]8) contained in (a, 6), within w'hich 
/ (a;) = 0, any points of H within {a, P) do not belong to H. The end¬ 
point a, or the end-point P, in case it is a point of H, may, or may not, 
belong to H. In the interval (ot, P), f {x) (f> (x) has an L-integral, and in 
the interval (a, a), or (j8, 6) it has an JJL-integral, or an L-integral, ac¬ 
cording as the interval does or does not contain points of H. In any case 
it follows that / (x) <f> {x) has an HL-integral (or an L-integral if aU the 
points of H are within (a, p)) in the interval {a, b); and in defining the 
integral the set H may be employed. 

It will now be proved that: 

The second mean value theorem 

^f {x) ^ (x) dx = A^4> (x) dx + B (a;) dx, 

H I 


44 
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as given in § 422, holds good- when ^ (.r) has a>i IIL-iafogral in (a, b), the 
fiincticm f {x) being hounded and monotone in the same hiterral. 

rh 

In accordance 'with tJic lawt theorem, / (.r) c/> (.r) dx exists as aji 

' tt 

ZTi-integral (or as an i-integraJ), and in its definition l.lio set 7/, of points 
of non-summability of <f> (.r), may bo employc'd, Mhetlu'r or not «ill the 
points of H are points of non-siimmability of / {x) ^ (.t;). 

We have 

f f {^) (x)dx A f (a;) dx i- 7i [ cf,^ (x) dx, 

‘ U J tt ‘ 

where A is a set of intervals enclosing Jiarrowdy tlu^ s(ii //, and Xj, is 
some point in (a, 6), dependent on A, ^1, B. 

Now [ ^A (x) dx — I (jf) dx, f </>^ (.r) dx — f </> (x) dx 

are both munerically less than an arbitrarily (iiosen |)osil.ive ninnber e, 
provided m (A) is sufficiently small; this follows from tlu^ uniform con¬ 
vergence of ^A (2^) to I </> (x) dx. Also I / (.r) f/>A (:r) dx difl’cTs from 

fO 

I f {x) efi (x) dx by loss than e, if m (A) is siilliciently small. Hence wo 

'a ' 

have ,/j rt- .,i 

j f (x) ^ (z) dx = A j <f> (z) dx I- B j <!> (.»;) dx -|- 1 ], 

J a 7 fli A'a 

where j *>] | is arbitrarily small. From the continuity of 

I 4> (®). j ^ 

J tt J A'a 

we see, by reasoning similar to that in § 423, that. 

f f (x) ^ (x) dx — A {x) dx I ’ B f </> {x) dx. 

J a J a J X 

Bonnet’s form of the mean value theorem may he deducc^d as in § 423. 
It should be observed that the only (;aso in whioli f/Iu^ monotonci 
function / {x) is such that the condition thati all the points of //, with the 
possible exception of the points of a closed set cont/aiiicd in //, are points 
of non-summability of / {x) </> (a;) may not be satisfied is wlum / (.r) is zero 
in the interior of an interval (a, /3) contained in (a, b). For example, if jS 
is a hmiting point of H on both sides, and / (jS) - 0, / ^0) - 1, the 

point j3 is a point of non-summability of / (a:) ^ (a:), but the i^oiuts of // 
on the left of p are points of smnmability of / {x) (/> (a;). ''I'^lius, m this case, 
the set of points of H which are points of summability of / (a;) {x) is not 

a closed set; and thus the condition in the theorem of § 461 is not satisfied. 
In such a case, by changing / {x) into / (a;) -h c, we have 

J [/ (®) + c] (/) (x) dx =r. (A +c)J <f> {x) dx + (B -h c)J <l> (a;) dx, 
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the integral on the left-hand side existing as an HL-integral. We could 
only uifer the existence of j f(x)<^ (z) dx, by subtracting |* c<f> {x) dx 
from both sides, and employing the theorem of § 454:. ” 


rKTEGRATIOK BY PARTS POB THE HARRACK-LEBESOTIE INTEGBAXi 

463. The formula for integrating by parts, given in § 420, may be 
extended* to apply to the case in which one of the integrals, T U {x) dx, 

• a 

which may be denoted by u (x), is an £fi-integral; and the other 1 F (j:) dx, 

•f a. 

or V (a;), is an .L-integral. 

iX 

Lot (a;) — I (x) dx, where (x) = U {x), at every point not be- 
J a 

longing to a finite set of intervals A, enclosing the points H, of non- 
summability of U {x ); and 27„ [x) = 0, in A. 

du d'u 

Since and u^v are L-integrals, we have, since -y-”, exist almost 

clx ax 

everywhere (see § 455), 


J a 


'^'dUn 


dv 


As 7Z- 00 , so that 7n (A) 0, we have 

A 1 I J r** 7 I 1 7 

because, for sufficiently large values of n, we have \ u {x) — ii,, {x) | < e, 
whatever value x may have, in accordance with the theorem of § 453. 
It follows that 

dv J dv J 

hm I Un j dx = \ ?t , dx, 

74-00 /a dx fa dx 

d u 

and hence, utilizing the above equation, we see that lim I v dx exists 

?4~oo. a 

and is equal to [uv’^^^ — J dx. 

Thus the equation 

j^V [x) I I^U (x) do^dx = j^U (x) dxl V(x)dx — j U (x) | | V {x) da;*- dx 

holds good, when one of the two indefimte integrals 

[ U (x) dx, [ V (x) dx, 

J a -a 

exists only as an jETL-integral, the other being an Zr-integraL 


* W. H. Yoimg, Proc. Lond. Math. Soc. ser. 2, vol. ix, p. 432. 
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THE DEN.70V IXTECSKAT^ 

464. In the definition of the //iy-iiitegral, c^vimi if it. be niodiiiod in iho 
manner proposed by Lebesgiic (§ 458), it is assumed that tlie set //, of 
points of non-summability of the function, iias eontent. /am’o. A d(4initioii 
has been introduced* by Denjoy, which is ci.p[)lieabl(^ wlien tlu' set [{ is 
not so restricted, but is capable of being any non-dc^nsc^ (*los<'d set. Tho 
process of passing from a given function / (.r), dcdiiu^d in the linear int(a*val 
{a, h), to a function F (a), which has a relation to/(.r) similar i-o that of 
the indefinite jL-intcgral of a suminable function lo the tunelion ilsrlf, 
has been termed by Dciijoy totalization of/(.r); it will liowtw'i^r \h' here 
spoken of as integration (/)), and tlio function F (.r) will be spoken of as 
the indefinite D-mtegral of / (a;), whoneviu* it exists. Thus, in anv uiter'Ml 

,7l 

(a, j8), of {a, b), the Z)-integral of / (:r) will be dcumtiul by j / (.r) r/.r, or by 
F (P) — F («), or also by V (a, P). 

The definition of the Denjoj’’ Integral, or /)-Lntegi*a.l, in thi' most-general 
case, can only be given by indicating the steps of a. gradual proei^ss ijy 
which, comuioncing wdth the ciiiploymont of /.y-inti^giMls, a. iunetio’i is 
obtained which satisfies certain postulations winch ar(^ of the* uatui'e of 
definitions. These may bo stated as follows: 

Having given a measurable function / (.r), (hdiiu^cl for tla^ interval 

(a. 6), 

(1) . /?/ any interval {a, P), co^ilavned hi (a, h), in irJiirfi f (.<) /.s inhyrnhie 

fP 

(L), V (a, P) is taken to be the L-integral f (:i;) dx. 

J ft 

(2) . For a finite fSet of intervals («^, nf), «j), ... (re,, «„), each one of 

which abuts on the next, and for V'hich I' (rtj, «o), V {(u, u^), ... T («,, ,, 

r n I 

have been defined, V (aj, a„) is defined cbs ^ I’ 

T 1 

(3) . If (a, P) be any interval in {a,b), and I' {a\ p') hurs been defined 
for every interval (a\P') interior to {a,p), tlu^n I' («, p) is taken to be the 
limit of V {a', j8'), when a' ~ a, ^ p, independently of one another, it being 
assumed th^t this limit exists. 

(4) . Let P be a perfect set of points in an interval {«, P) contained in 
{a, b), and assume thatf {x) is summable over the set P, and suppose moreover 
that V {a', P') Twbs been defined for every interval («', p'), of {a, p), lohich 
contains no point of P as an interior point. Let (a„, p^), where n - 1, 2, 3,..., 

* Comptes Rm&us, Pans, vol. cliv (1912), p. 859 and p. 1075. S(‘« also hiiHin, ibt<7. vol. -xlv, 
p. 474. Denjoy’s detailed investigations are given in four memoirs referred to on p. 715. See 
also a thesis by NsJli, Esposizione e confronto cr%tw ddlc rUvarne deJini.z%o)n (h toia fimzionc l%m%tala 
o 710, Palermo, 1914 Por an extension of Denjoy’s method of intograi-ion to the case of the 
derivatives of functions of two or more variables, sco Looman, Jf'undame.iUa Math. vol. iv (1923), 
p. 246. 



693 


Tlie Denjoy Integral 

flenote the tyUei-vals of (a, j8) that are contiguous to P, and let W (a„, 
denote the upper limit of | V {a', |, for all intervals {o', j8') contained in 

QO 

\^'n 7 Pn)‘ cuiisiL'tned that the series S W (cc„, is convergeyit. Then 

I" («, j8) is (hfuierl by 

l^K,iS„)+ f f(x)dx, 

n -1 J (P) 

it is clear tJiat W {a^, is the fluctuation of V (cs^j, x) in the interval 

^ ,Sw)- 

[t will be slicivn that the i)--mtegral of f (i;), in (a, 6), exists, or in 
aecorclaiice with the expression employed by Denjoj’^, that/(a;) is totaiiz- 
aOie in (a, b), provided/(.r) satisfies the following conditions: 

I. For every perfect set P, in (a, b), the set of those points of P which are 
points of noii-siimwability of f (x), ivith respect to P, is non-dense in P. 

Jn particular, if P consists of all the points of (a, b). the set H, of 
points of nou’siiininability of f (x), v/ith respect to the interval {a,b), is 
a non-doiise set. 

it. If (n, 6) be any interval in (a. 6), and V («', /5') has been calculated 
for erety interval («'. jS'). inteno) to («, j8), then V (a', j8') tends to a definite 
hintt. as a\ j8' converge independently to a, P respectively. 

When this condition is satisfied 1” {a, j3) has been defined, in (3) above, 
to be the value of this limit, thus 

(f (.c) dx = lim f / (.f) dx. 

J a. a.' 

ill. For every 2 >Gfifect set P, %f V [an, ^n) bas been calculated for every 
interval {a^, Pf), contiguous to P, the set of points of P which are not points 

CO 

of convergence of S W {ctn, pn) non-dense in P. 

n 

00 

The series S W {a^, Pn) is said to be convergent in a7i interval {a', p') 

n 1 

if tlie series consisting of those terms for which («„» P 71 ) is interior to {a', P') 
is convergent. The series is said to be convergent at a point p if ^ is interior 
to some interval (os', P') in which the series is convergent. 

If every point of a perfect set P is such as to be a point of convergence 
of S IT (cc^, p^, then the series S W Pn), taken for all the intervals 

n.*l 4i-=l 

contiguous to P, is convergent. 

For, let a system of nets be fitted on to the interval (a, 6), in which 
P is contained; then if S W {a„, P„) is divergent, there must be at least 

one mesh d^, of the net Pi, in which S TT is divergent. Of the nets of Pa, 
that are contained in di, there must be one at least in which S IF is 
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divergent; lot rZg bo that not, or that of lowest rank if Ihoro is more lluuj 

one. Proceeding in this nianiior, wo obtain a .so(|iioii(*(' of iiioshos , tl, . 

defining a point Q, in all of them, such that, in ('ach of tlu^sc^ nu'shos, the 
series 21 W is divergent. This point Q is one oi (!ivt*rg(‘!i(*(‘ of (lio s<‘nes. 

and it must clearly belong to the set P, which l)\ h\ j)otlii'sis contains no 
such point. Tlicrefore the sei*ies S taken for all (he intcTvals 

}i 1 

contiguous to P, is convergent 

It is clear that those points of a ptnleel set- P wliieh ar(‘ points of 
divergence of STF («„, j 8 „) form a closed set. Kor, in any neighbourhood 
of a limiting point of the set, there are points ol the s(‘t; from which tht 
result follows. 

465. It wall be shewm that, when tlie e.onditions given in § l()4 are 
satisfied, the Z)-integral of / (.r) can be ealeaihited by hkn-uis of an enumer¬ 
able set of P-intcgrals, of passages to the limit, and of summations in a 
certain order. 

Every point of (a, b) which docs not belong to //, llu' std of points of 
non-summability of f (x) w'ith respect to the intcn-val (a, h). is interior to 
a contiguous interval of H. Since / (.<:) has an /v-intt'gral in any interval 
(a\ P'), interior to («, j 8 ), one of tlio intervals eontignons to //, V {a. /S) 
can be determined as lim V (a', j8'), in aceordancK^ with th(‘ condition 11, 

of § 464. Thus the /^-integral is determined for (^a.eh int(M‘val eontiguous 
to H. Now II is the sum of a poiteot set P^, the inujUms of II, and an 
enumerable set we proceed to calculate V (a, fi) in tlu^ inlt'rvals P) 
that are contiguous to P^. 

The part of in such an interval {u, j3) is reducible, and tbejvfore 
has a derivative of order 7 , some number of tlie iirst, or of tb(‘ second, 
class, w^hich contains no points, whereas the derivatives of lower order 
than 7 all exist. If an interval (a', j 8 '), in {a, ^), contains no point of M^, 
the P-integral in {a', jS') is an L-intogral; and by condition 11 tlu‘ integral 
can be calculated for («', / 8 '), when a', /?' are points of AIi, w hereas no 
interior points belong to If («', j 8 ') contains a tinit(‘ s(d. of points of 
Mj, the P-mtegral, for («', j3'), can then be calcuhitt'd by means of the 
definition ( 2 ) of § 464. Next, let j 8 |) bo an intcuwal cont.iguoiis to the 
first derivative Jf/, of then in an interval int-erior to («,, pi) 

there is only a finite set of points of Mi\ heiicie, as beforc\ tiio y^-integral 
in (oi, Pi) can be calculated. The integrals in all tlie inUn-vals contiguous 
to Jfi' having thus been determined, by proceeding as befoj’o, tlie integrals 
in all the intervals contiguous to may be dcUTiniued. CJenerally, 
let y be a finite number, or a transfiinite number of the first species. As 
beforej if the D-integral has been calculated for every interval coixtiguoiis 
to it can be calculated for every interval contigxious to Mi}^K If 
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y be a Iranyfinite number of the second species, let us suppose that the 
/)-integral is known for every interval contiguous to for all values 

of y' < y. In uny interval (ccy'.^y') which is interior to an interval (ay, ^y) 
contiguous to from and after some value of y', all the sets 

have no poiiils in («/. py'); hence the JD-integral can be calculated 
iji (ay', ^y), and cojisequently, by employing the definition ( 3 ), it can be 
determined m (ay, ^y). It has thus been shcw'ii that the D-integral can be 
calculated for every interval (a, fi), contiguous to M^^yK where y is any 
number of the first, or of the second, class. Since = 0 , for some 

number y, it follows that the D-integral can be calculated for any interval 
contiguous to P^, by means of an enumerable set of additions, and of 
passages to the lijiiit, in which the i-integrals over intervals in which 
/ (x) is summablc arc employed. 

Let us suppose this process to have been carried out for each interval 
contiguous to , the nucleus of H. In case / (x) is summable relative to 
Pi, and if every point of P^ is a point at which the series "LW P,,) is 
convergent, we have 

[ f (x) dx -= I f(x) dx H- S f”/ (a;) dx. 

j o - {Vl) fl -1 j an 

When Pi does not satisfy these conditions we proceed to analyse the set 
Pi,. It should be observed that the P-integral is determined over any 
interval (a, P) such that p^, the part of Pi contained within it, satisfies 
the conditions that / (x) is summable over , and that each point of pi 
is a point at which the series 2 W (a„, is convergent. 

In accordance with the conditions I and III, assumed to be satisfied, 
the set i/g, of points of Pi which are either points of non-summability of 
/ (x) with respect to Pj, or are points of non-convergence of Sir (a^, 
is non-densG in Pi; moreover the set Pg is closed. Let II^ = Pj -r M 2 . 
where Pg is a perfect set, the nucleus of H 2 , and M 2 is an enumerable set. 
It will bo shewn that the P-integral can be calculated, first, in every 
interval having no interior points that belong to Pg^ secondly, for 
every interval contiguous to Pg. 

Consider an interval 8, which contains within it, and at its ends, no 
point of Pg. We need only consider the case when S contains, vdthin it, 
points of Pi. The interval 8 can be decomposed into a portion p ^, of Pi, 
and a set of intervals, all contiguous to pi, except possibly two of them 
which are semi-contiguous to p^. The function / (x) is summable in pi, 
and it has therefore an L-integral over p^. The series consisting of those 
terms of SW ^Sn) ^^^^t refer to intervals contained in 8 is convergent. 
The P-integral over 8 is therefore the sum of the P-integrals in the intervals 
contiguous and semi-contiguous to pi , together with the L-integral over 
the set pi, in accordance with definition (4). By passing to the limit, the 
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i)-integriil is obtained over any interval whie.Ii has no point, of //^ in its 
interior, but of which one extremity, or boih exiremities, l)(‘l()ng to 77.^. 
By means of an eninncrablc .set of i^assages to tlu* limit, the />“i!\(('»;ral is 
thus determined over any interval in which 77^ is rcdnc'ihk*, as in the former 
case. Thus the 77-intcgral is determined for any iid.(7’\ al eonl ignous t-o I\. 

From Pg, we proceed, as before, to dc^liiu' //.j, which is c()in|)os(»d of a 
perfect set the nucleus of 7/.,, and an imunim-ahle set- il/.,. ''I'his st't 7/, 
consists of the points of non-sum inability oF/(.r) with jvspoct to 7-^0, and 
of points of divei'genco of ]Sir. 

In general, we obtain a set IIy 7\ | \» hcri* y is a. nmnbei of the 

first, or of the second, (ilass, and where it. is assnnu'd tha.t Ily, and i\, are 
know'll for all numbers y', loss than y. In casi^ y is oF lh<‘ lirst spech's, we 
suppose the 7J)-intcgral of/ (.^) to have been alnwidy dc‘t(‘i*mined in every 
interval contiguous to 7^[.y_ii; the process oF det(‘rniining (lie /^-integral 
over every interval contiguous to Py is Mu' sanu^ a.s in tlu^ spc'cia-I ea.se 
y = 2, which has been considered above. If y is a. nnmbm* oF tlu‘ seciond 
species, Py is the set of points common to all the sets Py, wiua-e y has 
every value <y. If none of the .sets 7^ dc^void oi poinis, the .set 
Hy certainly exists, but Py docs not exist in (*.a.s(^ Ily is (Munnerahk'.. 'I'he set 
Py, wdieii it exists, is non-denso iji each of the .sets Py,. 

It will be shown lliat the /-^-integral can bv dcd.(Tinmed ovvv (wory 
interval contiguous to Py, it being fL.ssumed tlia-t l.he (t()j-i*(‘sp()nding detor- 
mination has been made for all the s(d.s Py,, y' - y. 

First, let y be a number of the first species; and kd. S be an inl(‘rval 
which contains, as interior point, or as an eiid-})(>int, Jio point. oF Ify. it 
P[y-.i} bo the portion of Pf^,-!] hi 8, / (a;) is sunimablo in /j^y 11 , and tli().so of 
the P-intcgrals which are taken over uitervals contiguous to piy-i] form 
an absolutely convergent senes. Wo calculates the /y-int(‘grjil oF/ (:!:) over 
and add to it the sum of the /^-integrals ove^r llu‘int.erva.ls Lhal arc 
contiguous or semi-contiguous to p[y ij; the result is t.h<^ /^iid.(‘gral over 8. 
This Z)-intogral is now doterniined over every iiil.erval wJiieli (jontaius 
within it, or at its ends, no point of Ify. By an (uumuira.ble sed. oF passages 
to the limit the Z>-integrals arc now dctcriniiied in every int(«*val in whiesli 
Hy is reducible, that is, in every interval of wdiicdi no interior point belongs 
to Py. 

Next, let y be a number of the second species, and lot 8 have the same 
meaning as before. The sets Py, (y' < y) have no points in 8, and therefore 
the D-integral can be calculated over 8. By a passage to tlio limit, the 
P-integral can be determined over any interval which has points of Hy 
only at one, or both, of the end-points. Hence, by an enumerable set of 
additions and passages to the limit, the Z)-integral is calculated over every 
interval contiguous to Py. 
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All the integrals arc obtained by an enumerable set of operations of 
the types laid down at the beginning of the discussion. Since is non- 
den se in all the sets Py, where y' < y. there exists a number 7 , for which 
P^ docs not exist (see § 82). Hence, by an enumerable set of operations, 
the /)-intogral of ^ {x) over the interval (a, b) can be calculated, since, in 
the interval (a, h), there are no points of Py . 

It is clear that the D-integral over (o, x) can be determined in the same 
manner, where x is any point in (a, b). 

466. In the construction of the P-integra], given in § 465, the con¬ 
ditions I and Til have been employed only in relation to the particular 
perfect sets Pi,Pj, ..., whereas the function / (a-), when integrable (P) 
in {a, b). has been reqiured to be such that these conditions are satisfied 
in relation to every perfect set P. It will however be shewn that the 
P-integral constructed by tlie method indicated in § 465 actually satisfies 
the conditions I and III, of § 464, m relation to any perfect set P. 

In the first place it may be observed that, if / (x) be summable in a 
sub-interval, and Q be any closed set in that sub-interval, there are no 
p<nnts of Q which are points of non-summability with respect to Q, and 
also no points at which the series, of which the terms are the fluctuations 

of I f (x) dx in tile intervals contiguous to Q, is not convergent. If P be 

• cr' 

an\' perfect set in (a, b), let K be the set of those points of P such that, 
at any one of them, either / (a;) is not summable with respect to P. or i> 
not a point of convergence of SIF,,, taken for the intervals contiguous 
to P. Unless K is non-dense in P, there is some interval in which K and P 
coincide. Let P<^^ be such a portion of P; then P^^^ must be contained 
in H. For, otherwise, a part of P^^^ would be contained in an interval 
interior to an interval contiguous to P; and this is not possible, since 
/ (o’) is summable in such an interval. Since the perfect set P*^^ is con¬ 
tained in i/, it must be contained in P^. Similarly, if a portion of P^^^ 
were contained in an interval contiguous to Po, since P^^^ is contained 
in Pi, that portion of P^^> would be a part of Pi over which / {x) is sum¬ 
mable, and such that every point would be one of convergence of STF 
over the intervals contiguous to the part; and this is not possible. Hence 
P^^' is contained in H^, and therefore in Proceeding in this manner, 
it can be shewn that P<^^ is contained in all the sets P 3 , P 45 ... Po. But 
Pa, for some value of a, contains no points, and therefore the set P^^^ 
cannot exist. It has thus been shewn that K is non-dense in P. Therefore 
the conditions I and III are satisfied for any perfect set P. 

In the construction given in § 465, the conditions in (3) and II have 
only been employed when the hmiting interval (a, is a contiguous 
interval of one of the sets P, P2 j • - ■ ■ But, as the condition is to be 
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applicable to any interval («, /?), it is necessary (o sli(‘\\ flial IIk^ I'lniction 
V, constructed by the process ^iven in § -Kif), aelually salisli(‘s this eou- 
dition for eveay iiitea’val («, /3), before tlu‘ (‘\istene(‘ of lli(‘ />'inl(\i>;ral can 
be regarded as completely established. etinddioii amoinds b) a 

postulation that the integral | /(.r)f/.r, or A" (.0. sh,dl be coniiniious in 

the whole inierval {a,b). For the continuity of A’(.r) follows from the 

definition (3), and the corres])onding assumption II. If . 

be a sequence of points interior to (rr, .r), and e<)nv(M’giniJC to .r, 

lim r (a, .r„) - T (^/, .r); 

Qlr^CC 

and thus F (x) is continuous on the left. Similarly, by e.oiisidiM-ing T (r, h), 
it may be shew'n to be continuous on the right, and Ihen^fon^ T (<7, r), 
which, by definition (2), is V (a, b) - V (r, b), is eoiitiniious on the right. 
Thus the Z)-iiitegral, F (a, a:), when it exists, must Ix^ eontinuoiis in the 
interval (a, b). 


To prove that the function constructed in § -4(>5 salislit^s t his (ionclitioii, 
we observe, in the first place, that V («, .r) is eertandy continuous at any 
point that does not belong to //. For such a, point is inltuior (o an interval 
in which/(a;) is summablc; hence V (a, x i A) - T (a, r) is the /^-integral 

p+7* 

f (x) dx, which converges to zero, as h Nt^vet, let f/ be a pcu'fect 

■ X 

set of points, contained in an interval («, /3), and such that./(.r) is smn- 
mable over O, and also such that every point of (} is a. pond, of convergence 
of the series STF, when the summation is taken for the intervals, eonlamed 
in (a, jS), which are contiguous to CL We have lluai, 


V (a, a; 4- h) - V («, x) --- [ [ / (.r) dx | 2^] / (.r) dx 

_ W an 


.t I /l 


.r I /i 


where (ce„, jS„) is contiguous to AsA--(), I /‘(x)d.rl converges to 

lur/)' \f 

zero, on account of a known property of the /v-iidegral In case x and 
X + h are both points of G, J (x)nverges to zero, as h 

does so. But if x -\- h is not a point of f/, it is withiji some interval 

rPiH 

contiguous to 6?, and wc have to consider a part. / (.r) dx. AVe have 

I rx-rh 

J f (^) dx < Wn, and therefore, in virtue of the Jiypoihesis made 

, r n 1 7i 

above, this part makes no difference in the convergence of I X j f (x) dx J 

to zero, when convergence takes place on account of the assumption that 
a; is a point of convergence of S W. It has thus been shown that 

V {a, X + h) — V (a, x) 



•ifitijiGT] The Denjoy Integral 699 

converges to zero, as h converges to zero through any sequence of values; 
therefore V {a, x) is continuous in {a, p). 

If (7 bo iclenti fieri successively with the perfect sets in the intervals 
contiguous to , the perfect sets employed in § 465, in the con¬ 

struction of I {a, x)j we see that it is sufficient for the continuity of that 
integral Unit the condition lim = 0 should be satisfied for aU the 

31'*■00 

perfect sots conlcuned in the intervals contiguous to P^,P^, .... The 
continuity of / (a:) clx in the whole interval {a, b) is thus established. 

. a 

TIilil b'tTNllAMENTAL THEOREM OF THE INTEGRAL CALCITLIJS FOR THE 

BENJOY INTEGRAL 

467. With a view to proving the fundamental theorem that the in¬ 
definite Denjoy integral has a finite differential coefficient, equal to the 
integrand, almost everywhere in the interval of integration, a property of 
certain types of sets of intervals will be investigated. 

It has been shewn, in § 71, that a set A of open intervals all contained 
in the given interval {a, b), can be replaced by a non-overlapping set of 
open intervals A, tlie two sets A, A containing the same open set of point 

The set of open intervals A is said to be a* restricted set of %ntercals.ji 
no interval of A can be removed without altering the equivalent set A. 
This is the same as the condition that each mterval of A contains a point 
that is not in any of the other intervals of A. 

It IS easily seen that, if three open intervals 8 ,, S 3 are such that a 
point P belongs to all of them, one at least of the intervals is such th^lt 
every point of it belongs to one of the other two. Accordingh', that interval 
may be removed without affecting the equivalent set of points. 

It follows at once that, if A be a finite set of intervals, and is a restricted 
set, any point P is contained in at most two of the intervals of A. For 
such a set of intervals, the sum Sm ( 8 ), of the measures of all the intervals, 
cannot exceed 2 m (A), or twice the measure of the equivalent set of open 
intervals. 

A set of open intervals A is said to be complete, if it satisfies the con¬ 
dition that, when (aj, ft), (« 2 » ft)j ••• Pn), is any sequence of in¬ 
tervals all belonging to A, and such that a 2 j --- converges to a 

point and ft, ft, ... ft, ... converges to a point ft, then (ccco, ft) is an 
interval of A. In case (a®, ft) is not necessarily an interval of A. but is 
contained in such an interval (a, j 8 ), the set is said to be semi-cmnplete. 

If the set A is complete (or semi-complete), a part A^, of A, exists 
which is equivalent to the same non-overlapping set A, as A, and such 

* See Denjoy, Journal de Malh (7), vol. i (1915), p. 223, where the theory here given is 
developed. 
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that it is a restricted set. li'or, eouskieriiig llu' rlosed s(M / / ^A), i!ie coni- 
plement of A, let («, /8) be one of its eoiilignous iiih^rviils. Any j)()nit P, 
of the opeu interval {a, ^), is interior t(» an niierval o1 A. 

If there exist intervciLs («, «'), /8) belt>iii;iii^ in A, 1h<‘ closed interval 

(a 3 jS') can be covered by a finite set of inl<‘rvals of A, in acconlance with 
the Heinc-Borel theoiein. ''riiis finite set, togetlnn- \uth (it. a') and (/?', j8), 
forms a part of A winch covers tlu‘ oj>en inltn’val (/', /-I), ai>d this st^t can 
then be rodneod to a restricted sc^t, hv su])j)ressni^, if neet'ssarv, some of 
the intervals. 

If no such intervals as {u, a'), {ft\ fi) exist, we elioosi* a std of points 
(... P-,i, ... P-i, Pi, ... P„, ...). eontaiiu^d in {u. /j), sneli that a is tlie 
limiting point of the sequence (... P.„, ... P ,, /^,). am! that is the 
hmiting j)oint of tlie sequeiuie (P,,, P,, ... P,,, ...). .in\ inmd J*,„ , Ixang 
taken to be on the right of P,„, whether w ix' positi\(‘ or n(‘ga(i\(‘. 

If the points ... P..,,, ... P_i, P(, are (‘oniained resp(x*tiv(‘!y in intervals 
... 8_rt, ... S_i, Sq, of A, the measure of 8 „ iniist. eoiivc^i-gc to zero, as 
~ oc>, for otherwise their right-hand end-poinls wonhd have ,i limiting 
point a" (> a) and (a, a'") W'oiild be an intcn-v^al of A, if lh(‘ set A is 
restricted, or W'^ould bo contained in an inttTval of A, in (m.s(‘ the s(‘t is 
semi-rcstricted; and this is contrary to the hy])otlK\sis tliat no intcTval 
of A has its left-hand c-md-point at a. A similar staiemumt holds good as 
regards jS. 

Every point of the closed hiterv'al P,uPm\\'> 'where /;/ is positive or 
negative, is a point of a finite sot A^, of int(n*vals of A. I^t‘t. ^ de»iote tlie 
enumerable set of intervals obtained by adding t-he sets A„,, for all values 
of m. It will be shewn that, if (A, B) is any interval, sneh that -1 > «, 
B < p, the interval (A, B) has points in common with only a finite part 
of the set S. Let S (-4, B) denote the set of f hose intervals of which 
contain at least one pomt of (4, B). Jjct the inl(*rvals of ^ (l(MU)led by 
Si, S^, ... St, ..., then, if S (4, B) is not a finil-e set, if. contains iiilervals 
S wnth indices which increase indefinitely. Tli(n-<^ must t.Ixm Ix' in S (4, B) 
intervals of A,„, for values of m that increase indcdinitidy, and are all 
positive, or else are all negative. In the former c.ase their rigid-hand end¬ 
points will converge to p, and in the latter case tiuiir l(‘ft.-lia.nd (Mid-points 
will converge to a. But it has been shown that tlie measure of such an 
interval, in either case, converges to zero, and thus an irdiiiiti* set of such 
intervals cannot all contain points of (4, B). It has thus been shewn that 
the set S (4, P) is a finite component of the set 

The case in which one of the intervals («, «'), {p\ p) exists, but not 
the other, can be reduced to the preceding cases. 

The set S can be reduced to a restricted sot S, by supjiressing some of 
the intervals, without altering the set of interior points. To prove this. 
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let Li be the smallest value of l such that 2 ,^ contains a point that does 
not belong to for Z: = 1 . 2 , 3, — If is any point within («, jS), 

it is interior to only a finite number of the intervals let be the 
greatest index such that P^ is interior to we see then that 
The interval 2^^ having thus been determined, we proceed to determine t 2 
as the smallest index (> 6 ^) such that it contains a point that does not 
belong either to for /j = 1, 2, 3, , or to 2.^. If we take a point P,, 

not in 2 ,^, there is a greatest number such that P^ is a point of 2 .v,: 
thus to 2 - general if 2 ^^, ... 2 .^ have been determined 2 ^^^^ is 

determined by the condition that is the smallest integer (> t^) such 
that 2 ,p , ^ contains a point that does not belong to 2 .^^^^,^, for !• = 1, 2 .3 , ..., 
and that does not belong to any of the intervals 2^,, 2.,, ... 2^^. If P,>_i 
is a point that does not belong to any of the intervals 2 .^, 2 .,. .. 2 .^; 
and if is greatest of the indices t^^o, ... such that 

contains Pp^i, we have then ^ .i. The set of intervals {2,^; is a 

restricted set, and it can be shewn to cover the whole of the open interval 
(a, P). For, let Q be any point of that mterval, then there exists a finite 
set , 2y,, ... 2y,^, of intervals of 2, all of which contain Q If none of 
the indices yj, y 2 > Vm-i belong to the set {tj, it will be shevTi that y^ 
must belong to that set, and thus that 2 ^^^ is one of the intervals of the 
restricted set 2. The interval 2y^ contains a point that does not belong 
to any of the intervals 2^^, 2^^, ... 2^^, nor to 2^^,^. for h = 1, 2. 3. . .; 
and therefore, for a properly chosen value of p. it must have the lea<t 
index for which tliose conditions are satisfied, and thus y,,^ = 

If we consider all tlie intervals (a, B) contiguous to 0 (A), we obtain 
a restricted set of intervals that has the same interior points as the given 
set A. Moreover, a restricted set of intervals which covers the open interval 
(a, b), lias only a finite component such that each interval of that com¬ 
ponent contains a point of a given interval {A, B), interior to (a, h). It 
has been shewn that the measure of {A, B) is not less than half the sum 
of the lengths of the mtervals of this finite set. By considermg a sequence 
of intervals [A, B) converging to (a, 6 ), we see that the sum of the lengths 
of the intervals of a restricted set which covers the open interval (a, b) cannot 
exceed tioice the length b — a, 

468. The properties of a restricted set of intervals, covering an open 
segment, will now be applied to prove the following theorem: 

Let P be a perfect set, contained in the linear interval {a, 6 ), and the 
intervals ••• ... be contiguous to P, and let Xn W defined in 

each interval u^, or (a^, b^^ and such that Xn (®«) = 
denote the upper boundary o/ | Xn (^) I (^ns ^n)? assumed that 

£C 

ike series 2 w is convergent. Let the function F (x) = 2y„ ( 6 „) -f Xm (^) 

n-l « 
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consist of those terms for which r, and, in case j is interior to one of the 
intervals, (a„,, 6,„), of the term. Xm (•»•)'pottion .r) of the interval; 
then F [x) is such that it has a diffcienfial rorjficirnt et/nftl to zero, at almost 
all joints of P. 

Let the iiitorvcals p^,p^, ... p^.^x be (*()m])leinenliU’y Id th(‘ set of N 
intervals u.,, ... n^- 

Let j8 denote any segnicjit of wliieh 1 Ih‘ (^nds })()ints of 1\ aiul let 
C 7 (j8) denote the sum of | Xn | > fbr all Ihose intervals {a ,,, /;„) that an^ in jS. 

Lot A, N be two })ositive minibers, and It*i S (A", .1) ])e an interval, 
such that its end-points belong to P, and thai it is cont.niu^d in one of the 
intervals Pi, p 2 , ... Ptsthu is also such tiuil. o- (A\ J)| is not less than 

Let A (N, A) bo the set of all such intervals S (A’, J); it will be shewn 
that this set of intervals is a comxdete set If (Uj,, /!,,) Ix" an interval of a 
sequence, all the intervals of which l>elong to A (A", .1), and such that 
ap, pp converge to a, /3 respectively, as p a:»; it will lx* seen that- (a, jS) 
is an interval of the set A {N, A ). In the first place, since ft,, are points 
of P, for every value of p, it follows that j8 are points of P. Moreover, 
from and after sonic fixed value of p, all tiie intervals («,,, jS^,) must be 
in one and the same interval hence («, j8) is also in tliat interval. The 
smallest index n, of an interval contained in («, <Cp), or in (/■?, jnust 
increase indefinitely, as^ does so, thus o- {Up, a), cr (/3, p^) eonven-ge to zero, 
as jp ^ oo; hence 

R rr^ ~ R f/ ^ Pn) i * 

P ^ 2>~oo p.j) ' -» 

It has thus been shewn that («, j8) satisfies all thc^ neec'ssary conditions 

that it may belong to A {N, A). The set A (A^ .1) being a (x)mplote sot 

of intervals, it follows that it can be rcplaec'd by a r(\strie.U‘d set. of intervals 

A (A", A), containing the same interior points. Tlu' points intcTior to at 

least one inteiwal of A {N, A), that is, to at least ojie interval of A (A’', A), 

form a non-overlapping set l{N,A) of opoji iiitcuwa-ls. Kvery point of 

one such interval t is interior to at least one, and to not. more than two, 

intervals of A (A", A). Thus the end-points of the inierva.ls of A (A, A), 

that are interior to l, divide it into segments alterjiat(dy in oiu*, and in 

two, of the intervals of A (A, J.); let A^ (0 denote tlu^ first, and Ao (t) the 

second, set of these segments. We have then 

m (t) = m (l)} f 7n {Ao (t)}, 

and also <t (l) = o- {A^ (t)} -[- cr {Ao (t)}. 

Every interval S (A, A) having points in common with t, and coiisoqi^iitly 
contained in t, is decomposed into one interval of A, (t) and two of Ag (05 
hence we have — _ 

or{A(0} = a{Ai(0} + 2a{A,(0}. 
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O' {A (c)} > A-^m {A (l)} s A-^m (t), 

o- {Ai (l)} 4- 2(t {Aa (t)} < 2a (t); 
therefore m (l) < 2Aa (t). This inequality holds for each interval covered 
by A {N, A)^ and these intervals l are interior to the segments 


Pi> P 23 ■■-P,v-ri- 

The intervals , interior to an interval t, all have indices greater than 

QO 

hence, denoting by tif the sum S | Xn (6«) |, the total measure of all the 

intervals l, covered by the intervals A is <2AtN, This measure 

diminishes indefinitely as K is increased indefinitely. 

Let each interval be increased at each end by adding on a segment 
of length Aiv^i and denote the interval so increased by (A). 

If we exclude from {a, b) all the segments iz,,... uy, and the seg¬ 
ments A {N, A), and also the segments {A), where p=l, 2 , 3 , , 

the measure of these excluded segments is less than 

N 00 

+ 2At^ -F 2 (-4), 

1 A’+l 

00 OD 

or than S 2 ^^ -f- 4:Asj\Tj where sj/ = H 

1 A’+l 

00 

The measure of P being b — a — S the measure of the points ex¬ 
cluded is at most b — a — ?n (P) -h 4Asjv. If y is so large that 4^45;^ < w (P), 
the interval (a, b) contains points that are not excluded. These points 
form a set P (iV, A) of which the measure is at least ?n (P) — 4^4s.v; and 
this set is contained in P, since it does not contain any points of , for 
any value of n. Moreover P (A^, A) is contained in E (N -h 1 , ^4), as is 
seen by observing that every interval of A (A’^ -f- 1. is an interval of 
A (A^, A). If E {A) denote the outer limitmg set of the sequence of sets 
{E {N, A)}^ as N is increased indefinitely, we see that E (^) is contained 
in P, and has the same measure as P, since 4As]sf ^ 0 , as A’' ~ oo. 

Let ^ be any point of P (4); it then belongs to P {N, -4) for a certain 
value of N, and for all greater values; it is moreover a point of P which 
is a limiting point of P, on both sides. The point f is interior to a segment 
Pt belonging to the finite set pi, p 2 » PN-i-iS ^ sequence of values of x 
converging to ^ may be taken to be interior to . 

If all the points x, of the sequence, are points of P, we have 

\F{x)-F{i)\^i\Xn {bn) I = or ^ ^ 

and \F {x) -F {^)\^a {x, f), if a; < 

Since f is in the set P {N, A), we see that a (^, x), or a {x, ^), is 


< A'^ \ x — \ hence 


F(x)^F (f) ^ 1 
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If a: be a point of p, that does not belong to F, and is tinis jiitorior to 
for some value of m, greater than K |- i. \ve have | .r ^ | > 
since | is not ui the closed interval (.1). 

li x> i, we have F (.c) - F{i) - Xt,i i (^)- hence 

I (U-) - F (0 I < i- Jj I a„, - i I < I .<• ^ I. 


X - ■ x>n (-f); 


I 2«’, 


I /’ (a:) - (f) I < -, U - h 

It is now soeji tliat, for any point .r, in p^ 




F (r) 

.V 


^ -r 
F 

t" 


lieuco 


If X < we. have ^ 

F[^) -F{,) - F{i)- F{hJ 

and therefore 

1 

A 

I ^' 1 ' 

none of the four derivatives of F (.r), at can <‘xc(‘(‘d :5/J If wt‘ asMgii 
to A, the values in an incTeasing sedjuence t.hat (!iv(‘rg(\s. a\<‘ that each 
of the sets F (.4) is contained in the ])receding s(4; for F (A', J') ts con¬ 
tained in E (i'Z,-4), if A' > A, Each of the sets E (.1) has tla^ measure 
m (P), and therefore the set E of points coiinnoji to all the s(4s Fj (d) has 
the measure w (P). At a point of the foui* (l(M*imt.ivc‘s of F (f) are 
all less than 3/^4, for all the values of A in tlu^ s(‘(jiK‘n<‘(‘ Thert'lore F {^) 
has a differential coefficient, ecpial to zero, a.l (‘Viuy poinl of E, tlial. is, 
at almost every point of P. I'he theorem li.is thus Ih^mi (\s({il)Jisiie(L 
Another proof of this result has Ix^eri given* by ihirkiil. 


469 From the theoiom of § 4()S, the foliowing t iiconan can he (h^duced 
at once; 

// P he a ^perfect steL mtd {(dy„, />„)' he the of roitfif/voa.ittie/ ral.'i. theiu 

if thef'uncUon V {a, x) be smmiiahle aim' mtd if 2!] IK {(t „, />„) he rottvmjent, 
tltef'unction V {a, x) haft a finite differential eoefjioivid, at (ihito.st all poittli^ <>fP- 
The term W (a, jS) denotes, as in § 464, the ui)p(M- liniil- oi | T (a', j^') |, 
for all intervals (a', p') contfiincd in («, fi). Jn tliis ca.s(‘ 

X» (*) =■ I / (<k) X.i iK) ( "/ (■■»') f/'f- 

j <T« . (fa 

Moreover we have 

M’ (a«. K) K, 2«> (rt„, fj„), 

00 00 
and hence, if S IT (a„, 6 „) is convergent, so also is >2 tr (d/„, />„), and the 

n-l fi I 

converse also holds good. 

We have V (a, x) = [“/(x) dx + E V (a„, ft„) [- V x). 


* Proc. Camb, Phd. Soc, vol. xxi (1028), p. «(>(). 
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where the simimation is taken, for all theintervals (a„. 6 „) interior to (a, a.-), and 
the term 1 ' (a,„, a:) eidsts if a: is interior to (a„, 6 „), and the function J(x) 
is equal to / (a;) at every point of P, but is elsewhere zero. Since /(.r) is 
suminable in (a, b), its indefinite integral has, almost everj'where, a differen¬ 
tial coefficient, equal to f(x); and by the theorem of §468, the function 

I 

T, V (a^, bn) -r V lias a differential coefficient equal to zero, at 

a 

almost all points of P. it follows that the function F {a, x) has a differ¬ 
ential coefficient, equal to / (x), at almost all points of P. 

470. The theorem of § 469 may now be employed to e^tabhsh the 
folloAving property of the Z)-integral: 

The indefinite D-inte(jral F {x). of a function f {x). in the interval («. h). 
lias almost everywhere in the interval a differential coefficient, equal to f (.v). 

This is the extension to the Z)-integral. of the property of tlie L- 
integral, given in § 405. 

Willi the notation of § 465, it is clear that, in any interval contiguous 
to H. F (n') has almost everywhere a differential coefficient, equal to / (x). 
For / {x) has an L-integral in every interval (a', interior to an interval 
(«, j 8 ), contiguous to II, and tlierefore (§ 405) F (.r) Iia^ a differentiai coeffi¬ 
cient, equal to / (x), almost everywhere in («', /3') and therefore almost 
evorywdiere in («, /3) It can now bo sheAvn that F (x) has tliis property 
in any intciwal contiguous to P^. For it liolds in any interval contiguous 
to JI/, and therefore also in any interval contiguous to JI/'. Generally, 
it can be shewn that F (x) has the property m every interval contiguous 
to any dcnvative of and thence it is shewn that F (x) has the 

property in any mterval contiguous to Pj. 

It will next be shew’n that, in any interval contiguous to P,. the 
function F (x) has almost everywhere a differential coefficient ecpual to 
f (x). For, consider an mterval 8, wdiich contains no points of but 
contains a portion Pi, of Pj. The property holds in each interval con¬ 
tained in 8 , contiguous to pi, and by the theorem of § 469. it holds for 
the set and consequently it holds for 8 . It can now be shewn, as in 
the case of P^, that the theorem holds for every interval contiguous to P,. 
Proceeding in this manner, as in § 465, wn see by induction, that, in 
virtue of the theorem of § 469, the theorem holds for any interval con¬ 
tiguous to Py, where y is a number of the first, or of the second, class. 
Since, for some value 7 , of y, the set Py is non-existent, it follows that 
the function F (a?) has a differential coefficient, equal to f (x), almost 
everywhere in (a, b). 

471. The importance of the P-integral in the general theory of inte¬ 
gration depends largely upon the property of the integral expressed in the 
following theorem : 


H I 


45 
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If F (x) have, at each pohd of the. interml {a, h). a Jiiiifr (liffncntial coeffi¬ 
cient f {x), thefunctiou f (x) is inte(jral)le {!)), iii the iuterml {a, h), and 

f f(x)dx- F(.v) F(a). 

J a 

This theorem expresses the fact that the opc^iMtioiis of (lilhM-eiitiatioii 
and integration are completely reversible in the e.ast^ of any i’muitiou 
which has, everywhere in tlic iniorval in wJiieh it is deliiu'd, a (iinte dilTcr- 
ential coeftieient, whether that dillerential e(>(dlicienl. is bounded or im- 
bounded in tlic interval. Tlic property (3^), in llu* statement in ^ of 
the fundamerLta! theorem of the flifferential (iale.iilns, is (*<)vt‘red, in a. wide 
class of cases, ])y the above theorem. It will be obstM-ved that tin* eorre- 
spending theorem for the /^-integral is subject to tlie eondit-ion t lnit. F (.r) 
must be of bounded variation, as otherwise / (.r) will not be snmniable 
(see § 406), whereas, in tJie above tlieorem, t-he luiietion F (.r) is subject 
to no condition beyond that of possessing evervwh(n*(‘ a liniii* dilfenaiti.il 
coefficient. 


In order to prove the theorem, it is neeessjiry to slu'w (hal- IIk^ runetion 
f {x) satisfies, in relation to F (a;), tJie conditions I, II, a.nd III, of S b>l. 

(1). To shew that the set of points of non-siimmabildy tif/f.r), with 
respect to any perfect set P, contained in (a, /;), is non (h‘ns(^ in /\ we 
observe (see § 401) that/ (.r) is the limit of a siapuaiet* [iji,, (.r)i of eonl innous 
functions. For, if (.r;) denote {F {a \ //„) F w |//„} is a 

sequence of numbers wdiich converges to zero, ami is iiKh^fiendiMit of x\ 
those functions (a:) are all continuous fune.tions of x. 

The function (rr) may be expressed by y (.r, //), a fimelion of the 
two variables .r, y, where ?/-- 1/m. The funetion y (.r,//) is in the first 
instance defined only for values of y, of the form 1///, but it may bo ex¬ 
tended to the case in which y has all values in the inUnval 0 *r y 1, by 


such a rule as that, when y is in tiu' interval 


y) = x 



] 



n n i-1 


Cl,-:)- 




The function x y)^ defined for the |)lano s(*t of points a x ' b, 
0 < y ^ 1, is continuous with respect to y, for caeli valiu'. of x. In ac¬ 
cordance with the theorem of § 323, there must Ixs, in ev(n*y initTval on 
the line y = 0, points at wliich x y) is continuous wit,h rospecd: to {x, y), 
and therefore with respect to x. Therefore. / {x), which is liin x (■*^ 2/)» i*’ 

7/'-0 

point-wise discontinuous; and this is also the case if only tliose values of x 
are considered which belong to a perfect set P. It follows t-hat the points 
of infinite discontinuity of / {x), with respect to P, form a set that is non- 
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dense m P. This set contains the set of points of non-smiunahility of / {x) 
with respect to P. Therefore / (a;) satisfies the condition I. of § 464. 

(II). If (a, P) is an interval in which / (a;) is sunnnable, we have, in 

J 'j3 

/ (.k) dx. Let it 

be now'^ assumed that (a, jS) is an interval such that the i-elation 

P ()8') - P («') = ff{^)dx 

J a' 

has been shewn lo liold, at some stage of the process of construction of 
the 7j-intogral of / (a;), for all intervals (a', p') interior to («, f3). If a' -- a. 
F (a') converges to F {a), and F (jS') converges to F on account 

of the continuity of the function F (a*). It follows that, j / (.r) dx, defined 

. a 

r/3' 

as lini / (ai) dx, is equal to F (jS) — F {a). Therefore the condition IL 

'of 

of § 4(54, is satislied. 

(Ill) Let it be assumed that, in each interval [a, P) contiguous to a 
perfect set P, the i>-intcgral of / (x) has been shewn to exist, and to be 
equal to F (P) — F (a) The following theorem will be proved: 

If the continuous f 117}cMon F (k) //are, m the jjerfect set P. n finite d}ffe>'- 
ential coefficient at every jiomt, then the set of those points of P which aie 
poiiits of d}verr/e7ice of the senes SIF,,, where is the fluctuation of F (.i) 
in the %7\te) cal («„, /3„) contiguoits to P, is non-deuse in P 

In case the sot of points of divergence of the senes I!ir„ is not non- 
dense in P, there must be an interval containing a portion of P, in which 
the set IS everywhere dense in that iDortion of P. Let it therefore be 
assumed that the set of points of divergence of Sir„ is everywhere deii.-e 
in P. It will then be proved that there exist points of P at w Inch one 
of the derivatives of F (a;) is infinite, and this is inconsistent with the 
assumption that P(a;) has a finite differential coefficient at every point 
of P. The theorem will then have been established. 

In every interval containing a point of P, the series Sir,, is divergent: 
it then follow'-s that in this interval there is an infinite nmnber of values 
of n for which - a„) exceeds a fixed positive number 1 :. for if 

Wn ^ h (Pn — 

zc 

for all values of n with the exception of a finite number, the sum 

m 

for some fixed value of m, would be ^ thus the series 

would be convergent. 

If f, 7 ) be the points of («„, j8„) at w^hich F (x) has its upper and lower 
limits, we have 

p (f) - P iv) = (f) - ^ («»)} + ^ 


45-3 
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and since both tJic terms oix tlic ri^ld-liajul side ;n-(> 0, nti<' of tlioiii is 

greater than ] {F (i) - (•>?)! There exisis llierefoi-e a. poinl y„, in 


(an>j3„), !!>nch that 


F (y„) - J<' ( «J 

y« — «« 


is €»:r(*a.UM' than 


i A’ U-) F {rj) 

tl. 


It. 


thus appears that thero exists a, set of ponils r,, ... ... all Ix^loiifying 

to P, and dense in P, sucli that there is a. jM)iiit on (lie right of each 

\F(r..) - F(cJI 


point , for whieK 


> A, AA hei(‘ A is an ar})i(.ranlv clioseii 


y III ■" ^ III 

positive number. Vroin tlie eontimiily of F (.r) at r,„, aii inttM-\al tr,,, con¬ 
taining c„t, of ieriglh not exceeding , a.nd nol c{)n(.a.ining (iu‘ point y,„. 

1(7,1) 

Ym “ 

r!i for all points .r in TIk^ mnnher c„, is taken 


li(^s 1)(‘(\\'(*(Mi lh(' two niimhers 


can be so determined that 

F (yj - F (r..) 

Ym 

to belong to a sequence [€,„}, of doeroasing nninlxn’s. which c()nv(M*g(‘s to 
zero. Any point contained in an in(iiul(‘ nmnber of 1h(‘ inic^rvals (t,„, 
belongs to P. For the length of C7,„, not exctxxling c,„, which conla-ins the 
point c„i, of P, the point ^ is a limiting poin( oF /*, and (lun'idort^ Ixdongs 
to the set. Also y,„ does not exceed a,,, I c,„, a-nd llicndorc y,„ 

F {yj F [^) 

Yn, - ^ 

as 00 , has its lower limit > A: and Ihns, .il. (h(‘ point, if. Mumv is a 
derivative numerically > A. 

It has now been shown that all the points in(t‘rior to an intinite 
number of the intervals form a. residual set. L rclalivi^ t«) tlx' pci-fect 
set P. At every such point ^ there is a (h^rivativc* numerically greater 
than Jc. 


converges to as m increases indetiniloly, it lollow s that 


Let A have siicc(*ssively the values in an incriNising sixpiiMict' (^A,d which 
diverges, and let {L„} be the corresponding secpwMici' oF s(d.s L, residuals 
with respect to P. A point that does not belong t.o any oF t.he .st4s 
belongs to the sets, of the first category rehitivi^ (.<> (.lia.l. are c.omple- 
mentary to the sots L^, and all these coin])leiuenta.ry s(d.s foi’in an (xumicr- 
ahle sequence of sets, non-dense in P; tliereFori' tlx^ points tha.t. Ixdong to 
all the sets {L^} form a residual set., ix^latively to P. At a point of this 
residual set, there is a derivative that is numerically gn^atesr t.haii A„, 
whatever value n may have, and thus thcri^ is an inliniti' di^ivativo. It 
has now been shewn that the assumption made is inconsistent with the 
existence of a finite differential coefficient at each point, of P. ''Flins it 
has been shewn that the condition III, of § 4(54, is satiistied. 

It has been shewn that the conditions I, It, III, of § 404, arc all 
satisfied by / (a;), and it only remains to be proved that. the', c-ondit.ion (4), 
of § 464, is satisfied. We shall prove the following theorem: 
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■V ^ (^’) CL finite diffev'ential coefficient f (x), at evevy point of a 

■perfect set P, which is smnmable over P, and the set'ies S Tr (a„, 6 „) is 

convergent, where IT denotes the fluctuation of F (a;) in the interval 

contiguous to P, then 

F (h) - F (a) I / (X) dx-^i{F (6 J - F (a,)}. 

• (-P) n-l 

where (a, b) is the i.nterval in which P is contained, 

Ju the tlieorcMU of § 468, let 

, . X>Ax) = F [x) - F (a„), 

then the iiuictiou 

{J (X) - F (a) i- <: {F (/>„) - F (a„)} {F {x) - F (a,J) 

a 

licijs, at almost all ]:)onit.s of P, the differential coefficient zero. The «!uni- 
mation in the second term oti the right-hand side is taken for all the 
intervals {a„, h„), interior to io,x), and x is taken to be in the interval 

{Cf tn J 

Let F (x) (j {a‘) h (.f), then h (x) has a differential coefficient, equal 
^of (x’), at almost all points of P, 

Thus, it / (ct) is suniniable over P, we liave 

F (x) = (J (jo) -^ \ f (x) d,i\ 

J a 

n’Jiorc / (.u) - = / (.f) at all points of P, and is elsewhere ocjiial to zero. 

It now follows that 

F (h) - F (a) f f (X) dx -f S {P (K;) - F (a JJ. 

J (P) H -1 

It has thus been shcAvn tliat all the conditions iiecessar\' for the 
existence of the 7>-intogral in (a, b) are satisfied, and that the integral is 
equal to P ( 6 ) — F (a). It is clear that, in the interval (a. x), the P-integral 

I / (x) dx exi»sts, and is equal to P (x) — F (a). 

J a' 

rKOPJSRTIES OF THE DENJOY INTEGRAL 
472. A jD-integral that is not also an L-integral cannot be an abso¬ 
lutely convergent integral, that is, the integral of the absolute value o 
the function cannot exist. For, if a and ^ are two points of iioii-sum- 
mability of the function / (x), and the Zr-integral of f (x) exists in every 

interval (a', ^') interior to (a, P), the hmit of | | / (a:) | dx, as a' ~ e, 
jS' ^ j8, is infinite. 

(^)> (^) functions, both integrable (P). in the interval 

(a, b), then their sum is also integrable (D), in the interval, and 

f {/'“ (») +/<*> (a;)} dx = £/<i> (a:) dx + (a:) dx. 



710 


Non-ahsohftd)/ Vourvrf/ent hif^frah [*’11. vju 

Let 7/^“^ bo tho sets of ])oinls of iion suinniiibilily of the two 
fimotions (.v), (.f), respectivol 3 ". TIu^ ])oi!ifs of non snnnnabilit \ of 

form the whole, or ca <!loso<l ])art, of Ibo ('losi'd sot 
M which may bo denoted ])y //; and tliis is t li(‘ sum of a })orf<‘(;t 

set Pj, and an cmimorable set Jt has boon shown m ^ 4()(), lliat the 
set of points of non-suinmabiht. 3 ^ of cilluwof tho funct ions(.i;), 
assumed to be mtegrable (71), Avith res])oo.t to an\ pi'rii^ot s(*t wluitover, 
contained in {a, h), is non-tlense in that sot, and that tho sa.uu‘ is true as 
regards the points of non-convergence of tlie sum of the tliiet nations of their 
integrals in tho intervals contiguous t.o tlio pcu-foct s(d.. Wo may therefore, 
in the process of construction of each of tlu^ int('gi‘a.ls 

' ft ft 

employ the set 77, instead of or Wo shall l»avo 

and in general Pa - 77 (Pa^^^ 7^^®^). Moreover if, a.t any stage of the 
process, it has been shewn that the tlieorcju liolds ibi* ('V(‘i\y jiiterval 
(«', p') interior to the interval (a, jS), wo see that, sinc(‘ the integrals t)f 
(a;), {x) in («', p') converge to their iuk'grals in («, /}), as a' a, 

)8' the theorem also liolds for the ink'rA-'a.l («, fi) 'Tlu^ sanu' t-heorem 
therefore holds for the integrals obtained at. (N*ieh stages ol th(‘ proct^.ss of 
construction of the 7)-inlegral of p'^^ (x) (.r), and tli(*ri‘fore For the 

final integrals taken over the interval (a, b). 

473. In the case in which the sot //, of points ot non-sinnmabilitv of 
the function / (x), has measure zero, the function is necessarily smnma])lo 

over the nucleus P, of 77, because on {P) - 0, and t hus I /‘(.r) dx - (>. 

J (f*) 

In this ca.se, the Z)-intiCgral over (a,/>), assumed to (‘\ist. is t.lie sum of 
the Z)-integrals over the intierva.l*s contiguous in P. In on ha- that the 
7)-integral may exist, it is sufficient that the sum of 1h(^ lliiet-uations of 
the integrals over the intervals contiguous to P should lx* eonvcM-geni. 
When this condition is satisfied, so that tiui />-inl.('gra.l of/(.r), over {a, b), 
exists, it LS not necessarily the case that/(.r) has a.n //L-int.egral ove]’ 
(a, 6), because the condition for the existence of the la.l.t(U‘ is, in accordance 
with E. H. Moore’s theorem, given in § 457, that tlie sum oF tlie lluclua- 
tions of the integrals oi f {pc) taken over the intervals contiguous to the 
set H should be convergent; and this condition is more stiingont than the 
condition that the sum of the fluctuations over tho intervals contiguous 
to the nucleus P, of H, should be convergent. This explains why tho sum 
of two functions, both of which have i77/-intiOgrals, does not necessarily 
possess an jffL-integral (see § 460), although, as has been shown above, 
the sum of two functions, each of which is intcgrable (/)), is also inte- 
grable (D). 
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474. The following property of a function that is integrahle (J?) will 
now bo eiStabliHliecl: 

Uf i^) intecjrable (I)), in the intei'val [a, b), and {x) be bounded and 
monotone in the interoal^ then the product f (x) (f> [x) is integrable (Z)). in 
{a, b), and satisfies the relation 

\ j {^) 0 0*'’) == (as) (f> (a;)J - j F (x) d<f> {x), 

where F (;c) denotes the indefinite integral f f (x) dx. 

J a 

It follows from this theorem that the product of / (x) into any function 
of bounded variation in {a, b) is integrable {D). 

I'^o prove the tlieorem it is necessary to shew that the function/ (a;) 6 [x) 
satisfies the conditions given in § 464, in relation to the function 

{x) ^ (a:) (a:). 

If, in the interval (a, j 8 ), the function/ (x) is sunimable, we have (§ 447) 
f / (a;) <f> (a;) dx=^ ^ (x)dF (x), 

•> a a 

and tliorefore 

f / (•») <f> (*) dx = (x) 4> (a:)j^- (a:) d<l> (x); 

thus the theorem holds in the interval {a, P). 

Next, if the theorem holds in every interval {a, P'), interior to the 
interval (a, P), it Avill be shcAvn to hold for {a, P). 

We have to show that, as a' ^ a, jS' P, 

{X) <!> (a:)]" - jy (X) d<t> {X) 

converges to ^F (x) <f> (a;)J — [ F (x) (a:). 

Since <f> (x) is monotone, it is clear that J F {x) dt^ (x) is equal to 

F {a") f“ # (*), 

where is some number in the interval (a, a'), and this is equal to 

F {a") {4> (a') - <l> {a)}; 

therefore lini f F {x) d<l> {x) = F {a) {0 (a + 0 ) — ^ (a)}. 

a'~a J a 

Similarly, we have 

lim r (x) d<^(x) = F (/3) {4, (iS) 0)}; 

Jp' 
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Non-itbsolutely Concvn/eut Intnjrdh 


oil. VIII 


and thorefoj’o lini I f (x) (.r) - I F (.r) i(tf> 

a'~a, J a' • « 


Since 


(^) I'A i/i) <A (/^ -»')! 
F («) !</) (<e j 0 ) <!> («)). 


hiu Fi-'’ {X) 4> (.«)]'’ - [ 1'^ (:»•) ^ (•»■) I" ■ /<’ 0) l</> l/i) 

A’ («) !</> (-^ i 

the roHiilt follows. 

HoncOj as I /(.**) </► (•»') is clcliiUMl to he 

•/ u 


rP'. 


</> uJ (>)} 
'*) ■/■ Ml. 


liin I /(.»•) <^ (.») 

' tt' 

we see that the theorem holds for the iliterva.I (/t, /:?) 

A point in the neighbourhood of whi(*.h ./ (.r) is suimnnhli^ is also a 
point in the neighbourhood of wliieli / (-r) </> (.r) is smniuahh*, thus the 
set H is the same for the function / (.i,) </> (.r), «is for / (a ). unless f/» (.r) 0 , 

in a line of invariability. 

We have now to shew that the condition III, of § t<)l. is satisli(‘d for 
the function / (a:) <:/> (rr). 

If Pn) be an interval contiguous to liio perfect. s(d. J\ in w lueli the 
integral off{x) <f> (a;) has already been e.onstrue.t.(Ml, wcj lia.v(^ 

r / (X) ^ (X) fix ^ [F {X) <!> (.,:)] *■ - r (.r) r/,/, (.,•). 

If 7j arc the points of tlic interval at whieJi F (.») attains its upper 
and lower boundaries, we liavc to estiniat-o IP («„, /i„), tin* lliiet.nation of 

It?:) •!,[?:) <U 


f 


ill the interval, ''rhe fluctuation of 


is not. gr<‘a.t.er than 


p’ (.«) </> {X) 

{F (0 - F («„)} ^ (j3„) : {F (.;) - F (,c„)}./. (»„); 
it being assumed that cj) {z) is a non-diminishing funetiini. Since 
F (S) - F (a^) > 0, F{r,)- F{u.,)-.0, 
the fluctuation is not greater than {F (f) — F (T/)j (^„), or than 

4> (b) W (an, P„), 

where W (an, i8„) is the fluctuation of F (a;). 

Since J F (x) d4> (x) lies between F (f) {<f> (/5„) - ^ («„)} and 

^ (^) 0«) - 4> (««)}. 

the fluctuation of the integral does not exceed {<j> ()8„) - (f> («„)} \V («„, jS„), 
or is less than {<f> (b) — tj> (o)} W (a„, ;8„). Thus W' («„, j8„) is loss than a 

oO 

flxed multiple of W (a„, j8^). If then S IT («„, is convergent, so also is 

n--l 

i: W' (an, i3„). 

w-1 
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4741 J:'vo']}&k'tu‘^ of the Denjoy Integral 

It Tiow follows that a point of the perfect set P, at which S TF (a„, )3„) 

“1 

is convergent, is also a point of convergence of 2 TF (<r„, jS„). For the 

71 *= 1 

result obtauied above ma}^ be applied to the part of P contained in a 
neighbourhood of tlie point, so chosen that, in it, S 17 [a„, is con¬ 
vergent. 

It has thus bet'n shewn that the set of points of P which are not points 
of convergence of HI7' (a,^, is non-dense in P, since the corresponding 
condition for is satisfied. Therefore the condition III, of 

§ 404, liolds for the function / (x) <f) (x). 

For the complete establishment of the theorem, there only remains 
to bo proved that. 

/// (.f) be ,Hiintmable in a perfect set P, contained in an interval (a. jS), 
then 

I F{x)</>ix)Y - f 
L _ a J a 

-=■ 2 I F(a3)^(j;)] -f P (.»;) (a:)| + I f (x) <f> {x} (Lv; 

n 1 IL J«« ) hP) 

the mimmation being taken for all the intervals coJitiguous to P. li 

being assirmed that the sum is absolutely convergent, 

Tliis theorem can then be applied to the perfect set contained in any of 
the intervals contiguous to any one of the perfect sets P^, P,, ..., P^. ..., 
employed in § 4()o, the conditions of the theorem being in each case 
satisfied. 

Let f (x) be expressed by the sum of the two functions [x), f, (x); 
where /i (rr) =■- / (.t), in P, and /o (a;) =f{x) in all interior points of the 

intervals (a,,, Let (a;) = f /i {^) dx, and P, W = J ^/2 (^’) dx\ thus 

F (.r) - 1\ (x) -h P, (x). 

The L-integral f (a*) ^ (a;) dx exists, being equal to f f^ (a-) cf> (:i;) dx: 

J a. •' (-P) 

r/S 

also fg (x) ^ (x) dx exists as a D-integral, being equal to 
J a 

2 r A (*) ^ (») 

J an 

In each interval (a^, j8^). Pi (a?) is constant, thus 

(*) ^ (*)]*'-(*) (®) = [-^ ^ 

Now j^P (x) <f> (a;)J — j F (x) d<f> (as) 

= I I^Pi (as) <f> (a;)J -/Pi (*) d<f> (a;)| + {[-?'* i^) 4> ^ (“^4 ’ 
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the exprcsision in the lirst bracket on (lie right liainl sick* is taiiial to 

f fi (aO </> (■'*') I ft (■*■) </' 

In order to prove; the theorem, it is then siitlieieMit to shew tliat 


F, {X) ^ {x) Y ~ f (a;) d4> (.«) 5 (.r)./. (•<■) 

JitJa 


fin j'/ln 

«M ■ «l| 


A’o (a-) iiil> 


this is the spccjal case of the original tiieori^n whieh aris(^s \n Iumi /(.r) 0, 

over the set P. 

Consider the first m of the intervals («„, /^„); and let 

(yi» ^l)’ (y2j ^2)> {ym+li /C, h„^ II 

be the intervals complementary to the intervals («|, ft{). ... jtf,,,). 

Wo have 

r ‘ 1/3 r/s M=’/u(r fin r/>« ) 

F, ix) <[> {X) - (X) dek (.r) - F, (.r) 0 (.r) - F, (.r) # (.r! 

L J a ■2 a M -*1 V. L. J •*« * «n J 

T' + l f Ur /■ /// I 1 I'Ar 

== S ./>(..;) ~ rt: A’, (.<•); 

r^-l L Jyr r 1 .'yr 

and the expression on the right-hand side may lx* writt.en as 

) i‘A (8, ) - f/j 

//» I 1 /•*»■ 

:t: I<\ (.r) r/r^ (rr), 

I Jyr 

which is equivalent to 

r-??i+l rfi 

S <l>{8r){F,AS,)-F,{y,)}-\ (•<••)# (•'•). 

r'=l •/ rt 

where (x) is defined to be (yr) — F^ (»;), in tlio int(‘i*va.ls (y^, 5^), and 
to be zero in the intervals (ai, ^i), (a>, jS^), ... 

_r '/« 1 I 

The first term is numerically loss than ^ 

_ ^ 
vrhere ^ is the upper boundary of | <p {x) | iji {a, jS); and 

r* 7/?-hi 

S I F* (S,) - F, (y,) 1 

r'-1 

does not exceed the sum of the fluctuations of F.^ (.r) in th(i iid-tu’vals 

(^7rt-l-l3 Pm-il)} {^tn\2 3 PnM'l)} •-•3 

contained in the intervals (yr 3 8r). It follows, from the oonvorgenco of 
the series of fluctuations in the intervals contigut)us to P, that the first 
term is arbitrarily small, if m be sufficiently great.; thus the first term 
is < where hm €„» = 0. 

m~Q0 

If X is not a point of P, we have (ic) = 0 , for all sufficiently large 
values of m; and if a; is a point of P, it is in one of the intervals (y,., 8^)3 
where y^ converges to a;, as m is indefinitely increased, and thus {x) 


r Hi I i 

S <!> (8,) {F, (8,) - F, (yr)} + i: F, (yr) (<A (8,.) - <k (y,)} 

r«l r 1 

r //Ml 

y 
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474 - 470 ] Pi'ojierties of tlie Denjoy Integral 


converges to zero. Since \js„^ {x) is bounded, for all values of m and x. ve 
have, by a theorem established in § 445, 


Inn (Vm (a:) d<f> (x) = f [Urn i/f,„ (.t-)] dd> (x) = 0. 

7H~oo.'a 'am~oo 

It has noAv been shown that the limit, as m ~ oo, of 
[j’a (®) ^ (X) d4> (x) - V' IFj’, (a:) <f> fVg (x) d6 (x) -, 

L Ja .'a n^l CL Jan J an ' ) 

is zero. The theorem has therefore been established; and it has been 
proved that 

f / (*) (®) dx -= [i?' (.r) (l>{x) - I .F {x) d(j> (x), 

■ “ L Ja J a 

which is an exlensionj to the i)-iiitegral, of the theorem of § 445. for the 
//-integral. 


475. As in § 445, it ma}" be shewn that the second mean value theorem 
is applicable to the integral ot / (x) cf) {x)j where / (x) is integrable (D), 
and cf) (x) is monotone and bounded. 

b"or [ F (.r) clef) (.r) = F (/x) {<^ (6) — (f («)}, where /x is some number in 
J a 

the interval {a, b ); therefore 

l'f(x) <f> (.V) dx ==F{b)<f) (b) - F (f,) (b) - cf) (a)}, 

J a 

if we assume that F (a) = 0. Tliis is equivalent to 

[ / (x) <f> {x) dx = ^ (a) T/ (a:) dx -^<f>(b)\ f {x) dx. 

The more genercil form of the theorem, including Bonnet's form, may 
be deduced, as in §422. For the application to the representation of a 
function that is integrable {D) by trigonometrical or other series, the 
result here obtained is of decided importance. 


EXTEITSIONS OF THE DEFIXITIOH OF THE DEXJOY INTEGRAL 

476. A generalization of the definition, given in § 464, of the Denjoy 
integral has been made by Denjoy* himself, by W. H. Youngt,. and by 
KhintchineJ, independently of each other. Instead of the series 

in which the terms are the fluctuations of V (u„, x) in the intervals («„, ,S„), 

* Annales sc. de VicoU norvMde (3), vol. xxxm (1916), p. 127, and (3), vol. xxxxv (1917), 
p. 181- These memoirs are a continiiation of researches in the Journal de Math. (7), vol. i (1915), 
p. 105, and Bv.U. de la soc. Math, de France, voL xun (1915), p. 161. 
t Proc. Land. math. Soc. (2), vol. xvi (1916), p. 175. 
t Comptes JReTidus, Paris, vol. CLxn (1916), p. 287. 
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Non-ahaolutcly Convcrycnt Inteynih [ou. viii 


CO 

the series S | V (a „, j8„) | is employed. 'I'luis. I'oi- tlie. delinition (4), in 

n 1 

§ 464, the following is substituted. 

’(4)'. Let P be a perfect set of point'i in, an. infrrnti (/t, /i), rontahied in 

{a, b), and let it be a.'^i^u/med thatf (.i;) is siuntnablv. orvr the set l\ and .suppose 

that r {a', P') has been defined for erenj infcrral (ic\ [S'), of (a, /^), irhir.h con- 

tain.s no points of II a.9 interior imints. Lei («„, /i„), \rhere n 1,2, 2, 

denote the intervaU of {a, j8) that are contiijaou.^ to P, and let it be a.s.Hnnbed 
00 

that the serw S | V (a„, j3„) | is amrenjent. Then. I' (a, ft) in ilejineil hij 

n -1 

V{a,p)- 2 !■ I f{.r,)d,r. 

71 1 .'(/*) 

The definitions (1), (2), and (:^), of § 404, are un.iheivd. 

Instead of the condition III, of § 404, the following is siihstitnled■ 
Iir. For every perfect set P, if V («„, /?„) have, been eaten fated for every 
interval («„, j8„) contiguous to P, the set of point.s of P ndn'rh are not poniU 

CO 

of convergence of H [ V jQ^) I 'iiou-dense in. P. 

n - 1 

CO 

As before, a point of convergence of | V ((c„, fS„) | is one w'hicli lias 

n L 

a neighbourhood such that the series of thosc^ l(u-nis for winch {(c„, is 
interior to the neighbourhood is convergenl. liius the luighboiirhood 
contains a part of P, such that the series is ctonvergcMil, w hen taken for 
the interval contiguous to that pjirt of P. Tho (ionditions I, II, of § 404, 
remain unaltered. 

CO 

It will be observed that, if tlie series W (a„, is (j()iiverg(‘ut, so 

« i 
oo 

also is the series E | V j; but that the converse does not. hold. 

n-l 

It thus appears that the X)-iutegraI is a special class of tlu^ functions 
V (a, x) which satisfy the wider set of conditions ob1.a.ined by suhstitut.ing 
(4)' and III' for (4) and III respectively. 

When the function/ (a*) is such that all the delinit.ions (1), (2), (2), (4)' 
and I, II, Iir are realized, the actual coMstruction of V (r/, b) is eaj*ried 
out precisely in the same manner as in tlu^ case of tlie J> integral, no 
essential change being necessary in the proof of existcMiee of the integral. 

477. As has already been pointed out in § 400, the e.onditions (3) and II 
contain, a postulation that V (a, x) shall bo a continuous function of a:, 
and it W'as shewn that the P-integral constructed in § 4(54 actually satisfies 
the requirement of this postulation. It will howe.vcT bo shown that/ when 
the new conditions (4)' and III' are substituted for (4) and III, the postu¬ 
lation of continuity of V (a, x), or of F (x), is not. satisfied unless the 
function / (x) satisfies a certain condition. 
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The set li denotes the aggregate of the points at which / (ic) is not 
suminablc, and of the points in the neighbourhood of which S | T" («„, [ 

is not convergent. 

The function V (a, x) is clearly continuous at any point which does 
not belong to //, since V (a, x + h) — V (a, x) is an i-integral, for suffi¬ 
ciently small values of | /a |. Xext, let G be a perfect set, contained in an 
interval (a, p), and assume that / (x) is summable over Q, and that every 
point of G is a point of convergence of the series S | V I» when the 

summation is taken for those intervals contained in (a, jS) which are con¬ 
tiguous to G, 

AVe have 

r C ilfH 

V («, X h) — V {a, •'»)= ) / (a;) dx + S / (a:) dx 

L-«?) 'an Ji 

where (a„, b„) is contiguous to 0. Ash~ 0, we see that 

/ (x) dx ~ 0, 

L-tt?) Ji 

on account of the continuity of an i-integral. In case x and x -- h are 

~1 X+h 

both points of O, S / (x) dx also converges to zero, as It -- 0, in 

L • ciji J* 

such a manner that x -f h is always a point of 0 But if x -f It is not 
restricted to be a point of O, it is in the interior of some interval {a,, b,„), 

r rhn r-h 

contiguous to and tlie sum El / (x) dx contains the term 

L J 


/ («) dx. 


if 7(. be positive, or / (*) dx. in case 1i be negative It maj* happen 

' .t +7t 

rx-r/fc ^ rhm 

that, as li converges in any manner to zero, | / {x) dx. or | / (.r) dx. 


docs not converge to zero, and in that case V (at. x) would not be con- 
tinuous at the point x, of G. We have / {x) dx g TF,,,, where is 

‘ am 

the upper boundary of j / (x) dx for all intervals (a', b') contained in 

J a' 

^w)- be supposed that, for an infinite sequence of values of 

m, is greater than some positive number k. However small h may 
be, there '^1 be one of these intervals (a,., 6,.), for which Wr > k, in the 
interval (x, x ^ h). Hence, in {a^, K), there will be two points a/ = x ^ 
and = X \ ^ for which the terms considered differ by at least k. If 

we take a sequence of values of A, such that x -r- h approaches x along 
the sequence {d/}, we obtain a limit which differs by at least h from the 
limit obtained when x -{■ h has a sequence of values {6r }■ thus appears 
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theit F(flr-, a: + //) -- V -i*) cjoiiid iioL for bolh s(‘(|iu‘ik*(*.s of vaIu(^s of 
have tJic limit zero, lleimo, with the li>])olIiesis I* (a.j') Avould be 

discjoiitiniious at tlic point x. Iii ordiT that I’ {a, a) may }«* ooiitununis, 
it ia therefore nceesaary and authcieiit Hial. lim n',„ o. 'rhis conditiou 

HI ^ / 

muat be satislied for all the perfect s(‘ls cotilaiiuMl iii all the intervals 
contiguous to eacJi of the sets ... I\, (‘lupUsyi'd in tli<‘ eoiislru(;tiou 

givcjn in § 464 

It thus appears that the postulati(Ui e.ontained in (.‘5) a.nd II, A\hie.h is 
equivalent to the postulation that tlie int(‘gral I' (r/, .r) eonsi»‘n(*l(M], as in 
§ 464. but with (4)' and 111' siibstitut(‘{l lor (4) and !il, slionld be con¬ 
tinuous, is satisfied only it the upper bounda-rv of I’ , .r), in 1 he intm-val 
(«wjA «)3 converges to zero, as m--- c/.', for each of the p(‘ri<‘et s(‘ts con¬ 
tained m any interval contiguous to l\, whei’i^ J\ is an\ oiu' oi I Ik* piTlect 
sets employed in the conslruclion of T {a, h). 

478. An integral F (x) = j f (x) r/x, consI.rneU'd in aeeorda.nee with 

ft 

the system of definitions and post illations (I), (2), (.‘5), (I)', and I, II, III', 
which include the condition that (.r) is a eoidiniions fiinelion, will he 
terjued a Z)JvT-integralj or J)enjoy-KhlnU'hiuv Yoinitj nitvyrnl. Jt is eU‘*ir 
that a yi-integral is also a /^A"l"-iiit.egral, but (hal (he eonvi^rst^ is not true. 

It is shewn, as in § 472, that the sum theonnn holds**' also for the 
Wv r-intogral: 

VDKY-inteyralu iu [a, h). thvn /*** (.i) • (.r) 

also a DKY-integral in the intermix and 

(^) I (-c)} f/(» rf.r | f/'=>> (.r) ,/,■ 

-■ a . f/ n 

The. proof given in § 4G6 is applieabh' t.o slum (hat- (lie s(4. of tliose 
points of any given perfect set P, each of whi(*h is <nth(‘r a point, of non- 
summability with respect to P, of the fiuudion / (a:), that is intc'grablo 
(DKY), or else a point of non-convcrgeiuu'. of Yi | P (/i„) P (u,,) | taken 
for the intervals («„, contiguous to P, is mui‘(1 (mis<‘ in P, 

The theorem that the iAjntcgra.1 P {x) of a. fnnct.ion f (Ai), that is 
integrable (JD), has almost everywhere a dilh'rential (‘.(MdlicitMit, ecpial to 
/ (re), does not hold in general for the y-iiit.egral. 1'lu‘ e.orri'sponding 
theorem for the latter integral has boon formula.t.i‘(l by DcMi joyl’, wdio has 
introduced for the purpose the concoptjou of an approximate dilTerential 
coefficient; thus: 

A continuoiJLS function F {x) possesses, at a point Xq , an approxi'mate dif¬ 
ferential coefficient, finite, and equal to F' (.Tq), if the set of 2>oints x for which 

_ jp, ( ) 

X — Xq ^ 

* This is contrary to a statement of W. H. Young, Zor.. eif. pp. 208 anti 211. 
t Antiales sc. de Vdcole rtormale (3), vol. xxxm (lOlO), p. 170. 
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the tneti'ic density unity at the point x^, whateve)' value ihe positive nuviheT 
e may have. 

Tlie property of the mdcfimte Z>i[T-integral is then formulated as 
follows*. 

7/ F (a,-) be the integral^ f (x) dx, of a Junction f (x) which is integrable 

{DK Y) in the interval (a, h), F {x) has at almost every point of {a, b), an 
approximate differential coefficient, or else an ordinary differential coefficient, 
equal to f (x). 

The necessary and sufficient conditions have been formulated by 
Ivhintciunc (loc. cit ), that the indefinite i)iL T-integral F {x) should have 
almost everywhere a difierential coefficient, equal to / (a.-). 

THE YOUNG INTEGRAL. 

479. TJie most general defiiution of a non-absolutely convergent inte¬ 
gral has been given! ^7 Yomig. His definition is obtained by 

relaxing llie c.ojiditions from which it is inferred that the T-mtegrai 
is contijiuoiis. .Vocordingly, the Young integral, or Y-integral. is not 
iiece.Nsarily a continuous function of its upper limit. When it is in tact 
continuous, it is then a jDif l’‘-]ntegraL When a is a limit of points of H 
on its nght, and ^ is a limit of points of H on its left, the clefimtion (3). 
and the assmnption IJ, of § 464, are no longer taken to hold for all set-^ 
of intervals (a«, j3„) such that a,, — a. but only when and S, 

are restricted, for all values of n, to be points of H. the set of point" of 
non-sunimability of the function/ (a;). 

Thus the postulalicm II is replaced by the condition 

f f (x) dx = fhm] f / (a-) dx, 

a - an 

where the square bracket is taken to indicate that the limit does not 
necessarily exist unless all the points belong to the set H. When 

« is not a limiting point of a part of H on its right, the points will be 
unrestricted, as in the definition of the DiTr-iiitegral, and a similar remark 
holds as regards jS When neither a nor is such a hmiting point, the 
bracket may be removed from the hmit, as it is then unrestricted. 

An effect of the introduction of this restriction, as regards the mode 
of approach of the end-points of intervals to their Hmits, is that 

F{x) = \ f {x) dx 

J a 

is not necessarily continuous at a point x which belongs to the set H. 
However, at such a point, F [x) alwa^^s belongs to the aggregate of limits 
of jP (a; -f h), or of jP (a; — li), as A ^ 0. 

* Amudes sc. de VecoU Tionncde (3), vol. xxxiv (1917), p. 184-. 
t Proc. Lond. Math. Soc. (2), vol. xvi (1916), p. 175. 
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In order that F (.r) may be contiiinDus in (he a\ hole ini(‘rval (r/, /j), ii, 
is clearly neccssaiy that the restrictc'd limits and tlu' uiiix^sinc.UMi linuts 
should in every case give the same result. Tims I'-iuh^gral, Avheii it 
is continuous, is necessarily a y-integral, but oi et)iir.s(» noi n(H‘(‘'<s{irilv 
a i)-integral. 

480. It will bo sheun that liie funelion F (.r) r.oustrueli^d, as in tlu' 
case of the r-iiitegral, or the />>-integra.I, w ilh th(‘ eoidmiiity eoiidilion 
modified in the manner explained alane, has lh(‘ follow ing pr()p(‘rly 

lib any dosed interml («, vonUthied- hi (f/, h). F (. 1 ) nU ndum 

betiveen its upper and hirer boundaries iu i/ic ndcrral (u, /i) 

Let {y, S) be an interval contaiiii'd in {u, ^), and such «is to (contain a 
sequence of iiitorvails (y„, for \vhieh --y, and 6„ <S, and siieh tiiat 

in each of the closed intervals (y„, the condition is satisli(‘d dial F (.») 
takes any value between its upper and low<n* boiin(lari(‘s in Unit inl(‘i‘\ai. 

Also let it be assumed that (y), F (S) are resjx^c.tivt'ly IIk‘ Iimil.s of 
F (y„)j F (8,^). Let k be any nuinlxu' betweem tlu^ iip[xa- and lower 
boundaries of F' (.r) in the closed interval (y, S). If u lx‘ siillieitmll\ great. 
k is between the upper and lower boundaries ol A'(.r) in lh(‘ intca’va! 
(y„, S,J, and is l]i(*reforo the value of B' (.r) at soiiu^ point in that mtin-val. 
and therefore in (y, S). Thus the theorem holds for l.lu‘ intm-val (y, 0 ). 

Commencing with the fact that the theonan holds for any int(‘rv«d 
(y, S) in which f {x) is integrable (Jj), and lollowang out. the various .stages 
of construction of F' (.r) for tJie interval («, /J), as in § ttif), w(^ see, hy con¬ 
tinually applying the method of passing t-o the linul, that. th(‘ llu^onnn 
can be established for the interval («. P)- 


481. The following extension of tlie theonmi of 4} 471 will mow be 
established: 

Iff (a;) Juivea Y-integral F (.r), in {a,b), w/iirh is bo u tided iu Ihe itdvnuL 
and <l> (x) be a bounded monotone fimdwn. defined in the same inlet ruL thru 
f (x) <f) (x) is also integralde {Y) in {a, b), and 

I / (*) 9^ (*) [p (*) ^ (-r)l^’ -- r (x) <f<l> (.r). 

Ja. L Jff -u 

It Will, m the first place, be shown that, if F (;r) bo boundtxl in {a, P), 

rfin 

and such that F {x) d(f> (ar) exists, in accordance with the dtdlnition of 
§ 445 , for each of the intervaJs (a,,, )8„), of a sequence of intervalH contained 

in {a, P), such that a„ ~ a, )8„ ~ j8, then T F (x) d<l> (x) also exists. 

J a 

Let I = ^ (a;), and suppose x (i) to bo the function defiru^d as in § 445, 
for the interv^ (a), ^ (jS)) of f. By hypothesis, x (f) is summable in 
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'iioli iiitcy-viil {(!> («„), of Let E {A, n) denote the set of points 

3 f iJiis intei-val for ivliioli x ii) > -4, where ^ is an arbitrarily chosen 
number, then the set E {A,n) is measurable. It then follows that the 
=iet E (.4). of all points of tlio interval (« -i- 0), ()8 - 0)), at which 
X (I) > -1, is measurable, smc-o it is the outer limiting set of the sequence 
of sets E (.4,71), as u is increased indefinitely. It follows that x (I) is 
measurable in t he interval (<f> (« - 1 - 0), ^6 ()S — 0)); and since x (i) is bounded, 
it is summ.ible in the intei-val. hloreover, bj' a known property of the 
//-int(“gral, «e have 

<i) 

X (^) X (i) 

- '/*(“ '.-(») il'^co ' ^ (a,i) 

Sincx‘ X (i) value F (a) in the interval {<f> {a). 6 (« r Oj), and 

the value F {^) in the* intorvai {</> — 0), c/> (jS))^ we have 

N> (ft) 

X (^) (^0 {<!> -r 0) - ^6 (a)] r F (^3) {c^ (^) - - U)} 

1 .1. /..\ 

/'f^ (ft it) 


*/» («) 


[•!» (ftit) 

I X (^) 


therefore F (.t) r/<:/> (.r) exists, and lias the value 


/t'^oo . c/» (an) 


iftn 


F («) {</. (<c + 0) - («)] h F (P) [<!> iP) -<f>{p- 0)} 4 - Inn ) F (.r) cl<j> (.r). 

/i'^00 . an 

Next., jt will be slu^wii that, if the theorem 


ftn 


Fix) 


'] ftn [ftn 

cf, (a-) - I . 

J an * On 


F ix) d4, (X) 


((„, p„), it also holds for the interval («. P), 


./' (■»•) <f> (x) dx -■ 

I 

holds for each of tlie intervals 
provided F («„) ~ F («), F (P„) ~ F [P). 

Wo have 

liin [ F (.r) ^ («:) T” - [F (a-) <f> (a;)]'* - F (j3) {<(> iP) -^{P- 0)} 
9l~03 I 0» I J ® 

~\ ftn 


''''Fix)d<f>ix)\. 

an J 


it follows that 

(a:) ^ (a-) j ^ F ix) d4 (x) = lira | (a) ^ (a)J 

Since fix) <f> ix) dx is defined to be lim f fix) ^ ix) dx, it being 
j ^ tl'~QO J an 

assumed that / (a) 4> ix) is integrable (F) in each of the intervals (a„, ^„), 

rftn 

it follows that, if f ^ (^) ^ exists, and is equal to 

J an 

Ff (a) ^ (a)T’*- fV (a) d4> ix) 

L J an ■' an 

for every value of n, then [ / {x) <f> (a;) dx exists, and is equal to 

J a 


F ix) 4> (a)l^- fF ix) d4 ix). 

a J a 


46 
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V(nu‘i'n,u'nt 1 iifctfrals [on. \iri 


It imistnowb(' shown thiit tiio ooiuiifnjti !!!' is snlislioi! In liic iiitc^ruls 
of/(.v) <j> (x), when it is ass.lined io be salislied h.i- (he inli'jffals of /‘(.i). 

]f («„, i8„) be an internal, eonlitfiious (o f:ie lUTfecI sci /‘. in wliicli 
the integral/ (.r) cf) (.i) h.is already betni (■onslrncted. we iiave 


■/ tt,l 



- (i’ (iS„) - F (nj! 0 (/J„) , F («„) !./. </. (n„)l 



, . 1,1 


(.i ) fhj) (.» ). 


If F dL^noir. llic u])i)or boundary of A' (.r) in al! (Iu‘ itilcrvais {ic,^, f3,^) 
coiiliguoiis lo P, and ^ is ilio, ninna* bouiulaiy of </> (.r) in (f/, /;), wi* luivo 

f iPn 


f “/ (.r) <!> (.r) ,l.v < <#. I F ip,.) - F (nj j , 2/-' [.h (/I,.) .A 

n« 

it being assumed Unit </> (.r) is non-deeroasing. 


CO 

It follows that, if | F (jS,,) - F (<i„) | ih (•onM‘ro(‘id., so also is 

It 1 


CO 

V 
n 1 


f"/ (.!•) c/, (.»•) ,h- 


It is thence seen that, if the set of points of a. j)(‘rf(‘(*t m*! w lueh are 
l^oints of divergence of the sum of the absohile vahu‘.s oi lh(‘ inli‘grals of 
/ (^’) taken over the intervals (ionliguous (o pcM-lei 1 .st‘t, is non-d(‘iisc 
in the perfect sot, the same condition holds as regards llu^ absolult^ values 
of the integrals of /(a:)^(a*). For, if b<‘ tiu' jiart of t hc^ p(‘rii‘(;t set 
contained in any interval («, P), such thai lh(‘ sum of tlu- absolul(^ values 
of the integrals of / (.r) over llic inleiwals (•oidained in (r^, /i), eonliguoiis 
to P, is convergent, it lias been sh(‘\\n that lh(‘ sum of llu‘ ml('grals of 
/ (a;) </> (a;) is absolutely convergent. Thus l.he condition I IT is satislicd 
for the function/ (.r) </> (a*). 


Lastly, it must bo shewn that, if/(.r) bt^ summabli' in a. p»‘rf(*et s(‘t P 
contained in an interval {u, p), tJien 


rP i I'thi ^ 

- F {X) <!<!> (a:) i: -) F (.r) </. (.r) F (..) rA/. (.r)[ 

“ ' « 1 U 1 »n * «H ; 

I [ f {.»■),/>(.!■) <Ix; 

J (/'i 


the summation being taken for all the iiit(‘rvals p^^) eontignoiis tio P, 
it being assumed that the sum on the right.-hand sidi'i is a.bsoliitely con¬ 
vergent. The proof of the corresponding theorem for th<‘ />-integra.l, given 
in § 474, is applicable to the present case. 


We are now in a position to carry out all tlie st.ag(is of tlu'. construction 
of the r-integral of / (a;) ^ (a;), corresponding to tlie various stages in the 
construction of the T-integral of / (a;). It lias been showai that the con- 
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stniclioji ill llio ft)nnor oaso can always be carried out when it can be 
carried out in tlic latter case, and that at each stage the relation 

lj‘ (.»-•) ^ (.'«) (I.V = (a:) ^ (V (») (.r) 

holds good '’.rile liM'OL-ein is liiercfore completely established. 

482. It lias bt'cn sliown that (.a) a*ssumes, in an 3 ’ interval, all the 
values between its upper and lov\"cr boundaries hi that interval. Thus if 
fj, L be tlie upper and lower boundaries of F (x) in (a, /;), we have 

L [</> {b) - <!> (a)] ' I V (x) Ll<f, {X) (a )]; 

-'a 

it follows t hat 

I "i'’ (.«) == F (>) (ft) - 4, (a)}, 

a. 

where > is some number siati that a r x r b. 

It now follows til at 

f / (•*•) <!> (•»■) \ f (••»•) + <A (^) f / (-lO 

.'a J a J I 

whicli IS the second mean value Ihoorcm for the function /(*r), winch is 
iiitegrable (!'). The. more general form of the theorem ina\' be deduced, 
as in § 422. 

It has lu'on assimu'd throughout that F (a*) is bounded m the interval 
(a, /j), and it is therefore subject to this condition that the existence of 

f / (-‘O ^ (•>•) 

•J ft 

as given by the formula for integration parts, has been e>tabhshcd. 

It may however happen that, in the final stage of the construction of 
the I''-iritegral of a function / (.r), infinite discontiiiiiities of the function 
F (x) apjiear. Thus there exist T-iiitograls which possess points of infinite 
discontinuity, and are thus unbounded. 

It can be seen that the theorem 

r {/i (^) + fi (•'«)} = f Vi (x)dx-i-1 V2 w dx 

J U. J a J a 

does not necessarily hold for y-integrals, unless both the integrals on the 
right-hand side are -D/f Y-integrals. If, for example, the set H, for h (a-), 
consists of the sequence Cj, Cg,... ... converging to zero, and the corre¬ 

sponding set for/a (x) consists of a different sequence c/, Cg', ... c^', ... also 

converging to zero, j (x) dx is defined as lim [ /i (a;) dx, and I /g {x) dx 

J 0 n'-oo. Cfi -'0 

is defined as Urn T (a:) dx. But T {/i {x) + (*)} dx would be defined 
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as the liniil of f {/] (.v) -F/o (.f)J ff-i- c lias values heioiij'iiiff (o bolli 

C 

/■I 

the sequcncios [r,,]. Since il is not !ie(‘essarily Mi(‘ c.isc* (liai j /\ (.r) 

•■ji' 

fi ji . 1*1 

converges to .A .A (-0 converges lo I /', (r)r/.r, i( 

® .U)' f/i' .Nr “ 

follows that, the theorem does not necessarily hold Tor )'-mtegrals 

which do not belong to tlie class of />/v >'-intc\grals. 


EXAMPLES 

I Ii 1 

1*. ^ ^ cos ^ f(»r 0 ^ r rf, ai«l/^O) <)« W r 

/ « 

|/(») I fAi iiUTt‘iiHt‘s ii\(lt‘Iinitt‘Iy as c --- 0, and t 1 u*i(‘1oit J (.i ) is nut sinn- 

rnablc in tlu' iiiU'rvtil (0, ^0- but j /(r)f/.r [ *' *''**^ , arid (lius j cMsts as 

a /^-intojxiid, 'wluoli is also an ///^-intc'jiral. 


2t. Lot 


(/3 «)•. .(.t «)"'(/; 

in the interval (a, ^), uhere w '2. The fiiiietion (.r) is not sununalih* in tlie neiLrli- 

f 

boiirhoods of Uio poinls a, j3; Iml / exists as .i f) mUgial, wlneli is also an 

Hi/-intcgral, and it has the value zero Let // he any noii-dense elosi'd se( oi points in thi‘ 
interval {a, b), and let /(.t) have the value zero at eaeli point ol //, .mil in eai li iriler\al 

/7« 

(a, j8) contiguous to Jl, let it Jiave the x'aliie N )■ -l^bc ndegr.d j </>{() dA exists, and has 


<{ Ra - a)== (/? vy ^ 


the value zero, in each of the intervals (a, jS); also the Miietnation of j l\A)t/.v in («, p) is 
< I {p — a)-. It follows tliat the sum of the lliie.tuations of / /(.t)f/.r in all Ihi* intervals 

J ' 

is absolutely convergent, it is now ea«sity seen that, if f/ he the niieleus of //, tin* inti'gral 

/ 'Pn 

f (x) dx exists, and has tlie value zero, in every interval (a„, contiguous to f/; and 

«n 

/ ■.»; 

J in 111'* inti*rv.ds (a^^, 

»n 

IS absolutely convergent. Therefore/(a:) has a /J-iutegral, which ha.s the value zero in any 
interval of which the cnd-points belong to II. 

Sf. Let Cr be a perfect set, of measure zero, in the interval (n, h). In <iny inti*rval p„), 
contiguous to G, lot / (a;) = J/(j3n - a„), for «„ < a: < i (a,, 1 j5,J, a-nd/ (.r) - ' a^), 

for l{an + Pn)^^< Pn> let/(a:) have any sot of values over (/. 

We have f (x) dx — 0, for all values of ?i; also (*<■) i- appears 

J an J an 

that f (a:) is not integrable (jD), because every point of (I is a point of non-eonvergcnco of 
the sum of the fluctuations of the integral in the contiguous intervals. At the middle point 


* See Denjoy, AriTbdlea sc. de Vicole normale (3), vol. xxxiv (1917), j). 181. -f Ibid, p 208. 
t W. H. Young, Proc. Lond. Maih. Soc. (2), vol. xvi (1910), p. 199. 
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of any interval (a„, ft,), we have F i®) = J; hence, at any point of O which is a l.miHng 
point on boili sides, -we have 

F {x) - 0, [X 0) = i, F {x -r 0) - 0, P - 0) = J, F {x - 0) = 0. 

At a point of (r which is an cnd-iioint of a contiguous interval, F {x) is discontinuous on 
the side away from the contiguous interval Tlie integral F (a) is accordingly a T-integral, 
which IS not a DK ^''-integral. 

4*. Let O tlcnoLc Cantor’s perfect set, of measure zero, defined in the interval (0, 1; 

(sec § S:5, Ex. 1). In an interval (o^, jSJ, contiguous to C, let /(ai =- ^ -, for 

^ - a„) 

< .f < J (a^ -I an(l/(.i;) — - ----- , for ] -h x < where m is such 

lib ^ 

that Over the set C,J\x) may have arbitrarily assigned values. 

iSiiicc / / (.r) (fx == 0, \\e have F{x)=0y at all points of C'; and in (a„, the niaxi- 

I'y 1 

mum value of J (a) ilx is -. 

I nil 1.111 

Tho \allies of F {c \ 0). F {v — 0), at a point x. of f'. arc ihc limits of tlie nmnber'^ } , 

2 in 

for the contiguous mlorvals in the neighboiirhooiU on the right and left of the point; and 
the.se limith arc both zero, since m increases mdefiniiely \4ith //: therefore F lx) is a con¬ 
tinuous fupetioii Tho integral is not a i)-mtegral, tor, if v be any jjomt of (', there are 
conii'iied in any neighbourhood of a, contigiiou» intervals for m has all \aliah -vvhiLh 

exceed some fixed value; and thu'i 2IT,, diveriro's at every sm h ])oint To -see thi'*, ve 
oljservc that an integer i eaii Ijo dtdermmed that the distance (;f x in»m tl'c marer einl- 
}>oiiit of .1 giVv‘ii neiirlihourliood //, of .f, is > , and thus cl will contajii two (orw<.uri\e 

diMsioiis, wIk-u llic wiiole mlerval ((h I) i** dnuied. into T ’* csjual part*. We iiin\ MipjiOaO 
tho nitorv.iis (a^^. to He arraiiL'ed in de'.cendiiiu order of their lenutii^. and -i-vl! li«at 
those which .in* of (‘ijinl JeiiLdli are arranged m th<\r order from left to riuht T’h* ^uh-'^ri 
of V ill any of the ‘I'' * e((iial ]>arts is .‘similar to no that llie \€11.10“ f'f m. fer tho^e con¬ 
tiguous intervals ih.it .iie interior to •/, w ill eontam all integers fioni and aiier &ome ii\e<l ime. 

Evi‘iy jioint of U i.s a point of convcrgeiiee of the »um of t’ne aii-sohite \aiiies of the 
integrals of f{v) t.ikon over all tho contiifiious intervals (a^,. Pi,). &mec all t'.u'.'se integrals 
have the value zero. Jt follows that F {\) in a T-inteuivd. 


Let/(.0 tho function defined in Ex 4, and, denoting \ (a„ - Pj by y,., iet 6 
1)0 delint'd m each interval (y,,, P„) by the R>ame rule ^xs that by which/( r) Wci^ denned in 
the iiiterv€il (0, 1); and let r> (.r) - 0, at jdl points not in an intorx^xl (y„. p,i). Tlie pomts 
of non-.sumin.ibility of d> (.r) form the set O, xvhich consists of C, together with a *504 similar 
to C ill each of ilio intovals (y,„ iS„). It is clear that the set C is non-dense in the set 6'. 
The points qt non-sumniability of the function^ (a) -1- (*r) are the same a^ those of tf} (t); 

that IS they form the sot C. 


We Ixavo / {/ (x) -H ^ (j:)} (lx = / ^f{x) dx = ; and if (o„„ ft,,) denote those intervals 

J J "■ 

contiguous to O that are in (y„, we have 


where r depends on s, as m does on 


* See W. H. Young, Zoc. ciL p 199 

t See W. H. Young, loc. ctf p 209. The result there given is not in accordance with that 
in the text, it is there stated that the senes of integrals diverges in the neighbourhood of every 
point of U, and thus that / (a;) -1-^ (a:) has no DAT-integral. 



7‘2(i Xon-ahi<olntdy Convcnjent Intiyrafx (cir. vtti 

Those points of O tlint heloiif^ to C are points of ili\ eivencc of tlu* sum of llie, absolute 
values of the int.ejrra.ls of/ (a) -I- (a), taken o\ er tlie eoiiti.Lnioiis inter\aLs /3„J, 

because, in any interval S wliieli encloses sueli a point, thiu'i' is an indt'limfely ^jieai number 
of the intcrv.iLs (a^, y„), ancl the sum of t he senes of terms t.iken for t-hesi* mti‘rvji.ls, 

clr\’’orges. This is however not the case for those points of (! which do not beloim to 
Because such a point is interior to an inter\ al (y„, jS,,), or is at I he end y^^ of such .in iiiter\ al, 

1 f^HlI I 1 

and the series 2 / {/( v) !- 0(a)} da is eijual to 2 whieh does 

\Jfin» I \Pn *hi) 

not exceed The set O being noii-deiise in (\ it now follows in .icconlaiice wilh the 

theorem of § 478, that the integial / {/(a) ! 0 (a-)] d.i c\is(s as a. DK 1' inti'iiral, and is 

1 L ^ 

equal to / /(.r) da* 4 / 0(0 dr, which has tlic‘ value yero. 

7a' ./o' 

C*. Let G be a perfect set of content zero, m t.lie inti'rv.il />), .mil let 
f{x) =- - (!„), for f/„- .1 - .1 (,/„ I h„), 

fix) -= - «/(/)„ - «„). for I ((/„ I /)„) .1 hi,, 

■where the intervals (w,^, 7 j„) are. all coiitiguoiis to (f. The fund loii / (a) may be divined .irlii- 
tranly in those points of (f wdiich are limiting points on both sides. 'riii‘ fund ion A’ (0 
zero at all tlic points of t/, and it is continuous in eadi of I he dosed iiilciw.ds 
value of F (.r) at the point J {ff„ -I- ls L/. Tims at eadi poiiil. of f/, F (r) li.as .m iiilinite 
discontinuity; at a point x which is a. limiting point of (f on both sides, we h.i\e 
J(.r-h 0) ^-f CO, / (a* I 0)-= 0, F(i-O) O, F {i 0) - .yj 

Thus F (a;) is a y-integral, W'lth a set of jioiiits of nilimle disconl iiniits. 


* Sec W. IT Young, lor. ctl p ^O.") 
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Pago 8. 


Page 240. 


Page 200. 


Page 323. 


liix. (7). Xliis example should be stated as fallows: If {jS„] denote a monotone 
sequence of decreasing numbers whicli converges to 0. and be a sequence 
which converges to 0, prove, by a method similar to that employed in the 

])roof of the general theorem, that, if hni - — "X exists, then lim exi'ats, 
and has the same value 

A proof of the followmg more general theorem has been gi\en by the author 
{JoitrmU of Loud. MafJi. Soc. vol i (192b), p. 211). 

Let E be a measurable set of points (.r), 'in any number of fUmensions^ and of 
eithti finite or infinite mennu/e, mid let [f^ (i;)j he a sequence of function'* defined 
in E, and such that, for eiery value of n, \ f^ (x) |* is summabJe oier E, uhere h U 
some number greater tlnui zeio. If the condition 

/i'^cc, n''^QcJ {Jl) 

be satisfied, then theie exists a function f {x), definefl at almost all points oj E, 
such that I f {x) suimnable ozer E, ami satisfies the conditions 

hm [ I / (a) - (a) I*- /U --- 0 , 

OT'-aoy (/i) 

f i / (.() 1' <lx - Inn f I /„ (a) 1*^ th. 

J (/.) «~a> I (A) 

It has been tacitly assumed here that the funct.on s(x) and the s(•t'^ of points 
are measurable In order to justify the«e a'*suniption&, we ob^e ve th«t, in 
aciordaiicc w'lth i, §400, .s (a) is a measurabh function, and consequently (sec 
I, §384) the functions s {x) meaauiable. hence the set of 

points at ■\\hich | ^ (a:) ~ l( a*) | e is meaMirahle, for each value ot n - m. 
The set is the si-t ot points common to all the set> for which 

I 61 (a:) - 5^ (a;) I e, | * (») -i (‘^} Ih f O I f- 

arc measurable. In accordance w ith the btcoucHheon m in I, § 1.51, the tet c,, •& 
measurable 

It is here assumed that the sets ef^, e_i aic niea5>i!rablc It has howeccr been 
pointed out to the author by R L. Jeffery, ot Acadia Umverbity, Xo\a >cotia, 
that / (a-, y) can be so defined that this is not the case For example, let E 
denote the set of all points of the mterval (0, 1), and let L donate a rion- 
measurable hnear set of pomts, to which the point 0 may be taken to belong, 
which is non-measurablo in each mterval (0, h) Such a set has been constructed 
by Van Vleck {Trans. Amei. Math. Soc., vol. ix (1908). p. 237). Let/\.r, y) be 
defined m the rectangle (0, 0, 1. 1) to have the value 0 at ever}- point m the 
rectangle, except those pomts on the diagonal {x, a-) which have as their pro¬ 
jections on the side (0, 1) pomts of C {L), at which f{x,x) = 1. For all pomts 
X on (0, 1), wo have lim /(ar, y) = 0; moreover, f{x, y) is measurable for each 
//-O 

value of y. The set Cj^ consists of the mterval {h -h 0,1) together with the points 
of L ill the mterval (0, ^); thus eJ^ is not measurable m the interval (0, 1). 

Whenever this possibility is realized it is necessary in § 225 to restrict h to 
have the values in an enumerable sequence which converges to zero, the 
values of y being also restricted to have the enumerable set of values of 
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Corrections and Additions to Viduntr II 


The sets /i/,,, ... :irc llien lueiisur.ihlr, .is Ims .shrwn in flu* I.iht noio. 

ymee 1 Ill'll t!ie llifO'-eiu liohls for .ill siu-Ii c'.s it hnlils in aecdnlaiiiv 

Witli Heine's deliiiilion of the hniil, and consdijin-nt 1\ in .ii'coni.mci' w.lh Mu* 

dorLiiitiou uf C'iiiU'liy, provHhsl ilu* (Mjui\.il ■iii*<‘ oi tin* t\\(' delinitums he 

iissiiined (si'O 1. Jj-ll); this .iS'.unipt'on nMjiiiie'n llu* (*ni;i!M\ nK'nl of tin* 
iniill.i])h(Ml..V(‘ .i\«<>ni ^riit* f.is(‘ of tin* m*1s r j imii h.* tr<*.»l(*cl siinil.ii ly. 'I’lio 
iU'muiioiit of till* piv{‘>‘il\!ij>; not." is not applie.ihU* to nIu'w l.li.ii ilu* .-.i-i of points 
comriiun to .in iini'niiMieiMhle hini'lN of itK'Msiir.ihh* sols '.s ino.ssnr.ihlo. 

Line I. h^or n ! h rntti i/„ \ h. 

SjUK* 7. Far liri’ tn {F Vf^) urn! Inn ni [F r 

A-o //-(» 

Lmell. Fa/ lJ'(i\//o I f/„) /‘i-i-,//« i tl) | /r,/./ | / (/,//„ \ Vj, ! O) |. 

3jine 12. Fa/ / (i, 1 i)) trad f //„ I <»). 

Pago J-^'4 JiLsert, ..rler Inn* h the iollownn. 

F/t/lln/'f I F (i\ r,//) ih'(tt/if I hi titi^ tt'i n ' •, tniijnit/ih/ fa/ all 

J 

ihftfir rahifft of .* {^m /,■) ihaf a/r a \ n, ami I F{t \ i. /n/lt' tannujrs fa 

I ‘ S /I 

zc/'a^ Hitifaii/ilt/ Ja/ all rahtrft of .V (/// (!) /j /i. 

The followinu: tli<*oivm. whioli is .in mnnoili.itr ooroll.iiv o! 'I'hooioni !, ih 
iin'.uiiUy .siiilieu'iit for apolu at ion 

//«1» (.r', . 1 , a) ha.s fhr rah/r F (i', .i, a) fat all ntha s nj i sm h flint | I f' j ) ', /N 
a/i/1 /ft zrro ahi/ivn/' j r' ,r\ ' p, a/zd ij *1» ( r', »,//) so dtf\md, f^ati'^jns fhr 
ro/idif/a/ift (i) a/iff (2), o/ Thrama /, fhra 

/' ; /'' A' 

'a I I \ fL 


cot/rf/f/rt, fa zr/'a, a/iifo/mh/ fo/ all ral/tr/t aj i (ta (!) 

PcVgc h">3. Line 2. Ft)/' 'The intc'gral is'’ //ad “(Ik* nili“ji,'l d'lleis tioin 

X 


/■"/‘A', (/. 


/i) df h\ ." 


Lmv G. For N (r.„) /.•«,/ .V I 


(- lY(.')| 

“»l / I 


.Vi ‘ 


Line 7 fioni llu* foot. 2'Va,. T'* trad a i 

'* «/i ( / I " "n I / J 

Pago noS. Line LJ from the foot Fat 


«J0 


lull 

71 .‘■^ 00 . 

Page 020. 


[i I cos 2/ ; eos 4/. - ... 1 eos 


2;//l df /rad Iwn / ' 2 

H ^ tF) I [) ' 


tl I 


i2//^ df. 


Pago 705. 


The Ihcoi’em in § lOi) has heen <‘\k*nd(*d by Kolmogoroll .ind iSeli\(*rstolT to 
the case, e -- 0 (Affi dm Lntrvi, Fr/tdirauf/ (li), \oI. ii (l'.)2t»), p. .’Jtr/). Tlm.s, •// 
S -1 hn-)\o{!;mft cauved'fjr/ify fhr/t :£ (c,, cos | tiin tt.r) / anrr/'/fr.s ahn/Ml 

M.' 2 II I 

evei/'/jirltere. An independent proof of t.hi.s result, has l><‘(‘n given !»y IMe.ssiier 
(CrellFs Jounial, yoI. cm.v (It)2()), p. 15). 

1 1 
/(i) fV-i) Kin sin ft-) 
over the cell (0, 0; Itt, Jtt). The. two following corri'ei.ioiw are reqnisii.e in conse¬ 
quence of this. 

§ 464, line 6. Far jF 

rr p ,,(n ,i.»,“|«in Hin ,,, , 


Page 700. Delete lines 1-11. It is not correct that. 


is siimmahle 
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Pago 709. Delete llie last t^\'o lines, and substitute the following: 

The functions i^,. be so chosen as to be not only non-increasing, but 

1 rr, . 

albo non-negativc. The function -7/-,, can. bv proper choice of A. be 

binsin .. 1 i 

, /(l)/(2) 

expressed as the dillorence of ^4 and -4 —:—- j-., both of %\hich are non- 

6»inP^^ sind-^ 

negatii’C and non-inercasing. The function yj/' can be made identical 

successively Mitli each of the four functions 

<ill of which are monotone non-increasing. 

The limit's of the four corresponding integrals, as -- -c, ^ r. are 

l7rMA\(-|-0,-l 0),l:r^(^-i)Pl(-r0.>-0),iV.4^\( .-0.-0). iTr2(.4-l) r--0, -^0) 

respect I\(*ly. 

Tliuh the uili'LU-al 

' r (/<*>. .7 i'->) 

TT- 7 (I) (j) sin sin 

inu\erge.s to {F ( i 0, 0), as — x, ^ x. 

Page 7(iS. "I'hc lir^t tlieorcm ni § 49r» holds irood, t^s ,i«=t-*‘rted by iMencliorf. w ‘k :i 2 , - - 0. 

Tt is coriect tiMt the londition 2 > A \ in nett''N.i''v in orhr that rl.e fir-: 
theorem ip § Miri he (k hu ihle ff<»in the ^v'toufl liut. tor the “Ci < nil i u( .-it m, 
th<‘ follow jiii; mor(‘ geu(*r«d one ma\ hv staled, it is proved oi up 7'>h, 77'A 
!'^:'om thus more geuei.il iheorein the more L^'iieral form ot tin. nrst la'i be 
deihu Oil* 

» j 

If o) (it) /s ft jiOyitte incieffsimi fif.inifd, 'suth (hul the 'i~ 

ii -1 ‘ ' 

rtrijt'Hl, ft till ij o (1) the coni CKiPiff i' c/ th^ 

,I• •• • 

the comerr/eure, nhuj^l eun/nhen m tht mte.inl j«. i,J Jir 

2 r(A(0- 

77 =1 
03 I 

For, letw(//) = ir. then 2 ——r is convergent, aho from the convergence 
u-l^W 

of I 1*2 have = 0(1). 

W'c have also 

lim = lim ^lo^:log //)Mlop: ^0~ ^ q 

for A > 0 Hence, for aU sufficiently large values of ft, 

[“ \ir^] \hi)' ^ ^ T^^- 

■where C' is a positive constant, thus, when A > 0 




[“ rii)} I «Vi)’ ^ 

Therefore the convergence of the series 2 | entails the convergence of 

the series (A), and consequently the convergence almost everj-where, of the 
series 2 (a;). 
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